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ABSTRACT. In this paper, we consider the weighted p-Laplacian Lichnerowicz
equation

Apjutcu® =0
on smooth metric measure spaces, where ¢ > 0,p > 1, and o < p — 1 are real
constants. A local gradient estimate for positive solutions to this equation is
derived, and as applications, we give a corresponding Liouville property and
Harnack inequality.

1. INTRODUCTION

We mainly consider some existence results for positive solutions to p-Laplacian
Lichnerowicz type equations on smooth metric measure space. Smooth metric mea-
sure space is a triple (M, g, du), where (M, g) is a complete n-dimensional Riemann-
ian manifold and du := e~ fdv with f a fixed smooth real-valued function on M.
Denote by V, A, and Hess the gradient, Laplace, and Hessian operators, and by
dv the Riemannian volume measure. The smooth metric measure space carries
a natural analog of the Ricci curvature, the so-called m — Bakry — Emery Ricci
curvature, which is defined as

Vfe®Vf
m-—n
In particular, when m = oo, Ric}® := Ricy := Ric+ Hessf is the classical Bakry —

Ric}' := Ric+ Hessf — (n <m < 00).

E’mery Ricci curvature, which was introduced by Bakry—Emery [2] in the study of
diffusion processes and has been extensively investigated in the theory of Ricci flow.
The case where m = n is only defined when f is a constant function. There is also
an analog of the p-Laplacian, that is, the weighted p-Laplacian, which is defined by

Ny g = el div(e ™ |[VuP72Vu).

It is also understood in the distribution sense.

Gradient estimates are an important tool in geometric analysis and have been
used, among other things, to derive Liouville theorems and Harnack inequalities
for positive solutions to a variety of nonlinear equations on Riemannian manifolds.
Kotschwar and Ni [6] established a local gradient estimate for p-harmonic functions
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under the assumption that the sectional curvature is bounded from below. However,
their computation involves the Hessian of the distance function when the cut-off
function is introduced, so the condition about the sectional curvature has to be
assumed. Recently, Wang and Zhang [15] studied p-harmonic functions and derived
a local gradient estimate and Harnack inequality with constants depending only on
the lower bound of the Ricci curvature, the dimension of manifolds, and the radius
of the ball. For the weighted p-Laplacian equation on metric measure space, some
results about gradient estimates and the Liouville property were given in [12] and
[13].
For the p-Laplacian Lichnerowicz equation
(1.1) Apgu+cu’ =0

on noncompact smooth metric measure space, here ¢ > 0,p > 1,0 < p — 1. This
equation can be seen as a simple version of the Lichnerowicz equation which arises
from the Hamiltonian constraint equation for the Einstein-scalar field system in
general relativity (see [BL4L1I] and the references therein). When p = 2, Ma [7HI(]
studied the existence and stability of positive solutions to the Lichnerowicz equa-
tion. Li and Zhu [5] also studied the simple Lichnerowicz equation and derived
corresponding gradient estimates. The first author of this paper proved some gra-
dient estimates for this equation, which can be referred to in [I7HI9]. However, if
p > 1, the p-Laplacian Lichnerowicz equation is referred to as a generalized scalar
curvature type equation; it is an extension of the equation of prescribed scalar cur-
vature. The problem of positive solutions to the p-Laplacian Lichnerowicz equation
was considered in [4] in the case of a compact manifold, and then Benalili and Maliki
[1] extended the corresponding results to the complete Riemannian manifolds.

In this paper, we will establish the local gradient estimate for positive solutions
to equation (1.1).

Theorem 1.1. Let (M,g,du) be a smooth metric measure space with Ricf, >
—(m — 1)K, where K is a positive constant. Suppose that u is a positive solution
to (1.1) on the ball B,(R) C M under the condition o < p—1,p > 1. Then there
exists a constant Cp , such that

u R ’
As applications of Theorem [[LT] we can obtain the following two corollaries.

Corollary 1.2. If the positive solution u is defined globally on manifolds, then we
get only constant solutions to equation (1.1).

Corollary 1.3. Under the same conditions as in Theorem [Ll, given any x,y €
Bo(£) and any minimal geodesic y(s) : [0,1] = B,(£) with v(0) = 2,v(1) = y, the
following Harnack inequality holds:

u(@) < uly) e SR
where p = p(x,y) denotes the geodesic distance x and y.

2. PrROOF OF THEOREM [[]

Assume that w is a positive solution to (1.1). The linearized operator of the
weighted p-Laplacian at point u € C?(M) is given by

Ly(yp) = el div(e T [VulP "2 A(VY)),
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where
Vu® Vu

[Vul?

We should mention that since equation (2.1) can be either degenerate or singular
at the points such that |Vu| = 0, we usually use an e-regularization technique by
replacing the linearized operator £y with its approximate operator, i.e.,

Ly () = el div(e T wé " A(Vy)),

where € > 0,w. = |Vue|? + €, Ac = g;; + (p — 2)%, and u. is a solution to

Aij =9i5+ (p—2)

the approximate equation

1Vu€) +cul =0.

In order to avoid tedious presentation, we omit the details. The interested reader
can refer to [7] for details.

efdiv(effwe%

Lemma 2.1 (See [I4]). Let (M, g,du) be a smooth metric measure space. Given a
C3 function u, if |Vu| # 0, then

Li(|VulP) = p|Vul* *(|Hess ul} + Ricy(Vu, Vu)) + p|Vu|P~2(Vu, VA, ju),
where |Hess u|% = A™* AT, jup.

Set v = (p — 1) logu. From Lemma 2] we can obtain

L (|Vv|P) = p|Vu|*’~(|Hess v|} + Ricp(Vv, Vo)) + |[Vu|P~2(Vo, VA, fv).

Moreover, in terms of v, equation (1.1) has the following form:

Npsutcu’ = eldiv(e™|Ver T [P2Ver 1) 4 cept
= (p—D)'"Pe(|Vol? + Ly p0) + cerT
0.

That is to say,
(2.1) Dp v =—c(p— 1)”_16(#71)” — |VolP.
Let w = |Vv|?. Note that in terms of w,
Dpjw = efdiv(e_fw¥Vv)

= wPTJ“Afv + Z%wa,vw.
Therefore, equation (2.1) has the equivalent form
(2.2) prfZAfv—i—p%%Vw,Vv) = —¢(p—1)P T TNY g3,
Assume that @ = |Vv|P. Then

s o
L(Q) = pwP~2[|Hess v| + Rics(Vv, Vv)] — pw: 1V, VQ) — cph(—1 -1)Q,
p—
where h = (p — 1)P~lelZZT 1,
Now we are in position to estimate |VVv|%. We only need to estimate it over
the points where w > 0. Choose a local orthonormal frame {e;}]"; near any such
given point so that Vv = |Vule;. Then w = v}, w; = 2v;1v; = 2v11v1, and for

wj

J 2> 2,w; = 2vj,v1. Hence 2v;; = -
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From (2.2), we immediately deduce that

_p p w1U1
E vi; = —chw'"% —(% -1 —v v —
2 Vi (2 ) w 1+ fivi
= —chw' % — (p — D + fivr —w.
It is easy to see that

—2)? —2
|Hess v}, = |Hess v|* + %—2)<V’U,V’w>2 + p—|Vw|2
w

n n
= vaj"'( —2)v7; +2(p—2)
ij=1 =1

n n

= (p-Dh+200-1)> i+ }:
j=2

2
> (p—D*h +2p—-1) vaj + m(va—)
j=2 j=2
Therefore, we have
Hess oy > (=D +2-1) 30k,
j=2
1 1—2 2
+n—1(_0hw 2 —(p—1Dvi1+ finn —w)
= 1 p
> azzlvjz-l + — 1(chw1_5 + w)?
=

2(p—1 2
+—(p Juu (chw'™% +w) — tho)® ,
m—1 m-—-n
where o = min{2(p—1), mP=1"1 and we applied the inequality (a—b)? > % - %
with § = "= > 0. Substituting the identities,

. 1 |Vw|?
2wvy; = (Vo, Vw), g v?l = Z| vl )
, w
Jj=1
we can obtain
a |[Vwl|? w? _p
H 2 = - hw™ % +1)?
|Hess v|3 > 1 o T _1(cw +1)
p—

+

m_11(1 + chw ™) (Vo, V) — (fl””n :
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By the assumption that Ric* > —(m — 1)K, we have

Lr(Q) = Ly(w?)
a |[Vwl|? 1 1-2\y2
1 —|—m_1(w+ch(chw )

__11 (14 chw™=)(Vo, Vw)]

> pwP?

LP
m

—pw”?Ric} (Vv, Vv) — pw Vo, Vwk) — Cph(}% - Dw?

e

—i—p(pi_i)wpﬂ(l + chw ™ )(Vu, V)
m—

—p(m — 1)KwP~! — pw? Vo, Vw?) — cph(p%1 —1w?

> S Vel + Tt (1 )2
—1 —p
+Mw”’2(1 + chw™2 ){Vv, Vw)
m—1
p?
—p(m — 1) KwP™! — ?w”_Q(Vv, Vw)
et L
1 —p 2
+ﬁ%—qgﬂ+cmwf%—%ﬂp‘%Vqu>—pW%—UKwW{

The above inequality holds wherever w is strictly positive. Let K = {z € Q :
w(z) = 0}; here @ C M is an open set. Then for any nonnegative function + with
compact support in Q \ K, we have

- /<%W4Vw+%@—%wV%V%VWV%VW
Q

ap -3 2 p —P\9
> —wP?|V P(1 hw ™2
> /9(411) |w|+m_1w(+cw )

p2

[M(l + chw™") — 7] P=2(Vu, V) — p(m — 1) KwP™ ).

+ m—1

In particular, let € > 0 and ¢ = w’n?, where w, = (w — €)*,n € C$°(Bg) is
nonnegative; b > 1 is to be determined later. Then direct computation yields

Vo = bw§71n2Vw + Qwi’nVn.
We have

1 1
- / (zwP2Vw + = (p — 2)w?*(Vo, V) Vo, bw’ ™ 'n*Vw + 2winVn)
By(R) 2 2

(2.3) 2/ (%wp73|Vw|2—|— P wP(1 + chw™=")?
Bo(R)

4 m—1
+ [17(]9411)(1 +chw?) — %] P=2(Vo, Vw) — p(m — 1) Kw? ™ )wbn?.
m—
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There are two terms on the left hand side of (2.3) we need to estimate. Under the
condition 1 < p < 2, we can estimate them as follows:

[ e vel v -2 [ 0t (T Vel
Bo(R) Folft)

> (p—1) / W' T !V,
B,(R)

since v € C1*, w € C, and Vw € L7() for some a > 0 and v > 1. Thus, all the
other terms in (2.3) converge to the corresponding form without e. By passing e to

0 and letting 8 = 1 + chw™ , we have

b(p—1 ;

[ M s - [ ety e, v

Bo(R) B,(R)

. (p — 2w 3n(Vw, Vi) (Vw, Vo)

2
> / %wp+b—3|vw|2n2+/ ﬁ wp+b772
- B,(R) 4 B, (R) m—1
p—1 D _ _
[, G = BT T = [ et
Since

- / w2y (Vw, Vi) — / (p = 2)w"***n(Vw, Vi) (Vw, Vo)
Bo(R) B, (R)

< (tlp—20) / W2 V| Vi,
)

BD

with these inequalities we can get

(1+[p—2)) / W2 V|| Vrln] + / Py +0-202 (7, o)
B,(R) 2

o o

a bp—-1 2
> [ e M Dy [ iy
B,(Rr) 4 2 Bo(r) M —1

-1
—l—/ (p—ﬁ)wp+b_2772<Vw, Vo) —/ (m — DwPT= 1 Kn?.
By(r) M1 Bo(R)

From now on we use a1,aq,- - and di,dq, - - - to denote constants depending only
on p and m. The constant b > 1 is to be determined later.
It is easy to see that

(1+1p—2)) / Wt T Pl

o

< (P—l)b/ wp+b—3|vw|2n2+/ a1 wp-&-b—l‘v,r]‘Q'
6  Je.(n) B.(R) 0 JB,(R)

‘We also have

[ Bwrrrp@e v < [ wrtp v
B, (R) B

< (P—l)b/ wp+b73|vw|2n2+a_2/ WP+,
6  Jr.(m b JB,(r)




GRADIENT ESTIMATES FOR p-LAPLACIAN LICHNEROWICZ EQUATION 5457

and the following inequality holds:

p—1 _
/B(R)(mﬁ)wmb 2772<VW,VU>

-1
> _/ (L= Byuw? = 2p?|Vu|
Bo(r) M~ 1

> _(p- 1)6/ WP T3 w22 — @/ BRuwP T2,
6 Jem b JB,(r)
Combining these inequalities, we derive

« _ a a 1
_/ Z,w;D-i-b 3172|Vw|2 + ?2/ wp+b772 + (?3 N )/ ﬂpr+bn2
Bo(R) B, (R) B, (R)

m—1
—|—/ ﬂ/ wp+b71|VV77|2
Bo(r) 0 JB,(m)
> —/ (m — 1)wPT=1Kn?
Bo(R)
by requiring that
(2.4) - —

which yields

o 1 a a
—wp+b_3772\Vw|2 + (— %2 _3)/ wp+b,,72
/BU(R) 4 m—=1 b b"Jp,r

+/ 2/ wP T vV ? S/ (m — DwPT= K2,
B.(rR) U JB,(R) B,(R)

For the first term on the LHS of (2.5), we use

prb— b+p—1)2 B B
V=g < CELZI sy gupye 4 qut =t v

Substituting it into the above inequality, we have

/ |v(wp+gfln)|2+bd1/ wp+b772
Bo(R) Bo(R)

(2.5)

< a4/ wP T W) + Kbdg/ (m — 1)wPTo= 192,
By (R) B,(R)

In order to prove the main theorem, we need the following two lemmas.

Lemma 2.2. Let (M, g,du) be an n-dimensional complete noncompact smooth met-
ric measure space. If Ricf > —(m — 1)K for some nonnegative constant K and
m > n > 2, then there exists a constant C, depending on m, such that for all
B,(R) C M we have for ¢ € C§°(B,(R)),

/ (|¢ "2;”2)% < eC(l-i-x/ER)v—%R?/ (|v¢‘2 —|—R_2¢2)dua
Bo(R) Bo(R)

where V' means weighted volume of B,(R).
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Remark 2.3. The proof is analogous to that of Lemma 2.5 in [16].

Lemma 2.4. For by > 0 large enough and R > 0, there exists dg = d3(m,p) > 0
such that

[y eee—y b$+p1 m—2 9
0TP— m p— -
lollLvotr—n) Zos (8,3 my) < dsbo Vomote=b R™%.

Proof. From Lemma 2.1] we have

(/ w(Perfl)%n%)%

B, (R)

- equﬁ/ﬁR)V?% (R2 / (IV(w B 77)|2 + / (R) wb+p71772)
Bo(R

Bo(R)
< ecgboV*%(azl/
Bo(R)

— bd1/ wPtbp? +/ wb+p—1n2),
B, (R) Bo(R)

where by = ¢1(m, p)(1+ VK R) with ¢; large enough to make by satisfy (2.4). Then
we have

,wp+b71|v77|2 +Kbd2/ (m _ 1),wp+b71772
Bo(R)

(2.6)

(/B (R) e

§a4R2eczb0V—%/ w? | w)?
Bo(R)

+ bd1ec"‘b°V_% / wp+b772
Bo(R)

+ KbdyR2eP0y ~w /

( )(m_ 1),wp+b71n2 +662b0V7%/ wb+p71n2
B, (R

Bo(R)

wP T vy|? —|—a5b(2)be°2b°V7% / wh P12,

< a4R2662b°V7% /
B, (R)

Bo(R)

We note that asb3b < 1bdiR?*wP™® when w > agbR*. Thus in the evaluation
of the second term on the right hand side of inequality (2.6), we decompose w
into subregions: one over the places w > agh3 R? and the second region being the
complement of the first region. With this decomposition we have

GSb%bechoV—% / wb+p—1,'72
B,(R)

IN

1 cabotr—2 +b, 2 57 eabyii—2 G603\ pip 1
Fbdie=oV T /BD(R)wp n° + asbgbe™=™V ”"(?) P

IN

1 b
e / WP 4 bRV (222,
2 By (R) R
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Let m € C§o(Q) satisfy 0 < my < 1,m = 1 in B,(3R),|Vip| < %,andlet
n= 771+ The first term on the right hand side of (2.6) satisfies

2(b+p—1)

a4R2602b°/ wP =1 | w2 §a8b2/ wPtb—ly ™
B, (R) o(R)
< asbz(/ wr ) S T
B, (R)
< lbd1R2/ p+b 2 +bb+pdp+b 1R72(p+b71)v.
T2 Bo(R)

Hence

m 2m_ m—2 _
(/ wPt—D Rt nm) m < dgbgoerdl{er 1 p—2(p+b-1)
Bo(R)

Assuming that by = b and by = (p + by — 1) "5, we can get

_bot+p
bo+p—1 —m-= 2
HwHL(boﬂ’*l)ﬁ(Bo(% < dsby® """ VAo TrD R

O

Now we begin to prove the main theorem. From (2.6), by ignoring the second
item on the left hand side, we have

m m m— C2b
( /B (R)ww—”m—mﬁ—?) < afV; /B (R)(bgbnz+RQIVn|2)wp+b’1~

Set

—9 R R
b =b 2% b=b+p—1, w =B~ +—
m 2

. . l
and choose ; =1 in wy41,m = 0 in Bo(R) \ i, |Viy| < CTfl.

We have
1 C2 1
([ w5 < a0 ([ @ Rt
B,(R) Bo(R)

m

which yields
e®?bg., L
Hw||Lbl+1(Ql+l) < (Glo V )b (bob + 16 )bl ”wHLbl Q)

. = 1
Noting that »,—7° % = 31y 2oie1 i = i We obtain

°2p,
vz 22 )3 (17) wll, @o+r—1

||w||L°°(B ( ) S (alo s (Bo(¥))

By Lemma 24 we have

bb(ggr;-p)l 1
||w||Lx(BU(§)) a1 R”2

We can choose by large enough to make b(()bi+f )1 < %, which yields

[wllpoe (B, (2)) < a1 (1 (m,p) (1 + \/_R)) ik

We have completed the proof of Theorem [Tl For the proof of Corollary [[L3] we
leave it to the reader.
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