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ABSTRACT. We prove that the standard half-harmonic map U : R — S! de-
fined by

is nondegenerate in the sense that all bounded solutions of the linearized half-
harmonic map equation are linear combinations of three functions correspond-
ing to rigid motions (dilation, translation, and rotation) of U.

1. INTRODUCTION

Due to their importance in geometry and physics, the analysis of critical points
of conformal invariant Lagrangians has attracted much attention since the 1950s. A
typical example is the Dirichlet energy which is defined on two-dimensional domains
and whose critical points are harmonic maps. This definition can be generalized
to even-dimensional domains whose critical points are called polyharmonic maps.
In recent years, people have been very interested in the analog of Dirichlet energy
in odd-dimensional case; for example, [2], B], [, [5], [I3], [I4], and the references
therein. Among these works, a special case is the so-called half-harmonic maps
from R into S* which are defined as critical points of the line energy

(1.1) L(u) = %/R\(_AR)%UW:C.

Note that the functional £ is invariant under the trace of conformal maps keeping
invariant the half-space Ri: the Mobius group. Half-harmonic maps have close
relations with harmonic maps with partially free boundary and minimal surfaces
with free boundary; see [12] and [I3]. Computing the associated Euler-Lagrange
equation of (L)), we obtain that if u : R — S! is a half-harmonic map, then u
satisfies the following equation:

(12) ool = (5 [ M0 ) uwy i m

The following proposition was proved in [13].
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Proposition 1.1 ([13]). Letu € HY?(R,S') be a nonconstant entire half-harmonic
map into S, and let u® be its harmonic extension to Ri. Then there exist d € N,
Y ER, {\}{_, C(0,00), and {ar}¢_, C R such that u®(z) orits complex conjugate

equals
ot H Ae(z—ag) —1i
Me(z —ag) +i
Furthermore,
1
&R = (il = 5 [, IVufids = md
2 R2

+

This proposition shows that the map U : R — S*,

z2-1
241

T —r on R
241

is a half-harmonic map corresponding to the case ¥ =0,d =1, Ay =1, and a; = 0.
In this paper, we prove the nondegeneracy of U which is a crucial ingredient when
analyzing the singularity formation of half-harmonic map flow. Note that U is
invariant under translation, dilation, and rotation, i.e., for Q = (Zﬁfg _Cslsnao‘) €
0O(2), g € R and A € R, the function

rT—q\ (cosa —sina T—q
QU( A\ )_(sina cosa)U< A\ )

still satisfies (I.2). Differentiating with «, g, and A, respectively, and then setting
a=0,q¢g=0, and A = 1, we obtain that the following three functions:

2x —4z —4a?

2241 (a2+1)? (@2+1)?
(1.3) Z) () = <m21> , Za(x) = (2(1352)) , Zs(x) = 2(5(1—30)2)

z24+1 (z2+1)2 (@Z+1)2
satisfy the linearized equation at the solution U of (L.2) defined as

L _ (L [ U@)-UP?
(—Agr)zv(z) = (QW/R P dy ) v(z)
™ Jr [z =y

for v : R — TyySt. Our main result is the following.

Theorem 1.1. The half-harmonic map U : R — St,

z2—1
z2+1

xr —r o s
241

is nondegenerate in the sense that all bounded solutions of equation (L4]) are linear
combinations of Z1, Za, and Zs defined in ([L3]).

In the case of harmonic maps from two-dimensional domains into S2, the non-
degeneracy of bubbles is a consequence of the computations in linear theory part
of [7]. Integro-differential equations have attracted substantial research in recent
years. The nondegeneracy of ground state solutions for the fractional nonlinear
Schrodinger equations has been proved by Frank and Lenzmann [10], Frank, Lenz-
mann, and Silvestre [I1], Fall and Valdinoci [9], and the corresponding result in the
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case of the fractional Yamabe problem was obtained by Davila, del Pino, and Sire
in [6].

2. PrRooF oF THEOREM [L.]]

The rest of this paper is devoted to the proof of Theorem [[.J1 For convenience,
we identify S' with the complex unit circle. Since Z;, Zs, and Z3 are linearly
independent and belong to the space L>°(R) NKer(Ly), we only need to prove that
the dimension of L>°(R) N Ker(Ly) is 3. Here the operator L is defined as

a(0) = (~aw)hote) - (5 [ HDZE0E ) o)
(L[ ST =) )
R

m |z =yl

for v : R — TyS'. Let us come back to equation (L4); for v : R — TySt,

v(z)-U(z) = 0 holds pointwisely. Using this fact and the definition of (—Ag)? (see

[8]), we have

l/ (U(z) = U(y))
R

m [z —yl?

dy - v(x) = ((—A0)}U()) - v(2)

(0 [ 22202 ) vt o =0

Therefore
~awtut) = (5 [T ) o)
NEYRGEE U<|Z>>_ )=o) 1)
= (5 [P ) v
+ (%/R(z)_—mz(y))dym(a:)) U()
()

(%/ o y|2 |2dy) )

(%/ Sy |dy) ()

+ ((—AR)bu(@) - U@) U).

Therefore equation ([4]) becomes

(A ho(e) = (% [ =E0R 0, ) oto) + (-2t oto) - U)) U0
(2.1) = v(@) + ((-8r)20(@) - U@)) U).

x2+1
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Next, we lift equation (1)) to S' via the stereographic projection from R to
S\ {pole}:

2295
(2.2) S(z) = (f_z ;) .

r2+1

It is well known that the Jacobian of the stereographic projection is
2
J(z) = ——.
@) =57
For a function ¢ : R — R, define ¢ : S' — R by
(2.3) p(x) = J(x)p(S(2)).

Then we have

(amtse) = 1 [ Rt as)
L[ e = o) 2
J

iy 1
T EE=S)ITEny) ty

o 142® [ (4 2)e(e) - 1+ yP)e(y)
4m /]R (x —y)? =4

- o [E )

51y

= T a2 p(S(@))]

Therefore,
5 1
(—2g)"? [2(S(2))] = J(2)[(—As1) 2 §)(S (@)
Denote v = (v1,v2) and let 91, U2 be the functions defined by (23), respectively.
Then the linearized equation ([2]) becomes
{J(JJ)(—ASI)éfM—J(I)ﬂ1+;€—+iiz—ﬁj($)(—A81)éﬁﬁ'ﬁz—ﬁﬁ—iﬁj(ﬂ?)(—Asﬂéﬁm

J(2)(—Ag1 )20 =J ()02 + — gi;}J(x)(—ASI)%@ﬁ S Sk (2)(—Ag1)2s.

Since J(x) > 0 and set U = (cos#,sind), we get
(—Ag1)29; = By + cos? 0(—Ag1) 2Ty + cos Osin O(—Ag1)2 0o,
(—Agl)%fig =0y + COSHSinQ(—ASQ%’Dl + sin? 9(—A§1)%1~12,

which is equivalent to
(—Ag1)29; = 201 + cos20(—Ag1 )21 + sin 20(—Ag1 )27y,
{ (—Ag1) 28y = 20y + sin 20(—Ag1) 281 — cos 20(—Ag1 )2 5y.
Set w = U7 + 02, z = cos @ + isin f; then we have
(2.4) (—Ag1) 2w = 2w + 2%(—Ag1) 2 0.

Here w is the conjugate of w.
Since v € L*(R), w is also bounded, so we can expand w into the Fourier series

o0
w = E apz”.

k=—o00
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Note that all the eigenvalues for (—Asl)% are \p = |k| = 0,1,2,... with k € Z;
see, for example, [I]. Using @), (—Ag:)22% = |k|2*, and (—Ag1)22% = |k|Z%, we
obtain

(—k - 2)ak = (2 - k)c_lgfk, if k<0,

(k — 2)ak = (2 — k)flg,k, if0<k<2,

ar = Go_k, if k> 3.
Furthermore, from the orthogonal condition v(z)-U(z) = 0 (so (91, 02)-(cos §, sin 6)
= 0), we have

ar = —as—, k=---—10,1,....
Thus

ar, =0, ifk<Oor k>3

and

ap = —az, a1 = —a1
hold, which imply that

. 2_1
W= —ay + a1z + azz® = aliz) + b B(Z - 1)2} +c%,

Here a, b, c are real numbers and satisfy the relations

c

. 1
i(a —b) = ay, §+§b=ag.

. 2
Also, it is easy to check that iz, 5(z — 1)%, and (Z—Q_U are, respectively, Z1, Zs,
and Zs under stereographic projection (Z2]). By the one-to-one correspondence of
w and v, we know that the dimension of L>(R)NKer(Ly) is 3. This completes the
proof.

Remark 2.1. The above proof also shows that the half-harmonic map from S! to
St: z — —iz is nondegenerate.
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