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1. Introduction. The irregular random motion of small fluid masses to
which the name turbulence is given is of such complexity that there can be
no hope of a theory which will describe in detail the velocity and pressure
fields at every instant. Existing theories may be classified as either empirical
or statistical.

In the empirical theories attention is focused only on the distribution of
mean speed and mean pressure, and assumptions are made as to the depend-
ence of the shearing stresses required to satisfy the equations of motion of
the mean flow. These assumptions involve one or more empirical constants.
While the type of assumption adopted is often selected on the basis of some
hypothesis as to the character of the fluctuations of speed and pressure, the
theory rests on the final assumption rather than on the hypothesis as to the
fluctuations. The various "mixing length" theories are of this type.

In the statistical theories consideration is given to the frequency distribu-
tion and mean values of the pressure and of the components of the velocity
fluctuations, i.e. to the statistical properties of the fluctuations, and to the
relation between the mean motion and these statistical properties.

Some attempts have been made to apply the methods of statistical me-
chanics of discrete particles. In all such attempts it is necessary to select cer-
tain discrete elements corresponding to the particles, and to make some
assumption as to the probability of occurrence of various values of associated
properties or more directly the frequency distribution of the associated prop-
erties. Difficulties are encountered at both points. The best known theory of
this type is that of Burgers1 who selected as elements in two-dimensional
flow the points in a square network of equally spaced points and as associated
property the value of the stream function. This theory has not as yet led to
useful results and is not satisfactory to Burgers himself. Other attempts of

* Received Nov. 19, 1942.
1 Burgers, J. M., On the application of statistical mechanics to the theory of turbulent

fluid motion, I to VII, inclusive, Verh. Kon. Akad. v. Wetensch. Amsterdam 32, 414, 643, 818
(1929); 36, 276, 390, 487, 620 (1933). Summarized by Trubridge in Reports Phys. Soc. Lon-
don, 1934, p. 43.
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this nature have been made by von Karman,2 Noether,3 Tollmien,4 Gebelein,6
Dedebant, Wehrle and Schereschewsky,6 and Takahasi.7

Many of the statistical theories just mentioned do not require the turbu-
lent fluctuations to satisfy the equations of motion nor do they require the
fluid motion to be continuous. A statistical theory of turbulence which is
applicable to continuous movements and which satisfies the equations of mo-
tion was inaugurated in 1935 by Taylor8 and further developed by himself
and by von Karman.9 It is the object of this paper to give a connected ac-
count of the present state of this particular statistical theory of turbulence.

2. Turbulent fluctuations and the mean motion. As in other theories of
turbulent flow, the flow is regarded as a mean motion with velocity compo-
nents, U, V, and W, on which are superposed fluctuations of the velocity with
components of magnitude u, v, and w at any instant. The mean values of u, v,
and w are zero. In most cases U, V, and W are the average values at a fixed
point over a definite period of time, although in certain problems it is more
convenient to take averages over a selected area or within a selected volume
at a given instant. The rules for forming mean values were stated by Rey-
nolds10 and some further critical discussion by Burgers and others has been
recorded in connection with a lecture by Oseen.11

When the turbulent motion is produced in a pipe by the action of a con-
stant pressure gradient or near the surface of an object in a wind tunnel in
which the fan is operated at a constant speed, there is considerable freedom

2 K&rman, Th. von, Uber die Stabilitat der Laminarstromung und die Theorie der Turbulenz,
Proc. 1st Inter. Congr. Appl. Mech., Delft, 1924, p. 97.

3 Noether, F., Dynamische Gesichtspunkte zu einer stalislischen Turbulenzlheorie, Z. angew.
Math. u. Mech. 13, 115 (1933).

4 Tollmien, W., Der Burgersche Phasenraum und einige Fragen der Turbulenzstatistik,
Z. angew. Math. u. Mech. 13, 331 (1933). Brief abstract of this paper entitled, On the tur-
bulence statistics in Burgers' phase space, Physics, 4, 289 (1933).

5 Gebelein, H., Turbulenz: Physikalische Statistik und Hydrodynamik, Julius Springer,
Berlin, 193S.

6 Dedebant, G., Wehrl6, Ph., and Schereschewsky, Ph., Le maximum de probability dans
les mouvements permanents. Application d la turbulence, Comptes Rendus Ac. Sci. Paris 200, 203
(1935). Also Dedebant, G., and Wehrle, Ph., Sur les Equations aux valeurs probables d'un fluide
turbulent, Comptes Rendus Ac. Sci. Paris 206, 1790 (1938).

7 Takahasi, K., On the theory of turbulence, The Geophysical Magazine 10, 1 (1936).
8 Taylor, G. I., Statistical theory of turbulence, I-V inclusive, Proc. Roy. Soc. London

Ser. A, 151, 421 (1935) and 156, 307 (1936). Also, The statistical theory of isotropic turbulence,
Jour. Aeron. Sci., 4, 311 (1937).

9 K£rm£n, Th. von, On the statistical theory of turbulence, Proc. Nat. Acad. Sci. 23, 98
(1937). Also The fundamentals of the statistical theory of turbulence, Jour. Aeron. Sci. 4, 131
(1937). Also with Howarth, L., On the statistical theory of isotropic turbulence, Proc. Roy. Soc.
London Ser. A, 164, 192 (1938).

10 Reynolds, O., On the dynamical theory of incompressible viscous fluids and the determina-
tion of the criterion, Phil. Trans. Roy. Soc. London 186, 123 (1895).

11 Oseen, C. W., Das Turbulenzproblem, Proc. 3rd Inter. Congr. Appl. Mech., Stockholm,
1931, vol. 1, p. 3.
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in selecting the time interval for which mean values are taken. So long as the
time interval is longer than some fixed value dependent on the scale of the
apparatus and the speed, the mean values are independent of the magnitude
of the time interval selected and there is a clear separation between the turbu-
lent fluctuations and the mean motion. If the mean motion itself is "slowly"
variable, as in the case of the natural wind, difficulty arises; the separation
becomes imperfect and arbitrary. The slowly variable mean may be taken
over time intervals of five minutes, one day, or ten years according to the
object of the study and the magnitude of the turbulent fluctuations varies
accordingly. Even in flows under constant pressure gradient, there will usu-
ally be some experimental difficulty in maintaining the conditions absolutely
constant, and the question will naturally arise as to how the fluctuations aris-
ing from this source may be eliminated from the "true" turbulent fluctuations.

3. Vortex trails. For a long time every flow in which "fast" fluctuations
of velocity occurred was regarded as a turbulent flow but experimental meas-
urements of fluctuations show several identifiable types. The experimental
results suggest the limitation of the term "turbulent fluctuation" to one of
these types characterized by the random nature of the fluctuations. This
random characteristic is in marked contrast with the regularity and periodic-
ity noted in a second type of fluctuation associated with vortex trails.

It is well known that when a cylinder or other object of blunt cross section
is exposed to a fluid stream, a vortex trail appears under certain circum-
stances, vortices breaking away with a regular periodicity. The speed fluctua-
tions observed in the trail are periodic and in themselves do not produce
turbulent mixing. At comparatively short distances the regular pattern trans-
forms into an irregular turbulent motion, but the fluctuations within the trail
itself do not have the character of the final turbulent fluctuations.

The fluctuations of turbulence are irregular, without definite periodicity
with time. The amplitude distribution corresponds to the Gaussian distribu-
tion, i.e. the number of times during a long time interval that a given magni-
tude of fluctuation is reached varies with the magnitude according to the
"error" curve.

If this randomness is regarded as an essential feature of the turbulent
fluctuations, turbulence is not equivalent to any regular vortex system how-
ever complex. The equivalent vortex picture is a large family of vortex sys-
tems, whose statistical properties only, not individual histories, are significant.

4. Space and time averages. The speed fluctuations u, v, and w, though
designated the fluctuations at a point, are in reality averages throughout a
certain volume and over a certain time as are the speed components in the
usual hydrodynamic theory. The volume is small in comparison with the
dimensions of interest in the flow but large enough to include many mole-
cules. A cube of size 0.001 mm, containing at atmospheric pressure about
2.7 X107 molecules, satisfies this condition. The time interval is short in com-
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parison with any time interval of interest in the mean properties of the flow
but long in comparison with the time required for a molecule to traverse the
mean free path. The number of collisions at atmospheric pressure is of the
order of 5X10® per second and hence a time interval of 10~6 seconds would
suffice.

No instruments have yet been constructed to give values averaged over
so small a volume or so short a time interval. The best performance obtained
to date is that of hot wire anemometers which have been developed to the
point where average values over a cylindrical volume perhaps 0.01 mm in
diameter and 1 mm long and over a time interval of approximately 0.5 X 10~3
seconds can be obtained. Experimental results show that averages over these
space and time intervals are not appreciably different from those for some-
what larger space and time intervals and suggest that averages over smaller
intervals would not be appreciably different. The results also suggest that
measuring equipment that does not approach these space and time intervals
gives results which largely reflect the properties of the measuring instrument
rather than the properties of the turbulent fluctuations. In other words the
measurement is that of a variable mean velocity over space and time intervals
fixed by the characteristics of the instrument, rather than measurements of
the turbulent fluctuations. If the frequency spectrum of the turbulent fluctua-
tions is known, the effect of the instrument characteristics can be estimated,
as discussed in section 19.

5. Pulsations. Reference has previously been made to the difficulty in
certain cases of making a clear separation between the mean motion and the
turbulent fluctuations, because of the difficulty of defining a time interval
long enough to include many fluctuations but small enough so that the mean
varies only slowly. The difficulty is often increased by the presence of a fairly
rapid variation of the mean speed over large areas, perhaps the entire cross
section of the fluid stream, to which the name pulsation may be given. Such a
fluctuation is recognizable by the fact that there is a regularity in the space
distribution of the fluctuations such that definite phase relations exist. Pulsa-
tions have been observed in laminar flow in boundary layers. An essential
characteristic of the turbulent fluctuations is an irregularity and randomness
in the space distribution as well as in the time distribution.

It is often possible to eliminate the effect of pulsations on the measure-
ments by a low frequency cut-off in the equipment for measuring u, v, and w.
The choice of the cut-off frequency is equivalent to a selection of the time
interval over which averages are taken to obtain the mean speed and by this
device the pulsations are regarded as variations of the mean speed.

6. Continuity of the turbulent motion. It is well known that the structure
of a fluid is in the final analysis discontinuous, the fluid consisting of individ-
ual molecules. Nevertheless the usual hydrodynamic theory regards the fluid
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as a continuum. Such an assumption can be justified when the dimensions
of the flow system are very large compared to the mean free path of the
molecules. The velocity of the fluid at any point is then defined as the vector
average of the velocities of the molecules in a small volume surrounding the
point, the value obtained being independent of the magnitude and shape of
the volume within certain limits.

Some investigators12 have concluded that the phenomena of turbulence
require the assumption of discontinuity in the instantaneous components.
The Taylor-von Karman statistical theory retains the assumption that the
fluctuations are continuous functions of space and time as in Reynolds' theory.

The applicability of this assumption is a matter for experimental determi-
nation. If experimentally a volume and time interval can be selected which
may be regarded as large in comparison with molecular distances and periods
but small as compared to the volumes and time intervals of interest in the
turbulent fluctuations, the fluctuations may be safely regarded as continuous.
As described in section 4, the experimental data perhaps do not prove but do
definitely suggest that such a choice is possible and to that extent the as-
sumption of continuity is experimentally justified.

7. The Reynolds stresses. If in the Navier-Stokes equations of motion the
components of the velocity are written as U-\-u, V+v, W-j-w, thus regarding
the motion as a mean motion U, V, W, with fluctuations u, v, w superposed,
and mean values taken in accordance with the rules mentioned in section 2,
a new set of equations is obtained which differs from the first only in the pres-
ence of additional terms added to the mean values of the stresses due to vis-
cosity. These additional terms are called the Reynolds stresses or eddy
stresses. The eddy normal stress components are —pu2, — pv2, —pw2 and
the eddy shearing stress components are —puv, — pvw,'—puw. Each stress
component is thus equal to the rate of transfer of momentum across the cor-
responding surface by the fluctuations.

In the light of kinetic theory the eddy stresses closely parallel in origin
the viscous stresses. It has been explained how u, v, and w are themselves the
mean speeds of many molecules. The effect of the molecular motions appears
in the smoothed equations of the continuum as a stress, the components of
which are equal to the rate of transfer of momentum by the molecules across
the corresponding surfaces.

8. Correlation. If the fluctuations were perfectly random, the eddy shear-
ing stress components —puv, —pvw, —puw would be zero. The existence of
eddy shearing stresses is dependent on the existence of a correlation between
the several components of the velocity fluctuation at any given point. The
coefficient of correlation between u and v is defined as

12 Kampe de Feriet, J., Some recent researches on turbulence, Proc. Fifth Inter. Congr.
Appl. Mech., Cambridge, Mass.,1938, p. 352.
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Ruv = vsw' (8'1}
The mean values y/u2, ^/v2, and \/w2 are often called the components

of the intensity of the fluctuations.
The eddy shearing stress may be written in terms of the correlation coeffi-

cient as

— puv = — PR„x&y/F (8.2)

and similarly for the other components.
In addition to the correlation between the components of the velocity

fluctuations at a given point, the Taylor-von Karman theory makes much
use of correlations between the components of the velocity fluctuations at
neighboring points. Denote the components of the fluctuations at one point
by Mi, vi, wi, and at another point by w2, vi, w2. The coefficient of correlation
between u\ and Vt is defined as

U\Vz
Ru^vz /= ,==. (8-3)

v«y v\
and similarly for any other pair. These correlation coefficients form useful
tools to describe the statistical properties of the fluctuations with respect to
their spatial distribution and phase relationships.

9. Scale of turbulence. The earliest attempt to describe the spatial char-
acteristics of turbulence was the introduction of the mixing length concept,
the mixing length being analogous to the mean free path of the kinetic theory
of gases. Logical difficulties arise because there are no discrete fluid particles
in the turbulent flow which retain their identity. A method of avoiding these
difficulties was suggested by Taylor13 many years ago. He showed that the
diffusion of particles starting from a point depends on the correlation Rt be-
tween the velocity of a fluid particle at any instant and that of the same par-
ticle after a time interval t. If the functional relationship between Rt and t is
of such a character that Rt falls to zero at some interval T and remains so for
greater intervals, it is possible to define a length h by the relation:

/• T f* °oRtdt = \/v* I R,dt (9.1)
o J 0

in which v is the component of the velocity fluctuations transverse to the
mean flow and in the direction in which the diffusion is studied.

13 Taylor, G. I., Diffusion by continuous movements, Proc. London Math. Soc. Ser. A, 20,
196 (1921).
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This method of assigning a scale to turbulence is of value in the study of
diffusion as described in section 22. It is based on the Lagrangian manner of
describing the flow by following the paths of fluid particles. It is more com-
mon to use the Eulerian description by considering the stream lines existing
in space at any instant. Taylor later8 suggested a method of describing the
scale in the Eulerian system based on the variation of the correlation coeffi-
cient Ry between the values of the component u at two points, separated by
the distance y in the direction of the y coordinate, as y is varied. The curve
of Rv against y represents the statistical distribution of u along the y axis at
any instant. If Ry falls to zero and remains zero, a length L may be defined
by the relation:

J 0
Rydy. (9.2)

The length L is considered a possible definition of the average size of the
eddies present and has been found to be a most useful measure of the scale
of the turbulence, especially for the case of isotropic turbulence. Correspond-
ingly, a length Lx may be defined by the relation:

r% 00

Lx = I Rxdx (9.3)

where Rx is the correlation between the values of the component u at two
points separated by distance x in the direction of the x coordinate.

10. Isotropic turbulence. The simplest type of turbulence for theoretical
or experimental investigation is that in which the intensity components in
all directions are equal. More accurately, isotropic turbulence is defined by
the condition that the mean value of any function of the velocity components
and their derivatives at a given point is independent of rotation and reflection
of the axes of reference. Changes in direction and magnitude of the fluctua-
tions at a given point are wholly random and there is no correlation between
the components of the fluctuations in different directions. Thus u2 = v2 = w2
and uv = vw = uw = 0.

There is a strong tendency toward isotropy in all turbulent motions. The
turbulence at the center of a pipe in which the flow is eddying or in the natu-
ral wind at a sufficient height above the ground is approximately isotropic.
A grid of round wires placed in a uniform fluid stream sets up a more or less
regular eddy system of non-isotropic character which very quickly transforms
into a field of uniformly distributed isotropic turbulence.

The assumption of isotropy introduces many simplifications in the statis-
tical representation of turbulence. The two quantities, intensity and scale,
appear to give a description of the statistical properties of the turbulent field
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which is sufficient for most purposes. Turbulent fields of this type can readily
be produced experimentally and studied. The intensity may be varied from
less than 0.1 to about 5.0 percent of the mean speed and the scale independ-
ently from a few mm to 25 mm.14

11. Decay of isotropic turbulence. The kinetic energy of the turbulent
fluctuations per unit volume is equal to §p(u2-\-v2-\-w2) which for isotropic tur-
bulence becomes (3/2)pu2. The rate of decay is therefore — (3/2)pd(u2)/dt. If
the isotropic turbulence, is superposed on a stream of uniform speed U, we
may write dt = dx/U and hence the rate of decay with respect to distance x
as —(3/2 )pUd(u2)/dx.

In a fully developed turbulent flow the Reynolds stresses are proportional
to the squares of the turbulent fluctuations. The work done against these
stresses, which in the absence of external forces must come from the kinetic
energy of the system, is proportional to pu'l/L where u' is written for \Zn?
and L is a linear dimension defining the scale of the system, which may be
taken as the L defined by (9.2). Equating the two expressions for the dis-
sipation and designating the constant of proportionality as 3 A, we find:

- (3/2)pUd(u'2)/dx = 3Apu'3/L (11.1)

or

Integrating:

Ld(U/u')/dx = A. (11.2)

U/u' - U/ui =A f dx/L (11.3)
J In

where U/ui is the value of U/u' at a: = a:o. This equation has been found to
give a very good representation of the experimental data. The essential fea-
tures of the derivation were given by Taylor. To evaluate the integral, L must
be known as a function of x. Taylor's first proposal was to assume that L is
independent of x and proportional to the mesh M of the grid giving rise to
the turbulence. If L is constant,

U/u' - U/ui = A(x - x0)/L (11.4)

giving a linear variation of U/u' with x. Assuming L/M = k, Taylor found
values of A/k for data from various sources varying between 1.03 and 1.32.

14 Dryden, H. L., Schubauer, G. B., Mock, W. C., Jr., and Skramstad, H. K., Measure-
ments of intensity and scale of wind-tunnel turbulence and their relation to the critical Rey-
nolds number of spheres, Tech. Rept. Nat. Adv. Comm. Aeron. No. 581 (1937).
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When measured values of L became available it was found that L in-
creased as x increased, the results being represented empirically within the ac-
curacy of the measurements by the relation L = La+c(x—Xa), whence

U/u' - U/uS = (A/c) loge [1 + c(x - xa)/L0\. (11.5)

Taylor15 found values of A for data from various sources varying between
0.43 and 0.19.

Further study suggests another relation for the variation of L with x.
A discussion of the general theory will be deferred until section 17 and the
question discussed on purely dimensional considerations. If one assumes that
du'/dl, the rate of change of intensity, and dL/dt, the rate of change of scale,
are determined solely by the values of L and u', i.e. that viscosity and up-
stream conditions have no influence, it follows from dimensional reasoning
that

Ld(\/u')/dt — A and (1 /u')dL/dt = B (11.6)
or

Ld(TJ/u')/dx = A and (U/u')dL/dx = B (11.7)

where A and B are numerical constants. The first equation of each pair is
the same as equation (11.2); the second is a new relation.

Integration of equations (11.6) and (11.7) leads to the relations:

ui r. . (A +B)ut(x- xo)YnA+B)ui _ r (A + B)u{ (x - xo)J
u' ~ L1 + UU J

and
L _ r (A + B)up (x — «q)-|»/<*+*>

7 ~ L1 + UU J (11.9)

where uj and Lo are the values at x = 0.
If it is desired to introduce a reference dimension pertaining to the dimen-

sions of the grid producing the disturbance, this may be done, but according
to equations (11.8) and (11.9) any dimension may be used and the decay
does not depend on its value. The mesh distance M is often used but certain
results reported by von Karman16 show that if M/d is not too small, the use

16 Taylor, G. I., Some recent developments in the study of turbulence, Proc. Fifth Inter.
Congr. Appl. Mech., Cambridge, Mass., 294 (1938). See later detailed report of measurements
in Hall, A. A., Measurements of the intensity and scale of turbulence, Rept. and Memo. No.
1842, Aeronautical Research Committee, Great Britain (1938).

16 K&rm&n, Th. von, Some remarks on the statistical theory of turbulence, Proc. Fifth Inter.
Congr. Appl. Mech., Cambridge, Mass., 1938, p. 347. The grid dimensions are not given in
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lyoo

Fig. 1. The turbulent fluctuation u' behind a grid of wires of diameter d
as a function of distance x from the grid.
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Fig. 2. The scale L behind a grid of wires of diameter d as a
function of distance x from the grid.
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of the wire diameter d as the reference dimension leads to a single curve for
all grids irrespective of the mesh-diameter ratio.

The available data are plotted in Figs. 1 and 2 from references in foot-
notes 14, 15, and 16. The solid curves are respectively

{U/u'y = 400{(1 + 0.04(x/d - 80)] (11.10)
and

cL/dy = 0.264[(1 + 0.04O/<* - 80)] (11.11)
which are in the form of equations (11.8) and (11.9) with the constants
A =B = 0.2056. These curves are frankly selected to fit the National Bureau
of Standards data.

If one considers the complete system of screen and turbulent field, dimen-
sional considerations suggest that for geometrically similar screens whose
scale is fixed by some characteristic dimension, such as the mesh length M,
the ratios u'/U and L/M would be a function of x/M, of the Reynolds Num-
ber TJM/v and of the turbulence of the free stream u't /U, in which the screen
is placed. If the screens are not geometrically similar but are made up of
cylindrical rods of diameter d, the intensity and scale also depend on d/M
and on the roughness of the screen. The effects of these parameters have not
been fully investigated, and doubtless a part of the discrepancy between the
available results is to be ascribed to the influence of these factors.

For example, the screens used at the National Bureau of Standards were
either woven wire screens or wooden screens with fairly rough surfaces with
the members interlacing in the wire screens and intersecting in the wooden
screens. The ratio d/M varied from 0.186 to 0.201. The screens used by Hall
were arranged in two planes, i.e., horizontal rods in one plane, vertical rods
just touching the horizontal rods but in another plane. The ratio d/M was
0.184 to 0.188. Von Karman has studied the effect of varying d/M from 0.086
to 0.462 and has used screens both of the woven type (results published by
von Karman, loc. cit.) and of the biplane type (results not published). A
study of these data suggests that the difference between the results for woven
screens and biplane screens is unimportant and that if results are plotted in
terms of x/d rather than x/M the effect of d/M is small for values of d/M
near 0.2. No data are available on the effect of roughness.

Few data are available on the effect of free stream turbulence. Hall ob-
tained an increase of about 10 to 20 percent in u' for a 1-inch screen at the

the paper, but Professor von Karman has kindly supplied them as follows:

„ .. Mesh Distance, M Wire Diameter, d ,,,,G rid . , . , M/dtnch.es inches
1 4.96 0.230 2.16
2 5.00 .105 4.75
3 5.07 .084 6.03
4 4.99 .043 11.6
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same value of x/M by increasing the free stream turbulence from 0.2 percent
to 1.3 percent. We have had the opportunity of making some measurements
behind the same 1-inch screen used in the measurements described in NACA
Technical Report No. 581 in an airstream for which the free stream turbu-
lence is 0.03 percent as compared with 0.85 percent for the older measure-
ments. The results are shown in Fig. 3 as compared with Hall's measurements.
It is obvious that the turbulence of the free stream is one of the controlling
factors, but not the only one.

4.01 

§,% 2.0

M
Fig. 3. Effect of free stream turbulence on the turbulence behind a 1-inch screen.

The study of the turbulent field behind screens as affected by numerous
parameters is of interest from the standpoint of a study of screens. However,
the turbulent field may be regarded from another point of view, i.e. in relation
solely to the theory of isotropic turbulence. If the turbulence is truly iso-
tropic, and if its characteristics can be adequately described by the two
quantities, intensity and scale, its behavior can depend only on the values
of intensity and scale at some given point. The details of construction of the
source screen and its distance upstream are of no importance. Even the in-
fluence of the turbulence of the free stream should be absorbed in the given
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values of u' and L at some one point. The decay of isotropic turbulence is
considered from this point of view in section 17.

12. Effect of contraction. The behavior of turbulence in a contracting
stream is of interest in connection with the flow in the entrance cone of a
wind tunnel. Prandtl17 suggested that the longitudinal components of the
fluctuations were reduced in the ratio of 1 to / where I is the ratio of the en-
trance area to the exit area of the cone. This result was derived on the as-
sumption that the gain in energy is the same for all filaments traversing the
cone. The same result was obtained from the Helmholtz vortex theorem,
which was also used to show that the lateral components were increased in
the ratio VI- Since the mean speed increases proportional to I, the values of
u'/ U and v' / U are reduced according to this theory in the ratios 1 /Z2 and 1/y/'l
respectively. This computation neglects the decay of the turbulence because
of viscosity.

Taylor18 computed the effect of a contraction on certain mathematically
defined forms of disturbance. Two objections may be offered to this treat-
ment. First, as in Prandtl's treatment, the decay of the turbulence is neg-
lected. Second, the computation is made on a regular disturbance which is
assumed to retain its regularity. When the rapid development of an isotropic
turbulent field from a Karman vortex trail is considered, it is hard to believe
that a regular vortex pattern could retain its character throughout the length
of a wind tunnel entrance cone unless the scale was very large indeed.

If it is assumed that the istropic turbulent field is unaffected by changes
in the mean speed, the decrease in u' may be computed from the decay during
the time required for the fluid to traverse the cone. This time interval is
flldx/U. If A is the area of the cross section at any value of x, UA = UoAo
where Uo and Ao are the values at x=x0, and hence the time interval is
JXX\A dx/U»Ao.

There are as yet no suitable experimental data for checking any theory.
In the measurements quoted by Taylor all the data were obtained sufficiently
close to a grid to lie within the non-isotropic turbulence of the vortex trails
from the individual wires.

13. The correlation tensor function. Von Karman19 introduced the cor-
relation tensor function in the statistical theory of turbulence as a generaliza-
tion of the particular correlation coefficients discussed by Taylor. The cor-
relation coefficients between any component of the speed fluctuation at a
given point and any component of the speed fluctuation at another point

17 Prandtl, L., Herstellung einwandfreier Luftstrome (Windkanale), Handbuch der Experi-
mentalphysik, F. A. Barth, Leipzig, 1932, Vol. 4, Part 2, p. 73.

18 Taylor, G. I., Turbulence in a contracting stream, Z. angew. Math. u. Mech. IS, 91
(1935).

18 Kii.rmS.ri, Th. von, and Howarth, L., On the statistical theory of isotropic turbulence,
Proc. Roy. Soc. London, Ser. A, 164, 192 (1938).
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form a tensor. If one point is held fixed and the other varied, the tensor varies
as a function of the coordinates of the variable point with respect to the fixed
point. We may speak of this function as the correlation tensor function.

In isotropic turbulence the correlation tensor has spherical symmetry and
the several components are functions only of the distance r between the two
points, and of the time t. Denote by wi, vi, wi and M2, f2, "Wz the components
of the velocity fluctuations at the two points Pi and P2 having coordinates
(*i, 0, 0) and (x2, 0, 0) respectively. Suppose that u\, v\, wf, which by isotropy
are equal, are independent of position and equal to u\. Then ul = vl = v% = u2.

The correlation coefficients ViV2/u2 and WiWi/u2 will be identical because
of isotropy and will be some particular function of the distance r between

Fig. 4.

Pi and P2 and of the time t, say g(r, t). The correlation coefficient uiui/u,5
will also be a function of r and t, say f(r, t). The correlation coefficients
UiV2/u2, ujwi/u2, V1U2/U2, ViWi/u2, Wiun/u? and W1V2/U? can be shown to be zero.
Thus if the Y and Z axes are rotated about the X axis through 180°, the ab-
solute values of all components are unchanged but the signs of the v and w
components are reversed. Denoting values referred to the new axes by capital
letters, U\ — u\, J72 = M2, Vi = —V\, V2= — vit Wi = wi, W2= — wi, so that, for
example, UiVt= —U&2. But by isotropy, the value of any function of the
components is unchanged by rotation of the axes, and therefore Ui Vi — ttit>2-
To satisfy both relations UiV2 must equal zero. Similarly for the other terms
containing U\ or w2. By reflection in the XZ plane vxWi and WiV2 may likewise
be shown to be zero.
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The correlation coefficient for components of the fluctuations in any arbi-
trary directions at any two points may be expressed in terms of the functions

f(r, t) and g(r, t) and the geometrical
f A t) u parameters. Consider any two points
   > P and Q and components of the fluc-
-n. * tuations p in the direction PP' at P

and q in the direction QQ' at Q. (Fig.
 ^ 4). Denote by QQ" the orthogonal

ijl projection of QQ' on the plane PP'Q;
by a, /?, and y the angles P'PQ,
i"~PQQ". and QQ'Q";and bypup2,
p3 and qi, q2, q^ the components of the
fluctuations at P and Q in the direc-
tion PQ, in the direction normal to
PQ and Q'Q", and in the direction
Q"Q'. Then

A. (^ ( A,t)

p = pi cos a + pz sin a

Ul, q — qi cos |8 sin 7 + q2 sin /3 sin 7

Fig. 5. The principal double correlations "1" qz COS 7. (13 .1)
in isotropic turbulence.

Hence

Pq — Piqi cos a cos sin 7 + ptq^ sin j3 sin a sin 7 (13 .2)

the other terms vanishing as proved in the preceding paragraph. In terms
of f(r, t) and g(r, t)

pq/u2 = [f(r, /) cos a cos /3 + g(r, t) sin a sin /?] sin 7. (13 .3)

The correlations denoted by/(r, t) and g(r, t) are indicated in Fig. 5.
If now any two points with coordinates (xi, y\, si) and (x2, y2, z2) and speed

fluctuations with components u\, vi, Wi and v», are considered, the nine
quantities U1U2, uxv2, U1W2, i'iUx, v^o% Viw2, wxUi, w^Vt, and WiWz are the compo-
nents of a second rank tensor. Each one may be evaluated by equation (13.2)
in terms of f(r, t) and g(r, t) with the result in tensor notation

D /('. 0 - g(r, i)
R =   rr + g(r,t)I (13.4)

where r is the vector having components X = x2—xi, Y = y2—y\, Z = s2 —zi

1 0 0
0 10-
0 0 1

r is r and I is the unit tensor
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The velocity fluctuations satisfy the equation of continuity. Hence

d«2 dv% dw2 + + = 0. (13.5)
dXi dy 2 dzz

Multiplying by u\/u2 which is independent of x%, y2, Z2 and introducing the
correlation coefficients Ru,u2, etc. and the components X, Y, Z of r:

^ RuiWit — H — H — = 0. (13.6)
dX dY dZ

From equation (13.4)

*«,«. = X2 + g; RUlV, = t^-XY; RUlW, = XZ
yZ yi

whence, remembering that X2-\-Y2-\-Z2 = r2, dr/dX = X/r, df/dX = (df/dr)
(dr/dX) = (X/r)(df/dr), etc., equation (13.6) becomes

X[2(f - g) + r(df/dr)] = 0. (13.7)
The continuity equation must be true for any value of X. Hence

2/(r, t) - 2g(r, /) = - rdf(r, t)/dr. (13.8)

The correlation tensor can thus be expressed in terms of a single scalar
function, either/(r, t) or g(r, t). The function g(r, t) is the correlation coeffi-
cient previously denoted by Rv. The scale L= J^Ry dy= f0g dr. The integral
JljRxdx=f0f dr is termed the longitudinal scale Lx to distinguish it from
the lateral scale L. Obviously from equation (13.8)

/> CO /I GOr(df/dr)dr = i I x{dRx/dx)dx. (13.9)
o J o

Since / and g are even functions of r,

/= 1 +/W/2 + • • • (13.10)
£ = 1 + g'y/2 + ■■■ . (13.11)

From equation (13.8), 2fl =g'o, whence for small values of r,

R = [1 + (go/2V]I + [(/? - g'i/2]rr
= (1 + fir2)! ~ (l/2)/o'rr.

(13.12)

We require later the second derivatives of R at r = 0, i.e. X = Y = Z = 0, as
follows :

d2RUlu2 _ d2RVlVi ^ d2RWlW2 ^ ^

dX2 ~ dY2 ~ dZ2 ~
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d2RUlu2 d2RuiU>

dY2 dZ2

d2RUlv

'■ and similar terms obtained by cyclic exchange = 2/5' (13 .14)

dXdY
and similar terms obtained by cyclic exchange = — (l/2)/o. (13.15)

d2Ru,v,
All others, e.g. etc. are zero. (13.16)

dXdZ

Von Karman points out that the correlation tensor is of the same form
as the stress tensor for a continuous medium when there is spherical sym-
metry. In the analogy /(r) corresponds to the principal radial stress at any
point, g(r) to the principal transverse stress, and the several R's to the stress
components over planes normal to the coordinate axes. The relation between
/ and g given by the continuity equation corresponds to the condition for
equilibrium of the stresses.

Equation (13.8) has been experimentally checked at the National Physi-
cal Laboratory.16

14. Correlation between derivatives of the velocity fluctuations. In fur-
ther developments it will be necessary to know the mean values of the prod-
ucts of the derivatives of the components of the fluctuations at a given point,
for example (dui/dx{) (dvi/dyi). These mean values may readily be computed
from the correlation tensor. Thus:

d(wizi2) —- d(RUlVi) — d(RUlVt)
  — u  = — m2   (14.1)

dxi dxi dX

Since ^2 is not a function of xi, this may be written

(dui/dxi)v2 = — u2dRUlVJdX. (14.2)

Differentiating now with respect to y2

dux dvi d (dux \ d /dRUlVA d2RUlV,
 =  1 i<2 ) = — u2 1 ) = — u  • (14.3)
dxi dyz dy2\dxi / dy2\ dX ) dXdYdyi dyt \3«:i / dy

Now letting Pi and P2 coincide,

du dv  /d2Ruv

dx dy
= — u.

/d2Ru A
I ]X = F = 0. (14.4)
\dXdYj

The limiting value of the second derivative has previously been computed
(equation (13.15)), whence

du dv fS —
 =—m2. (14.5)
dx dy 2

By similar reasoning it may be shown that
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/du\2 /dv\2 /dw\2 _u -u -(it) --** <i46>
/du\2 /a«y /di>y /a»\2 /dw\2

\ay/ ~ \dz) ~ \dx) ~ \dz) ~ \dx)
(14.7)

and

/dw\2  = (77) " ~ 2"''°

dv du dw dv du dw u2 ^ ^

3# dy dy dz dz dx 2 ^
The method can be extended to derivatives of higher order.

15. Triple correlations. Von Kar-
man designates the mean values of A ^ h(/\. t) u*
the product of three components
of the velocity fluctuations, two of ~ ^
which are taken at one arbitrary
point and the third at a second arbi-  
trary point, as triple correlations.
They arise when correlation coeffi-
cients are introduced into the equa- 4
tions of motion. He shows that the I vt y
triple correlations are components of I > 
a tensor of third rank designated T ui
which is a function of X, Y, Z and the
time. He proves that in isotropic tur- <  a *
bulence this tensor can be expressed _ , ....

, ,, , , , ,, Fig. 6. I he principal triple correlations
in terms of three functions h{r, t), in isotropic turbulence.
k(r, t), and q(r, t) corresponding to
the correlations shown in Fig. 6, and that the development of these func-
tions in powers of r begins with the r3 term. The equation of continuity
permits the expression of k and q in terms of h by the relations:

k = - 2h (15.1)
q = — h — {r/2){dh/dr). (15.2)

Thus the tensor T can be expressed in terms of a single scalar function h(r, t).
16. Propagation of the correlation with time. The fluctuations are assumed

to satisfy the equations of motion, namely,

dri\ dui dui du\
 h «i f- »i h w 1 

dt dxi dy 1 dzi
1 dp (d2U\ d2Ui d2Ui\= —-—+ + (16.1)
p dxi \ dxl dy\ dz\ /
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and the two equations obtained by cyclic permutation.
Multiplying this equation by ui} introducing X, Y, and Z, and taking

mean values:

du i d{u\u-i) d(u\V\Uz) d(u\W\llz)
U2 -      

dt dX dY dZ

1 dp I 32m1m2 32Mi«2 62UiU2\
= «2— + vl + + —). (16.2)

p dXl \ dX2 dY2 dZ2 /

By an analogous procedure, it may be shown that:

dw2 dului dUilliUi du^WzUi
U\

dt dX dY dZ

1 dp , ( d*U\U2 _ d2UiU2 , d2UiU2S

p dxi
(d2UiUz d2UiUz d2UiUi\—"—  1 1 )•

dX2 dY2 dZ2 /

(16.3)

Von Karman shows that the pressure terms vanish. Adding the two equations
and introducing the correlation coefficients, we find

d _
— (u2RUlu2) — (u2)3'2   («l«2 + «|«l) — (w2)3/2  (u-$\1l2 + U2V2.U1)
dt dX dY

d
(M2)3/2 ___ (UlWlU2 -|- U2W2U1) (16.4)

dZ

 r d2U\U2 d2U\U2 d2U\U2
= 2 vu2 1 h

]■L dX2 dY2 dZ2

This equation may be expressed in terms of the functions/, g, k, q and h.
Then by using the relations (15.1) and (15.2) between these functions ob-
tained from the equation of continuity, a partial differential equation between
/ and h is obtained, namely

d(m _ /dh 4k\ —/d2f 4 df\
— +2(w2)3/2(- 1 ] = 2vu2[--\ -). (16.5)

dt \dr r ) \dr2 r drj

This is the equation for the change of the function / with time, but it can-
not be solved without some knowledge of the function h.

17. Self-preserving correlation functions. Let us suppose that the func-
tions/^, t) and A(r, t) preserve the same form as t increases, only the scale
varying. Such functions will be termed "self-preserving." If L is some measure
of the scale of the correlation curve, / and h will be functions of r/L only,
where L is a function of t. The length L may be any measure of the scale such
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as the radius of curvature of the correlation curve at r = 0 or any other desig-
nated point, the value of r for a given value of the correlation coefficient, or
the quantity obtained by integration of the correlation coefficient from r = 0
to infinity which has previously been termed the scale of the turbulence.
Introducing the new variable ip = r/L and placing (m2)1/2 = w' in equation
(16.5), we obtain

/dh h\ 2 /d2f 4 df\
+ 2( b4 — ) = —( —— H ~ ) (17-D

\dip \p) N \d\p2 \p dxp/

JL du'2 1 dL df /dh h\ 2 /a2/ 4 df\
u'3 dt u' dt ^d\p

where N is the Reynolds Number of the turbulence u'L/v. Since the coeffi-
cient of the third term is a numerical constant, the functions / and h jvill be
functions of ip and t alone only if the coefficients of the other terms are also
numerical constants. This requires that

L du'2 d(l/u') = -L = - A (17.2)
u'3 dt dt

1 dL— —=B (17.3)
u' dt

u'L
= No (17.4)

V

where A, B, and N0 are independent of u', L, and t. It is readily shown that
these relations are consistent only if A =B and that the solutions are

1 1 2A
 = t (17.5)
u'2 Wo'2 Nov

L2-Ll=2ANovt (17.6)

where uo and L0 are the values for t = 0 and uo L0/v = N0.
These equations are in the form of equations (11.8) and (11.9) with A=B

and agree well with the formulation of the experimental data represented by
equations (11.10) and (11.11) with 2.4 N0v/Ll = 2^4ul/N0v = 2A ̂ /u\/LQ = 0.04,
corresponding to < = 0 at a distance of 80 wire diameters from the grid. The
constant A is equal to 0.2056 when L is defined as J™Rydy.

For self-preserving turbulence equation (16.5) becomes

-Af-Ai(df/dt)+2(dh/d4,+4h/tf = (2/No) [(d2f/di2+(4/t)(df/dtf]. (17.7)

This equation determines the shape of the correlation curve. Von Karman19
discusses the shape when the function h is neglected. The shape depends on
the Reynolds Number No of the turbulence. The shape also depends on the
constant A but closer examination shows that A is always associated with L
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and is dependent on the method of defining L. If \p is set equal to rA/L in-
stead of r/L, and the length L/A is used instead of L in the definition of the
Reynolds Number of the turbulence, the A disappears from equation (17.7).
Whether the values of L defined by Jgdr will yield the same values of A for all
shapes of correlation curves described by (17.7) cannot be definitely an-
swered.

Approximate solutions of (17.7) are not easy since it turns out that /
varies with No in such a manner that, for small values of \p at least, the term
on the right-hand side is of the order of unity.

2
it
L.

Fig. 7. Hall's measurements of turbulence behind screens.

According to this suggested theory, the shape is self-preserving and the
Reynolds Number remains constant during the decay of a given turbulent
field. The scale approaches very large values as the intensity approaches very
small values. The length X (which is discussed in section 18) is proportional
to L. For different values of the Reynolds Number of the turbulence the con-
stant of proportionality varies inversely as the square root of the Reynolds
Number. Likewise the shape of the correlation curve varies with the Reynolds
number of the turbulence.

Equation (17.6) shows the same functional relation between the scale and
the time as given by Prandtl at the Turbulence Symposium as a result of his
analysis of photographs of the decay of isotropic turbulence.
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Von Karman also discusses the case in which the assumption is made
that the self-preserving feature applies only to large values of \p and the
Reynolds Number N0 is sufficiently large that the right-hand term of (17.7)
can be neglected. In this case (17.2) and (17.3) are obtained without (17.4)
and the solution is identical with that given by (11.8) and (11.9) of sec-
tion 11. The theoretical equations (17.5) and (17.6) do not involve either U

SCREEN No.2
SCREEN No. 3
SCREEN No. 4

-2 0 2 4 6 8 10 12 14

L.
Fig. 8. Von Karman's measurements of turbulence behind screens.

or M explicitly. However, for comparison with experimental data, they may
be written as follows:

(v)"-
2Auo t Uo (x — xo)

1+ =1 + 2,4 (17.8)
L0 U L0

(L\2 2AuJt Uo (x — Xo)
( — J = l+ =1 + 2.4       (17.9)
\Lj u u l0

Both uo and L0 should be known, but unfortunately Lo was not measured
in all of the experiments.

Figures 7, 8, and 9 show the results of Hall, of von Karman, and of the
author and his associates (designated NBS) plotted in a manner to facilitate
comparison with equation (17.8).

The reference position Xo has been taken as 40 times the mesh length ex-
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cept for von Karman's results for which Xo was taken as 212.5 times the rod
diameter (equivalent to Xo/M = 40 for d/M = 0.188). In the absence of definite
information as to Lo, Lo/M was assumed equal to 0.29 except for von Karman's
results for which Lo/d was assumed to be 1.54 (equivalent to Lo/M = 0.29 for
d/M = 0.188). The value of Uo was determined by interpolation from the ob-
servations of each experimenter near x/M = 40, giving the following results.

Fig. 9. NBS measurements of turbulence behind screens.

. Mesh r>R°^i Air Speed , ... „ ,Experimenter . , Diameter , , u<> U RemarksInches r . ft secInches
Hall 1.0 0.188 20 0.0146

0.5 .092 20 .0144
0.5 .092 40 .0152
0.5 .092 80 .0174

von Kdrmdn 0.5 0.105 38 and 54 .0201 Screen 2
0.5 .084 38 and 75 .0201 Screen 3
0.5 .043 38 and 75 .0299 Screen 4

NBS 0.25 0.050 20-70 0.0250 NACATech. Rept. 581
0.5 .096 20-70 .0221 NACA Tech. Rept. 581
1.0 .196 20-70 .0224 NACA Tech. Rept. 581

1.0 0.196 30 0.0188 Recent tests
1.0 .196 70 .0173 Recent tests
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The values of uo /U range from 0.0144 to 0.0299; presumably the differ-
ences are due mainly to the factors discussed in section 11, although system-
atic errors may be partly responsible.

In each figure, equation (17.8) with constant A equal to 0.29 is plotted
as a straight line. Most of the points would be better fitted by a curve of
increasing slope with increasing time. It thus appears that equation (11.9)
with (A +B)/A having some value between 1 and 2 fits the experimental data
better than (17.8).

However, the data are not a't all consistent. The departures are largest
ior the smaller values of u'/U. In Hall's experiments, the results on the
§-inch screen show little systematic departure at 40 and 80 ft/sec, whereas
those on the same screen at 20 ft/sec and on the 1-inch screen begin to rise
above the line at u» t/L0 = 0.5. Von Karman's data on screen 2 at 38 ft/sec
lie near the line; those on the same screen at 54 ft/sec and on screens 3 and 4
at 38 and 75 ft/sec begin to rise above the line at u0'</Z0 = 4.O. The older
results of the author and his associates, while scattered, agree with the line
within 12 percent to uit/Lo=l8\ the more recent results begin to rise above
the line at ui t/Lo = 0.5 and are in fair agreement with Hall's data on a 1-inch
screen. Unfortunately, data at large values of x/M could not be obtained in
the recent experiments.

Thus, even when attention is confined to the behavior of the isotropic
turbulent field, there remain discrepancies in the experimental data such that
no definite conclusions can be drawn as to the merits of any theory. Further
experiments are required under carefully controlled conditions in an air
stream of low turbulence over a wide range of values of x/M and with due
regard to the various systematic errors that may be present. These experi-
ments would be of the greatest value if the scale were also measured.

18. The length X. Relation between X and L. The general expression for
the mean rate of dissipation in the flow of a viscous fluid is:

( /du\~ / dv\2 /dw\2 / dv du\2
"r-'{J(s)+J(s)+2(v)+(i;+i;)

+ .
,dy

where /u is the viscosity.
For isotropic turbulence this becomes:

/ dw dv\2 /du dw\2"l

\ dy dz) \d2 dx ) )

(18.1)

W (du\2 /dtt\2 dv du_=6 - +6 — )+6  (18.2)
M \dx} \dy/ dx dy

which, from the relations given in section 14, reduces to:

W = — 7.5 nWg"0 = 7.5 v.{du/dy)\ (18.3)
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But go is defined by:

go = — 2 lim (18.4)

and has the dimensions of the reciprocal of the square of a length. Let

g"o=- 2/X2 (18.5)

the factor 2 being introduced to conform to Taylor's definition of X. Then

W= 15^/X2. (18.6)

The length X may be interpreted in several ways. Equation (18.6) may be
considered a definition, X being regarded roughly as a measure of the diame-
ters of the smallest eddies which are responsible for the dissipation of energy.
Or, since l/X2 = limr-,0 (1 — g)/r2 = limy-,0 (1 —R«) Y2>^2 is a measure of the ra-
dius of curvature of the Rv curve at F = 0. Or, if a parabola is drawn tangent
to the Ry curve at Y= 0, this parabola cuts the axis at the point F = X.

Since W = — (3/2)p(du2/dl), the decay law may be written:

du*/dt = - 10^/X2. (18.7)

This result can also be derived directly from equation (16.5) as shown by
von Karman.

By comparing this expression for the decay law with that previously given
(equation 17.2), namely

du?/dt = — Au'*/L (18.8)

it is seen that

or, since u'L/v^No

Au'/L= 10y/X2 (18.9)

\2/Z2 = IQ/ANo. (18.10)

Introducing the experimental value of A,

\/L = 6.97/\/7Vo. (18.11)

A similar relation holds for \/Lx where Lx is the longitudinal scale. If
the Reynolds Number is formed from Lz, the numerical constant is approxi-
mately 4.93.

During the decay of self-preserving turbulence No is constant and X is
proportional to L but the constant of proportionality varies inversely as \/No
for turbulent fields of different Reynolds Number.

Although it cannot be expected on physical grounds that these relations
hold at very low values of No, there is no experimental evidence of any de-
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parture from equations (18.7) and (18.8) for values of No as low as 10. There
seems to be no difficulty in drawing correlation curves for which X is greater
than L, but no such experimental curves have been measured. However, in
an example quoted by Taylor,16 \/L is as great as 0.86.

19. The spectrum of turbulence, relation between spectrum and correla-
tion. The description of turbulence in terms of intensity and scale resembles
the description of the molecular motion of a gas by temperature and mean
free path. A more detailed picture can be obtained by considering the dis-
tribution of energy among eddies of different sizes, or more conveniently the
distribution of energy with frequency. Just as a beam of white light may be
separated into a spectrum by the action of a prism or grating, the electric
current produced by a hot wire anemometer subjected to the speed fluctua-
tions may be analyzed by means of electric filters into a spectrum.

The mean value of u2 may be regarded as made up of a sum of contribu-
tions u2F(n)dn, where F(n) is the contribution from frequencies between n
and n+dn and /0 F(n)dn = 1. The curve of F(n) plotted against n is the spec-
trum curve. According to the proof given by Rayleigh and quoted by Taylor20

F{n) = 2t lim (/? + l\)/T (19.1)
2*—>oo

where T is a long time and

rTI\ = (1/x) | u cos 2irnt dt

(19.2)
CT/2 = (1/7r) I u sin 2irnt dt.

When the fluctuations are superposed on a stream of mean velocity U and
are very small in comparison with U, the changes in u at a fixed point may be
regarded as due to the passage of a fixed turbulent pattern over the point,
i.e., it may be assumed that

u = </>(0 = 4>(x/U) (19.3)
where x is measured upstream at time t = 0 from the fixed point. The correla-
tion Rx between the fluctuations at the times t and l-\-x/U is defined by

<t>{t)4>(t + x/U)
Rx = _ (19.4)

It can be shown20 that

/oo 2 f* 00 g
+ x/U)dt = 2ir I (l\ + l\) cos (2tnx/U)dn (19.5)

-oo J o

20 Taylor, G. I., The spectrum of turbulence, Proc. Roy. Soc. London, Ser. A, 164, 476
(1938).
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or, substituting for l\ + I\ its value in terms of F(n),

/» ooF(n) cos (2xnx/U)dn
o

(19.6)

and

/» oo Rx cos (2irnx/U)dx (19.7)
o

In other words, the correlation coefficient Rx and UF(n)/\/8ir are Fourier
transforms. If either is measured, the other may be computed. Rx is the func-
tion denoted by/in section 13. The length X, which was defined in terms of the
function g or Ryi is related to Rx by the equation:

1/X2 = 2 lim (1 - Rx)/x\ (19.8)
£-*0

When n and x are small, cos (2irnx/U) in (19.6) may be approximated by
1 — lirVri2/ U2. Hence

/» 00

1/X2 = (47r2/t/2) I n2F(n)dn. (19.9)

If the turbulence is self-preserving, the shape of the correlation curve is a
function of the Reynolds Number of the turbulence. Hence the spectrum
curve is also a function of the Reynolds Number of the turbulence. Introduc-
ing the longitudinal scale Lx (Lx — J0 Rxdx) in equation (19.9),

Lx r °° (nLx\2 UF (n) (nLx\
r- - 4"/„ (t) dVu) (19.10)

and in equation (19.7),

UF(n) fx 2irnLx x

Lx

/' 00 2irnLx x / x\Rx cos dl — ) (19.11)
0 U Lx \LJ

both of which are expressed in terms of the non-dimensional variables
UF(x)/LX} nLx/U, x/Lx, \/Lx, and Rx. The mean speed U enters only in
fixing the frequency scale.

Typical spectrum curves determined experimentally21,22 are shown in
Fig. 10. Studies of the relation between the spectrum and the correlation
curve have been given by Taylor.20

From equation (19.10) it may be inferred that if the curve of UF{n)/Lx\s.

21 Simmons, L. F. G., and Salter, C., An experimental determination of the spectrum of
turbulence, Proc. Roy. Soc. London Ser. A, 16S, 73 (1938).

22 Dryden, H. L., Turbulence investigations at the National Bureau of Standards, Proc. Fifth
Inter. Congr. Appl. Mech., Cambridge, Mass., 1938, p. 362.
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nLx/ U is independent of U, Lx/\ should also be independent of U, which is
contrary to the known dependence of Lx/\ on the Reynolds Number of the
turbulence. Equation (19.9) shows that the value of A is determined largely
by the values of F(n) at large values of n. The NPL measurements in Fig. 10

ua>Qi

V

Q°8fcr
u

Fig. 10. Comparison of National Bureau of Standards and National Physical Laboratory
measurements of the spectrum of turbulence, plotted non-dimensionally.

At left, NBS values 40(-) and 160(+) inches behind 1-inch mesh screen at 40 ft/sec.
At right, NPL values of (F(n) from Table II of reference 21 ,LX from reference 20) 82 inches

behind 3-inch mesh screen at 15(-), 20(X), 25( + ), 30(A), and 35([U) ft/sec.
The reference curve in each case is the curve

UF(n) 4
~x ~ 4trWZ.*2

^ U*

where U is the mean speed, Lx is the integral f^Rxdx, Rx is the correlation between the fluctua-
tions at two points separated by the distance x in the direction of flow, n is the frequency, and
F{n) is the fraction of the total energy of the turbulence arising from frequencies between n and
n+dn.

show clearly this dependence of the spectrum curve on U at high frequencies.
When the Reynolds Number of the turbulence is large, \/Lx becomes

small. Experimental measurements show that both Rx and Ry curves ap-
proach exponential curves. From integration of equation (13.9) it follows that
2L=LX and equation (19.11) for the corresponding spectrum curve becomes:

UF{n) 4   (19.12)
Lx 1 + 4 tWLx/U2
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This is the reference curve drawn in Fig. 10. As U decreases, X increases, and
the departures at large values of wLx/Z7 becomes greater. The changes in the
total energy of the fluctuations associated with these changes in the spectrum
at high frequencies are extremely small.

Adopting this expression for the spectrum curve, it is possible to compute
the effect of varying the cut-off frequency of the measuring equipment on the
measured value of the energy of the fluctuations. If the equipment passes

OS

n Lx/U

Fig. 11. Effect of cut-off frequencies of apparatus on observed energy of turbulence for
spectrum given by reference curve of Fig. 9.

Mo is the lower cut-off frequency, nt, the upper cut-off frequency, Lx the longitudinal scale,
U the mean speed.

high frequencies but cuts off sharply at a lower frequency n0, the measured
total energy is

_ r 4(Lx/U)dn ( 4 2tt«0£A —
ip«2   = ( i tan-1  ) |p«2 • (19.13)

J„„wc/1 + AirWLl/U* \ It U

The ratio of the observed to the actual total energy is shown in Fig. 11 for
various values of n<*Lx/ U.

Similarly, if the equipment passes low frequencies but cuts off sharply at a
higher frequency the measured total energy is (4/2ir) tan-12-KUhLx/ U(%pu2).
The ratio of the observed to the actual total energy for high frequency cut-
off is also shown in Fig. 10.

The fact that the correlation and spectrum curves are of the exponential
type has been interpreted22 as meaning that turbulence is a generalized chance
phenomenon, as nearly chance as a continuous curve can be and retain its
continuity.
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20. Fluctuating pressure gradients. In theories of the effect of turbulence
on transition in boundary layers, it is desired to know the value of the root-
mean-square pressure gradients, i.e., (dp/dx)2, (dp/dy)2, and (dp/dz)2. Taylor
has shown8 that

V(dp/dx)2 = 2V2 pu2/\. (20.1)

Combining this with the relation (18.11), i.e., \/L = 6.97/\/(w2)1/2Z,/i'

2V2 pu2 /(uiyi*L' (20.2)//dp\2 2 v 2 pu2 /(m)1'v{£)-^rv~7
The quantities \/u2 and L occur in this expression in the combination

[(vW£1/6]6/2. The ratio (y/u2/U)(D/L)lls, where U is the mean speed and
D the reference dimension of a body under study is known as the Taylor
turbulence parameter.

21. The diffusive character of turbulence. An early experimental distinc-
tion between turbulent and non-turbulent flow was based on the observation
that a filament of dye introduced into a turbulent fluid stream is rapidly
diffused over the entire cross section of the stream whereas in a non-turbulent
flow the filament retains its identity although it may show some waviness.
It has been pointed out in section 7 that the effect of the turbulent fluctua-
tions on the mean motion is the introduction of eddy stresses associated with
the transfer of momentum by the diffusion of fluid particles. Von Karman23
has given a useful account of the mechanism of the diffusion of discrete par-
ticles and its effect in producing a shearing stress. A theory of diffusion by
continuous movements has been developed by Taylor.18 The process of diffu-
sion has been found helpful in the experimental study of the statistical prop-
erties of turbulence.

22. Diffusion by continuous movements. Consider in a uniform isotropic
turbulent field the displacement X and velocity u parallel to the arbitrarily
selected x axis. The intensity \/u2 is constant, the field being assumed
uniform. Let ut and uv be the values of u at times t and t' respectively.
Consider the definite integral J'0utufdt'. Introducing the correlation coeffi-
cient Rt,v between ut and u,t>, remembering that u2 is constant,

r UtUfdt' — u2 f Rt.t'dt'. (22.1)

Let t' — t=T and place Rt.v — Rt- Since Rt is an even function of T, (22.1)
may be written:

^ UtUfdt' = u2 f RrdT. (22.2)
•^0 J 0

K&rm&n, Th. von, Turbulence, Jour. Roy. Aeron. Soc. 41, 1109 (1937).
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But

/utufdt' = ut f Uydt' = utX = uX. (22.3)
D J 0

Hence

1'J 0
RrdT = uX = (1/2 )dxydt. (22.4)

When the time t is so small that Rt approximates unity, equation (22.4)
becomes:

(1/2 )dX*/dt = Vh
or

VZ1 = VuH. (22.5)
If Rt is equal to zero for all times greater than some time T0

/» ToRrdT = constant. (22.6)
o

Define a length l\ by the relation:
' T0

h 1 0

whence

C'0
= vV RrdT (22.7)

J o

Wm5 =«X= (1/2 )dX*/dt (22.8)
and

X* = 2 hy/uH. (22.9)

If RT = e~TIT'>, h = V^T0 and the solution of (22.4) yields:

X* = 2u?To[t - T0(l - e-TiT*)}. (22.10)

Equation (22.10) reduces to (22.5) when t is small compared to and to
(22.9) when t is large compared to To.

The diffusion in a uniform field is accordingly completely determined by
the correlation function RT.

23. Diffusion in isotropic turbulence. The foregoing theory is directly ap-
plicable to diffusion in a uniform isotropic field. However no general state-
ment can be made as to the relation between the length h and the scale L
defined in terms of the correlation coefficient Ry in section 9. For the turbu-
lence behind a grid or honeycomb, Taylor found from an analysis of the avail-
able experimental results that L was approximately twice l\.
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The essential features of diffusion in isotropic turbulence expressed in
equations (22.5) and (22.9) may be summarized as follows:

1. For time intervals which are small in comparison with the ratio of h
to V«2, the diffusing quantity spreads at a uniform rate proportional to the
intensity y/t?, and the rate is not dependent on the length h.

2. For time intervals which are large in comparison with the ratio of h
to Vw2, the diffusing quantity N spreads in accordance with the usual diffu-
sion equation

dN dN dN dN d / dN\ d / dN\ d / dN\— + u— + v—+ w — = — Id — ) + —(£> —) + — Id —)
dt dx dy dz dx\ dx/ dy\ dy) dz\ dz )

with a coefficient of diffusion D equal to l\y/u2, where l\ is a length defined
by J^RrdT.

3. For intermediate time intervals, the diffusion is dependent on the func-
tion Rt which represents the correlation between the speed of a particle at
any instant and the speed of the same particle after a time interval T.

Consider the diffusion of heat from a hot wire placed in a uniform field of
isotropic turbulence in a fluid stream of mean speed U. Observations of the
lateral spread of the thermal wake at a distant x downstream may be used to
compute the root-mean-square lateral displacement Vf2 of the heated par-
ticles during a time interval t=x/U.

It is convenient to characterize the spread by the angle subtended at the
source by the two positions where the temperature rise is half that at the
center of the wake. There is a lateral spread of heat produced by the ordinary
molecular conduction corresponding to an angle «o in degrees of 190.8Vk/pcUx
where k, p, and c are thermal conductivity, density, and specific heat (at con-
stant pressure) of the fluid. It may be shown that the total subtended angle a
is related to the angle at produced by turbulent diffusion and «o, as follows:

a. =«(-(- a0. (23.1)

The temperature distribution in the wake follows an "error" curve as does
the amplitude of the turbulent velocity fluctuations, so that the lateral dis-
placement Y also has the same Gaussian frequency distribution. The value
of the lateral spread at which the ordinate is half the maximum is 2.354\/F2
for this distribution. Hence, expressing at in degrees,

a, = 134.7\/F2/x (23.2)

whence from (22.5) for small values of x,

at = (23.3)

where v is written in place of u in (22.5) since the diffusion in the v direction
is being studied.
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Thus an experiment on thermal diffusion provides a method of measur-
ing VP. The method was used by Schubauer24 who showed that at was inde-
pendent of speed over the range 10 to 50 ft/sec and also independent of x
over the range 1/2 to 6 inches.

From measurements at large values of x, it is theoretically possible to
compute the correlation curve, Rt, vs. T. In any actual experiment, how-
ever, the intensity of the turbulence will decrease with x to an extent that
must be considered. As discussed by Taylor,8 Rt may then be considered a
function of V~J0 \ftfdT=/*( y/v2/ U)dx. The equation analogous to (22.4) for
v and Y becomes:

(1 /2)(U/V^)(d,Y~2/dx) = fXRvdv. (23.4)
J o

The correlation is given by the expression

d / U dF2\
R, = — (—■=  ) (23.5)

dt] \ 2\/v2 dx )

and thus involves a double differentiation of experimental curves, a process
which is usually not very accurate.

24. Statistical theory of non-isotropic turbulence. In non-isotropic turbu-
lence the description of the state of the turbulence becomes much more com-
plex. The eddy shearing stresses do not vanish and the eddy normal stresses
are not necessarily equal. Six quantities instead of one are required to specify
the intensity. Similarly the correlation tensor cannot be expressed in terms
of a single scalar function. In general six scalar functions are required. No
theoretical investigation using these twelve functions has yet been carried out.

The exploration of this field is still in its earliest stages. Von Karman9'16
has given some discussion of energy transport and dissipation and vorticity
transport, neglecting the triple correlations, and he has also presented a more
detailed discussion of two-dimensional flow with constant shearing stress
(Couette's problem). The advance of the theory is definitely handicapped by
the absence of reliable experimental data on the twelve functions required to
describe the state of turbulence.

25. Diffusion in non-isotropic turbulence. The only theoretical approach
at present available for estimating the diffusion in non-isotropic turbulence
is to consider the process as approximately equivalent to diffusion in isotropic
turbulence of intensity equal to V»2 and scale I', where v is the component
in the direction in which the diffusion is studied and I' is the length defined
by an equation analogous to (22.7), namely,

24 Schubauer, G. B., A turbulence indicator utilizing the diffusion of heat, Tech. Rept.
Nat. Adv. Comm. Aeron., No. 524 (1935).
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V = V? f Rrdt. (25.1)
J o

In most experiments the length V is not measured. Prandtl defined a mix-
ing length I in terms of the shearing stress t by the relation:

T = pP
dU
dy

dU— • (25.2)
dy

This relation may be interpreted as an equation governing the diffusion of
momentum with a coefficient of diffusion equal to l2\dU/dy\. Prandtl in fact
assumed vV proportional to l\dU/dy\ and incorporated the factors of pro-
portionality in the length I. It is obvious that

P | dU/dy | = Z\/P. (25.3)

The length I can be obtained experimentally if the distributions of velocity
and shearing stress are known, and, if aA2 is also measured, I' may be com-
puted. Sherwood and Woertz26 have made an experimental study of these
relationships.

Taylor26 pointed out that fluctuating pressure gradients influence the
transfer of momentum and suggested that the vorticity be taken as the prop-
erty undergoing diffusion. The result was the well known vortex transport
theory.

Both theories imply diffusion for a time interval long compared to l'y/v*.
When diffusion is studied near the source, experiment shows27 a behaviour like
that discussed in section 23. The spread is nearly linear with x, although un-
symmetical in this case. It is probable that the unsymmetrical character can-
not be explained on the basis of a single scalar diffusion coefficient.

26. Correlation in turbulent flow through a pipe. Taylor28 has shown that
the correlation between the component of velocity at a fixed point and that
at a variable point in the same cross section must be negative for some posi-
tions of the variable point, if the applied pressure difference between the ends
of the pipe is constant and the fluid may be considered incompressible. Sup-
pose the mean velocity is U and the correlation R has been measured between

25 Sherwood, T. K., and Woertz, B. B., Mass transfer between phases, role of eddy diffusion,
Ind. Eng. Chem. 31, 1034 (1939).

26 Taylor, G. I., Transport of vorticity and heat through fluids in turbulent motion, Proc. Roy.
Soc. London Ser. A, 135, 685 (1932).

21 Skramstad, H. K., and Schubauer, G. B., The application of thermal diffusion to the
study of turbulent air flow, Phys. Rev., 53, 927 (1938). Abstract only. Full paper not published.
A few additional details are given in Dryden, Hugh L., Turbulence and diffusion, Ind. Eng.
Chem. 31, 416 (1939).

28 Taylor, G. I., Correlation measurements in a turbulent flow through a pipe, Proc. Roy.
Soc. London Ser. A, 157, 537 (1936).
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the component U\ of the fluctuations at a fixed point P and w2 at a variable
point Q in the same cross section. Since the mean flow is constant,

J' (U + Ui)dydz = Udydz = constant (26.1)

where the integration is taken over the cross section. At any instant,

J" Uidydz = 0. (26.2)

Multiplying by U\, which is constant for this integration and may be
placed under the integral sign,

f UiUtdydz = 0. (26.3)

Since (26.3) is true for any instant, it is true for the integral over a time
interval T. Hence

(1/7) •/*£•/* ~ (26-4)

Changing the order of the integration and remembering that (l/T)f^UiUidt

j* uiu^dydz = 0. (26.5)

Introducing the correlation R,

^ Ru{ u{ dydz = 0. (26.6)

But Mi is constant with respect to the integration and accordingly

^ Ruidydz — 0. (26.7)

Since ui is positive, R must be negative for some positions of Q.
For a circular pipe (26.7) becomes:

p a

I u' Rrdr = 0 (26.8)
J o

where u' is the value of s/u2 at radius r and a is the radius of the pipe.
This relation was experimentally verified in experiments made by Sim-

mons with the fixed point at the center of the pipe.


