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1. Economic foundation. The growing application of mathematical techniques to
problems of economics has brought about, in the last decade, development of a practical
and promising method for providing answers to certain, hitherto unanswerable questions.
Where applicable, "Linear Programming" is able to divulge the most profitable or least
costly mode of operations (within given ranges of conditions) for a variety of industrial
operations. At times, unexpected results obtained thereby represented an improvement
over past operations and permitted substantial savings thereafter. The mathematical
formulation and solution of problems expressible in Linear Programming form promises
to grow into a useful servant to the economic planning of many an industry.

Among the questions to which Linear Programming can help provide answers, are
these:

1. Within specified ranges of conditions, what quantities of what items should be
manufactured so as to yield maximum profit?

2. Within stipulated ranges of specifications, what mixture of what compositions
should be marketed so as to result in maximum profit? Or in maximum sales volume?

3. Within definite ranges of market conditions, from what suppliers shall what items
be distributed to what consumers so as to minimize costs of distribution?

4. Within specified limitations of labor requirements, what allocation of what labor
categories to what jobs will require a minimum of operating personnel? Or minimum
expenditure? Or assure maximum efficiency?

5. Given the nutritional values of various animal feeds, what quantities of what
feeds should be selected so as to satisfy minimum nutritional requirements and minimize
overall cost of raising livestock?

With complicated interdependent industrial operations, a change in one operating
characteristic may propagate as a network of readjustments in other associated factors,
the tracing of which may become excessively intricate. Trial and error methods then
prove impractical and a systematic procedure is called for.

The restrictions or constraints imposed may be of a most diverse nature and may
include the following: raw material availability; plant capacity; transportation facilities;
freight rates for ships, railroads, trucks, and pipelines; lengths of shipping routes; storage
capacities and costs; product disposability; time limitations on supply, processing,
storage, and shipments; balance between input and output; physical, chemical, or tech-
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nological quality specifications such as volatilities, vapor pressure, viscosities, assay,
quality performance, etc.; and others.

In many cases such restrictions take the mathematical form of inequalities with
non-negative variables. The problem consists in determining, out of the infinite number
of possible solutions, that unique solution which makes a certain function (profit, or
volume, or quality, or efficiency, or costs, or other requirement) a maximum; or a
minimum. The results will then provide the best possible planning of operations under
the specified restrictions. Whenever the inequalities encountered are linear in the
variables, the problem is said to be one of "linear programming" and it is to this type
of problem that the present paper applies.

Once the problem has been formulated, the actual solution consists of a simple
arithmetical routine procedure which can be learned by non-technical personnel and
requires no knowledge of mathematics whatever. While the practical procedure for
solution is easy to learn and apply, the following pages present a detailed mathematical
derivation.*

2. Mathematical formulation. The mathematical formulation of the typical problem
of linear programming is as follows.

Find values x, , x2, • ■ • xn which satisfy the conditions

a^xi + a,2x2 + • • • + alnxn ^ b, ,

a2iXi + a22x2 + • • • + a2bxn ^ b2 , ^2 j\

dmiXi + am2x2 + • • • + amnxn b„ ,

Xi ^ 0 for all i (2.2)

and such as to make

/ — C\X\ + c2x2 + • • • + c„xn = a maximum, (2.3)

where a,, , b{ , c, are given constants.
Denoting scalars by small-case letters, column vectors by capitals, and defining .4,

as the jth column of the coefficients matrix A, (1) may be restated in matrix form,

AlXl + • • • + Anxn g B. (2.4)

If a problem prescribes minimization of a function instead of maximization, the
requirement <t> = X) = minimum can be converted into the maximization require-
ment (3) by the substitution d{ = — c, ,

/ = —<t> = c<x< = maximum. (2.5)

Equation (1) may also include equations aaxi — &.• or inequalities of the form
Z) aa x> = •

More general problems which do not require restriction (2) for some or all of the

'Equations quoted by single numbers [e.g. (4)] refer to the same section as the discussing text. Ref-
erences to equations in other sections are indicated by twin numbers [e.g. (7.5)].
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variables, can always he reduced to the present form by the substitution x, = y< — zf
with i/, , z, ^ 0 so that restriction (2) now applies to the new variables.

Any inequality of the form x, S: 6, may be converted, by the substitution x. = 6, + ?/,
into y, ^ 0, which is of the form (2). It will thus be respected automatically by the
subsequent procedure and need no longer be carried explicitly under (1).

Illustrative example. We shall illustrate our discussion bjr carrying along and solving
one numerical example, which is tiny in magnitude but which illustrates the procedure
to be followed for large-scale problems.

Suppose for extreme simplicity that a manufacturer produces four items, x, to xt .
Let the economic limitations take the form,

2x3 + x4 = 10,

— 7x, -f .r2 + 2x3 — 5xt = 14, (2.6)

6xx — 4x3 + x* ^ 4.

Non-negative production requirements give the conditions,

all x, ^ 0. (2.7)

Let the profit for each manufactured item be as follows:

Item xt x-i . x3 Xi
Profit (in thousands of dollars) 4 — 5 (= loss) 8 38

Of all possible production schedules meeting these conditions it is desired to find
that one which will maximize profit, i.e. for which

/ = 4x, — 5x2 + 8x3 + 38x, = a maximum. (2.8)

Note that the values c,- are here interpreted as profit coefficients.
3. Conversion to standard equalities. The given inequalities (2.1) are first con-

verted into equalities with non-negative right-hand sides as follows.

Rule 1. Multiply through by — 1 where necessary to make all 6, ^ 0.
Rule 2. Where 6, = 0, multiply through by — 1 where necessary to convert inequalities

y, ai; x, Si 0 into the form. ̂ 2 a', x,- ̂  0.

Rule 3. Replace inequalities a.i^i + •*• + a„,x„ ^ bt I

by the equalities a.i.x, + ■ ■ • + a,„x„ + x„+i = 6,-j
(3.1)

and replace inequalities anxx + • • • + ainx„ 5: b, / ^ ^

by the equalities a,,x, + • •• + ainxn — x„+i = 6,)

The additional variables x„+> take up the "slack" by which the inequalities are
allowed to depart from equalities and are therefore called "slack variables". From (1)
and (2) they are subject, like all other variables x, , to condition (2.2) and may constitute
an integral part of the final solution. By (2.3) they will be able to make no positive
contribution to / and must therefore be adjoined to the right hand side of (2.3) with
associated coefficients = 0. No slack variable is introduced for any equality of (2.1).
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With the inclusion of original as well as slack variables, our problem now reads:

AtX, + ••• + An.xn■ = jB, where all b( ^ 0, (3.3)

Xi ^ 0 for all i, (3.4)

f = C\X\ + • • • + c„'X„' = max. (3.5)

4. Solvability theorems. We are confronted with the simple problem of maximizing
a linear function of several variables subject to side conditions, apparently amenable
to the standard analytical treatment with Lagrange multipliers. However, an analytical
maximum may well have some or all of the variables negative, violating restrictions
(3.4). If we should try to satisfy (3.4) by the substitution x{ = if, and then apply Lagrange
multipliers, the derivatives of (3.5) will turn out to be linear, but the constraint relations
(3.3), which will specifically be needed for solution, will remain non-linear, furnishing a
system of simultaneous non-linear equations. A different approach will therefore be
taken.

We define:
A "feasible" solution is a set of .t, which satisfies (3.3) and (3.4) but not necessarily

(3.5).
A "maximal" solution satisfies (3.3), (3.4) and (3.5).
A "basic feasible" solution is a feasible solution with not more than in non-zero (and

therefore positive) values x, .
A "basic maximal" solution is a maximal solution with not more than m non-zero

(and therefore positive) values a;, .
The following existence theorems apply to our problem:
Theorem 1. Whenever there exists a feasible solution, there also exists a basic feasible

solution.
Theorem 2. If / remains finite for all possible feasible solutions, then there exists a

basic maximal solution.
Solution of the linear programming problem is accomplished by the so-called

"simplex" procedure. First a basic feasible solution is constructed. This is then replaced
by another basic feasible solution for which / is larger than before. The process is con-
tinued until either

(i) / can no longer increase, indicating attainment of a maximal solution; or
(ii) certain characteristics in the procedure indicate that /max = °o,

The number of iterations required will be shown to be finite.
For the sake of illustration, we shall for the moment assume that our procedure

admits of a solution and that /max = finite. Other situations will be discussed further
below.

5. Unit basis. If the first m column vectors A, are linearly independent, they
provide a basis in terms of which all columns of the coefficient matrix can be expressed as

Aj = dijAi + d2iA2 + • • • + dmlAm . (5.1)

If we can furthermore arrange it that A, ,A2 , ■ • • A,„ are the rn columns /, of the
mth order identity matrix (we shall call these vectors "unit columns", collectively
forming a "unit basis"), we shall gain two vital advantages.

First, to obtain the du , which will be required in (7.1), (8.1) and (8.2) below, it
would normally be necessary to solve Eq. (1), which, written in terms of the components
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au ■ • • ami of the .4, , represents m equations in the m unknowns d,, . Solutions will be
required for j = m -\- 1 to n and it would thus be necessary to solve n — m systems of m
equations each. With /l, = 7, , this labor will be completely eliminated, for now

-4, = = a. + 0*2 i + • • • + an, [any j], (5.2)

(5.3)

0

loj [oj u.
so that dtj = a,, , which are given.

Second, with x{ = 0 for i > m,

(3.3) then gives Z, = 6,-^ 0 (i = 1 to m),

immediately furnishing a basic feasible solution.
6. Initial set-up. We first wish to set up a starting unit basis. In (3.3) several of

the originally given .4, may happen to be unit columns. Furthermore, each slack variable
xn+i supplied by (3.1) [but not by (3.2)] introduces a corresponding unit column A„+i .

We now apply
Rule 4. Augment the coefficient matrix by further unit columns /, until A contains all

the m possible unit columns of an m X m identity submatrix.
Equation (3.3) is thus replaced by

-4,X| + ••• + A„.xn. + An'+1x„ '+j + ••• + A„'.x„-- = B, (6.1)

where the new unit columns and quantities x,^+i are called "artificial" vectors and
variables.

Our example, by the introduction of slack and artificial variables, now takes the
matrix form

0 0 2 1 0 1
-712-500

6 0 -4 1 1 0

x,

x2

X3

xt

Xs

UCeJ

(6.2)

Here
A 5 = slack vector /ls = artificial vector

xb = slack variable xK — artificial variable

All 3 columns of the 3rd-order identity matrix now appear in A. Any inequality of the
type (3.2) introduces a slack vector — 7, into the matrix of coefficients and therefore
will in addition require the introduction of an artificial vector + 7, .
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Our original equations (2.1) permit certain amounts of slack, which may well appear
in the final solution. Since they do not make any contribution to the function /, the c,
coefficients corresponding to slack variables x, were taken as zero.

The artificial variables, however, are introduced only for convenience in. getting
started and have no place in a final solution. To assure their subsequent elimination we
attach an unduly large penalty to their presence. By setting the c, coefficients correspond-
ing to artificial variables equal to — M (a very large negative number), we shall
insure that f cannot possibly reach its maximum as long as any feasible solution still
contains any of the artificial variables. Their elimination by the routine procedure below
is thus insured automatically.

It is convenient to apply
Rule 5. Re-arrange the A-columns and variables x, so as to display the identity sub-

matrix on the left.
Redefining accordingly A, , x,-, c, , and n, our problem takes on the final formulation,

AiXi + A2x2 + • • • + A„xn = B , .
(6.3)

(Aj = I, for j g m; all 6, ^ 0)]

all x, ^ 0, (6.4)

/ = erf,, + c2x2 + • • • + cnxn = max. (6.5)

By (5.3), an initial basic feasible solution is immediately obtained from (6.3) as

J- 6, for iim (66)
/ = 0 for i > m,

which satisfies

-AiXi + • • • + Amxm = B [A,- = I, for all j], (6.7)
and

/ = CiX i + ••• + cmxm (not yet necessarily a maximum). (6.8)

Our example, on defining

x[ = xe x2 - x2 x'3 - xs
(6.9)

Xs = Xi xi = X3

now takes on the final form

10 0 10 2

0 1 0-5-7 2

0 0 116-4
(6.10)

lx£J
all x| ^ 0 (6.11)

f = —Mx[ — 5x2 + 0x3' + 38x4 + 4x5 + 8xs = max, (6.12)
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with the initial basic feasible solution

x[ — 10, x£ = 14, X3 = 4, x'i = £5 = Xe - 0. (6.13)

7. Change of basis. In conformity with Existence Theorem 1, solution (6.6) involves
non-zero variables x{ at most for i = 1 to m. We shall now try to determine xr (r ^ m)
and some value xk ^ 0 (k > m) such that, in (6.3), replacement of the term Arxr by a
term Akxk (Ak = given) will leave all previous conditions satisfied and also increase f.
This new solution, again involving only m variables xt , will thus also be "basic feasible",
but the increase in / will represent an improvement.

Instead of concentrating on the variables x( , we can express our intentions in terms
of the given vectors A,: desired to replace Ar (r ^ m), one of the unit base vectors, by
Ak (k > m), one of the matrix columns not in the basis, and to determine corresponding
r and k, such that (6.3) and (6.4) will remain satisfied and (6.5) will increase. This process
is called "introducing vector Ak into the basis".

From (5.2), for j = k,

At - (4,alt ••• + Amamk) = 0. (7.1)

In order to introduce Ak into the basis, we add 6 times identity (1) to (6.7):

Ak6 + Ai(xt - 6alk) + • • • + Ar(xr - 6ark) + • • • + Am(xm - Qamk) = B (7.2)

Lemma 1. For i = 1c, restriction (6.4) applied to (2) requires 0^0.
How will this modification affect /? From (6.8),

/ = C\Xi + • • • + cmxm . (7.3)

In order to construct the new / corresponding to (2), we analogously define

Si = c,a,f + • • • + cmami [j = 1 ton]. (7.4)

Putting herein j = k, subtracting 0 times (4) from (3), and adding the term ck6 to each
side, gives

/' = / — 6(fk - ck) = ck6 + 0,(0:, - 9a,,.) + • • • + cm(xm — damk). (7.5)

The right-hand side is precisely the new / for (2); and we derive

Lemma 2. For 6 > 0 we can make /' > / only if k is so chosen that fk — ck < 0.
Lemma 3. When eventually no negative fk — ck remains, no further increase in /

is possible. It will indicate termination of our procedure owing to attainment of a maximal
solution.

Choice of k. In view of Lemma 2, it is convenient to replace (4) by the definition

= ft - Cj = c^,, + • • • + cmami - c, [j = 1 to n]. (7.6)

In theory, the largest increase in /, for one step, is obtained in (5) when — 6 (/* — ck)
is as large as possible. In practice we do the following, which is almost equally satis-
factory and requires far less labor.

Rule 6. Examine only the negative g, = /,• — c, , choose the most negative one, and
take that j ask.

Choice of r. For all i 5= m, requirement (6.4) applied to the coefficients of A,- in (2)
becomes x,- — 6 aik ^ 0.
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Lemma 4. For aik ^ 0, this requirement is automatically satisfied for any 0^0,
since S; 0.

Lemma 5. For aih > 0, we must make 0 g x{/aik for all i ;£ m.
Lemma 6. Elimination of Ar requires xr — 0 ark = 0, i.e. for some r, 0 = xr/ark .

Lemmas (i), (5), (6) will be simultaneously satisfied by
Rule 7. For the chosen k, select only those aik which are > 0 to form the quotients

q< = Xi/aik (5; 0). Take r = the i corresponding to the smallest q, .
Hence

e = ^ = min (7.7)
®rfc aik>0

Example. It proves efficient to arrange numerical problems in the following table
form, which here represents (6.10) to (6.12).

TABLE 1.

Ci of Cj : 0 — M — 5 0 38 4 8
basis Basis  

Vector: B — A0 Ai A2 A3 A4 As At

-M A, 10 1 0 0 1 0 2
-5 A2 14 0 1 0 -5 -7 2

0 A3 4 0 0 1 1 G -4

_ ■> . ~10M n n n ~M o,(7* ~ Cj .  yQ 0 0 0  jg 31  

Since 6, = xt = ai0, the insertion c0 — 0 gives y0 = 53 c«a.o — 0 = c.x, = / so
that our table also displays /. Rule 6 gives k — 6; rule 7 gives r = 1; (7) gives 0 = 5.

In rule 6, j = 0 is excluded from consideration; in rule 7, i = to + 1 is excluded.
8. Transformation to new basis. Our change of the basis ••• Ar ••• Am consisted

in "introducing Ak into the basis" and removing Ar . Each A,- , expressed in terms of the
old basis by (5.1), must now be converted into a new form A' which similarly refers to
the new basis.

By (5.2), for any j,

Aj = a-ijAx + • • • + ariAr + • • • + amiAm . (8.1)

Putting j = k and solving for Ar , we obtain Ar = (1 /arh) {Ak — £lVr a,*A,). Substi-
tution into (1) will express any A,- in terms of the new basis, viz,

A,' = Al + E U, - ^ o„)a4 [any j].
"rk \j*r \ '

(8.2)

This transformation likewise applies to the vector B = A0 . For j = k, (2) gives

A'h = 1-Ak + E0-A, (8.3)
as should be.

Restoration to unit form. The new basis now contains Ak = [alk , ■ ■ • , amk] and is
therefore no longer a unit basis. However, a notational trick restores unit form as follows:

In (5.2), the rth component of any vector indicated the coefficient of Ar , which
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henceforth will be zero. On the other hand we must adjoin to (5.2) an additional term
a'kiA'k . We now utilize the available vacancy of the rth component a'Ti of each vector to
indicate a'kj = arj/ark , the coefficient of Ak [from (2)]. In this new notation, (3) becomes
A'k = [0, • • • , 0, 1, 0, • • • ,0] = IT where the component 1 occurs in row r and which is
now in unit form.

For the other unit vectors .4, remaining in the basis (j ^ m, j r), we have

j = 0 when i ^ j
dij

= 1 when i = j

and their new form is given by (2) as A' = 0 + Z* (au — 0) .4; = .4, = I, [j ^ m,
j r]. The transformation thus leaves them unchanged in their original unit form.

However, the former unit base vector Ar(j = r) is turned by (2) into A' =
(1 /ark) Ak + S.vr (— aik/ark) A, and is thus no longer in unit form.

With our notation, (2) becomes, analogously to (5.2),

A! =

a'i

**ni

= ~^ + z («,, - aik)l.
UTk i+r \ &rk /

and therefore, as in (5.2),

, \ = ari/ark for i = r , ., ..[any j], (8.4)
(= an - (ari/art)atk for i ^ r

which gives the law of transformation of individual components.
Transformation of g, and f. Equation (5.2) gives rise to the definition (7.6),

TO

0i Cidii Cj .
t-1

Similarly from (2),
g'j = Cka'ri + Yj Cid'a — Ci (8.5)

iVr

which, by (4), becomes

g'i = ct zr + Z claa - r1 a<*) - c. •
Uric iVr \ drj, /

Adding the identity
0 = CrClrj (lrk) 'Crdric y

(j'i = (X) c<a'i - c,) - (Z Ciaik - ct),
all* alii

i.e., g'i = gj - ~ gk • (8.6)
drk

For j = 0, bi = ai0 and c0 = 0, (6) also gives /'.
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From (7.6), g,- — 0 forj = 1 to m.
From (6), for the new basis vector k, likewise g'k = 0 but for the vector r removed

from the basis, the new value g'r = 0 — (1 /ark) gk which (since gk < 0, ark > 0) is > 0.
The identity of this transformation relation (6) with (4) (case i r) allows us to

establish
Rule 8. Treating the table of B = A„ , the A,- , and the row of g,- {including j = 0) all

as one single matrix, apply transformation (8.4) as follows. Divide through row r by the
pivotal element ark , giving the new row r. Replace each remaining element au of the matrix,
including the gf row and including the column j — 0, by a',- = a,,- — a',- aik, which involves
precisely the four corner points of a rectangle built on the diagonal line from a,-,- to the pivotal
element. Ak then becomes Ir , g'k becomes 0, basis vectors other than Ar remain unaltered. In
the "basis identification" columns to the left of the matrix, replace cr by ck and Ar by Ak .

After cr in the left-hand margin has been replaced by ck , an arithmetic check can
be obtained by comparing the g' with those computed independently from (5), which
now becomes

9' = X) c-a'a - c, . (8.7)
all i

Example. One iteration of Table 1 by means of Rule 8 and check (7) results in

TABLE 2.

Ci of Cj : 0 -M -5 0 38 4 8
basis Basis    — 

Vector: B = A0 A, A2 A3 At At Ae

8 Ae 5 1/2 0 0 1/2 0 1
—5 A2 4-110 -6 -7 0

0 A, 24 2 0 1 3 6 0

9i - (EiCidij) — Cj : 20 M + 9 0 0 —4 31

/ = g0 is shown to be 20, A0 and the identifying "basis" column display the improved
basic feasible solution

x'i = 5, x'2 = 4, x'3 = 24, x{ = x't = x'5 = 0

and the presence of a negative g,- indicates, by Lemma 2, that further improvement is
possible.

Subsequent iterations. After completing any iteration, there is no need to rearrange
columns, as the above theory still holds for the columns as now standing, by identifica-
tion of the I, with the appropriate A, . Further iterations are carried out by application
of rules (6), (7), (8) to the successively obtained tables, without any alteration of the
rules, till no more negative g,• remain, indicating attainment of a desired maximal
solution.
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One further iteration of our example gives

TABLE 3.

d of c;: 0 -M -5 0 38 4 8
basis Basis  

Vector: B = Ao Ai A2 A3 At As

8 A, 1 1/6 0 -1/6 0 -1 1
-5 A, 52 3 1 2 0 5 0
38 A, 8 2/3 0 1/3 1 2 0

0i = (L.c.o,/) - Cj : 52 M + llf 0 4/3 0 39 0

All <7, are now ^ 0, indicating termination. Column A0 gives

xh = 1, x'2 = 52, x^ — 8, x'i = X3 = x'5 = 0,

so that (6.9) finally gives the desired maximal solution of problem (2.6) as

Xi =0, x2 = 52, £3 = 1, x4 = 8, (x5 = x6 = 0). (8.8)

The maximum profit attainable under the stipulated restrictions is indicated in the
final table as / = g0 = 52, which figure can be checked by substituting (8) into (2.8).

It is noteworthy in this example that realization of maximum overall profit necessi-
tates inclusion in the production program of a large quantity of item x2 , although this
item, taken by itself, causes the producer to sustain a loss of 1000c2 = $5000 per unit
quantity.

9. Interpretation of the <7, . A significant question is: If we were to depart from the
maximal solution by replacing xk = 0 by some non-zero (i.e. positive) value for xk , and
adjustment of all other x,- so as still to satisfy inequalities (2.1) and (2.2), what would
be the attending decrease in the value of /?

At any stage of iteration, departure from a feasible solution by adjoining the value
xk = d, and leaving all other conditions satisfied, corresponds to introduction of Ak into
the basis with coefficient 9 as per (7.1) and (7.2). By (7.5), the decrease in / will then be
f — f = e9k ■ Hence,

Lemma 7. <7, represents the decrease in / per unit increase of x, (x,- not in the basis).
At every stage, including the final one, the table thus reveals at a glance the effect

of departing from the listed basic solution. The <7, of a slack variable not occurring in
the final solution will indicate the cost of tightening or relaxing that particular restriction
by unity.

Furthermore, solutions "almost as good" as the maximal solution may sometimes
be preferred by virtue of extraneous considerations. While the utilization of any one of
the otherwise excluded variables will necessitate readjustment of all other variables,
the composite effect on / can be determined instantly by a mere inspection of the <7, .

10. Check row. A very convenient check on arithmetic may be obtained by
Rule 9. Garry the values am+2,i = 1 — 53™-1 a,, as a special row of A. /Is a check, we

must have after every matrix transformation a'ti — 1 = 0 for each j.
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This amounts to the interpretation of the <7,-row as an additional restriction and
taking all c, = 1 for checking purposes only.

11. Degeneracy. Whenever, in Rule 7, the smallest positive q< occurs for several i,
then by (7.7) more than one term in (7.2) will become zero, indicating degeneracy.
Furthermore, by (7.5), / would show no increase at that stage, which opens the door to
the disastrous possibility of "cycling": introducing and eliminating vectors until even-
tually arriving at a previous basis, whence the cycle is repeated indefinitely. The following
"perturbation" treatment resolves the dilemma.

Suppose that at any stage the sequence of matrix columns is Pi • • • P„ . The unit
basis Ax • • ■ Am no longer coincides with P, • • • Pm but is irregularly distributed over
the matrix. Letting e be a small positive number, consider B replaced by

B' = B + E e'P, , (11.1)
1-1

where e' denotes the jth power of e. This modified version will include the original
problem by the specialization e —» 0. Using (5.2) for the P, , (6.7) will be replaced by

A fa + ep„ + e2pi2 + • ■ • + e>i„)

+ A2(x2 + ep21 + e2p22 + ' ' ' + «"P2n)

(11.2)
+ Am( Xm + epml + €2p„2 + • • • + e"Pmn)

= B + eP, + eP, + • • • + €"P„J

Abbreviating

£< = + fpil + e'p.2 + • ■ ' + t'Pin (H.3)

(6.8) will be replaced, in view of (7.4), by

/ = Ci£i + • • * + Cmtm = (fiiXi + • • • + cmxm) + e/j + e2/2 + • • • + «"/» ■ (11-4)

As in the derivation of (7.2), the addition of 6 times the identity (7.1) to (2) gives

Ak-6 + Ax(^i — dalk) + • • • + Ar(£r — dark) ••• + Am(£m — damk) = B' (11.5)

and the subtraction of 6 times (7.4) [for j = fc] from (11.4) replaces (7.5) by

f — f — 0(fk — cO - ckd + Ci(£i — 9aIk) + • • • + c.(f„ — 8amk). (11.6)

kSuppose rule 7 had produced "ties" for the i — values iy < i2 < • • ■ < i, < •••
andjs now applied to (5). For those i which gave x(Jailk = = • • • we now
have to compare

qtx = ^ + t Eiii + + ... + t»
aixk ailk ailk ailk ailh

=— + f" + «2 —+••■+«" —etc. ' (11.7)
Oi.t flisfc fl.jt
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Now, for sufficiently small t, Pi will in general make some of the factors of e in (7) larger
than others and thus eliminate the corresponding rows from further competition in-
volving higher powers of e. P2 will then, in general, by a similar effect of t, eliminate
further rows from subsequent competition; etc. At no stage can all of several remaining
tied rows be thus eliminated. On reaching comparison, for factors of e', whenever P- is
One of the unit columns with its non-zero element in one of the tied rows, say P, =
(p,, = 1 for i = i, , pa — 0 for i i,), if i, has not already been eliminated by this
process, it will now certainly Be eliminated. And since all (for all tied rows i„) are
present among the P, , the process must eventually resolve all ties.

There will thus result a uniquely determined smallest <?, , giving

6 = min (xit + tpiwl + «2p,,3 + • • • + «>.,„> (11.8)
r = l ,2, <*i,k

and among the coefficients — daifH , which had previously all been equal to zero,
there will now be precisely one smallest = 0, all others being > 0. In (5), only one of
the basis vectors Ait will now be eliminated. Degeneracy is thus avoided.

In case ties are again encountered during a later iteration, it is merely necessary,
for all such ties, to take the sequence of P,, for (3), in the same order Pi ■ • • P„ as before,
i.e. again simply from left to right.

It can be shown that no difficulties will be encountered by the use of this procedure
if the original unit basis Aj • • • Am is written at the left-hand side of matrix A, through
which the sequence of P, will begin its progression in the case of degeneracy.

In practice, there is no need whatever to carry through the preceding analysis, as
the emerging procedure can be simply summarized by

Rule 10. In the case of ties for r, consider P, and At, starting with t = 1. Only for those
i which are tied, form the quotients q; = pit/aik and take r = the i corresponding to the
algebraically smallest q{ (negative pit may now make qt negative). If ties remain, consider
only the i for the remaining ties, increase t by 1, and repeat. After r is uniquely determined,
continue with the transformation as usual.

As stated, the presence of m unit vectors guarantees that any ties must be broken
before t reaches the value n. Usually I = 1 or 2 already does the trick.

12. Special situations, (i) All <7, 0. We have seen in Lemma 3 that this represents
attainment of a maximal solution.

(ii) For some negative <7, , all corresponding a„ are 5= 0. Eq. (7.5) and Lemma 4 show
that we may take 0 —> °°, leading to a feasible solution that includes both xr and xk and
for which we obtain

Lemma 8. If, for any k, gk < 0 and all aik ^ 0, then = °° with xk = 00.
If desired, this situation can be excluded a priori, and finiteness of all variables

insured, by adjoining to the original set of inequalities the additional condition
]C<-, x< = N, where N is a sufficiently large number. If the slack variable xn+x correspond-
ing to this additional restriction appears in the final basis, we shall know that all variables
would have remained finite anyhow. If xn+1 does not appear in the final basis, and some
of the other variables x,- are large, we shall know that the growth of one or more variables
towards infinity was arrested solely by the present extra restriction.

(iii) 0 = 0. This will occur whenever the corresponding x{ in (7.7) is = 0. By (6.7),
B is then expressed in terms of less than m basis vectors A,- and we again have degeneracy.
In this case, from (8.6), g'0 = g<> and g'h = 0 so that / does not increase. Here again,



222 KURT EISEMANN [Vol. XIII, No. 3

application of the foregoing perturbation method is equivalent, by (11.8), to making
6 non-zero, resulting in a corresponding infinitesimal increase in /. Rules 7, 8, and 10
are applied to this case without modification.

(iv) Multi-pie solutions. On termination, when all g, Si 0, we know that no feasible
solution can be found for which / would be larger yet. However, it is quite possible that
other maximal solutions exist which possess an identical value for /. It may be desirable
to determine these alternative maximal solutions.

At first we determine alternative maximal solutions which are basic. This corresponds
to a matrix transformation as before, with no change in /. By (7.5) and (7.7) this will be
possible whenever either

(1) there exist gk = 0 associated with vectors not in the basis (i.e. Ak not a unit
column) with aik > 0 for some i; or

(2) one or more values br (= xr in the basis) are = 0 with ari > 0 for some j.
With such values of k or r, all possible basic maximal solutions can be obtained by

transformation as before. Non-basic maximal solutions can then be obtained as linear
combinations of basic maximal solutions. Further solutions that are "almost maximal"
with slightly lower / can then be found by Sec. 9.

(v) The final basis includes an artificial vector with associated variable different from
zero. This result indicates incompatibility of the original set of inequalities.

13. Convergence. At each iteration, by Lemma 2, / increases progressively; hence
no solution can reappear at a later iteration. Furthermore, the n column vectors admit
at most (",) different bases and, from (6.7), any solution for any one basis must be unique.
Hence there can exist at most (",) different basic feasible solutions; and since none can
reappear, our procedure will terminate in a finite number of steps, either because some
gt < 0 with all corresponding au ^ 0, indicating by Lemma 8 that = o=, or because
all <7,- =; 0, indicating that /msi has been reached. Experience shows that the maximal
solution is reached, on the average, in m to 2m iterations. It must be emphasized that
although no previous solution can reappear, it may well happen that individual vectors
are removed from the basis and later reintroduced; or are introduced into the basis and
later on removed again. It is not the presence of any particular basis vector, but the
totality of basis vectors, that is non-repetitive.

14. Alternative methods. Two approaches other than the simplex method are
available for the solution of linear programming problems. First, it can be shown that
an equivalent problem is the determination of the best strategies for playing a "zero-sum
two-person game", enabling the application of game theory. Second, successive approxi-
mations may be obtained by a relaxation process, for which, however, a very large
number of iterations may be required.

For efficient solution, these two methods are of subordinate importance, as experience
on the various methods of solution has demonstrated the decisive superiority of the
simplex procedure over other methods.

15. The transportation problem. Three typical problems in this category are the
following:

(i) Given m sources of a certain commodity to be shipped to n destinations. Source
i supplies quantity s{ , destination j requires quantity d, . Shipment from source i to
destination j costs c,-, per item and is made for quantity xu . How many items should be
shipped from any source to any destination so as to minimize overall transportation
costs?
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Mathematically, the problem is: Find x,, which satisfy

£ Xh = s. {i = 1 • • • m)

(15.1)

21 = di (j = 1 * • • ")
»-l

(£*.. = ^d,.)t i
all x,,- Si 0

f = ^ T*! CijXu = minimum
i I

(ii) Given n individuals for n jobs. Individual i obtains rating a,, to do job j. What
personnel assignments will give maximum overall efficiency?

(iii) m items are to be produced at n factories with given capacities. The cost for
item i at factory j is c„- . What quantities xti of each item should be produced at each
factory so as to minimize total production costs?

Equations (1) might be solved by the simplex method as m + n — 1 independent
linear conditions on mn unknowns. But as it represents a very special case of (2.1),
(2.2), (2.3), far simpler special methods have been developed for its solution (see for
example Ref. [3]).

16. Acceleration of computations. A modification of the simplex procedure has
been put forward by several authors that will considerably reduce the overall compu-
tational effort required.

If we define, for the <th iteration step,

1

Q.t

Or k

for i = r

for
(16.1)

and the m X m matrix

1 iV\

1 lV 2

1

,E =
tVr •

1

1

,Vm 1

(16.2)
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it will be seen that the transformation (8.4) for the tth iteration may be written

A' = ,EA. (16.3)
For iterations 1,2, • • • I, successive application of (3) shows that

A' = {,E ,_,#••• 2E,E)A. (16.4)

At this stage, the columns of the original identity submatrix (basis) I will have
been converted into the new m X m submatrix V, say. The new identity submatrix
(current basis) J now consists of columns which were, in the original system, submatrix
U, say. Other columns, which originally formed submatrix P, will have been converted
into Q. We can therefore write, original A = (/, U, P), current A' = (V, J, Q), where
the transformation has resulted in

I-^V, U-^J, P —> Q. (16.5)
In this notation, several columns of A may be recorded twice, once under I and once
under f7; correspondingly for V and J. Similarly, P (or Q) need not be restricted to
columns other than I, U (or V, J); any statement for P and Q will include columns I,
U and V, J as special cases.

By (4), every column of A is transformed in one and the same manner by matrix
premultiplication. Equation (5) therefore gives

(16.6)

J = VU, (16.7)

Q = VP. (16.8)
J is the current identity submatrix with scrambled column order. Denoting the

transpose of J by JT, we have JJT — JTJ = I. Combination of these relations with (7)
shows that

TJ - V'1 J U'1 = TtVU J' U J V} (16.9)

v = ju~\ v" = ujt,
i.e. after appropriate rearrangement of columns or rows, U and V give the inverses of
each other.

Let
V' = ith row of V
Pi = jth column of P
qn = typical element of Q
gQ = the row of <7, underneath matrix Q
gQ, = the element of row gQ in column j.

If V is kept up to date, there is no need to compute Q for each iteration, as the final
Q on termination of the procedure will follow from (8) as 5, , = V'Pi . It is on this crucial
fact that the modified simplex method is based.

In the sequel we shall denote a zero row by 0', a zero column by 0.
We have seen from (8.4) and (8.6) that gt may be treated as the (m + 1)" component

of Aj . On defining ,E' as the (m + 1) X (m + 1) matrix corresponding to (2), the
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overall transformation from .1 to any A' (now of m + 1 rows each) may be taken as
equivalent to

A' = (fl^jA = (^v °^f (16.10)

where, on the right, 1* has been bordered by row gv at the bottom and by the (m + 1)"
unit column on the right.

The cumulative effect of any number of transformations on the entire simplex table
may therefore by represented by the following product of partitioned matrices,

(V J Q\/V 0 \/l U P\ (16n)
\gr 0' gQ) \gv l/ \0' gu gp)

It is .seen from this representation that gQ — g' P + </ . Hence, for column j, the formula

gf = gv-Pi + g f (16.12)
furnishes the values of all </,• .

For any one iteration, only the following quantities need by evaluated:
Rule 11. (i) Given V, Q0 , and all g, , determine k as usual.

(ii) Obtain only column k from qik = V Pk (i = 1 to m).
(iii) Determine r as usual.
(iv) Transform V and gv as usual by (8.4) or the (m + 1) dimensional

form of (16.3).
(v) Obtain only the new column Qo from q'0 = V'P0 (i = 1 torn).

(vi) Obtain all new gf from g", = gvP, + gPj-
(vii) Repeat.

At the end of the procedure, the complete final matrix Q may be obtained from (11).
The modified method has the following advantages over the regular simplex pro-

cedure:
(i) Each iteration step requires transformation only of Pk , V, gv, Q„ , and the row

of gt , but not of Q (and U). This generally amounts to a considerable saving of labor.
(ii) Xo reliance need be placed on data that bear accumulated round-off errors.

gQ, Qo , Pk and Q are obtained by an application of V and gv to the original data. And
any accumulated round-off errors in V and gv may be eliminated at any desired stage
by recalculation by the (m + 1) dimensional analog of (9), viz.

^ times the inverse of (16.13)
V 1/ \0' 1/ \gu 1/

(iii) For each transformation, continued use is made of the large blocks of zeros
usually present in the original matrix, which would otherwise rapidly fill up.

17. Determinants. From (16.2) and (16.1),

so that (16.6) gives

I V\ =
EI rOrk
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and by (16.7),

I U | = j y j = | J |-1! Tark , where | J | = ±1. (17.1)

Hence the determinant of U is given in magnitude by the product of the pivotal elements,
always non-zero and positive, arising in the simplex procedure. The non-singularity of
successive | U | is to be expected, since the final basis arises from a non-singular overall
transformation of linearly independent vectors.

18. Matrix inversion and simultaneous linear algebraic equations. Given A for
inversion, or Ay = b for solution, let s,- = au and e = a column of m components,
each equal to 1.

We first set up the problem
Ax = s; x 2: 0 (18.1)

which we know has the unique, finite, non-negative solution x = e. To render all s, 2: 0,
multiply appropriate equations through by — 1. This corresponds to premultiplication
by a matrix I', which is an identity matrix with plus or minus "ones" on the diagonal.
Denoting the changed matrices by primes,

A' = I'A (18.2)
and we have the problem

A'x = s' (s' k 0) x ^ 0. (18.3)

From (16.5) and (16.9), we can accomplish the inversion of A' (= U) if matters can
be so arranged that the final basis J will involve precisely the m columns of A' and no
others. This end result may be forced on the problem at the outset as follows,

(i) Augment A' by a complete identity submatrix I of artificial vectors.
(ii) Require f = ^2 c,x, = maximum.

= 1 (say) for columns of A'
(m peci y c;|_ _ m (a ]arge negative number) for all other columns.

As explained earlier (Sec. 6), / then cannot possibly reach its maximum as long as any
variable xt with c, = — M still remains in the basis. Since x = e, we know that the
maximum of / exists and is finite (= m). The simplex procedure applied to the present
linear programming problem must therefore necessarily lead to a final basis involving
precisely the m columns of A', so that the entire process can be represented as (s', A',
b', I) —> (e, J, p, V) where, in particular,

s' —> e, A'^J, b' —»p, 7 —» F (18.4)
and where, by (16.9) and (2), F = JA'~l = J Awhence

A'1 = JTVI'. (18.5)

Similarly p = Vb' = J A-1 I' (I'b), whence
y = A-'b = Jrp. (18.6)

For pure matrix inversion, column b' is omitted.
These products do not require actual matrix multiplication. Premultiplication by

JT merely amounts to a rearrangement of rows, while post-multiplication by /' merely
changes the signs of certain columns.

If each iteration step introduces into the basis a column of A' and removes from
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the basis a column not in A', then the simplex process requires approximately the same
number of operations as ordinary elimination. Selection of k and r corresponds, in elimi-
nation, to proper choices for avoiding very small divisors.

The simplex procedure of linear programming may thus be said to represent a
generalization of matrix inversion, which it includes as a special case.

19. Duality. In matrix form, we have so far treated the "direct" problem

Ax £ b, 2 0, / = c x = maximum. (19-1)

A related problem, called the "dual" of (1), reads

ATy ^ c, 2/^0, <f> = b-y — minimum, (19.2)

where Ar is the transpose of A) A is of order m X n;x, c are n X 1; and y, b are m X 1.
It can be shown that finite solutions exist either for both or for none of these two

problems and when they exist,
max / = min <f>. (19.3)

Solution of (1) simultaneously provides the solution of (2). Using the notation of
the preceding section, the values y< are contained in the final optimal table for (1) as

V = 9r. (19.4)

If the direct problem is solved with the aid of artificial vectors and the solution y for
the dual is desired, the row of gt should be split into two distinct rows: the first, to list
the coefficients of M; and the second, to record values free of M. In the final optimal
table for (1), Eq. (4), giving the values of y, then refers to the second g, row only.

If the system (1) contains several inequalities of the form (3.2), the corresponding
dual (2) may be obtained as follows. Multiply such reversed inequalities through by
— 1. All inequalities are now in the form (1), which may then be translated into its
corresponding dual problem.

Any equality 23 arix,- = br may be converted into inequality form by replacing it
by the pair of inequalities 23 an%i = br together with 23 a'ixi = ^ i-e-
23 ( —ar,) Xj iS — br . Each equation / of the corresponding dual will be of the form

23 + (y„ - yr,)ari ^ c,- .
iVr

This may be considered to represent the dual of the original matrix (a,,), where yr has
been replaced by an "unrestricted" variable y' = yrx — yr, that may be positive or
negative. Thus an equation of the original "direct" system corresponds to an unre-
stricted variable in the "dual".

A direct problem that permits some of the x, to be unrestricted (i.e. to take on
positive as well as negative values) may be converted to the standard form (1) by the
substitution xk = xkx — xk, (xkx ^ 0, xk, 2; 0). Matrix A will then contain two identical
columns with opposite signs throughout the transformations. Since they are linearly
dependent, only one of them can be in the basis at any one time and only one need be
recorded explicitly. Corresponding to the columns K , k2 , the dual will contain the two
inequalities 23 2/.°.* = c* and 23 -V. (— a.*) = c* , whence 23 2/>a.* = c* • Hence an
unrestricted variable xk of the direct problem corresponds, in the dual, to an equation
instead of an inequality.

Whenever most inequalities of a problem are of the form (3.2), or whenever the
number of restrictions greatly exceeds the number of variables, the matrices involved
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in the calculation may be materially reduced by replacing such problem by its dual,
possibly making use of (2.5) or its converse.

20. Partitioned problems. Many problems arising in applications result in matrices
primarily consisting of several compact blocks of coefficients with blanks in the remainder
of the corresponding rows. As a tiny example, consider the problem

TABLE 4.

Cj : 1 1 3 1 1 1 —M

Ai A2 .A g At At A 6 Aj ,4o

1 0 1 (0)"
-113 (0)

0 1 -2 (0)
1 -1 7 (0)

11111 1 (-1).

Xl

x-z
Xi
x,
Xi

Xe

(Xj)

< 2
< 3
< 4 (20.1)
< 5
< 16

where all x,- =; 0 and / = 53 €ix> — maximum. A 7x7 is not part of the problem but is
included merely for the discussion below.

We may first of all solve the smaller, mutually independent problems given by the
individual blocks of submatrices:

.4, A 2 A 3

Problem 1. 10 12 (20.2)
-1 1 3^3

A 4

Problem 2. 0 1 2 4 (20.3)
1-1 7 < 5

On introduction of slack variables, the simplex procedure applied to each of these
two independent problems furnishes the partial maximal solutions

Xi = 2; x2 = 5; x3 = 0; xt = 9; x-0 = 4; xe = 0. (20.4)

For partial Problem 1, the basis vectors are thus given as Ax and A 2. The remaining
vector (or vectors) follow from application of (5.1) to (2)

^ = dj lN\ + dj°

whence

A3 = 1 * A i + 4-.42 (20.5)
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and for the slack vectors,

= s, = A, + A2 , (20.6)'r
\0/

= s2 — 0* Ai + A2 ■ (20.7)

In practice, these relations appear explicitly in the final optimal table of the partial
problem by virtue of (5.2).

Similarly for (3),
A, = 5-A4 - 2-A, , (20.8)

with slacks

1 ' = s3 = A4 + .4, , (20.9)
0/

'0>
= s4 = A4 + O A, . (20.10)

The values (4) are now taken as a starting solution of (1). Since ^ x< = 20 > 16,
the present x{ can be made to satisfy the last inequality of (1) only on introduction of
an artificial vector A? as shown in the table, with an associated artificial variable x7 3: 0.

A3 considered as a 2-component vector requires satisfaction of (5). As a 5-component
vector its last non-zero component may be expressed in terms of the additional basis
vector A7 . Equation (5) then becomes

= 1

1
-1

0

0
1

+ 4 + 4

i.e.

and similarly
A3 = I-A, + 4-A2 + 4-Ar (20.11)

s, = l*4i -J- 1 • A2 -f- 2-^47 , (20.12)

s2 = l-A2 + l-A7. (20.13)

In the same way (8), (9), (10) are augmented to

.4, = 5A4 - 2A, + 2A7 , (20.14)

s3 = At + As + 2.47 , (20.15)

s4 = .44 + A7 , (20.16)
(4) gives

A0 = '2AX + oA2 + 9y44 + 4.45 -(- 4A7 , (20.17)
while from (1)

s5 = —-47 . (20.18)
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These relations express the vectors of (1) in terms of .4, , A2 , A, , A, A- taken as
basis.

For the overall problem (1), we now wish to use the latter basis vectors as unit basis
for the initial solution (4) and therefore write them in the form

= Aa = A., A7 = (20.19)

This change of notation requires corresponding changes in the notation of all other
column vectors such that the fundamental "basis relations" (11) to (18) remain unaltered.
With notation (19), the}- become

=

S3 —

s, =

s, =

So —

=

=

So =

0

0

5
-2

2

0

0
0
0

-I

(20.20)

Equation (1), converted to equalities and transformed to the new starting basis, now
takes 011 the form

TABLE 5

Cj : 1 1 3 1 1 1 -M 0 0 0 0 0 0
Cj of Basis 
basis A, As A3 At Ae Aj Si s2 s3 s, s-j A0

1 A, 101000010000=2
lAj 0 1.40000 1 1 0 0 0 =5
1 .4, 000 1 05000 1 1 0=9
1 A5 0 0 0 0 1 -2 0 0 0 1 0 0=4

-M A, 0040 0 2 1 2 1 2 1 -1 =4

g, : 0 0 —iM 0 0 -2M 0 -2M -M -2M -M +M -4M
+2 +2 +2 4-1+2 +1 4-20
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From here on, a single iteration step yields the final solution a;, = 1, x2 = 1, x3 = 1,
xt = 9, xb = 4, x6 = 0, x7 = 0, /mal = 18. Large problems may thus often be broken
down into several smaller ones, for which the maximal solutions can be found compara-
tively easily. With the aid of the resulting partial optimal solutions, satisfaction of the
remaining conditions, that tie the individual sections together, will then usually require
only a few iterations of the re-formulated large original problem.

21. High-speed electronic computing. The advent of high-speed electronic com-
puters renders the solution of large-scale linear programming problems economically
feasible. A standard program was designed by the writer to carry-through the unmodified
simplex procedure on the IBM 701, and is now used successfully. Data are handled in
floating-decimal form, eliminating scaling analysis for each new problem as well as the
common incidence of machine difficulties resulting from unforeseeable fluctuations in the
size of numbers. With the present program, any size matrix (after augmentation by
slack and artificial vectors) up to 50 X 100 can be accommodated. In cases of degeneracy,
ties are resolved automatically by the procedure of Rule 10. Numerous checks are built
into the program, which render undetected machine errors virtually impossible. The
time required for an m X n matrix (all operations in floating-decimal form) is about
(0.5/1000) mn minutes per iteration.

The time-saving features in case of error detection may be noteworthy. Whenever
one of the checks detects a calculation error, the program automatically restores certain
data, depending on the subprogram concerned, skips back and tries again. If corrected
on the second try, automatic continuation is assured without stopping. On persistence
of an error, or on indication of infinite solutions, or on reaching the optimal solution, or
if the number of completed iterations has reached a pre-assigned bound, the program
automatically prints out the matrix for the last successfully completed iteration together
with an identification of the nature and location of the condition that caused print-out.

The value of f for each iteration is likewise printed out to display an indication of
the progress of convergence.

Equation (8.4) stipulates special treatment for the rth element of each column.
When the transformation is carried out columnwise, this would require a special test
for each i to determine whether or not it equals r. The elimination of such a test for each
element at the cost of a few additional operations per column would contribute to greater
speed. A little artifice was found to accomplish this purpose: at the start of the iteration,
column k and the iteration divisor ark = d are set aside and the element arl of the trans-
ferred column k is replaced by zero. Transformation of any column j then proceeds thus:
(i) replace arj by a'ri = ari/d; (ii) replace ai{ by a'u = au — a'riaik for all i. It is readily
seen that this will automatically give the correct result for all i including i = r and
extend uniformity so far—should this be desired—as to include the case j — I: (the
non-transferred unaltered column k) both for i ^ r and for i = r.

22. Application to optimum gasoline blending. Application of Linear Programming
to an industrial problem of wide scope is found in the determination of optimal blends
of gasoline components to maximize profit within the framework of meeting specifica-
tions on technical properties and availability. The imposed constraints primarily
stipulate ranges for vapor pressures, volatilities and octane numbers at various tempera-
tures for the various grades of finished gasoline in terms of data given for the components,
as well as supply limitations on each of the components.

As a typical instance, a problem expressed by an 18 X 34 matrix was solved by
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machine in 29 iterations within 20 minutes. As is common with problems solved by
means of Linear Programming, the maximum realizable profit was shown to be greater
than the yield of past operations.

Conclusion. The impressive power of Linear Programming holds the promise of a
significant contribution to the economic machinery of human society.
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