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ASYMPTOTIC SOLUTIONS OF TOROIDAL SHELL PROBLEMS*

BY

R. A. CLARK
Case Institute oj Technology and Massachusetts Institute oj Technology

1. Introduction. A few years ago a method of asymptotic integration was developed
by E. Reissner and the author for a non-homogeneous differential equation involved in
certain problems of the theory of thin elastic toroidal shells. Using this method solutions
were found for the problem of bending a curved tube (considered as a sector of a shell
of revolution) [4] and for the mathematically similar problem of a toroidal expansion
joint subject to an axial force [2]. The main purpose of this paper is to indicate how the
method used before can be refined and how the approximate solutions previously obtained
for these problems can be generalized and extended.

It is shown, in particular, that the previous solutions are the leading terms of asymp-
totic expansions in inverse powers of a large parameter. Higher-order terms or corrections
of two different types are obtained for toroidal shells of circular cross section and uniform
thickness. Some of the results are found by specializing solutions derived first for toroidal
shells of arbitrary cross section and pnssibly varying thickness, assuming only Mrtt the
shell has a plane of symmetry perpendicular to the axis of revolution.

2. Basic equations for shells of revolution. The problem of determining rota-
tionally-symmetric stress distributions in thin elastic shells of revolution may be reduced
to that of solving two coupled second-order differential equations. Using the formulation
and essentially the notation of E. Reissner [9] the differential equations for small deforma-
tions may be written in the form

X" - e1x + n*Y = F, (
Y" - e2Y - n$X = G.

Here primes denote differentiation with respect to an independent variable £ which is
the parameter in a representation of a meridian of the middle shell surface by equations
of the form

r = r(£), 2 = 2(|), (2)

where r, 6, z are the cylindrical coordinates of a point on the middle surface. Representa-
tion (2) is assumed to be such that r and z have continuous derivatives up to at least
third order and also such that the quantity

« = [(r')2 + GOT (3)
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never vanishes. The coefficients and loading terms in Eqs. (1) are given by

« _ fcY _ (r'D/<*y . irfrwl1 , iffrwT
Ul ~ V / " (rD/a) + 4L(rJD/a) J + 2L(rD/a) J '
o _ (A2 . (r'/aC)' lRr/aQ'l2 lRrAtQ'l'
°2 ~ V / + " (r/«C) + 4L(r/aC) J + 2l(r/aC) J '

= [12(1 - v2)]1'2 F = r'(^)1/2(rF), (4)

G - + (£)"{[^ + , ](rV) + , £ W

where C = Eh, D = Eh3/12(l — v2), E is Young's modulus, v is Poisson's ratio and h
is the wall thickness of the shell. Note that the quantity /u$ is inversely proportional to
the thickness h and so is large compared to unity if h is sufficiently small compared to
other dimensions.

Quantities pH and pv denote radial and axial components of surface load intensity,
while V is an axial stress resultant determined by overall static equilibrium. Normal
stress resultants N( and Ns , transverse shear resultant Q, and stress couples M{ and
1 f ,, a re all defined in the usual way. The components of displacement of a point of the
middle shell surface in the three coordinate directions r, 6, z are denoted by u, v, w,
respectively, while /J denotes the angle of rotation, due to deformation, of a tangent to
a meridian. Although all other quantities are assumed to be independent of 0, the cir-
cumferential component of displacement v is allowed to have the form

v = krd (k — constant) (5)

which occurs when a sector of a shell is subjected to pure bending in a place perpendicular
to the axis of revolution (see [8]). Once differential Eqs. (1) have been solved subject
to appropriate boundary conditions, the various quantities may be determined from the
following relations,

rV = — Jrapv d£,

rNt = r'(f)1/2V + - (rV), rQ = -z'^Y'y + - (rF),
\ra/ a \ra/ a

fi = (^j/2X, u = ^{Nt-vN(),

w = - f[r'/3 - ^ (iV{ - vNt) J d£.
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3. Asymptotic integration when <t» has a first-order zero. Approximate solutions
of differential equations (1) can often be obtained by methods of asymptotic integration
provided the parameter /i in these equations is sufficiently large compared to unity.
The form and completeness of the results depends on the nature of the coefficient func-
tions ©j , ©2 , and <E>. For instance, if these functions are all bounded and if <t> is also
bounded from zero, asymptotic expansions in n can be found which represent solutions
of either the non-homogeneous differential equations or the corresponding homogeneous
equations and which involve only elementary functions. Such expansions have been
given for general shells of revolution by F. B. Hildebrand [5]. If $ vanishes at some
transition point or if 0! and 02 have at most second-order poles, as they usually do
on the axis of revolution, asymptotic solutions can be obtained for the homogeneous
differential equations using methods developed by R. E. Langer [6a, b] which involve
Bessel functions. In general, Langer's methods yield only the leading terms of asymptotic
expansions of solutions but may be used to find higher-order terms if the shell is such
that Eqs. (1) can be reduced to a single second-order differential equation. Reduction
of Eqs. (1) to a single second-order equation is possible whenever the shell thickness
and the meridianal curvature are constant or, in general, whenever the ratio
(0j — 02)/$ is constant, as has been shown recently by P. M. Naghdi [7] who also
lists the form of Langer's asymptotic solutions.

The present paper is concerned with asymptotic solutions of non-homogeneous
equations (1) assuming that all wofficient functions and loading terms arc hounded
functions of £ for the shell or portion of shell being considered and that $ vanishes at
some isolated point. According to Eqs. (4), $ vanishes whenever z'(£) vanishes or when-
ever the tangent to a meridian is perpendicular to the axis of revolution. Define £ so
that £ = 0 corresponds to the point where $ is zero and let the range of £ be restricted,
if necessary, so that $ is bounded from zero away from £ = 0. Expanding about £ = 0
we have

vm = [12(1 - + z'iru
tr

|_2rh ' " \rh + ■■■}■ (7)
1-0

It follows that the coefficient of the first power of £ in expansion (7) is different from
zero only if z"(0) ^ 0 or only if the radius of curvature of a meridian is finite at £ = 0.
The function n$ then is said to have a first-order zero and this is the only case we will
consider. The parameter n may be conveniently defined now as the value of the coefficient
of £ in (7). Using a zero subscript to denote the value of a quantity at £ = 0 we may
write

M = [12(1 - v2)r ~ = [12(1 - *2)]1/2 , (8)

where R0 is the radius of curvature of a meridian at £ = 0. Dividing expansion (7) by
formula (8) we now have

$(1) = I + Aoe + • • • (9)
where

a — 1 z<>" i ^2 hs (in\
■ 0 2 4 <*o r0 ho' ( U)
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If there are no "rapid changes" in the shell surface or in its thickness, functions
0! and 02 are of order unity outside some neighborhood of the axis of revolution and
so are small, generally, compared to p.$> provided n is sufficiently large. This suggests
that approximate solutions of differential equations (1) can be found by neglecting
terms in 0j and 02 . The resulting differential equations may be interpreted as the real
and imaginary parts of a single complex differential equation of the form

Z" - ifiQZ = / (11)
where

Z = X + iY, f = F + iG. (12)

Thus, if Eqs. (1) cannot be reduced to a single second-order differential equation in an
exact manner, they may be approximated by such an equation. The nature of the error
in the approximation is discussed later on.

We consider now the problem of obtaining an approximate solution of differential
equation (11) when n is large. If we assume that a solution can be represented by an
expansion in inverse powers of n, we obtain the following formal solution

z = ̂  + 75(l)"+"- <13>•
which obviously is not valid in some neighborhood of £ = 0 where $ vanishes. However,
over an interval where $ is bounded from zero a finite number of terms of (13) does
furnish an approximate solution of (11). The first term of (13) will be called the membrane
solution of (11), or of differential equations (1), since retaining only this term leads to
the same results as the so-called membrane theory of shells. An approximate solution
of Eq. (11) which is valid at £ = 0 and which reduces to the membrane solution away
from | = 0 may be constructed as follows. First, in the immediate neighborhood of
£ = 0 differential equation (11) may be approximated by

Z" - itfZ = /(0), (14)

where we assume that /(0) ^ 0. A solution of (14) is given by Z = n~2/3f(0)T(n1/3£)
provided the function T(x) is a solution of

T"(x) - ixT{x) = 1. (15)

(Henceforth, primes are used to denote differentiation with respect to the written or
implied argument of a function.) Let T(x) stand for that (unique) solution of (15)
which has the behavior T(x) ~ i/x as | x | —> °° and consider the expression

Z&) = „-2/7(*)7V/3*). (16)

Near | = 0, $ ^ £ and /(£) ~ /(0) so that Zx approximates a solution of (14) or (11).
Away from £ = 0, /x1/3$ is large for large fi so that Zx ~ if/n$- Consequently, Zx furnishes
an "interpolation" between a solution of Eq. (14) and the membrane solution of (11).
The real and imaginary parts of the required function T(x) and its derivative are tabu-
lated briefly in [2], Also the following representations hold,
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T(x) — — [ exp (— ixt — \?) dt
Jo

= - Z (- t)"3<n-2)/3r(^^) (17)
n = O \ O / 711

f,i3"+I(3n)! . . „
~ Z. 3n+1 , | x | > > 1-

n-o 3 nix

It can be shown that the real and imaginary parts of Z, are truly asymptotic solutions
of differential equations (1) in the sense that the relative error approaches zero uniformly
as m —» <». Even so, Zx may not yield sufficiently accurate results when n is only mod-
erately large making it desirable to have higher-order approximations to solutions of
Eqs. (1) or (11). Recently [3] complete asymptotic expansions were found which repre-
sent a solution of a non-homogeneous second-order differential equation such as (11).
They are of the form

I2n/3]
= m"2/3 Zr/! £ a2B,2n_3i(£)r<2"-3i)(x), (18)

n=0 k"0

ZM = n~2/3T(x) £ rajg) + M"1 E /T"b,G)
n-o (19)

+ M_4/3T'(X) E M_nCn(l),
n = 0

where T'M{x) denotes the fcth derivative of T with respect to x and

x = nu\3o)/2)2/3, co = [^ $1/2ft) dH. (20)
Jo

The first term of expansion (18) is similar to the expression for Zt , while expansion (19)
is analogous to expansions obtained by Langer [6c] for solutions of a homogeneous
second-order differential equation. The various coefficients in either expansion may be
successively determined so that the expansion formally satisfies differential equation (11).
The expansions do not converge, in general, but a finite number of terms of either fur-
nishes an approximate solution with an error of the order in n of the first term neglected.
Depending on the circumstances one expansion may be easier to use than the other but
one may also interpret expansion (19) as simply a "rearrangement" of the terms in (18)
accomplished by using differential equation (15) to express higher derivatives of T in
terms of T and T'. If Eq. (11) is only an approximation of Eq. (1), it would not be con-
sistent to retain arbitrarily many terms in Z2 or Z3 , considered now as approximate
solutions of differential equation (11). In [3] it is shown that terms of relative order
H~2/3 in either Z2 or Z3 depend on terms such as those in 6j and 02 in differential equa-
tions (1). This fact leads to the result that when n is large the relative error in approxi-
mating a solution of Eqs. (1) by a solution of Eq. (11) is of the order n~2/3, making it
generally inconsistent to retain more than the first two terms in the expansions for Z2
and Z3 . But if Eqs. (1) can be reduced to a second-order equation in an exact manner,
then theoretically asymptotic solutions with arbitrarily many terms can be found.
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For later reference we now list the explicit form of the first three terms in the two
expansions for a solution of differential equation (11), namely

Z&) = -is fQ*T(x) + - Q\Q3f)'T"(x)
M M

+ 4a \Q7Q"fT'(x) - mQ\Q3f)']'xT"(x)},
(21)

Z,(& - 4r, mm*) + i [£ - + Jr, ( $r.«, (22)
where

Q(t) = (3o/2)1/7<£1/4, Q( 0) = 1. (23)

Note that definitions (23) and (20) imply x = and also that dx/d£ = nl/3/Q2.
If T{x) is replaced by its asymptotic form i/x when x is large both (21) and (22) reduce
to the membrane solution plus terms of the same order as the second term in
expansion (13). When x = 0(1) it follows that £ = 0(n~1/3). Then if /, $>, and Q are
expanded in powers of £ and terms of relative order /T2/3 are neglected, expressions
(21) and (22) both reduce to

7 _ fM _L I fffWT..2/3y2rpf_ .l/tyrr/.^ - nww3mm mU . (24)
+ nm - tA0/(o)]|,

where A0 is defined by Eq. (10). Although expression (16) for Zx also reduces to the
membrane solution when x is large, for x = 0(1) it reduces to an expression that agrees
with only the first term of (24), showing that the relative error in Zx is of the order
M~1/3, in general.

The asymptotic solutions described above are applied to shell problems in the following
sections.

4. Toroidal shells of arbitrary cross section. We shall consider two particular
problems involving toroidal shells. One problem is the bending of a curved tube assuming
that the tube forms a sector of a shell of revolution. The other is the deflection of a
toroidal expansion joint due to an axial force, where the expansion joint consists of a
toroidal shell slit around its inner circumference and joined at the edges to sections of

O I

Fig. 1. Cross section of toroidal-shell expansion joint.
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cylindrical pipe (see Fig. 1). As will be seen, the two problems are mathematically quite
similar. Asymptotic solutions of both have been given previously for toroidal shells of
circular cross section and uniform thickness [2, 4]. For the present we assume only that
the shell has a plane of symmetry perpendicular to the axis of revolution.

If P denotes the axial force applied to the expansion joint the loading terms in differ-
ential equations (1) become

,(a\1/2P „ [r'z' , (e'/aC)'~\( r \U2 PF-rU c- b"+'wJbJ £• (25>
Generally G is small compared to F and if coefficients 0, and 02 are neglected in Eqs.
(1) it is consistent to neglect G also. The right side of differential equation (11) is then
given by the first of Eqs. (25).

For the problem of a tube or sector of a shell of revolution bent by end moments
applied in a plane perpendicular to the axis of revolution we have

,(«C\ 1/2

F = 0, G = r'[^) k. (26)

The constant k is the same as that in Eq. (5) and is related to the change in curvature
AK of the neutral surface of a tube by k = rn AK, where r„ is the radius of the cylindrical
neutral surface. For tubes with closed cross section the applied moment m is given by

m f (r - rn)Nea d£. (27)

After differential equations (1) have been solved and stress resultants obtained in terms
of k, the relationship between k or AK and the applied moment m may be established
using (27).

Let the plane z = 0 be the plane of symmetry for either problem and consider only
the lower half of the shell, as shown in Fig. 1. Let and £2 correspond to the inner and
outer points, respectively, where a meridian meets the plane of symmetry. For the tube
bending problem it follows from symmetry that /3 = 0 and Q = 0 at both £, and £2 •
These conditions also hold at £2 for the expansion joint but may not be the actual edge
conditions at £, . However, we shall assume that /3 = 0 and Q = 0 at & for the expansion
joint also, since it can be shown that axial deflection and maximum stresses are not
significantly affected by a change in the conditions at £i . Then, according to Eqs. (6)
and (12), the boundary conditions for either problem are equivalent to

Z(fc) = 0, Zfe) = 0. (28)
The closed meridians of the toroidal shell are assumed to have continuously turning

tangents which implies that r' vanishes at ?i and £a . Since the assumed loading term
/(£) for either problem involves r' as a factor, it follows that the membrane solution

vanishes at and £2 so that asymptotic solutions Zl , Z2, and Z3 all satisfy bound-
ary conditions (28), at least to within terms of the order of the error involved. This
means that no solution of the corresponding homogeneous differential equation is required
and that approximate expressions for the various stress resultants and couples and
displacements can be obtained from the real and imaginary parts of Zy, Z2, or Z3 together
with Eqs. (6). To evaluate the stresses and displacements as functions of £ one must
first tabulate the functions 4>, Q, and x given by Eqs. (4), (20), and (23). These functions
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in turn depend on the exact shape of a meridian of the middle surface and on any varia-
tion in the shell thickness. Nevertheless, maximum stresses and other quantities of
interest can be obtained explicitly without assuming any specific shape for the shell
cross section.

Since T(x) ~ i/x for large x the most significant values of Z as given by (16), (21),
or (22) occur where x = 0(1) or £ = 0(/j~1/s). For this range of £ expression (24) may
be used as an approximate solution of differential equation (11) with a relative error
of order n~2/3. When the real and imaginary parts of (24) are substituted in Eqs. (6)
it becomes apparent that for large values of n the most significant stresses are the cir-
cumferential direct stress aeD and the meridianal bending stress <riB , defined by

_ _ Ki _ _ Mi. (oq\cr$D — ^ > 0(B — ^2 K*y)

The maximum numerical values of these stresses and their location can be determined
in a straightforward way using the following information about the real and imaginary
parts of T(x), denoted by Tr(x) and Ti(x). The maximum value of T[(x) occurs at x = 0
where one has

Tr(0) = -1.288, 7\(0) = 0, T'r( 0) = 0, T{(0) = .939. (30)
Tue maximum value of T'(x) occurs at x = 1.225 where

Tt( 1.225) = -.692, T,,(1.225) = .817, Tr'(1.225) = .753, T't{1.225) = .214. (31)

Also, Tr(x) is an even function of x, T((x) an odd function of x.
For the expansion joint problem we find after various calculations that

= <x9Dfo) = .342(1 - trfgf | [l + o(t*)]

ft \ - _u -475 (Rnhoy3 P [ 2.14A, + .92^2
- ViBtiB) - ± (1 _ yy,6 \ r2 J h2 |_i ± m./3 +

(32)

where

i - ±—-Kb — =*= 1/3 + 4rs (-30^0 - -70A2) + o(-)u W

(33)

with

Al
J_Zo^_ _ 7_rj, _ _3^ao _1_K
10 z'o 10 r„ 10 a0 10 h0 '

A2 = (1 - v)r-* + 2^-
r0 h0

(34)

As before a zero subscript denotes the value of a quantity at £ = 0. The plus and minus
signs in the formula for <r£B correspond, respectively, to the signs in and the constant
A0 in is defined by Eq. (10).
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The total axial deflection or spread of the expansion joint due to bending only is
given by

5 = 2[w(Q - »(&)] = -2 Jr'p d£. (35)

Since the integral extends over the full range of £, expression (24) is no longer appropriate.
If the first two terms of Z3 are used instead and /3 is determined according to Eqs. (6),
the expression for 5 takes the form

s - -f ter c ''fere*™*>■ »
where xx and x2 are values of x corresponding to £, and f2 • Since Tr(x) ~ 2/x* for large x,
the major contribution of the integrand in (36) occurs for x — 0(1) or J = 0(n~1/3).
Also, interpreting T{x) as a Fourier transform according to the integral representation
given in (17) it follows that /" Tr(x) = —x/2. Using these facts and introducing the
explicit form of m as defined in (8) it can be shown that

8 = [12(1 - m[1 + °(^)_ (37)

This expression and the leading terms in expressions (32) are exactly the same as the
corresponding results for a toroidal shell with a circular cross section of radius R0 and
a mean shell radius r0 , showing that when is sufficiently large the axial deflection and
maximum stresses depend on the exact shape of the cross section only near the point
where the slope dz/dr of a meridian is zero.

For the tube bending problem results similar to (32) can be obtained with Ek in
place of P/h20 . However, it is more convenient to obtain first the relationship between
the applied moment m and the constant k. Substituting for aNe from Eqs. (6), with
Y taken as the imaginary part of Z3 when / = ikr'(aC/r)1/2, and integrating by parts,
finally reduces formula (27) to

- "v (it)'" /.>(<38>
which is analogous to expression (36). Evaluating the integral in (38) in the same way
as in (36) and introducing m from Eq. (8), yields the result,

m = ^2(1  v2)]l/2 (39)

We recall that k = rn AK, where AK is the change in curvature of the neutral surface
and r„ is the radius of the neutral surface. Writing r„ = r(£„) the value of fn is by definition
a solution of the equation Ne — vN( = 0. From expression (24) and Eqs. (6) one obtains

m

s. - [a, + (X + ,)£] + o(l), (40)

where is given by Eqs. (34). It follows from (40) that r„ = r0fl + 0(/x 2/3)], so that
expression (39) can also be written in the form

m = jY2(l_—T*)p75 roRohoE^K ^1 + J* (41)
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This result may be compared with the equation m = EI AK which holds for a straight
tube according to elementary beam theory, where I is the moment of inertia of the cross
section about an axis through the centroid. Writing

m = pElAK (42)
for a curved tube serves to define the quantity p as a rigidity factor which has the value
unity for a straight tube. Comparing (41) and (42) it follows that

2 x r(iR
p ~ [12(1 - v2)]1' ^ [l + o(^)] - I if* [l + 0(^)]. (43)

Formula (43) is remarkably simple and shows that when p. is sufficiently large the effec-
tive stiffness pEI of a curved tube depends on only the dimensions r0, R0 and ha associated
with the point of the cross section where £ = 0. For a tube with circular cross section
of radius R0 and uniform thickness h0,1 = vR3aha. Also the quantity a may be identified
with Ra so that the rigidity factor then becomes simply p = 2/p, when p. is large.

The maximum stresses which occur in the bending of a curved tube may be compared
with the maximum stress in a straight tube of circular cross section with radius R0 and
uniform thickness h0 given by

mR0 m ,At^
*s* = — = ^ (44)

Introducing the expression for m given in fvj. (39) and determining the maximum
stresses in the same way as in the expansion joint problem we find

CSD.n C6d(£ d)

&SM &SM

.862(1 - "2)1/3(~^) [i ±214Ai

+ 0 (45)

.max   0"(

&SM &SM
sM - __ 1-86 (*LT\ ! +(1 - vT6 \r0hj L + U\p2/3)_

where now

f - ±k2?5Zd — 1/3 i
M

s. - + o(!)
M W-

^,(.30.4„-.70^) + o(i)
(46)

The constant A0 is defined by Eq. (10), A1 and A2 by Eqs. (34). The leading terms in
(45) are the same as those for a tube with circular cross section of radius R0 . Thus,
for sufficiently large p the maximum stresses due to bending of a curved tube of arbitrary
cross section can be obtained by considering an "equivalent" tube of circular cross section.

5. Toroidal shells of circular cross section. We now consider the form which the
results in the previous section take for toroidal shells or curved tubes of circular cross
section and uniform thickness h. We shall also list additional terms of relative order /lT2/3.

For shells of the special type now being considered parametric equations (2) may be
taken as
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r = a + b sin £, z = —b cos J, (47)

so that r0 = a, R0 — b, a — b. The parameter n and a new parameter A are given by

X - - [12(1 - ,•)]"■ (48)

Previous asymptotic solutions of the special problems being discussed did not take
into account the effect of terms in X which was assumed to be negligibly small.

For the expansion-joint problem the largest values of the meridianal bending stress
<t(b are now given by

aM = ±.482 (^)'/3 £ [l =F .86 ̂  + 0^)], (49)

where we have taken v = .3 and where

h = - -79 4a + o(-). (50)M M W
It follows that the largest of the two values listed occurs at the "inner" point where
is negative. For the tube-bending problem the only stress formula which involves X is
the following for the maximum circumferential direct stress",

c0b(£d) = ±.377/j' =F .58 ^173 + (51)

where again we have taken v — .3 and where

h = - .997 -4. + o(i). (52)M M \M/

From Eqs. (49) and (52) it is easily seen that terms in X play a minor role when X is
small compared to ji1/3, which does not necessarily mean that X is small compared to
unity as had been assumed in earlier work. However, the correction due to retaining
terms in X may certainly be significant. For instance, when X = 1/4 and n = 8 the
correction to the maximum bending stress in the expansion joint, as given by Eq. (49),
amounts to 10 per cent.

The relative size of the correction terms in X given above does not furnish any estimate
of the accuracy of asymptotic formulas since at least part of the error term is independent
of X. Theoretically, exact expressions can be obtained for the terms of relative order
n~2/3 (or higher) but the necessary calculations become quite involved. However, if all
terms in X are neglected higher-order terms in n can be obtained without great effort.
Neglecting all terms in X is equivalent to approximating differential equations (1) by
the single complex equation

Z" — ifx sin %Z = /„ cos £, (53)

where /<> = (b3/aD)1/2 P/2ir for the expansion-joint problem and /0 = i(b3hE/a)1/2 k
for the tube-bending problem. Neglecting terms in X is also equivalent to assuming that
the various stresses and displacements are symmetrical with respect to £ = 0. An approxi-
mate asymptotic solution of (53) which includes terms of relative order n~2/3 is given
by either expression (21) or (22). To determine the most significant stresses one again
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restricts attention to the range where ? = 0(ji~1/3) and expands all functions in powers
of £. In this way the following results are finally obtained.

For the expansion-joint problem

.475

- ...(O) = .342(1 - ,y '(5)"' + o(i
(54)

CfB.max — C£b(?JI/) — i (1 " O

(55)t„ _ _ m + 0(^)],

J - |12(1 + 00], (56)

Analogously, for the tube-bending problem

= Csu^m) = ±.377|ti2/3<xSAf£l ^273 "I"&6D.

— (ri\ — -814 2/3
C(B,max ~ <f(BW ~   J/2)'/2 ^

(57)

where is again given by Eq. (55). Note that there is no "correction" term of order
M-2/3 in formula (56) for the axial deflection S indicating that in an exact solution this
term is probably proportional to X. For the bending of a curved tube the analogous
result for the rigidity factor is p = (2/V) [1 + 0(1/m)].

In [4] where the leading terms in the above results for the tube-bending problem
were first obtained, the asymptotic formulas are compared with numerical results
calculated by L. Beskin [1] using a strain-energy principle in a manner equivalent to
finding an exact trigonometric series solution of differential equation (53). In Tables 1
and 2 we have listed the numerical values obtained by retaining either one or two terms
in formulas (57) and also the values obtained by Beskin.

TABLE 1.
Values of obd ,™xx/osm-

.377m2'3 ,377m2/3-.020 Beskin [1]

1.00
2.50
3.54
5.00
7.07

10.00
12.50
17.68
25.00
35.36
50.00
70.71

100.00

.377

.694

.875
1.10
1.39
1.75
2.03
2.56
3.22
4.06
5.11
6.45
8.13

.357

.674

.855
1.08
1.37
1.73
2.01
2.54
3.20
4.04
5.09
6.43
8.11

.979

.889

.881
1.010
1.277
1.680
1.99
2.54
3.26
4.08
5.09
6.43
8.12
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TABLE 2.
Values of — V1 — "iU.mmAsjf

.81V3 ,81V3-.278 Beskin [1]

1.00
2.50
3.54
5.00
7.07

10.00
12.50
17.68
25.00
35.36
50.00
70.71

100.00

.814
1.50
1.89
2.38
3.00
3.78
4.38
5.52
6.96
8.77

11.0
13.9
17.5

.536
1.22
1.61
2.10
2.72
3.50
4.10
5.24
6.68
8.49

10.7
13.6
17.2

.432
1.06
1.47
2.01

.2.69
3.51
4.11
5.25
6.67
8.42

10.7
13.5
17.2

We observe that for «r9Z),max the values found using the two-term asymptotic formula
coincide with the values obtained by Beskin for ^ > 50 and differ from Beskin's results
by less than 3 per cent for m > 10. Formula (55) for the location of the maximum yields
values which differ from those given by Beskin by less than 2 per cent for n > 5, and
by less than 1 per cent for n > 10, except for m = 50 when there is a difference of more
than 3 per cent.

From Table 2 for we see that although the one-term asymptotic formula
does not agree as closely with Beskin's results as does the one-term formula for o-8fl,Ir,aj ,
the two-term formula yields values which differ from those found by Beskin by 1 per
cent or less for n > 7, which is an even closer agreement than was found for afD,mai .
In fact, the two-term asymptotic formula for o-£B,max differs from Beskin's results by
less than 5 per cent for n as small as 5.

Finally, it is of some interest to compare expressions (49) and (54). Unless X < .1/m1/3
the correction to the one-term asymptotic solution due to retaining terms in X may be
much more significant than that due to terms of relative order m~2/3, at least as far as
the dominant stress a(B for the expansion-joint problem is concerned. A similar remark
can be made about the circumferential direct stress aeD for the tube-bending problem,
although this stress is not the dominant one for this problem when /x is large. Also, the
"X-eorreetion" to £s or in formulas (50) and (52) may be considerably more important
than the second term in formula (55).
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