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VERTEX EXCITED SURFACE WAVES ON ONE FACE
OF A RIGHT ANGLED WEDGE*

BY

S. N. KARP AND F. C. KARAL, Jr.
Institute of Mathematical Sciences, New York University

Abstract. The problem of the propagation of electromagnetic waves by a magnetic
line dipole source located at the corner of a right angled wedge is considered. It is assumed
that an impedance or mixed boundary condition is prescribed on one of the wedge
surfaces and that a homogeneous boundary condition is prescribed on the other. The
impedance boundary condition is such that surface waves are generated. The amplitude of
the surface wave generated is determined. A comparison is made between the magnitude
of the surface wave for this problem and that of a magnetic-line dipole source located
at the corner of a right angled wedge with the same impedance boundary condition
prescribed on both* surfaces. The far field amplitude of the radiated electromagnetic
field is also given as an elementary function of the angle of observation.

1. Introduction. The problem of the propagation of electromagnetic waves produced
by a magnetic line dipole source located at the corner of a right angled wedge is con-
sidered. It is assumed that an impedance or mixed boundary condition is prescribed on
one of the wedge surfaces and that a homogeneous boundary condition is prescribed
on the other. The impedance boundary condition is such that surface waves are generated.
The amplitude of the surface wave is determined. A comparison is made between the
magnitude of the surface wave for this problem and that of a magnetic-line dipole
source located at the corner of a right angled wedge with the same impedance boundary
condition prescribed on both surfaces. The latter problem has already been treated by
the authors (see Karp and Karal [3]). The comparison of the surface waves for the
two different configurations is made on the assumption that the sources have the same
strength. The far field representation of the radiated electromagnetic field is also given.

The impedance boundary condition prescribed in the present problem is of the form

±f|-Xu = 0 8=a (1.1)

where u is the z component of the magnetic vector, r and 6 are the usual polar coordinates,
a is the wedge angle, and X is a constant characteristic of the surface. The value of X
is given by

X = 4- ioitZ = 4* icae(R — iX) (1.2)

where e is the permittivity of free space, w is the angular frequency and Z, R and X are
the impedance, resistance and reactance of the surface, respectively. It is well known
that for homogeneous media of large finite conductivity, R and X are positive in sign,
small in magnitude and approximately equal. For corrugated or dielectric-coated surfaces,
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R and X are positive in sign and R is much smaller than X. Hence X is positive in either
case and Eq. (1.2) implies that

Re X > 0. (1.3)
For illustrations of these boundary conditions see the Introduction of Refs. [3] and [7]
where the appropriate references are cited. The condition R « X is of course the most
important special case insofar as surface waves are concerned.

The problem we treat is not separable because of the mixed boundary conditions.
This difficulty can be overcome by the introduction of an auxiliary function which is
a linear combination of the magnetic-field and its cartesian derivatives. The auxiliary
function is chosen in such a way that it satisfies the wave equation and simple homo-
geneous boundary conditions. Once the auxiliary function is obtained, the original
field can be determined by solving a partial differential equation. This idea is due to
Stoker [6] and Lewy [4] who studied problems in water wave theory. Similar ideas have
been employed by the authors in the solution of diffraction problems arising in electro-
magnetic theory. See [1], [2], [3] and [7].

Section 2 contains the exact solution of the problem stated in the preceding para-
graphs. The limiting cases of small and large \/k are studied and simplified expressions
for the surface waves in both cases are given. A comparison between these results and
those obtained in the problem of a line source located at the tip of a right angled wedge
with the same impedance boundary condition prescribed on both surfaces is made. In
Sec. 3 we discuss the radiated far field and obtain simple expressions for arbitrary values
of X.

2. Solution. Consider the right angled wedge y = 0, x > 0 and x = 0, y < 0,
and suppose there is a magnetic-line dipole located at the origin x = 0, y = 0. (See
Fig. 1.) The boundary conditions on the surface are given by

|^ = 0, y = 0, z>0

du— — \u = 0, x = 0, y < 0
(2.1)
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where u is the magnetic vector H, and X is a constant related to the material comprising
the surface. We wish to solve the time reduced Maxwell's equations, subject to the
prescribed conditions, and obtain the amplitude of the surface wave propagated on the
surface x = 0, y < 0.

The time dependent form of Maxwell's equations is

[curl H = -ioieE,

[curl E = itowH,

where E and H are the electric and magnetic field intensities, and e and u are the per-
mittivity and magnetic permeability of free space. We assume the time dependence
to be of the form exp (— iwt). Because of the geometry, the field produced is independent
of z and hence the field is completely determined by the value of H, . We have

Hx = Hv = Ez = 0 (2.3)

and

1 BH.
Ex = rlue dy

Ey =
10)6 OX

(2.4)

The field component H, = u satisfies the equation

(V2 + k2)u = -4tt d(x - 0) S(y - 0), (2.5)

where V2 is the rectangular Laplacian, k is the propagation constant of free space and
5 is the Dirac delta function. Therefore, the mathematical problem reduces to that of
solving the inhomogeneous wave equation (2.5) subject to the boundary conditions
given by (2.1). In addition to the prescribed boundary conditions, we require that the
far field be outgoing and that the total magnetic field, excluding the source, be finite
everywhere.

Let us make the substitution

V = £ ~ XU' (2,6)

Then v satisfies the following equation:

(V2 + = 0, x2 + y2 * 0, 0 < d <y , (2.7)

subject to the simple conditions

(1)^ = 0 y = 0, x > 0
(2.8)

(2) v = 0 x = 0, y < 0

.(3) Outgoing waves at infinity.

If the problem for v can be solved, then we can obtain the solution for the problem
involving u since (2.6) can be integrated.
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A particular solution of (2.6) is

uv(x, y) = -exp (X£) £ exp (-Xx>(£, y) <%. (2.9)

The range of integration is dictated by the condition that Re X > 0. It is important to
point out that the function v does not have to be finite at the origin. Thus we should
first introduce all radiating solutions, no matter how singular at the origin, that satisfy
the appropriate boundary conditions for v. Out of this class of solutions we finally select
only those that yield an everywhere finite value of the total magnetic-field (excluding
the source) in the original physical problem involving u. By employing the method of
separation of variables, we find that the most general representation for v which satisfies
conditions (2.8) is of the form ^ a„H[^i+n/s (kr) cos [(2n -f l)/3]0, where n is an integer
and Hwl+u/3 (kr) is a Hankel function of the first kind of order (2n + l)/3. Since v
cannot be too singular, the only admissible functions of this class are

v(x, y) = c0//"'(/cr) cos 6 + CiH(i/3(kr) cos|* (2.10)
O

The above expression for v is a wave function, defined, by means of (2.7), in the angular
sector 0 < 6 < 3jt/2. We note, however, that we can extend the range of definition of
v to include the angular sector 0 < 0 < 2x by means of the reflection principle since v
vanishes on the negative y-axis. This extension is necessary since the range of integration
of the particular solution (2.9) extends into the fourth quadrant for negative values of y.
Using this extended definition of v, the particular solution (2.9) becomes

uv(x, y) = -exp (X|) exp (-X^jcofl^^Ar) cos 0 + CyH^kr) cos|| (2.11)

The above result, though well defined, does not satisfy all the conditions of the problem
since it is not regular across the line y = 0, x < 0. This difficulty can be overcome by
adding a complementary solution, ue say, of the inhomogeneous equation (2.6) to (2.11).
We then obtain the representation

u{x, y) = —exp (Xz) ^ exp (—\Q^c0H[1\kr) cos 0 + ^H^likr) cos |j

+

(2.12)
c2 exp [Xx — i(k2 + X2)1/2jf], y < 0

0 , y > oj
where r = (£2 + y2)W2, 0 = arctan £/?/ and 0 < 6 < 2ir. The complementary solution
uc , which is indicated in square brackets in (2.12), is obviously not a wave function
since it is discontinuous across the line y — 0. However, although each solution separately
is discontinuous together with its ^-derivative along the negative x-axis, the solution
u = uv + ue of (2.12) must be regular there. From this fact we can derive two relations
between the constants c0 , Cj and c2 by calculating the discontinuities of u and du/dy
across the negative z-axis and setting the discontinuities equal to zero. These calculations
completely solve the problem because the constant c0 is related to the source strength
and is known. Hence there are a sufficient number of equations to determine all of the
unknown constants. We note that the form of the term in brackets in (2.12) is that of
a surface wave with an amplitude given by c2 .

Before proceeding to the calculation of the discontinuities and the value of the
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constants Ci and c2 , we first simplify the expression for u and then determine du/dy.
By using the relation

j-H^Qar) = -kH'^ikr) cos 6 (2.13)
OX

and integrating by parts, (2.12) becomes

u(x, y) = —^ ^H^Qcr) — X exp (Xx) £ exp (—\QHo\kr)

— c, exp (Xx) J exp (—X^)H[y3(kr) cos|- (2.14)

c2 exp [Xx — i(k2 + X2)t/2i/], y < 0

0 , y > 0_
At this stage we can determine c0 since we recognize the Hankel function (kr) as
being the Green's function for a line source. The solution of (2.5) for a simple point
source located at the origin is given by the well-known result

G(r, 6) 0, 0) = iirH(0l)(kr). (2.15)

Hence the proper normalization for a point source is obtained provided we let

c0 = —iirk. (2.16)
We next determine du/dy. We have

+

Uy{X> y) = ^ y) = -f \_§y Ho\kr) - X exp (Xx) £ exp (-X|) ^ {H^(kr)} c^J

- Ci exp (Xx) ̂  exp (-X£) ~ ^H^Kkr) cos ||

-c2i{k2 + X2)1/2 exp [Xx - i(k2 + \2)1/2y], y < ()'
+ (2.17)

0 , y > 0_
where we have taken the derivative inside the integral sign. By using the following
relations

^H£\kr) = —kH[l\kr) sin 0, (2.18)

H[)\{kr) cos |} - £ j/Ofcr) sin || = k exp [z(2tt/3) ]H&(kr) sin j (2.19)

and integrating by parts we obtain

u„(x, y) = —^ |—kH[l\kr) sin 9 + k\ exp (Xx) J exp (kr) sin 6

+ C\H[)l(kr) sin | — cxX exp (Xx) J exp (—X^Hl/likr) sin | d%

r00 29
— cxk exp [z(2x/3)j exp (Xx) I exp (—\^)H'2l/l(kr) sin — d£

+ I"-c2i(k2 + X2)1/2 exp [Xx - i(k2 + \2)l/2y], y < 0

o , y > o.

(2.20)
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It was noted earlier that the constants cx and c2 can be determined by requir-
ing that u and its derivatives be continuous throughout the region of physical space
(0 < 6 < 3tt/2). This is equivalent to calculating the discontinuities of u and du/dy
across the negative x-axis and setting the discontinuities equal to zero. Hence for u(x, y)
to be a wave function, we require that the following jump conditions be satisfied:

(2.21)
J (I)[w] = {u{x, 0+) — u(x, CT)} = 0 , x < 0
1(11) [«„] = {uv(x, 0+) — uv(x, 0")} = 0, x < 0.

The first jump condition yields immediately

C2 = %CiIi/3(k, , (2.22)

where we have used the notation

It(k, X) = [ exp (-^)^"(fc | £ |) tff. (2.23)
Jo

We note that

sin vk k\\2 + k2)U2 (2.24)

•{exp [—iV(tt/2)]([X2 + k2]U2~ X)'- exp [zV(tt/2) ]([X2 + &2]1/2 + X),

where — 1 > Re p < + 1. (See Magnus and Oberhettinger [5].) The second jump con-
dition requires more careful treatment. If we substitute (2.20) into jump condition
(II) and use (2.16) we obtain

/» 00

[uy] = Lim 2?rik\ exp (Xx) / exp ( — + y]U2) , 2 ? ^,2 d£
#-+0 Jx VS ~r~ V)

Q_ r+ c,\ exp (Xx) sin — exp (-X£)iOfc | £ |) d£ (2 ^

+ C\k exp [i(27r/3)] exp (Xx) sin ^ J exp ( — XfiH^Kk | £ |) d£

+ c2i(k2 + X2)1/2 exp (Xx) = 0.

Let us consider the expression

J = Lim f exp (-X£)#* W + y2]U2) (* ,y.,1/2 d(. (2.26)
»-+o Jx « t y)

The integrand in (2.26) tends to zero with y except in the neighborhood of £ = 0. Hence
the only possible contribution occurs when £ lies in an interval — e to e, where e is arbi-
trarily small. Since we assume that y is already small, we can use the asymptotic repre-
sentations for the exponential and Hankel functions appearing in the integrand. Hence

<2-27>

If we make the substitution £ = yt, the above integral becomes

= <*»»
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Substituting this result into (2.25) and using the notation defined in (2.23), the second
jump condition becomes

2ir
+ 4ttX + cA sin — IU3(k, X)

(2.29)
+ Cik exp [i(2r/3)] sin ^ J2/3(/c, X) + c2i(k2 + X2)1/2 = 0.3

By substituting (2.22) into (2.29) we find Ci . We obtain

Cl 31/2 (X - i31/3[k2 + X2]l/2)71/3 - k exp [i(?ic/Z)]h,s (2'30)

and

c2 +2 31/2tt (x _ 3v2-[A;2 + XT'VJJ-- k exp [i(2n/3)]I2/3' (2'31)

The value of c2 is the amplitude of the surface wave propagated along the wedge surface.
We next determine the values of and c2 for small and large values of \/k. When

\/k is small it is easily shown that

i (1 _ = £ 3-1/2 exp (2.32)1 ri _-o-l/2\ _ 2 o-j/2
] ~ k6

12/3 | (1 — ^31/2) = | exp [—i(ir/3)] (2.33)

1/3 k'~k

1 -0l/2\ 2

and the approximate expressions for Ci and c2 become

\k
When \/k is large we find that

Ci Srf exp [~i(r/3)] (2.34)

c2 2«(|). (2.35)

r ~ • JL /2\1/# 1
fi/* —' V/2W X2/3 (2.36)

3 U/ X
and the approximate expressions for ca and c2 become

2 12\2/3 1
^2/3 — i „i/2 (t) ri73 (2.37)

Ci
/o\\2/3

jrfc exp [—t'(7r/6)](j-J (2.38)

c2 « 2 31/27r exp [f(tt/3)]- (2.39)

It is of interest to compare the amplitude of the surface wave generated in this
problem with that generated by a line source located at the tip of a right-angled wedge
with the same impedance boundary condition prescribed on both surfaces. The latter
problem has previously been solved [3] and the amplitude of the surface wave propagated
on the wedge surface x = 0, y < 0 is given by
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c3 = 4 3u\ XI2/3 ~ k exp [iW3)]/1/3
! [i(k2 + X2)I/2 - X31/2]Z2/3 + 31/2k exp [i(x/3)]71/3}

X
(2.40)

[ii(k2 + X2)172 - X]

When \/k is small we find that

c3 « 27™(f) (2.41)

and when \/k is large

Ca ~ (i - i)ti- z3i/2)= 2?r(i) exp [i(57r/12)]- (2'42)

Hence, when the value of \/k is small, the ratio of the amplitude of the surface wave
on a wedge with an impedance boundary condition on one surface to that on both
surfaces is given by unity. When the value of X/fc is large, the ratio is given by 21/2. In
the limit \/k —* °° therefore, the total energy that goes into surface waves in our present
configuration is the same as the energy so utilized when both faces of the wedge can
support surface waves.

3. Determination of the radiated far field. We have already obtained the exact
solution for a line source located at the tip of a right-angled wedge with an impedance
type boundary condition prescribed on one surface. The exact solution as given by (2.14),
however, is complicated and it is desirable to find a simple expression for the radiated
far field. From (2.6) and (2.10) we have

, = | - XM (3.1)

and

v = c0H[u(kr) cos 6 + CiH^Kkr) cos|- (3.2)

When kr is large (3.2) becomes
/ 2 Y/2

v = c0exP \i[kr — (3*7r/4)]} cos d

/ 2 V/2 ft
I I p.vn ir\lcr — (Ftir/I \ on.r — •

(3.3)
+ c\^Tr) exP ~ (5tt/12)]} cos - •

We expect the far field of the ^-component of the magnetic field vector to have a similar
form, except that it contains surface wave terms which are appreciable near the wedge
surface x = 0, y < 0. Hence for a fixed 0, as r —> a> we have

= exp (ikr) + o(^)J, 6 ̂  3x/2, (3.4)u

where 1(6) is unknown. Now

■£- = cos 6 j- — -sin 6 (3.5)dx dr r dd
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If we substitute (3.3), (3.4) and (3.5) into (3.1), and keep terms of order r 1/2, we obtain

Q
/ 9 \ 1/2 Co exp [—t(3x/4)] cos 6 + ct exp [—i(5t/12)] cos r-

M = (S)  7i7TZTa~ir\ (3-6)ik cos 6 — X

Hence the desired radiated field is given by

Q
/ 9 \ 1/2 c0 exp [—i(3x/4)] cos 6 + cx exp [—t'(5x/12)] cos - , v

»<'• « " fe)  aoos.-X ^ + V>) t3'7)
where c0, Ci and c2 are given by (2.16), (2.30) and (2.31), respectively.
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