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The Euler equations for (6) constitute the complete system of equations of an
anisotropic plate. It is noted that the term PfM in the stress equation of motion given
by (6) is a function of the surface traction. This automatically takes care of the traction
boundary conditions in the interior of the plate, while the integral over Au in (6) yields
the displacement boundary conditions in the interior of the plate. In fact, (6) yields in a
simple manner all conditions at the edge as well as in the interior of the plate for equations
of all orders.

It is noted that the plate equations written from (6) are essentially those given by
Mindlin [4, 5], who used the ordinary variational equation of motion in deriving the stress
equations of motion and Neumann's method in deriving the boundary conditions.
Mindlin's procedure is thus also justified from the variational point of view.

There is no difficulty in extending the present treatment of plates to shells. The re-
sults are reported elsewhere [6].
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A CORRESPONDENCE PRINCIPLE FOR VISCOELASTIC
WAVE PROPAGATION*

By I. HERRERA, (University of Mexico) and M. E. GURTIN, (Brown University)

Introduction. It is a well known result of classical linear elasticity theory that the
speed of propagation U of an acceleration wave, at a point x in an elastic solid of elasticity
tensor ciiki(x) and density p(x), is a solution to the eigenvalue problem**

[i'•jiiki{x)nini — p{x)U25ik\ak = 0. (1.1)

Here the unit vector n is the direction of propagation at x. Since the elasticity tensor
obeys the symmetry relations

Oiiki — Ckiij , (1-2)

it is clear that (1.1) has three (not necessarily distinct) solutions Uj. , U2 , U3 . More-

*Received March 13, 1964.
**We use indicial notation and Cartesian tensors throughout. Thus subscripts have the range

(1, 2, 3), Xi denote rectangular Cartesian coordinates, and x = (xi, Xi, Xs). Moreover summation over
repeated subscripts is implied, 5;; is Kronecker's delta, subscripts preceded by a comma indicate differ-
entiation with respect to the corresponding Cartesian coordinate.
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over these solutions will be real and nonzero if and only if c<ikl(x) is strongly elliptic in
the sense that

Giiki(x)ninlvivlc > 0 whenever v ^ 0. (1.3)

A recent result of Toupin and Gurtin [1], which is a generalization to anisotropic
materials of a theorem due to Gurtin and Sternberg [2], demonstrates the connection
between wave propagation and uniqueness. This result may be stated roughly as follows:
the displacement problem of linear elastodynamics has at most one solution provided
ciikl is constant and strongly elliptic. Thus, if the medium is homogeneous, a sufficient
condition for uniqueness is that three linearly independent acceleration waves can
propagate in every direction.

The foregoing results can be easily generalized to visco-elastic solids with the aid
of a correspondence principle which we prove in this paper. This principle asserts that
the speed of propagation U of an acceleration wave at a point i in a viscoelastic solid
with relaxation tensor Gijki{x, t) and density p(x) satisfies

(Giikl(x, 0)71,71, — p(x)U2Sik)ak = 0. (1.4)

Hence, by (1.1), this speed is identical to the speed of propagation through an elastic
solid whose elasticity tensor is

Cim(x) = Guki(x, 0). (1.5)

This correspondence principle brings out the remarkable (but intuitively obvious) fact
that the speed of propagation of an acceleration wave through a viscoelastic solid de-
pends only upon the initial value GijkX(x, 0) of the relaxation tensor and is independent
of the behavior of Gijki(x, t) with t.

Assume for the remainder of this section that Giikl(x, t) is initially symmetric, i.e.,*

Giiki(x, 0) = Gklij(x, 0). (1.6)

Then the eigenvalue problem (1.4) has three solutions. Further these solutions will be
real and non-zero if and only if Giiki(x, t) is initially strongly elliptic, that is if and only
if Giiki(x, 0) is strongly elliptic.

Edelstein and Gurtin [3] have shown that the displacement problem of dynamic
viscoelasticity theory has at most one solution provided Giiki(x, t) is independent of x
and initially strongly elliptic. Thus a sufficient condition for uniqueness to hold in a
homogeneous viscoelastic medium is that three independent acceleration waves can
propagate in every direction in the body.

The correspondence principle. The fundamental system of field equations in the
linear theory of viscoelasticity consists of the following:**

2eii(x, t) = Uijix, t) + u,-,i(x, t), (2.1)

0 + fi(x, t) = p{x)uf\x, t), <TU(x, t) = <r,,(x, t), (2.2)

cxi#(s, t) = J Giikt(x, t — s)41'(a:, s) ds. (2.3)

*Notice that Gijki{x, 0) automatically has this property if it is isotropic.
**We use the notation g= dng/dtn.
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Here u((x, I), e,,(x, t), <ru(x, t), and /, (x, t) are the Cartesian components of the dis-
placement vector, the strain tensor, the stress tensor, and the body force density vector
defined for every pair (x, t) such that x is a point of the open region (R occupied by the
interior of the body and t (— » < t < <») is the time. Further p(x) is the mass density
defined for every x t (R, and Giiki(x, t) are the components of the relaxation tensor which
are defined for every (x, t) t (R X [0, ») and satisfy

G>iki — Gnu = Gun • (2.4)

The first symmetry relation follows from the symmetry of the stress tensor, while the
second follows (without loss in generality) from the symmetry of the strain tensor.

We suppose once and for all that we are given a solution u{ , , <t,,- of (2.1), (2.2),
(2.3) on (R X (- 00, 00 ) which meets the initial condition

Ui(x, t) =0, (x, t) e (R X (— 00 , 0) (2.5)

and corresponds to data p, Giikl , /; which satisfies:
(i) p > 0 is continuous;

(ii) Giihi is twice continuously differentiable and meets (2.4);
(Hi) ft is continuous.

Moreover we assume the existence of an acceleration wave propagating through (R—that
is a one-parameter family of surfaces S, (0 < t < ) which has the following properties:

(iv) the hypersurface

Xs = {(x,t) I X E S,(0 < t < co)}

is smooth and orientable;
(iv) given ani£ (R, the set

Dx = {t | x e S,}
has measure zero;

(vi) Ui , U;U, u{,i are continuous on (R X (—00, °°), w-2), u[]) , uiiik have jump
discontinuities across 22 s but are continuous everywhere else on® X (—°°, °°),
and Ui,jk is bounded on compact subsets of (R X (— 00 , 00).

Let (x, t) e s . Condition (iv) then implies the existence of a normal vector v at
(x, t). Indeed, such a vector is given by

v = (wi ,n2 ,n3 , - U), (2.6)

where n{ are the components of a unit vector which is normal to S, at x and U > 0.
The latter condition is imposed to insure the uniqueness of v at points where U ^ 0.
The number U is called the speed of propagation of St at x, while the unit vector n is
called the direction of St at x. Condition (v) is merely the requirement that the surface
St , as it progresses in time, does not pass through a given point x too many times.
This condition together with condition (vi) implies that for any x e (R, Ui,ih(x, t),
Uf])(x, t), and uf\x, t) are discontinuous only when t t Dx . Finally we remark that all
integrals are to be taken in the sense of Lebesgue.

We are now in a position to prove the
Correspondknce Peinciple roR Wave Propagation. The speed of propagation U
of the acceleration wave S, at a point x t S, is a solution of the eigenvalue problem

(oaici pU 5ik)dk — 0, (2.7)
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where

Cuki — Giiti(x, 0) (2.8)

and n is the direction of S, at x. That is, the speed of propagation is identical to the speed
of propagation of S, through an elastic solid whose elasticity tensor is ciikt .
Proof. Integrate (2.3) by parts and use (2.1), (2.5) to verify that

<Tij = Cijklikl + <-?,■}£; * tki , (2.9)

where cim is g'ven by (2.8) and

G.-ili * t) = f G-)l,(x, t — s)ekl(x, s) ds. (2.10)
J — co

Now substitute (2.1), (2.9) into (2.2) and use the symmetries (2.4) together with (2.8)
to derive the displacement equations of equilibrium in the form

CijkiUk.u — pu\ ) Ff , (2.11)

where

F> = Gim.jUk.i + G^h.i * uk,i + Gi)ii * uk,ij + fi ■ (2.12)
Define the functions pkt and 5, through

Pu = w*. 1 , ?< = nr. (2.13)
Then ptl and q{ are continuous, have continuous derivatives except on , and satisfy
the compatibility conditions

Pkl — Qk.l • (2.14)

Moreover, the jumps in the (four dimensional) gradients of pkt and g, are parallel to the
normal v of and hence, because of (2.6), take the form*

\Pkl.i\ — Xkini ,

[p",>] = -X"'U' (2.15)
\.Q.k,l\ = akni I

[gri = -dkU.
Thus (2.13), (2.14), (2.15), together with the continuity of cim and p across imply

[CiikiUk.i,] = ciikl\klnj , [pw!2)] = -paiU, —\kiU = aknt . (2.16)

By (2.8) and the smoothness assumptions (ii), (iii), and (vi) it follows that

= [Gijii.i * Wjt.i] = [/,] = 0. (2.17)
We now prove that [G "J,* uk,u] = 0. Fix (x, t) e ^,s, let A = G^h * uk,u , and notice
that

*Here and in the sequel we use the usual notation for the jump [3] of a function g across 2,. That is

tg](x, t) = lim^+.i+^u.ofiKV, t+) - lim(I-.n0(af, t~),
where (a:+, t+) and (ar, tr) lie on opposite sides of 2
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A(x+, t+) = f G"h(x+, t* - s)uk,u(x*, s) ds + [ Gj]h(x+, t+ - s)uk,u(x+, s) ds.
J 0 J t

(2.18)
Let A denote the compact set 0 X [0, T], where 0 is a solid sphere centered at x and con-
tained in (R while T > t. Then hypotheses (ii) and (vi) imply that GiiLj'kl and uk,u are
bounded on A. Thus the second term in (2.18) tends to zero as (x+, t+) —> (x, t). Moreover
conditions (ii), (v), and (vi) yield

Gr"i,(z+, t+ — s)uk,ti(x+, s) —> Gi)h(x, t — s)uk,ti(x, s) (2.19)

for almost every s < t, i.e., for .s % Dx . Therefore the boundedness of G^h and uk,n
on A and Lebesgue's bounded convergence theorem imply

lim A(x+, t+) = f Gi]h(x, t — s)ut,u(x, s) ds. (2.20)
(x+,« + )-»(z,0 Jo

Clearly the same result follows for \\m.{x-A-)^^,r,A(x~, t~) and thus

[<#}«*«*.,/] = 0. (2.21)
Equations (2.12), (2.17), and (2.22) imply [F,-] = 0. It therefore follows from (2.11),
(2.16) that

(ciain,n, — pU28a)ak = 0, (2.22)

and this completes the proof.
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IRREVERSIBLE THERMODYNAMICS OF PERFECT PLASTICITY*

By N. MORGENSTERN, (Imperial College of Science & Technology, London, England)

1. Introduction. For the solution of boundary value problems in continuum
mechanics, it is necessary to supplement the equation of continuity that expresses the
conservation of mass and the equation of motion with the constitutive equation for the
material under consideration. In the case of plasticity, the constitutive equation in-
troduces the mechanical properties of the material by means of the relation between the
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