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PHASE SHIFT AND LOCKING-IN REGIONS*

By W. S. LOUD (University of Minnesota)

1. Introduction. The phenomenon of locking-in or entrainement occurs when a
system having a natural oscillation of a particular frequency co„ is forced (with small
forcing) at a slightly different frequency. The response resembles the natural oscillation
qualitatively, but the frequency of the response is that of the forcing. The natural
response is said to "lock in" with the forcing frequency.

There is but a limited range of frequencies about the natural frequency within
which locking-in will occur, and the size of this frequency range grows with amplitude
of forcing. There is often the theoretical possibility of periodic response when the ratio
of forcing frequency to natural frequency is any rational number p/q, and there is as a
result the possibility of locking-in for forcing frequency near to any rational multiple
of forcing frequency. However, unless the rational number p/q has both p and q small
integers, the phenomenon is difficult to observe.

If the forcing has amplitude e and frequency co, there are regions in the co-e plane,
emanating from points t = 0, « = (p/q)wn, within which locking-in occurs. Such regions
can be established only for small e, with certain additional requirements on the form
of the differential equation describing the system. Within the region emanating from
£ = 0, « = (p/q) co„ the locked-in solution has frequency u/p (which is approximately
con/q), and this is a subharmonic of order p with respect to the forcing frequency, and a
period resembles q periods of the natural oscillation.

There are numerous applications and manifestations of locking-in in electronics.
An intriguing possibility of a natural manifestation of locking-in lies in the diurnal
rhythm of physiological behavior. Some experiments suggest that a bodily function,
e.g. sleeping, may have a natural period somewhat different from twenty-four hours.
The actual twenty-four period is the result of the locking-in of the periodic bodily
function with the "forcing frequency" provided by the twenty-four hour period of the
rotation of the Earth.

As forcing frequency varies within a particular locking-in region, there will be a
change of relative "phase" of forcing and response. This assumes, of course, that some
notion of phase can be defined when the oscillations are not sinusoidal. This same
phase-shift is noted with linear second-order systems where response is essentially
in phase for low forcing frequencies but becomes 180° out of phase for very high forcing
frequencies.

It is the particular purpose of this note to study the phase relationships as forcing
frequency varies through a locking-in region. The relation is not simple in general,
but some fairly definite statements can be made in certain important special cases.

2. Notations. Let the unforced system be described by the real vector system

= g(x), (' = d/dt) (2.1)
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where g(x) £ C2, and let the natural oscillation be a periodic solution x0(t) of (2.1).
Let xa(t) have least period 2x, and let the associated variational system

2/' = g'(x0(t))y (2.2)

have (n — 1) characteristic multipliers of absolute value less than 1 (the nth is 1, corre-
sponding to the periodic solution x'0(t) of (2.2)). The solution xn(t) is then isolated and
asymptotically orbitally stable. Note that this assumption implies that g(x) is nonlinear.

Every vector solution of

z' = -g'(x0{t))*z, (2.3)

the system adjoint to (2.2), is such that

z(t)*x!,(t) = const.

Let z„(£) be the unique 27r-periodic solution of (2.3) such that

z*o(t)x'o(t) = 1.

Let f(d, x, e) be in C1 near the orbit of xa(t), and let it have period 2t in 6. We shall
consider periodic solutions of

x' = g(x) + tf(cc(t - t),x, e) (2.4)

for small e and u> near a given rational number p/q.
We shall require one result about periodic solutions of perturbed autonomous systems,

which is an adaptation to the present notation of a result in [1],
Theorem A. The system

x' = g(x) + tf(jp(t - T)/q, x, e), (2.5)

where p/q is a rational number in lowest terms, has a periodic solution oj least period 2irq
of the form

x = x„(t) + e.r,(0 + o(e) (2.6)

if t is a simple zero of

F,(r) = ^ z*(s)/(^ (s - t), x0(s), oj ds. (2.7)

The solution is asymptotically stable jor small e ij and only if eF[(t) < 0. In (2.6) X\(t) is
a uniquely defined function of period 2irq.

Rkmakk. The periodic solution found in Theorem A has its fundamental period
a slight perturbation of q complete periods of x0(t). Since the least period of f{(p/q)-
(I — t), x, e) is 2irq/p, the solution is a subharmonic of order p.

3. The locking-in regions. We shall now study the regions of the e-w plane within
which locking-in occurs. We apply Theorem A to the case that a> varies with e. The
general idea is the following. A rational p/q is selected, and we consider the line in
the «-co plane given by

V
<1

It will be found that for ?; sufficiently small, (but the range can be definitely described),

oj = —f- rje. (3.1)<1
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there will be a range of t for which locking-in occurs, while for 77 too large, no locking-in
will occur on the line (3.1). The lines on which locking-in can occur generate a sector
with vertex at (0, p/q), and all locking-in related to the rational p/q occurs within
this sector. Naturally the entire sector is not in the locking-in region, since e must be
small, but there is a small portion of the sector near the vertex for which locking-in
occurs. This we call the locking-in region. Our analysis will determine the size of the
sector within which the locking-in can occur. A similar analysis appears in [2], in which
other aspects of locking-in are discussed.

The differential equation to be studied is thus

x' = g{x) + ef((p/q + T)t)(t - r),x,e). (3.2)

We make the change of independent variable

s = (1 + q-qt/p)t.

With this change of variable, (3.2) becomes

(7t
(1 + qrjt/p) = g(x) + ef(p(s - r)/q - i)tT, X, t).

Rearranging terms according to powers of e this reduces to

^ = ff(x) + (s ~ t), x, e

where

tf(p(s - r)/q, x, e) = e[/(p(s - r)/q, x, 0) - qvg(.x)/p] + o(e).

Now equation (3.2) has the form to which Theorem A is applicable. Using Theorem A
we have

Theorem 1. The equation

~ = g(x) + ef(p(s - r)/q, x, e) (3.3)

has a periodic solution of period 2irq in s jor sufficiently small e if r is a simple zero of

Fi(r) = Jo *?(.)/(J (s - r), x0(s), 0) ds (3.4)

= Fi(r) - (:2irq2/p)ri.

Thus equation (3.2) will have a solution of period 2irq/(1 + (<?Wp)) °f the form

x(t) = a-0((l + qnt/p)t) + ea;i((l + qWp)t) + o(e)

if t is a simple zero of Fi{t). This solution is asymptotically stable if and only if

eF[(r) = eF[(r) < 0.

Proof of Theorem 1. Except for the formula (3.4) for Fi(r), the results follow
directly from Theorem A and from the change of independent variable made in the
differential equation. It remains only to prove the second formula for F\ (r) in (3.4).

Since
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/(? (s - r), Xo (s), ()) = jfe (s - t) , X0 (s), 0~ ^ Q&o (s)),

we have

F

\q / \g ' V

10) = f z*(s)ffe (s - t), x0(s), o) ds - ~ f z*0(s)g(x0(s)) ds
JO \(£ / p J 0

= Fi(t) - J r° Z*0(s)xl(s) ds,
V Jo

this last following from the fact that xo(0 is a solution of (2.1). But by the definition
of z0(<), Zo(s)-To(s) = 1) s0 that

Fi(t) = F i(r) — 2 Trq2t]/p.

This completes the proof.
Since the requirement that F, (r) = 0 is equivalent to

' = W7"lW'

we see that r; is restricted, and the sector within which locking-in occurs is bounded
by the lines

and

P -L03 = —|-
Q

-P JLCO = - +

2 min Fi(r)

Q
Since the function /"'i(r) depends on the choice of the rational p/q, the size of the

sector will vary for different rationals. In cases for which F^t) is identically constant,
no sector will be determined, and our study will not predict the existence of a locking-in
region.

Before we can say more about the locking-in regions and about the phase shift
as a locking-in region is traversed, we must examine the structure of the function Fi(t).
We shall show that F,(t) has period 2ir/p, and that it reflects some of the properties
of /(0, x, e) considered as a function of d. This will be done by constructing the Fourier
si Ties for /'\(r).

Let 1(6, x, e) have (he Fourier series

j(d, x, e) = 2 e) exp [imd], (3.5)

Then using this in the definition of Fi(t) we have

Fx(t) = [ z*(s) A„,(x0(s), 0) exp
J 0 -w

im - (s — r)
. Q

ds. (3.6)

Now the integrand in (3.6) has period 2-rrq, but the function z;f (s)/lm(£0(s), 0) has
period 2ir. Thus by the properties of trigonometric series, the integrals
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z*0(s)Am(x0(s), 0) exp | irn ^ (s — r)J ds

will vanish unless m is a multiple of q. Therefore we may rewrite (3.6) in the form
co i%2 r a

Fi(t) = / 2o(s)^.,«,(a:o(s), 0) exp [inp(s — t)] ds (3.7)
-co JO

00

= an exp [-inpr],

where
p 2tq

a-n = / Zo(s)^»a(^'o(s), 0) exp [inps] ds
Jo

J,2r
z*0(s)AnQ(x0(s), 0) exp [imps] ds.

0

(We have assumed sufficient regularity in the differential equations so that the formal
manipulation with Fourier series is justified.)

We can now make some observations about the structure of Fx(t).
Theorem 2.
1. The junction Fx{t) has period 2tt/p.
2. If f{6, x, e) is odd-harmonic in d, then Fi(t) is odd-harmonic if q is odd, and vanishes

identically if q is even.
3. If f{6, x, t) is a trigonometric polynomial in 6 of degree N, then Fl (r) is identically

constant for q > N, and is a trigonometric polynomial of degree at most N/q if q ^ N.
4. If f(6, x, t) is a simple sinusoid in 8, Fi(r) is a simple sinusoid when q = 1 and

vanishes identically otherwise.
Proof of Theorem 2.
1. That Fi(r) has period 2ir/p follows directly from the series (3.7).
2. If f(6, x, e) is odd-harmonic, then Am = 0 if m is even. Thus AnQ = 0 unless n

and q are both odd. Hence if q is even, every AnQ is zero, so that every an = 0. If q is odd
An„ = 0 if n is even, so that an = 0 when n is even. Thus in this case FJj)
is odd-harmonic.

3. If f(d, x, «) is a polynomial, then Am = 0 if \m\ > N. If q > N, Ana = 0 unless
n = 0, so that Fj(t) = a0 . If q ^ N, only a finite number of the AnQ will be nonzero,
and if \nq\ > N, An<1 = 0. Thus a„ = 0 if \nq\ > N, which shows that I'\(r) is a polynomial
of degree at most N/q.

4. If f(6, x, e) is a sinusoid, then only A i and A-i are nonzero. Thus if q ^ 1, Ant = 0
for every n, so that I\ (r) vanishes identically. If q = 1, Ana = 0 unless n = ±1, so
that an = 0 unless n = ±1. Thus Fx(t) is a simple sinusoid of period 2ir/p.

This completes the proof.
It should be remarked here that locking-in is not impossible when F^t) = 0. It

is just that a deeper investigation involving perturbation terms with higher powers
of t is required.

4. Results on phase shift. By phase shift across a locking-in region we mean the
change in r corresponding to the stable locked-in solution as the parameter r? goes from
its minimum value to its maximum value. The cases of positive and negative e are
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different but similar, and we shall confine our discussion to the case that e is positive.
We shall then have F[(t) < 0 for the stable solution.

If in the course of a period (2ir/p), Fi(t) has several maxima and minima, there
will be several r-intcrvals which will correspond to stable locked-in solutions, so that
it is not proper to speak of phase shift across the entire locking-in region. Rather we
should speak of several different phase shifts corresponding to the several r-intervals
in which F^r) decreases. Because of this complication, we shall confine our analysis of
phase shift to the case where in the period 2ir/p, Fi(t) has a single maximum and a
single minimum.

The length of the r-intorval, which is usually a fraction of 2ir/p is the phase shift
with respect to the 2ir-periodic function xa(t). To describe the phase shift with respect
to the variable 8 = pt/q, such a phase shift must be multiplied by p/q.

Theorem 3. Let the junction /'\(r) have a single maximum and a single minimum
in each period, and let the time from the maximum to the minimum be At. Let e be positive.
Then as the locking-in region is traversed, the phase shijt r decreases by At and the corre-
sponding phase shijt in 8 decreases by pAr/q.

Proof of Theorem 3. Since the maximum and minimum values of ij correspond
to the maximum and minimum values of Fi(r), and since F[(t) must be negative for
the stable solution, r must decrease as ij increases and the decrease in r as we go from
t he minimum to the maximum of F, (r) is exactly At.

Corollary. Suppose that j(ff, x, e) is odd-harmonic. Then At = ir/p and the shijt
in 8 is ir/q.

When / (8, x, e) is a simple sinusoid, we again have that / is odd-harmonic, so that
At = Tr/p. In this case we must have q — 1, so that the shift in 8 is always ir when
j{8, x, e) is a sinusoid.

5. Conclusion. The motivation for this study arose in a conversation with Professor
Karl Klotter. It had been conjectured that the phase shift across the principal locking-in
region (p = q — 1) was t, and this study is an attempt to verify the conjecture and
to generalize the result somewhat.

The results of this paper include the case of a second-order scalar system, where
the unforced system is an equation of the van der Pol type with an orbitally stable
limit cycle.
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