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1. Introduction. In 1954, Ericksen and Rivlin [1] formulated the theory of finite
deformations of transversely isotropic materials. Certain problems were solved by them
assuming the materials to possess rectilinear aeolotropy. Following this Green and Adkins
[2] added a few more results to the above set of solutions and recently Huilgol [3] added
a further one when he showed that the deformation of Singh and Pipkin [4] was possible
in transversely isotropic materials as well. This seems to cover the total list of static
deformations.

The present paper deals with the dynamic problem of axially symmetric oscillations
of an infinitely long cylindrical circular tube of incompressible material which is curvi-
linearly transverse-isotropic. The anisotropy, when defined along the axis, has been
treated by the author [5]. Here, the anisotropy is assumed to exist in the radial direction.
In Sec. 2, the equations governing the motion are described and Sec. 3 treats the static
inflation of a cylindrical tube. Though this problem has been considered by Green and
Adkins [2], the results are derived afresh, since the present treatment differs from that
of [2] and also because use is made of Truesdell's theorem on quasi-equilibrated motions
[11], [12] in Sec. 4. The above theorem requires that the static deformation be considered
in material and spatial co-ordinates and not convected co-ordinates.

In Sec. 4, the differential equation governing the motion of the cylindrical tube is
derived and is reduced to a form identical to that of [6], [7] for isotropic materials.
Certain restrictions, suggested by the treatment in Sec. 4, on the strain energy functions
are also noted.

2. Governing equations. The constitutive equation for a transversely isotropic
elastic material is [1]:

= -pj', + 2<{|y (c-1/, - |g c\. + ^ tihj + ^7 [(O'A + (c_I)f*A']A*|- (2.1)

In (1.1), t is the symmetrical stress tensor, p the hydrostatic pressure, 2 = 2(1, II, I', II')
is the strain energy functions, and1

(c~y = (TV. (2.2)
Also, c is defined as the inverse of c"1 and

h' = H"x\a . (2.3)
X" is the material co-ordinate system with the metric tensor Gaf and x' is the spatial
co-ordinate system with the metric tensor . Now

I = (0\ , (2.4)
*Received August 19, 1966; revised manuscript received October 21, 1966.
lx',a defines the partial derivative dx'/dXa in (2.2) and (2.3).



294 R. R. HUILGOL [Vol. XXV, No. 3

ii = ifKO'J' - (2.5)
I' = gaVti, (2.6)

and II' = hMc'1)"- (2.7)

Further H° defines the direction of the anisotropic director. In [1], this director was
considered to lie along the z-axis of the co-ordinate system for some solutions and other
directions for a few more. In this note, the director H" is chosen so that, in the material
co-ordinate system (R, 0, Z),

Hr = 1, H6 = Hz = 0. (2.8)

The equations of motion in the absence of body forces are [1]

/"„ = p dv\/dt. (2.9)
Now Truesdell [11], [12] has shown that if T0 is the equilibrium stress corresponding

to a static deformation, then the stress due to a quasi-equilibrated motion causing the
same deformation is given by

T = T0 - pfI, (2.10)
where f is a single valued acceleration potential. He has determined the acceleration
potential for a cylindrical tube and the deformation field specified in Eq. (14) of [11]
is exactly that assumed in the present problem as well. Thus, Sec. 3 is directed towards
determining T0 .

3. Inflation of a hollow cylindrical tube. Consider an infinitely long cylindrical tube
of radii and R2 (R3 > Ri), made of incompressible homogeneous material with a
radial transverse-isotropy. Denote the displacement field by

r = r(R), 6 = 0, z = Z, (3.1)
where (R, 0, Z) and (r, 8, z) are respectively the material and spatial co-ordinates.
The strain measure is:

IKO"ll =
(«ir/dR)2 0 0

0 l/R2 0 (3.2)
0 0 1.

The incompressibility condition reads

r2 - r,J = R2 - RS, (3.3)

where rx is the inner radius after deformation.
Denoting H* - 1, He = Hz = 0, (2.3) yields:

hr = R/r, h' = h' = 0. (3.4)

The constitutive equation (2.1) yields the stresses:

, JdS , 32\ R2 62 r2 as R4
tr = ~p + 2laI + arJr~~2anF + 4m7r~' (3"5)

v + 2 dIR2 2 dllr1 • (3'6)
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f' = -^ + 2i-2lrr (3-7)
From the equilibrium equations, in the absence of body forces,

t'r = -/ } (t'r - t\) dr (3.8)

(2\tf_(d2, as as_\ r2 /as . as ^ „ as fi1! , ,
J r [r2 \ai + ai' + an/ £2 \ai + an/ + an' r4 J ( )

This determines the stress field required to solve the problem in Sec. 4 and the other two
follow from substitution into (3.6) and (3.7).

As Knowles [6] remarked, (3.7) implies that at infinity a normal force is required
over the ends of the cylinder. Finally, the invariants are:

I = II = 1 + R2/r2 + r2/R2, (3.10)

I' = R2/r2, (3.11)

II' = R'/r\ (3.12)
4. Oscillatory motion. If it is now assumed that, under pressures of Pi(t) and P2(t) in

the inner and outer radii respectively and certain initial conditions, the tube oscillates
radially, then

r = r(R, /), 0=0, z = Z. (4.1)

Thus, using Truesdell's theorem [11], [12], the acceleration potential is:

— f = (v,)' log r + r2r2/1r. (4.2)

Hence, through (2.10) and (4.2), the radial stress is

t'r = p^f, + r2) log r + r2f2/2r2] + vKO

[ 2 |7as , as \(r2 r2\,R2 /as as R2\ 1
- J 7 UaT + 5nXrT " W) + Ur + 2 air *• (4'3)

Following the procedure in [12] and evaluating the stresses at r = rj and r — r2 in (4.3)
and subtracting the second from the first, and using

x = r^/R, , u = r2/R2, (4.4)

7 = R2/R2 - 1 > 0, (4.5)

,, , _ _2_ f" fi+u /as as_\ , l (8X_ 2_as_\\ ,
/(x'7) pR2 J(T+I,)m+1) { U2 \ai + ail/ + W2(1 - u) Vaf + u an'/J ( }

the differential equation governing the motion is:

x log (l + j)f + [log (l + j) - ~I 2
7 + X .

x2 + 1(x,y)=Pi(t\ fa(/)- (4.7)
2 P*^l

Now define

S»(u) — p 2'S(I, II, I', II')i-ii-i+«+i/u.i'-i/«.ii'-i/u' • (4.8)
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Then
' , ,Jd2 <92 \ (ax ,2 ex Vd20 2 1

du pi?,2 u (4.9)

Thus

Kx,y)=[' 7^rLu^!r-du' (4-10>** ( 7 +za ) / ( 7 + 1) 1) CM4

(i)

and

(ii)

which is the form derived by Knowles [6], [7].
Next, define

F(x, y) = f m, 7) = Hx - 1) [ (u - 1)"2So(m) du, (4.11)
•M J (7+za)/(T + l>

and thus (4.7) will assume forms identical to Eq. (4.2) of [6] and Eq. (12) of [7] respectively
under the respective conditions therein. Knowles [6], [7] has solved certain problems
under the assumption, which was proposed in [13], [14] and verified experimentally by
Rivlin and Saunders [15], that dX0/du has the same sign as (u — 1) for u > 0. This
hypothesis is adopted here. An examination of (4.9) shows that dX0/du will have the
same sign as (u — 1) provided

(f + 4 <«2>

(i + ,,.so- (413>

The first condition arises when torsion of a radially transverse-isotropic cylinder is
examined with r = R, 8 = 6, z — Z and HR = 1, He = Hz — 0. (4.12) implies that
the shear modulus is positive, while (4.12) is a new restriction. The latter holds whenever,

(a) u > 1 and + (4.14)

(b) 0 < u < 1 and 1 ^ 0, (4.15)

it being always assumed that 2(1) = 0.
Below, we discuss briefly the form 2„(w) has to assume so that periodic solutions

may exist. Following Guo Zhong-Heng and Solecki [8], periodic solutions to free oscilla-
tions exist [6] if:

(a) As u —> co, 20(u) —» co arbitrarily, and (4.16)
(b) As u —> 0, 20(u) ~ Ku", K > 0, k ^ 1. (4.17)

For the case of forced oscillations due to a pressure impulse [7], the restrictions are [8]:

(a) As u —> °=>, 2o(w) ~ Mum, M > 0, m > 1, and (4.18)
(b) As u -> 0, 20(w) ft* Nu~n, N > 0, n ^ 1. (4.19)

Since 20(w) ^ 20(l/w), (4.17) does not reduce to the conditions of Sec. 4 of [6].
This is an interesting deviation from the isotropic case.
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Finally, for the calculation of the period of oscillation, the reader is referred to [6],
17] for the general formulae corresponding to the case of free oscillations and pressure
impulse.

5. Concluding remarks. This paper has shown that oscillations in curvilinearly
aeolotropic materials can be determined in a manner analogous to that of the isotropic
theory. Extensions to the problems connected with the sphere [8], [9], [10] are under
investigation and will be reported elsewhere.

Unlike the isotropic theory, the transversely isotropic theory does not possess an
approximation analogous to that of the Mooney material. Despite Blackburn's work
[16], which is in a spirit totally separate from that of [1], the author believes that an
approximate theory backed by experiment is essential before problems of the type con-
sidered in [6], [7], [8] can be solved.

In passing it may be seen that if the tube was initially everted, then (3.3) reads

r2 - r,2 = RS - R2 (5.1)

and r, denotes the external radius of the everted tube. In (3.4) we have

hT = -R/r, h" = h1 = 0. (5.2)

but the stresses (3.5)-(3.9) are unchanged. In Sec. 4, f is unaltered, but under the substitu-
tion (4.4)-(4.5), the lower limit in the integral f(x, y) changes to (x2 — y)/(y + 1).
The differential equation (4.7) for the external radius r, becomes

* |0E (> - ?)* + [l0B (> - ?) + 7^]*" + '<*•T) - F'%7r,''{I) (5'3)
and with F(x, y) modified accordingly, an analysis similar to the rest of Sec. 4 follows.

Further it may be noted that results can also be obtained if the initial anisotropy
is in the tangential direction. Thus, choosing HR = Hz = 0, He — 1 /R, and using
(4.1) c"1 is unchanged, but

I' = r2/R2, (5.4)

and II' = r4/R*. (5.5)

Also, 32/dI' and 32/dII' drop out of the stress t\ and, while the equation (4.7)
remains the same, j(x, y) involves 32/31 and 32/911 only. But, F(x, y) cannot be ex-
pressed in terms of 20(u).
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