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VARIATIONAL PRINCIPLES FOR LINEAR COUPLED
THERMOELASTICITY*

BY
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University of California at Berkeley

Abstract. Several variational principles are derived for the initial-boundary-value
problem of fully coupled linear thermoelasticity for an inhomogeneous, anisotropic
continuum. A consistent set of field variables is employed and a method based on the
Laplace transform is used to incorporate the initial conditions explicitly into the for-
mulation. These principles lend themselves readily to numerical solutions based on an
extended Ritz method.

1. Introduction. The application of variational methods for both the unified develop-
ment of the theory and for the approximate solution of fully coupled initial-boundary-
value problems in linear thermoelasticity is not new. As a starting point, the work of
Biot [1] introduced a variational principle in terms of a pair of vector-valued primary
variables, the displacement of a material point and a variable which he termed the
entropy displacement. The Euler equations of the principle are the thermoelastic equa-
tions of motion and the corrected heat conduction equation. A generalization of Biot's
principle [2] incorporated the additional primary variables of the stress tensor and a
thermal dis-equilibrium force conjugate to the entropy displacement. Euler equations
representing the linear thermoelastic stress-strain relationship, the Fourier heat con-
duction law, and a relationship between the temperature and the thermal gradient, as
well as the aforementioned field equations, are products of that variational principle.

The most general variational statement of the coupled thermoelastic problem was
made by Bao-Lian' Fu [3] and later by Ben-Amoz [4], both of whom obtain essentially
the same Euler equations and natural boundary conditions. Both prescribe a boundary
condition on the entropy displacement vector rather than on the heat flux vector, and
Ben-Amoz obtains a sixth Euler equation, representing a relationship between the
temperature and the thermal gradient.

Impetus for further development of variational principles for the coupled thermo-
elastic problem is suggested by recent work of Gurtin [5], [6]. In these treatments of
linear elastodynamics and transient heat conduction Gurtin, utilizing the operational
methods of Mikusinski [7], explicitly introduces the initial conditions appropriate to
the problem into the field equations and governing functionals, and derives alternate
characterizations of the problems. The following work represents an extension of these
concepts to the field theory of linear coupled thermoelasticity, and an attempt to remove
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a lack of consistency (present in the existing variational formulations) in the choice of
the field variables and boundary conditions.

2. Notation. Mathematical preliminaries. The notation and format used by Gurtin
[5] will largely be employed here. Therefore the standard indicial system, with Greek
and Latin subscripts ranging over the integral values (1,2) and (1, 2, 3) respectively, is
used throughout. The reference frame is Cartesian, repeated subscripts imply summation,
and Kronecker's delta is denoted by oif . Parenthetical superscripts, as well as super-
posed dots, indicate the order of time differentiation, and subscripts preceded by a comma
denote space differentiation with respect to the Cartesian coordinates. Parentheses about
a pair of free subscripts will signify the symmetric part of the tensor with respect to
those subscripts.

A region V shall denote the closure of an open, bounded, connected set contained
in the three-dimensional Euclidean space E. The boundary of V we denote by S, being
the union of a finite number of nonintersecting closed regular surfaces. The term regular
surface is used in the sense of Kellogg [8]. The interior of V is V, and n is the outward
unit normal vector to S. Sa and S„ are a dual system of complementary regular subsets
of S, where Sa and S„ denote the closures of Sa and §>a , respectively.

The domain of definition for all functions of the position vector x and the time t is
the set which is the Cartesian product of the region of space V and the interval of time
[0, co) denoted by V X [0, <»).

The values of a function /(x, t) and its derivatives are defined on the boundary of
the domain of definition V X [0, °°) by

/I?}...*(x„ , to) = lim »(x, I), (2.1)
(X, t)-*(x0 , to)

where x0 £ V, t0 = 0 or x0 £ S, t0 £ [0, 00). We say that the function / is in the function
class CM N if and only if it is defined on V X [0, co), and all of the functions

(m = 0, 1, 2, ■ ■ • , M; n = 0, 1, 2, • • • , N) (2.2)
to indices

exist and are continuous on V X [0, <»).
A point x £ S, or a point (x, t) £ S X [0, <»), such that n is continuous at x, will

be termed a regular point. A function / will be said to be piecewise regular on Sa X [0, <»)
if'and only if / is piecewise continuous on Sa X [0, <»), and every regular point of that
region is a point of continuity of /. Two piecewise regular functions defined on Sa X
[0, oo) are said to be equal if and only if they are equal at every regular point
(x, 0 £ Sa X [0, <=°).

Let / and g be functions of space and time defined on V X [0, ») such that both are
continuous on [0, °°) for each x £ V. The convolution of / and g is given by

[/ * 0](x, t) = [ f(x, t - T)g(x, t) dr, (x, t) £ V X [0, »), (2.3)
Jo

having the well-known properties:

(a) g * / = / * g, (2.4a)

(b) g * (f * h) = (g * f) * h = g * / * h, (2.4b)
(c) g * (j + h) = g * / + g * h. (2.4c)
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A corollary of Titchmarsh's theorem [9] will prove useful in later work and is introduced
in the form

f * gi = 0 implies either / = 0 or g — 0. (2.5)

The term functional will be used to identify a real-valued function whose domain
is a subset of a linear space. If L is a linear space, K a subset of L, and 0{ •} a functional
defined on K, then for

R, R E L, R + £ K for every real X, (2.6)

formally define the notation

^ a|/e + x£}|x.0. (2.7)

The variation of fi {•} is zero at R over K and is written

50'/?} = 0 over K, (2.8)

if and only if 5*0{R} exists and equals zero for every choice of R consistent with (2.6).
Three lemmas which are analogous to the fundamental lemma of the calculus of

variations, and which have been proved by Gurtin [5] are now stated. Based on these
lemmas we also state a corollary which will be needed in the subsequent development.

2.1. Lemma. Let f be a continuous junction on V X [0, »), and suppose

f [f * g](x, t) dV = 0 (0 5S t < co) (2.9)
J v

for every g £ C"'" which, together with its space derivatives, vanishes on S X [0, <»). Then

j = 0 on f X [0, »). (2.10)
2.2 Lemma. Let f be a piecewise regular function on S2 X [0, <»), and suppose,

f If * g](x, t) dS = 0 (0 st< ») (2.11)
J S a

for every g £ C~'~ that vanishes on Sx X [0, «>). Then

1 = 0 on S2X [0, oo). (2.12)

2.3 Lemma. Let /,• be continuous on X [0, <»), and suppose

[ Ifi * (g,,n,)}(*, t)dS = 0 (0 ^ t < co) (2.13)
j St

for every gr,, £ C"'° which, together with all its space derivatives, vanishes on S2 X [0, »)
and which has the property

On = S■ (2.14)

Then

fi = 0 on »Si X [0, °°). (2.15)
A corollary of Lemma 2.3 is:
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2.4 Corollary. Let f be continuous on Si X [0, <»), and suppose

[ If * (g,nd](x, t) dS = 0 (0 ^ t < oo) (2.1G)
«>Si

for every gt X C~'~ which, together with its space derivatives, vanishes on S2 X [0, oo). Then

/ = 0 on S, X [0, oo). (2.17)

3. The initial-boundary-value problem with mixed boundary conditions. The
fundamental system of field equations for linear coupled thermoelasticity, characterizing
inhomogeneous and anisotropic solids, is now stated for reference. Let V be the region
of space occupied by the solid and let 7 X [0, «=) denote the domain of definition for
all functions of position and time.

Let Ui(x, t), e,,(x, t), r,,(x, t), F, (x, t), g,(x, t), and t?,(x, t), in this order, represent
the Cartesian components of the displacement vector u(x, t), the infinitesimal strain
tensor e(x, t), the stress tensor -c(x, t), the body force vector F(x, t), the heat flux vector
q(x, t), and the thermal gradient vector *fr(x, t). Also let 0(x, t) denote the temperature
above a quiescent reference state T0 (a constant absolute temperature), and let ?j(x, t)
and H(x, t), respectively, be the specific entropy per unit mass and the rate of internal
heat generation per unit volume within the solid.

Then the strain-displacement and thermal gradient-temperature relations are

_ i— 2 + Uj.i) = ««,,■) (3.1a)

and

= 0,.- on V X [0, oo). (3.1b)

The equations of motion and of energy are, respectively,

Tn.i + Pi = PUi . r,,- = Ta , (3.2a)

and

Qi.i + pTov = H on V x [0, oo), (3.2b)

where p(x) is the mass density of the solid. Then introduce cijkl(x), A;,-,(x), ai,(x), Ce(x),
and Cr(x) as, respectively, the components of the isothermal elasticity tensor c(x),
the thermal conductivity tensor k(x), the thermal expansion tensor a(x), and the scalar
specific heats for zero deformation and for zero stress. The three sets of tensor com-
ponents, x.iu(x), X,:,(x), and j8,,-(x), will be termed the components of the isothermal
compliance tensor 2c(x)> the thermal resistivity tensor l(x), and the thermoelasticity
tensor [?(x). These quantities are related through

eijklJCkltnn t (3,3a)

j (3.3b)

Pa = Cijkiotki , (3.3c)

C. = CT - otijfiijTo/p on F, (3.3d)

and satisfy the symmetry conditions
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Cuki — Cjiki = Ckia , (3.4a)

Xijki ' Xjiftz ■ Xkia i (3.4b)

kij — ha , (3.4c)

= i (3.4d)

an = a,i , (3.4e)

fin = fin on F. (3.4 f)

The constitutive relations and the equation of state are then

Tij Ctjki@ki $ a 01 (3.5a)

<?. = —ha#,- , (3.5b)
and

pT0T) = pG.d + on V X [0, <»), (3.5c)

or, alternatively,

&ii "X-iiklTkl (3.6a)

#>• = ~, (3.6b)
and

pT0t] = pCTd + oLijToTu on V X [0, °°). (3.6c)

Associated with this system of field equations are the initial conditions

Ui(x, 0) = di(x), (3.7a)

Ui(x, 0) = v<(x), (3.7b)

and

6(x, 0) = d„(x) on V, (3.7c)

the displacement boundary conditions

u{ = Hi on Si X [0, oo), (3.8a)

the traction boundary conditions

Ti = Tiflii = Ti on S2 X [0, oo), (3.8b)

the temperature boundary condition

6 = 6 on Si X [0, <*), (3.8c)

and the heat flux boundary condition

Q = QiUi = Q on S2 X [0, co). (3.8d)

Here d, v, and d0 are the prescribed initial displacements, initial velocities, and initial
temperature distribution, while u, T, 0, and Q are the given surface displacements,
tractions, temperature, and normal heat flow.
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It should be noted that the boundary conditions prescribed above may be generalized
to include mixed-mixed conditions for tractions and displacements, as well as the more
general "radiation" type boundary conditions, such as the elastically supported surface
and the thermal convection boundary layer.

Analogous to the work of Gurtin [5], the smoothness requirements and other regularity
assumptions on the ascribable functions are introduced as hypotheses on the data:

(i) p > 0 is continuously differentiable on V;
(ii) c and x are continuously differentiable on V and satisfy (3.3a), (3.4a), and

(3.4b);
(iii) Cc > 0 and CT > 0 are continuously differentiable on V and satisfy (3.3d);
(iv) k, «, X, and 3 are continuously differentiable on V and satisfy (3.3b), (3.3c),

(3.4c), (3.4d), (3.4e), and (3.4f);
(v) d is continuously differentiable on V;

(vi) v and 80 are continuous on V;
(vii) F and H are continuously differentiable on V X [0, °°);

(viii) u and 8 are continuous on Si X [0, ») and Sj X [0, <*>), respectively;
(ix) T and Q are piecewise continuous on S2 X [0, ■») and S2 X [0, co) ( respectively.

With the specifications on the data cited above the mixed problem consists of finding
a set of functions [u, e, %, 8, ?/, q, O] on F X [0, ) which satisfies the field equations
(3.1), (3.2), (3.5), the initial conditions (3.7), and the boundary conditions (3.8).

The ultimate goal is to transform the foregoing statement of the mixed initial-
boundary-value problem into an equivalent variational formulation. To accomplish
this, it is convenient to define an admissible state, and then, in terms of admissible states,
a solution of the mixed problem. An admissible state, denoted as R = [u, e, t, 8, r\, q, A-],
is an ordered array of functions u, e, x, 6, rj, q, ft defined on F X [0, ®) with the prop-
erties:

(3.9)

(a) u< £ C1-', G C°'°, r.-.-GC1'0, 8 G Cuo,

vEc0-1, g.-ec1'0,

(b) e,-,- = e,i , TU = Tn on FX [0, co).

Addition of states and multiplication of a state by a scalar are defined by

R + R = [u + u, e -f e, t + x, 0+5,?; + ^,q-f-q,ft +■&] (3.10)

and

\R = [Xu, Xe, Xt, \8, X77, Xq, Xd],

In this way the set of all admissible states is a linear space.
A solution of the mixed problem is now defined as an admissible state R = [u, e, -c,

8, 7), q, ■&] which satisfies the field equations (3.1), (3.2), (3.5), the initial conditions
(3.7) and the boundary conditions (3.8).

4. Alternative formulations. Since a major motive for the recasting of the initial-
boundary-value problem of coupled thermoelasticity is to incorporate the initial con-
ditions explicitly into the field equations and into the functionals which arise in the
variational formulations, it is convenient to consider the Laplace transformation of
Eqs. (3.2). Using (3.5c) and (3.7)
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+ Fi + psdi + pVi = ps2Ui (4.1a)

and

qi.i ~ pcedo - PijTodi+ pToSij = H. (4.1b)

where a superimposed bar denotes the transformed function and s is the transformation
parameter. Solving (4.1) for w,- and rj, then applying the inverse transformation, yields

put = g * n,,, + /,• (4.2a)

and

pT„v = h - g' * Qi.i , (4.2b)
where the functions g, g', ft , and h are defined to be

g(t) = t, g'(t) = 1 (0 g t < <*>), (4.3a)

/,(x, t) = [g * F^x, t) + p(x)[to,(x) + rf,(x)], (4.3b)
and

h(x, t) = [g' * H](x, /) + p(x)Ce(x)0o(x) + ro/3,J(x)rf,-,)(x), (x, t) E V X [0. <*>). (4.3c)

The functions /,■ and /j are completely described by information relevant to the mixed
problem.

With these results in mind alternative formulations of the problem can easily be
made.

4.1 Theorem. Let £ C0'2, Tif £ C1'0, and suppose r,-,- = r,-,- . 77«en m, , r,-,- satisfy
the equations of motion (3.2a) as well as the initial conditions (3.7a) and (3.7b) if and only
if

9 * raj + fi = pu.i on V X [0, 0°). (4.4)

The proof of this theorem has been given by Gurtin [5].

4.2. Theorem. Let rj £ C0'1, q, £ C1,0, and suppose the equation of state (3.5c) holds
for t = 0. Then tj and qt satisfy the energy equation (3.2b) as well as the initial conditions
(3.7c) if and only if

h — g' * qi.i = pT0v on FX [0, oo). (4.5)

Proof. Suppose (3.2b), (3.7c), and (3.5c) (for t = 0) hold. Then (4.3a) implies

[g' * (H - ffi.OKx, t) = p(x)71„ f rj(x, r) dr
Jo

= p(x)T0t)(x, t) - p(x)T0r)(x, 0) (4.6)

= p(x)T0ti(x, t) - p(x)C.(x) 0„(x) - TSaix) dij(x).

Thus, and by (4.3c), equation (4.5) is met. Conversely, suppose (4.5) holds. Then, by
reversing the argument, and utilizing the definitions (4.3a) and (4.3c), it is directly
verified that rj, meet (3.2b). Since (3.5c) (for t = 0), (4.3a), (4.3c), (4.5) imply (3.7c),
the proof is complete.
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4.3. Theorem. Let R = [u, e, t, 0, ij, q, d] be an admissible state. Then R is a solution
to the mixed -problem of coupled thermoelasticity if and only if it meets the field equations
(3.1), (3.5), (4.4), (4.5), and the boundary conditions (3.8).

This result is a trivial consequence of Theorems 4.1 and 4.2.
As a result of this theorem, an alternative characterization of the solution to the

mixed problem of coupled thermoelasticity has been developed such that the initial
conditions are explicitly incorporated into two of the field equations.

By a displacement and temperature field corresponding to a solution of the mixed problem
is meant an ordered pair [u, 0] made up of a vector-valued function u and a scalar-valued
function 0 such that there exist functions e, -c, r], q, with the property that [u, e, x,
0, rj, q, d] is a solution to the mixed problem.

4.4. Theorem. Let u{ £ C2'2 and 6 £ C2,0. Then u, 0 is a displacement and tempera-
ture field corresponding to a solution of the mixed problem of coupled thermoelasticity if
and only if

and

and

(canUk.i — Pa 9) + /, = pUi (4.7a)

g' * (leu0,-,)„- + h = pCe6 + ToPijUtj on V X [0, «), (4.7b)
Ui = Ui on S, X [0, co), (4.7c)

{CiikiUk,i - J3./0K- = t; on S2 X [0, °°), (4.7d)

0=0 on s, X [0, co), (4.7e)

— kijd^ni = Q on So X [0, °°). (4.7f)

Proof. First suppose u and 0 meet Eqs. (4.7). Define e and ft through (3.1) and
-c, q, rj through (3.5). Then, and because of (3.4), the boundary conditions (3.8) are
met. Further (4.7a), (4.7b), (3.1), (3.4), (3.5) imply (4.4), (4.5). Thus, and by Theorem
4.3, [u, e, t, 0, t], q, d] is a solution to the mixed problem. Conversely, (3.1), (3.4), (3.5),
(3.8), (4.4), (4.5) imply (4.7) and the proof is therefore complete.

By a stress and heat flux field corresponding to a solution of the mixed problem is meant
an ordered pair [-c, q] made up of a symmetric second-order tensor-valued function t
and a vector-valued function q such that there exist functions u, e, 0, 77, # with the prop-
erty that [u, e, t, 0, t], q, tf] is a solution of the mixed problem.

4.5. Theorem. Let t,,- £ C2,0 and £ C2,0 with r,-,- - t,,- . Then t, q is a stress
and heat flux field corresponding to the solution of the mixed problem of coupled thermo-
elasticity ij and only if

~ (g * TUm,m + /(»)
_p

- (h - g' * gm.m) = x'iikiTki (4.8a)
,)> 10

and

= on FX [0, o=), (4.8b)a'uTu - (h - g' * qm,m)
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~p (d * Tn.i + /.) = Ui on Si X [0, °°), (4.8c)

r,= Ti = T< on /S2 X [0, eo), (4.8d)

-|r (h — g' * Qm.m) — oi'aTij —6 on §! x [0, oo)( (4.8e)

and

where

g.fti = Q = Q on S2 X [0, <»), (4.8f)

<{X) = p{x)cfx) ' X'im(x) = XW(X) ~ a-'(xKl(x)- (4"9)

Proof First suppose * and q meet Eqs. (4.8). Define u from (4.4), 77 from (4.5), 6
from (3.6c), e from (3.6a), and d from (3.6b). Then (4.8a), (4.8b), (4.8c), (4.8e), (4.9),
(3.6), (4.4), (4.5) imply (3.1), (3.8a), (3.8c). Finally (3.5) hold by virtue of (3.3), (3.6).
Thus, and by Theorem 4.3, [u, e, t, d, 17, q, tt] is a solution of the mixed problem. Con-
versely, (3.1), (3.3), (3.5), (4.4), (4.5), (3.8) imply (4.8) and the proof is complete.

The fact that the behavior of the stresses in linear elastodynamics can be char-
acterized by a single tensorial field equation, similar in form to (4.8a), is due to Ignaczak
[10]. Here, by (4.8a), (4.8b), this has been extended to the linear theory of dynamic,
coupled thermoelasticity.

5. Variational principles characterizing coupled thermoelasticity. The most general
variational principle to be considered here will be one in which the admissible states
(which constitute a linear space) are not required to meet any of the field equations,
initial conditions, or boundary conditions. A number of less general principles can also
be derived, depending on the extent to which certain of the requirements are taken to
be identically satisfied by the admissible states. Three principles will be formulated here,
corresponding roughly to the elasto-static variational principles of Hu-Washizu [11],
[12], Hellinger-Reissner [13], [14], and minimum potential energy [15].

For consequent use, recall from Eqs. (4.3) that

g(t) = t, g\t) = 1 (0 ^ t < 00), (5.1a)

/.(x, 0 = [g * Ft](x, t) + p(x)[fo,(x) + fA(x)], (5.1b)

and

h(x, t) = [g' * H](x, t) + p(x)C.(x)0o(x) + T0pii(x)d(,i(x), (x, t) £ V X [0, <»). (5.1c)

Also T and T shall be written for the traction vectors with components

Ti = r,,n, , Ti = fijHj , (5.Id)

and Q and Q for the normal heat fluxes given by

Q = q.ni , Q = §,n, . (5.1e)

5.1. Theorem. Let K be the set of all admissible states. Let R = [u, e, t, 6,77, q, ft] £ K,
and for each t £ [0, 00) define the functional Q, j •} on K by
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Vt{R} =\ f c'aki(x)[g * eit * ekl](x, t) dV - [ p(x)^,(x)[g * v * e,,-](x, t) dV
L J v J V

+ | Jy [g * V * f](x, 0 dV + | p(x)[u,- * M,](x, t) dV

_ I f hiM [g * g' * #. * ̂ .](x, t) dV - f [g * tn * e,,](x, t) dV
& J V 1 0 J v

- [ p(x)[g * r, * e](x, t) dV - f ~ [g * g' * g, * tf,](x, t) dV
J v J V 1 0

- [ Kg * Tfj.i + /,) * Mi](x, t) dV - f [g * (g' * ?<.,• - h) * 0](x, t) dV
J v J V •*- 0

+ f [g* Ti * M,-](x, t) dS + [ [g * (Tt - fx) * M,.](x, t) dS
J Si Jsa

+ f 7jT [g * g' * Q * 0](x, t)dS + f ~ [g* g' * {Q - Q)* 0](x, t) dS,
Js.Jo Js, Jo (5.2)

where

":'(x) = sJiwft'w (5-3a)
and

c,',u(x) = cim(x) + Pij(x)(}'kl(x). (5.3b)
Then

5J2,{.K} = 0 over K (0 5= / < <») (5.4)
if and only if R is a solution of the mixed problem.

Proof. Let R = [u, e, x, 9, r/, q, i>] £ K, from which it follows that R + A/i £ K
for every scalar X. Then, by (5.2), (2.7), (3.4), (5.Id), (5.1e), property (b) of admissible
states, the properties of the convolution, and the divergence theorem,

= f [g * (c'imeki - pp'nV ~ ri,) * Sij](x, t) dV
J y

+ I p(x)| g * (jt1 - Pi,ea - 6) * v[v p(x)£<7 * (jf1 - Pi,en - dj * v (x, t) dV

- [ wr [g * g' * CM.- + ?.■) * 0 dV
J v Jo

- f Kg * Ti,-,,- + /. - pw.) * m,](x, t) dV
J v

- f 7FT [g * (g' * Qi.i - h + pTov) * 9](x, t) dV
J v 1 0

[ [g * («(.-.,■> - e.i) * rif](x, t) dV
J V

+

+ [ [g * g' * (6,i - #i) * ?i](x, t) dV + f [g * (w,- - u.) * fj(x, t) dS
J V ■*- 0 J Si

+ f 10*(T<- T,) * m,-](x, t) dS + f ~ [g * g' * (6 - 9) * Q](x, t) dS
J S* «^Si J- 0

+ f b- [g * g' * (Q - Q) * B](x, t) dS (0 ̂  t < «,). (5.5)
S a J 0
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First suppose R is a solution to the mixed problem. Then, by virtue of Theorem 4.3,
(5.5) yields

=0 (0 ^ t < oo) for every R E K, (5.6)

which implies (5.4).
Now examine the "only if" portion. It must be shown that R £ K is a solution to the

mixed problem whenever (5.6) holds. Choose R = [u, 0, 0, 0, 0, 0, 0], and let u, together
with all of its space derivatives, vanish on S X [0, oo). Then, from (5.1), (5.5), (5.6),
follows

[ Kg * Tii.i + fi - PUi) * Wi](x, t) dV = 0 (0 ^ t < oo), (5.7)
J v

and (5.7) must hold for every u £ C1'2 with the foregoing properties. But this fact,
together with Lemma 2.1 implies the validity of (4.4). Next let R = [u, 0, 0, 0, 0, 0, 0],
but this time require only that u vanish on »S, X [0, oo). Then (5.5), (5.6), (4.4), and
Lemma 2.2 yield

g * (T- T,) = 0 on S2 X [0, »), (5.8)

and this result, because of (2.5), (5.1a), implies (3.8b). Now let R = [0, 0, 0, 9, 0, 0, 0],
and let 6, together with all of its space derivatives, vanish on >S X [0, oo). Then, from
(5.1), (5.5), (5.6) follows

f if- [g * (g' * - h + pT0ri) * 0](x, t) dV = 0 (0 I / < o), (5.9)
J v ± 0

and (5.9) must hold for every j G C1'0 with the aforementioned properties. This, to-
gether with Lemma 2.1, implies (4.5). Then let R = [0, 0, 0, 6, 0, 0, 0], but require only
that 6 vanish on §! X [0, oo). Then (5.5), (5.6), (4.5), and Lemma 2.2 imply

jr 9 * g' * (Q ~ Q) = 0 on S2 X [0, oo), (5.10)

and this result, with (2.5), (5.1a), yields (3.8d). Now let R = [0, 0, 0, 0, rj, 0, 0], and
suppose ij and all its space derivatives vanish on S X [0, °°). By (5.5), (5.6), and Lemma
2.1

g * (T0v/C. - fi',-e^ - e) = 0 on V X [0, ®). (5.11)

This, together with (2.5), (5.1a), (5.3a), implies (3.5c). Now let R = [0, e, 0, 0, 0, 0, 0],
and suppose e and all of its space derivatives vanish on S X [0, oo). Since R and R are
admissible, i and e are symmetric. Thus (3.4a), (3.4f), (5.5), (5.6), and Lemma 2.1 yield

g * (c'imekl — p/S{,ij — O =0 on F X [0, ®), (5.12)

and this fact, in view of (2.5), (5.1a), (3.5c), (5.3), implies (3.5a). Then let R = [0, 0, 0,
0, 0, 0,O], and supposed and all of its space derivatives vanish on S X [0, oo). Using
(5.5), (5.6), and Lemma 2.1 yields

br g * g' * (&.•,#,• + ?,■) = 0 on V X [0, °°), (5.13)
1 0

and this result, with (2.5), (5.1a), implies (3.5b). Next select R = [0, 0, x, 0, 0, 0, 0],
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where x and all of its space derivatives vanish on S X [0, °°), and using (5.5), (5.6), the
symmetry of t and e, Lemma 2.1, (2.5), and (5.1a), verify that (3.1a) holds. Then let
R = [0, 0, t, 0, 0, 0, 0], but now assume only that t and its space derivatives vanish on
$2 X [0, to). Then (5.5), (5.6), (5.Id), (3.1a), Lemma 2.3, (5.1a), and (2.5) imply (3.8a).
Then let R = [0, 0, 0, 0, 0, q, 0], where q and all its space derivatives are assumed to
vanish onSX [0, °°). Use (5.5), (5.6), Lemma 2.1, (2.5), and (5.1a) to show that (3.1b)
holds. Finally, let R = [0, 0, 0, 0, 0, q, 0], but insist only that q and its space derivatives
vanish on S2 X [0, <»). Then (5.5), (5.6), (5.1e), (3.1b), Corollary 2.4, (5.1a), and (2.5)
imply (3.8c). Therefore R satisfies (3.1), (3.5), (4.4), (4.5), (3.8), and hence from Theorem
4.2 R is seen to be a solution of the mixed problem, which completes the proof.

5.2. Theorem. Let K be the set of all admissible states that meet the strain-displace-
ment and thermal gradient-temperature relations (3.1). Let R = [u, e, -c, d, 77, q, #] £ K and
for each ( E [0, <») define the junctional ©, {•} on K by

®t[R\ = [ [g * th * e,-,](x, t) dV - [ p(x)[g * v * 0](x, t) dV
J v J V

~ 2 Ir x'iikl(-x* Tii * T*'^x' {S> dV ~ fr * v * TiiKx, t) dV

+ I fv [9 * V* i?](x, t) dV + | p(x) [w, * m,](x, t) dV

+ \ f b- [g * g' * ?.• * 0i](x, t) dV + \ f [g * g' * q{ * g,](x, t) dV
£ J y 1 0 ^ J V -L 0

~ f [/. * «i](x, t) dV + f [g * h * 6>](x, t) dV
J v J V 0

+ f [0 * - Ui) * rj(x, t) dS - f [g * ti * W,.](x, /) dS
JS1 Jsa

+ [ [g * g' * (0 - 9) * Q](X, t) dS - f ~r [g* g' *Q* 0](x, t) dS, (5.14)
^Si 0 Js2 1 0

where a',(x) and x'aki(x) are given by (4.9). Then

5©({#} = 0 over K (0 ^ t < 00) (5.15)

if and only if R is a solution of the mixed problem.

Proof. Let R — [u, e, x, 0, rj, q, fl] be an admissible state, and suppose in addition
that R + XR £ K for every scalar X. This latter condition is equivalent to the require-
ment that SGfc Then, from (5.14), (2.7), (3.1), (3.4), the properties of the convolution,
and the divergence theorem, follows

5,-,©<{^l = / [9* (en ~ XiikiTki ~ pa'av) * r,-,-](x, t) dV
J V

+ Iv P<-X-)[fir * _ a'iiTii ~ 6) * * (X' ̂  dV

+ f b-[g * g' * + x,,^,) * g,-](x, t) dV
J v J- 0
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~ [ [(9 * Tij,, + /,- - pUi) * Ui](x, t) dV
J V

~ f ^ Iff * iff' * ffi.i ~ h + pTov) * d](x, t) dV
J v 1 0

+ f [g * (w, - ui) * f,](x, t)dS+ f [g* (T, - rl\) * «4](x, t) dS
*> s ! S %

+ f 7fT [g * g' * 0 - d) * Q](x, t) dS + f [g * g' * (Q - Q) * 0](x, t) dS
1 0 J§,a J- 0

(0 g t < oo). (5.16)

If R is a solution of the mixed problem, then (5.16), because of Theorem 4.3, yields

5/i©t } =0, 0 ^ t < oo, for every R £ K, (5.17)

which implies (5.15). On the other hand (5.16), (5.17), Lemma 2.1, Lemma 2.2, Lemma
2.3, Corollary 2.4, (2.5), (3.1), and Theorem 4.3 imply that R is a solution to the mixed
problem, and the theorem is proved.

Another form of variational principle can be developed by requiring more stringent
conditions on the admissible states. Analogous to the notion of a kinematically admissible
state as used by Gurtin [5], a kinematically and thermally admissible state is introduced as
a state that meets the strain-displacement and thermal gradient-temperature relations
(3.1), the constitutive relations and equation of state (3.5), and the displacement and
temperature boundary conditions (3.8a), (3.8c). The variational principle based upon
such states represents an extension of the theorem of minimum potential energy.

5.3. Theorem. Let K be the set of all kinematically and thermally admissible states.
Let R = [u, e, *, 9, rj, q, ■&] £ K, and for each ( G [0, oo) define the functional $, {•} on
Kby

<M#} = | Jv [g * * e,-,](x, t) dV - | p(x)[g * v * 0](x, t) dV

+ \ f p(x)[m,- * M,](x, t) dV + ~ ~ [g * g' * Qi * i?,](x, o dV
Zj J V 4 J y 1 0

- [ Ui * w.](x, t) dV + [ ~ [g * h * 0](x, t) dV
J v J V J- 0

- [ [g* f, * «,.](X, t) dS - f br [g * g' * Q * 0](x, t) dS. (5.18)
J 5S «>Sa 1 0

Then

= 0 over K (0 ^ t < co) (5.19)

if and only if R is a solution to the m ixed problem.

Proof. Let R = [u, e, t, 6, rj, q, d] be an admissible state and suppose that

R + XJS G K for every scalar X. (5.20)

This latter condition is equivalent to the requirement that R meets (3.1), (3.5), with
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Hi = 0 on Si X [0, c°) (5.21a)
and

6 = 0 on Sj X [0, co). (5.21b)

Next use (5.18), (2.7), (3.1), (3.4), (3.5), (5.21), the properties of the convolution, and
the divergence theorem to verify that

8S$, {72} = - [ [{g* Tij.j + - pu.) * w,](x, t) dV
J v

- [ hr [g * (g' * Qi.i - h + pToV) * e)(x, t) dV
J v J- 0

+ f [g * (Ti — i\) * M,.](x, t) dS

+ /s 7jr [g * g' * (Q - Q) * S](x, t) dS (0 s t < <»), (5.22)

for every u; £ C1'2 and 9 G C1,0 which meet (5.21). First suppose R is a solution to the
mixed problem. Then (5.22), by virtue of Theorem 4.3, implies (5.19). On the other
hand (5.19), (5.22), Lemma 2.1, Lemma 2.2, (2.5), (3.1), (3.5), and Theorem 4.3 imply
that R is a solution of the mixed problem. This completes the proof.

6. Variational characterization of displacements and temperature. By an admissible
displacement and temperature field is meant an ordered pair [u, 0] such that the vector-
valued function u £ C1'2 and the scalar-valued function 6 £ C'1,0. The linear space of
interest here will be the set of all admissible displacement and temperature fields By
a kinematically and thermally admissible displacement and temperature field is meant an
admissible displacement and temperature field satisfying the boundary conditions (3.8a)
and (3.8c) on the displacement and temperature. It follows that, if [u, e, x, 6, r), q, #] is
a kinematically and thermally admissible state, then [u, 6] is a kinematically and ther-
mally admissible displacement and temperature field. Conversely, the latter assertion
implies the former when e, 0, t, 77, and q are defined through (3.1) and (3.5). Thus the
following corollary to Theorem 5.3 may be stated.

6.1. Corollary. Let K be the set of all kinematically and thermally admissible displace-
ment and temperature fields. Let [u, 0] £ K and for each t £ [0, °°) define the functional
Vt{-) on K through

<pt{vL, 6\ = | j cim{x)[g * Ui j * utiI](x, t) dV

+ | Jv p(x)[tt; * uj(x, t) dV - Pij(x)[g * Uij * 0](x, t) dV

- | Jr p(x)yo'(x) [g*e* *](x, /) dV - \ £ ^ [g * g'* e.t * *.,](*, t) dV

~ f [/. * w,](x, /) dV + f ~ [g * h * 0](x, t) dV
J v J V J- 0

- [ [g * f, * m,](x, t) dS - f ~ [g * g' * Q * 0](x, t) dS. (6.1)
J- 0
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Then

8<p,{u, 6} = 0 over K (0 ^ t < °°) (6.2)

z/ and orafo/ if u and 6 are displacement and temperature fields corresponding to a solution
of the mixed problem of coupled thermoelasticity.

7. Variational characterization of stress and heat flux. By an admissible stress and
heat flux field is meant an ordered pair [t, q] such that the symmetric second-order tensor-
valued function t £ C2,0 and the vector-valued function q £ C2,0. The linear space
basic to the development here is the set of all admissible stress and heat flux fields. By a
dynamically and energetically admissible stress and heat flux field is meant an admissible
stress and heat flux field satisfying the boundary conditions (3.8b) and (3.8d) on the
traction vector and normal heat flux.

7.1. Theorem. Let K be the set of all dynamically and energetically admissible stress
and heat flux fields. Let R = [-s, q] £ K and for each t £ [0, °°) define the functional A, {•}
on K through

= \ [ xWx)[r„ * T„](x, t)dV + f ^4# [T«j * (h - g' * t) dV
£ J \r J v J- 0

~ 11 w *qi *9i](x't] dV + i IJd19 ** Tim'm](x'0 dV

- 11 p(x)c!(x)T. w "»' « dr

■-1 is ['■ • "dV + /„ pWcW„ |s' *1 () 47

- f [u{ * T,](x, t) dS - f ~[g' * 6* Q](x, 0 dS, (7.1)

where (x) and x'ijki(x) are given by (4.9). Then

SA,{£} = 0 over K (0 g t < <») (7.2)

i/ and only if t and q are stress and heat flux fields corresponding to a solution of the mixed
problem of coupled thermoelasticity.

Proof. Let R £ K so that

ti = T;,n,- =0 on S2 X [0, «,) (7.3a)

and

Q = hni =0 on §2 X [0, °o). (7.3b)

It follows that R + \R £ K for every scalar X. Then, by (7.1), (3.4b), (3.4d), (3.4e),
(2.7), (7.3), the properties of the convolution, the symmetry of t, and the divergence
theorem,
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>(x,t)dV3jjAj{-SJ = J + jT" (h — d' * — [<7 * T (,m, m + /(i]^,) j * Tti

~f~ J jt~ @ 9 *
* t\(x, t) dS

^aQi qMx, t) dV

+ J (g * Tij,,- + /,) — Ui

+ fr'JSi 1 0
~7T (h — g' * Qi,i) -

.ptr
Q((x, t) dS, 0 g i < 0° , (7.4)

for every R G K. If R corresponds to a solution of the mixed problem then (7.4) and
Theorem 4.5 yield (7.2). On the other hand (7.2), (7.3), (7.4), (3.4), the symmetry of
-c, Lemma 2.1, Lemma 2.3, Corollary 2.4, (2.5), (5.1), and Theorem 4.5 imply that R
is a solution to the mixed problem. This completes the proof.

In closing we note that extensions of these theorems to a theory of time-invariant
thermoviscoelasticity, in which the mechanical properties are independent of tempera-
ture, are easily obtained. Because of the strong thermal dependence of the relaxation
moduli of a real viscoelastic material, such a theory is felt to be of little significance.
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