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1. Introduction. The purpose of this paper is to lay a foundation for the formal
analysis of patterns. It is hoped that such an analysis would be of help in trying to
recognize patterns.

What, then, is a pattern? Or, rather, what should we make the term signify? If words
mean anything, it may be instructive to take a look at some of the words one uses for
this notion.

In everyday language we use the word a great deal, allowing it to mean many dif-
ferent things. The most usual meaning of the word is perhaps "design" or "style of
marking", but it can also mean "sample" or "copy". The French "dessin", German
"Muster" and Swedish "monster" can mean design but have, in addition, a flavor of
something desirable, something one ought to imitate. The same is true of the Greek
"irapaSeiyna" and the Latin "exemplum", while the Russian "maGaoii" indicates some-
thing that can be copied and reproduced in numbers. This double meaning gives us a
clue: we shall have two types of pattern analysis. One of them is descriptive; it attempts
to describe patterns mathematically and to study recognition processes observed in
nature. The other is normative; given certain patterns, how do we construct recognition
processes that are best (or good) in some sense? While being aware of this distinction, we
shall try to develop a single mathematical theory that can be used for both purposes.

The word "pattern" is also used abundantly in the extensive literature on pattern
recognition. There it is given a more precise meaning, but one that varies from case to
case. The most usual one is perhaps that of alphanumeric symbol: letters and numerals
from some specified writing system. Indeed, a considerable part of work dealing with
pattern recognition has concerned itself with the problem of how to achieve automatic
recognition of typed, handwritten or handprinted characters. In the same category we
find the study of Chinese ideographs or other man-made symbols intended for communi-
cation, such as Morse code. A different sort of pattern is found in the study of finger-
prints, electrocardiograms (ECG) and speech: these are natural phenomena that we
wish to analyze into basic components.

Our goal is to develop a model flexible enough to make it possible for us to discuss
patterns in general: to give us a precise language in terms of which we shall be able to analyze
and describe patterns.

By patterns we shall understand the following. Starting from a set of objects (called
images) and a set of rules by which we can transform an image into others, we shall
say that two images are similar if one can be transformed into the other by applying
some of our rules successively. By a pattern we could mean a class of mutually similar
images. We shall use a more general definition below, but already this narrower concept
should give a good indication of what we are looking for.

The images are formed from certain primitive building blocks or atoms that we shall
call signs. We are allowed to combine signs according to certain rules that will be dis-
cussed in detail below. It will often be natural to group these signs into disjoint categories,
called subroutines, and the analysis of a pattern will proceed through the images of which
it consists, representing each image in terms of subroutines and signs.

A large part of current work in pattern recognition deals with the construction of
learning algorithms. Starting from rudimentary assumptions about the set of objects
being observed, the algorithm should modify itself successively as more experience is
being collected. As time goes on the algorithm should learn to distinguish between dif-
ferent patterns more and more accurately. The uncertainty involved here is often
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described in statistical terms and much of this research effort could be classified as studies
of sequential decisions functions. Note that very little structure is assumed about the
patterns in such studies.

Our approach is different. The idea of sequential decision is certainly of general
relevance in pattern recognition and especially so when we deal with patterns that are
not well known beforehand. It is only part of the picture, though. The author believes
that in order to be able to find efficient recognition schemes we must be prepared to
devote more study to the origin and generation of the objects that we observe. Thus we shall
base the construction of the recognition algorithm on analysis of the patterns, tailored
after the particular case in which one happens to be interested. In each such case we
shall restrict our attention to certain algebraically defined patterns. Similar ideas can
be found scattered throughout the literature on the subject, but they are seldom pursued
systematically. An unusually precise formulation of this idea can be found in Narasimhan
[1], where bubble chamber tracks are analyzed into components.

In this paper the emphasis will be on the analysis part of the problem. Once this is
clear it is hoped that we shall have a tool useful also for sequential procedures; the latter
will not be studied here.

The way in which we try to build a mathematical model of patterns will of course
lead us to algebraic considerations. But we can also look upon it from another angle.
We introduce images (and operations upon them) not just through enumeration but by
specifying rules for generation and transformation. A reader familiar with current trends
in linguistics will see that the approach has a great deal in common with generative
grammars. He may wish to think of the subroutines of signs as related to linguistic
concepts such as morphemes, verbs, nouns and higher syntactic categories. If we deal
with reasonably complicated classes of images, it is clear that we can hope to describe
them more economically by giving the rules of generation rather than by presenting a
long list of images. To cite a famous linguistic dictum—"make infinite use of finite means".

But let us not claim too much. The sort of patterns we have in mind may be difficult
enough to handle, but their complexity does not approach that of natural language.
Natural language, with its almost unlimited capability of expressing the products of
human intelligence, has a logical structure that is so much richer than that of the patterns
we are studying that a direct comparison would not be fair. A better analogue might
be some of the formal languages. The mere fact that we are at all able to analyze our
patterns in a precise way indicates that our structures are simpler than those of the
linguist.

Anyway, our approach, as well as the concepts and terminology we are going to use,
is influenced by linguistics. We shall call the different models to be developed grammars
of patterns. Admittedly, these grammars bear only superficial resemblance to those of
the linquist, but the attitudes they represent are similar. Such a grammar shall specify
the medium in which we work—the signs—as well as the rules of generating images. But
this is not enough. We also must prescribe rules for transforming images, the similarity
transformations. The latter rules will tell us to what pattern a given image belongs and
it may be tempting to look upon them as means to extract the meaning of the observed
image.

The model that we have sketched roughly above is quite general. In this paper,
however, we shall restrict it considerably by assuming that the rules of transformations
simply consist of a group G of transformations. Even with this restriction the grammars
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obtained covcr a number of widely different cases. Similarity now means invariance
with respect to G, and we recognize equivalence classes, etc. Behind this there is a long
history of models where invariance plays the main role. In physics we have the theories
of relativity and in geometry Klein's Erlanger Program under the motto: "Geometrische
Eigenschaften sind durch ihre Unveranderlichkeit gegeniiber den Transformationen der
Hauptgruppe characterisiert." Let us also remind the reader of Herman Weyl's beautiful
book on symmetry, where he tries to describe the aesthetic quality through invariance
and repetition (but not quite). Perhaps the closest model is from the theory of perception;
see the celebrated paper by Pitts and McCulloch [1], and a recent attempt to analyze
visual perception by Hoffman [1],

The linguistic (or algebraic) model described above will be denoted by g. If g is
specified in a sufficiently simple way, we can look for recognition algorithms to classify
the images of g according to what pattern they belong to. In principle this is easy, at
least if we do not go into the question of decidability. In this paper we shall not take
a finitistic attitude, and decidability will not be discussed. In the opinion of the author
a more serious deficiency is that we have not tried to measure the amount of computation
that would be required to implement any particular recognition algorithm using given
means of computation.

Unfortunately, real life patterns can seldom be described through such a grammar.
Instead, we shall let g represent only the first stage of the analysis and we shall call it
a pure grammar, with pure images and patterns. In the next stage we add to the grammar
a deformation mechanism £> mapping the set 3 of pure images into a set 3® of deformed
images. Usually 3® is much larger and includes 3. The procedure of recognition then
looks as follows:

(i.D
We start from some image 7 in the pure pattern <Pr , then 7 is deformed into 7®. The
only thing that we can observe is 7® and the recognition function <t> should map 7® into
the set of pure patterns. Of course we want <f> to be good in some well-defined sense, but
more about that later. It is first when we take the deformation mechanism into account
that the model attains its full flavor of pattern analysis. This model will be called a
deformation grammar and denoted by gdef • In the terminology of de Saussure, Q would
correspond to "langue" and gdet to "parole".

It is still not clear how we can compare two alternative recognition functions 4>,
and <t>2 ; which one should be considered better than the other? If the set 3® of deformed
images has a metric and if 3 C 3®, it may appear reasonable to ask that the recognition
function should recognize that (or those) pure images and pattern(s) that are at the smallest
possible distance from the observed image 7®. Behind this argument there is obviously
some idea that small deformations in 3) are more likely (in some unspecified sense) than
large ones. This idea will be followed up below by introducing the notion of effort of
deformation. A deformation with a metric as above will be called a metric deformation
grammar and denoted by gmet .

The trouble with the metric deformation grammar is that it assumes that we are
given a metric naturally belonging to the deformation mechanism. If we do not have
access to a metric tailored to the grammar then we must look for other avenues of
approach.
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A most promising but also rather difficult way out is to postulate the existence of a
probability distribution P on the set 2D of all deformations. It should be borne in mind
that if we aspire to some degree of realism when building such a probabilistic deformation
grammar gprob we must be prepared to deal with some rather sophisticated statistical
structures. Actually, the sort of problem met with will then be of the type "inference
in stochastic processes", if "stochastic process" is interpreted in a very broad sense.
Indeed, we may now look upon 3, the set of pure images, as a parameter space, and
upon 3®, the set of deformed images, as the sample space. The recognition problem then
appears in the guise of an estimation or multiple decision problem with certain invari-
ances. Both the parameter and the sample space can be extremely complicated; note
the way in which they have been constructed starting from the original signs. We
could not hope to be able to deal with this large family of models merely by applying
decision theoretic techniques in a routine manner. On the contrary, much of our effort
will be spent in formulating such models in concrete cases, to make them flexible enough
to fit real patterns. We have a long way to go before we have such an arsenal of tools,
and this paper should be considered only as the first systematic attempt to arrive at
this goal.

The set of probabilistic deformation grammars presents us with an arsenal of attrac-
tive models. It should not be assumed, however, that a gprob is always the thing to look
for. It may very well happen that it does not make sense to impress any probability
measure P on 3D, or, in case it does, it may be hard to find P. Actually, this last problem
(exploratory grammar) is of considerable practical interest, but will not be pursued
systematically here.

Let us take a look at the content of this paper. It is divided into four parts. The
first two of these deal with pure patterns and the last two with deformed patterns. The
first two are quite elementary and only give a simple and natural background to parts
III and IV.

We start in sections 2 and 3 by introducing, in a precise manner, what we mean by
subroutines and configurations, and discuss the rules of generating the image algebra:
the set of objects that we can observe. One has to be careful here to distinguish between
the way of generating these objects and what properties of the objects that are available
to the subject who plays the role of the observer. This distinction forces us to formulate
explicit rules of identifying configurations: if two configurations cannot be distinguished
by the observer, we will consider them identical even if they have been generated in
different ways. This leads to the concept of an image, incorporating all the observable
quantities.

Let us try to analyze the observable images into constituent parts. This will param-
etrize the images and we look for parameters that are sufficient for this but at the same
time are as simple as possible. It may happen that these parameters can be chosen as the
signs of the configuration. If so, then we may be satisfied, but in general the signs are
not observable themselves. It is then necessary to look for other representations of the
image and this will be studied in section 3, especially when the representation can be
expressed in terms of the subroutines of the configurations. This problem requires more
attention than we have given to it.

By a pattern we shall mean a set of images which is invariant under similarity trans-
formations. To exemplify this, let us choose these sets as the equivalence classes modulo
G. We could then write the set (P of patterns as <P = 3/(7. Very often in this paper we
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shall assume that the patterns have been introduced in just this way; the reader should
realize, however, that it is a special class. At any rate, in section 5 we study the notion
of patterns and discuss how to recognize the pattern to which an observed image belongs.

Up to here the discussion has been general and a bit abstract. In Part II we shall
study particular grammars of patterns, and we start in section 6 by examining some
practical cases. We do not intend to study any of them in detail; we merely want to give
the reader some feeling for what sort of models may be required. In sections 7-12 we
present a number of such models, but, of course, this list is far from complete.

The simplest possible case, that of -permutation patterns, is considered in section 7.
This section serves mainly to make the reader familiar with the application of the general
notions from Part I.

In section 8 we get to more interesting structures, models for line patterns. Both
Euclidean and differential line patterns seem to present useful and flexible models and
should be developed further. Especially, one should be aware of the importance of the
singular points of the patterns for recognition purposes, both in pure and deformation
patterns.

Set patterns, for which the boundary of the image is well described through a tractable
grammar, are discussed in section 9. Actually, such problems are best expressed in the
terminology of line pattern grammars, and that is the approach which we shall choose.

By a natural generalization we get from line patterns to the important class of
boundary patterns (see section 10). Here we start from the specification of certain
boundary conditions, which play the role of the singular points earlier. In addition, we
must prescribe what subroutine has generated the sign associated with a given boundary
condition.

An even more general notion is that of contrast patterns, which includes all the cases
that we have discussed. Admittedly, it is a natural model only when its basic elements,
the background and contrast, are simple enough. This is the topic of section 11.

Finally we examine some non-commutative algebras forming the time patterns of
section 12. This concludes our treatment of the pure images and patterns.

In this way we have arrived at a natural and attractive model of pure patterns.
Although it is certainly far from complete, its main outline is clear and simple. When
we turn to deformed patterns, and these are the truly important ones from a practical
viewpoint, we meet difficulties of a different magnitude. At the same time we meet a
number of exciting problems that present a challenge to the model builder as well as
to the pattern analyst.

In Part III we shall formulate some deformation models and indicate how these
models can lead us to sensible recognition algorithms. But first we must get some idea
of how such deformation grammars can be constructed, and this is discussed in general
in section 13, as well as desirable qualities for the recognition functions such as invari-
ance of different kinds.

When we are given a distance function in the image algebra 3® we can study minimum
distance recognition. Of special interest is the case in which the recognition function
is invariant, since then our mapping leads directly back to pure patterns rather than via
the detour of a pure image. Sometimes the distance can be introduced in a convincing
way through an effort function on D. This describes how different deformations may
require different power, energy, etc.

In section 15 we get to the core of the theory: the probabilistic deformation grammars.
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Now it depends on what sort of a priori knowledge we have concerning the frequency
of occurrence of the different grammatical entities. If we know both the frequencies
of the pure images and of the various possible deformations things are simple, at least
in principle (computationally they may be cumbersome). Unfortunately, the first of
these distributions is likely not to be known; it may not even make sense to talk about
it. Instead we may only know the distribution of the pure patterns, and then it takes
some care in formulating the problem of optimum recognition.

Once this problem is well understood we can go ahead to study particular cases,
which is done in Part IV. It is not very profitable to do this in abstracto, but a few
general principles are advanced in section 16. These will not lead to completely specified
probabilistic deformation grammars, but serve only as a guide in choosing the form of
the model.

This is illustrated for permutation patterns in section 17, and it is shown how some
reasonable recognition schemes for such a gDr(>b can also be viewed as originating from
a gm.t with the criterion minimum distance recognition. This reduction has also been
carried out in some of the following sections.

Now the grammars become more sophisticated. To reduce the recognition to as
tractable a form as possible, we shall look for simple parameters that may describe the
deformed images only partially but contain all the relevant information as far as recog-
nition is concerned. This will be done for some probabilistic deformation grammars,
both for Euclidean and differential line patterns, in section 19. In that connection we
also treat some set and boundary patterns, especially the case in which the signs are
given as convex sets and the image algebra 3 d is of a quite different nature from that
of 3 and does not contain the latter.

In a sense the contrast patterns are the most general ones of those that we study.
Therefore it seems reasonable to pay special attention to their deformation grammars.
A few such grammars are studied in section 19, both when the background space and
when the contrast space are subject to deformation. We shall find some remarkably
simple reductions to recognition by maximum correlation, etc.

The only non-commutative image algebra that we have investigated is that of time
patterns. A few probabilistic deformation grammars for time patterns are suggested
and analyzed in section 20. One way of doing this is via the notion of subjective time.
Another is by allowing the machine producing the subroutines to be imperfect: this intro-
duces deformations in a way that is believed to have considerable interest.

The many deformation grammars suggested in Part IV should help the reader to
see the possibilities of the present approach to pattern analysis. It is also clear, though,
that this is only a beginning, and that we probably need grammars that are a good
deal more sophisticated than these to tackle the really hard pattern recognition prob-
lems with success.

The restriction of these grammars to groups of similarity transformations is severe.
The author is working on more general grammars in which this restriction has been
removed; this work will be reported in a separate publication (Grenander [2]).

Several other parallel studies are in progress. One, in cooperation with W. Freiberger,
is concerned with computer realization of certain probabilistic deformation grammars.
After generation, the images will be displayed on the CRT of an I.B.M. 2250 (see Frei-
berger and Grenander [1]).

A more general treatment of patterns (not assuming similarity groups) will appear
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(Grenander [3]) in which a series of particular patterns appearing in applications will
be discussed.

Part I. Pure Patterns

2. Signs and Configurations. The elements from which we start when forming pat-
terns will be called signs. The single sign, generically denoted by s, from the set S of
all signs that we consider, is quite arbitrary in character. This and other notions to be
introduced here will be exemplified in Part II; here we will deal with them abstractly,
and we only require that they satisfy some general and innocuous conditions. Let us
think, however, of the sign being produced by a machine of some kind. By manipulating
the controls of the machine we get as output the various signs that we need to generate
our patterns.

In a practical study of patterns the signs are usually not given to us a priori and we
may have considerable leeway in choosing them. To help us choose we may use criteria
such as:

a) the signs should be as simple as possible in some sense
b) the number of signs should be small
c) the ensuing analysis should be simple
d) the signs should have a direct interpretation in subject matter terms.

Since these and other related and reasonable criteria may be antagonistic to each
other, it can very well happen that they do not lead us to a uniquely determined set
of signs. Instead, the choice becomes a question of convenience and of the degree of
approximation to which we aspire.

What sign will be produced by our machine will depend upon what program we feed
into it. Say that we have certain subroutines available, labelled <r, where a is chosen
from some set 2. Any sign s £ S shall be generated by one and only one subroutine:

(2.1) s -» <j(s) £ 2.

On the other hand, we do not assume that knowledge of <r(s) determines s. On the con-
trary, the subroutine of a given sign usually contains only crude information, easily
discernible, about the sign. The set of signs belonging to subroutine a will be denoted
by . Sometimes it will be convenient to allow for the existence of the empty sign
(or null-sign), denoted by 4>.

What do we do with our signs? Well, first of all we can take a sign, change it in
some way and display it in its new inflected form. In other words, we possess trans-
formations that take signs into signs, and we shall assume that they are defined through-
out S. Actually, this is not always the case: in a more general model we would ask
only that each of our transformations be defined in some subroutine, or they may be
mappings of the form

(2.2) S„ X S.. X • • • X Stm -> S. .
It is adequate for the present purpose, though, to assume that what we shall call a
similarity transformation should be defined in the whole of S.

The similarity transformations will form a group under the usual composition of
transformations. Again, this is really too drastic an assumption for the general theory
of patterns, but it will simplify much of what follows and lead to basic and elementary
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notions, while at the same time the model is wide enough to be able to deal with a
multitude of concrete cases.

Finally, we shall ask that the subroutines S„ have a certain stability in the sense
that they are invariant with respect to similarity transformations. Denoting the
similarity transformation by g, the element of a group (?, we should have

(2.3) gs £ S. if a £ S. .
In the empty sign 4> we adopt the convention g4> = 4>, V g £ G.

Let us sum up what we have discussed so far in

Postulate 2.1 on signs. The set S of signs is divided into subsets S,, a £ 2, the subroutines,
so that different subroutines have no sign in common except for the empty sign <£. The set G
of similarity transformations forms a group and the subroutines are invariant with respect
to G. Any g £ G is defined on S; g<l> = V g £ G.

Two signs Si and s2 are said to be similar if there is a similarity transformation g £ G
such that Si = gs2 ; this is written as sx = s2 (mod G). The reader can now see why it
was convenient to assume that G is a group: the similarity relation becomes (a) reflexive
s = s (mod G) (b) symmetric Si = s2 (mod (?) —» s2 = Si (mod G) and (c) transitive
Si - s2 (mod G) together with s2 = s3 (mod G) —* Si = s3 (mod (?). This means that it
is an equivalence relation so that S is divided into disjoint equivalence classes. From
each equivalence class let us select a representative, a template. For the moment we
do no" iiave to bother about how this should be done, but we assume that in any case
we //.eal with some sort of standardization technique which has been developed. Once
this is done it leads us to a unique analysis of any given non-empty sign s —> (t, g),
where t is a template and s = gt.

The next stage in the construction of our model starts from the set of all finite ordered
sequences of signs: c = (st , s2, • • • s„), sx, s2, •••«„£& The reason that we consider
only finite sequences is simply that we wish to void topological complications. At
present there is nothing finitistic in the approach. On the contrary, it will probably
turn out to be convenient to extend the model to one that admits infinite sequences
of signs.

The machine producing the signs may be able to produce only certain sequences c,
or, from another point of view, only certain sequences may appear as meaningful to us.
To answer the question of what sequences should be considered meaningful we must
appeal to some set (R of rules. The sequences accepted by (R will be called the grammatical
configurations and the set of all of them is denoted by C. We impose certain mild re-
strictions on (R through the following

Postulate 2.2 on configurations. The set C defined through (R shall have the properties

i) if c = (sj , s2 , • • • s„) £ C then gc = (g-sx , gs2 , • • ■ gs„) £ C for every g £ G.
ii) if (sj , s2 , • • • s„) £ C then (sa , sa+1 , sa+2 , • • • Sp) £ C for 1 < a < /3 < n.
iii) (40 £ C.
Of course, it can happen that (R does not restrict C at all, so that all finite sequences

of signs from S are considered as meaningful. We then speak of free configurations. In
this paper we shall focus our attention on the free configuration case, but the reader
should be aware that occasionally we may have to impose further restrictions to arrive
at interesting structures.
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If c = (sj , s2 , • • • sm , sm+l , • • • s„) G C then we shall write c = ct + c2 with =
(sx , s2 , • • • sm) G c, c2 = (sm+1 , sm+2 , • • • s„) G C. Also c + <#> = <j!> + c = cfor any
configuration c£C.

Here signs play the role of atoms; they have no inner structure. Sometimes, however,
we may form our signs from more elementary signs. Then we would have a hierarchic
ordering of signs. The reader may wish to think of the signs as corresponding to the
words of natural language from which syntactic notions may be formed on different
levels of logical complexity. The subroutines may then be taken as nouns, verbs,
adjectives, etc. This linguistic parallel will not be explored in this paper, and is mentioned
only for its possible suggestive value.

3. Images. In the third step toward the completion of our grammar, we intro-
duce the observer. When confronted by configurations from C he may not always be able
to distinguish between different configurations. Two configurations, c = (Si , s2, • • • sn)
and c' = (s(, s2 , • • • s„'), may carry the same meaning to him although they are different
considered as ordered sequences of signs. He identifies them, and we shall write this
cRc'. The relation R will be assumed to satisfy

Postulate 3.1 on images. The identification relation R shall be such that

i) if cRc' then gcRgc' for any g G G.
ii) if c = Ci + c2 , c' = c[ + c2 , where all the c's are from C, and if cx Rc[ for i =

1, 2, then cRc'.
iii) R should be an equivalence relation.
iv) if no subroutine of c is equal to any subroutine of c', then either c$c' or c = c' = <t>.

The intuitive motivation behind our choice of the three postulates will be clear after
examining some special cases in Part II of this paper.

Theorem 3.1 Consider a set C of free configurations and the set 3 of all equivalence
classes I generated by the identification relation R. On 3 is defined a unary operation gl
and a binary operation I, + I2 such that

i) I forms a semigroup ivith unit under the binary operation.
ii) the distributive law gr(Zi + /2) = glt -f- gl2 holds.
iii) the associative law gi(g2I) = (<7i<72) I holds. The classes I will be called images.

Proof: Because of (iii) of Postulate 3.1 the classes I are well defined, disjoint and
cover the whole of C. If c = (st , s2 , • • • s„) G I we define gl as the image containing
the configuration gc = (gSi , gs2 , ■ • • gsn). This definition is unique because of (i) of
the postulate. If cx G Ii and c2 G 12 then we define /, +12 as the image containing the
configuration c, + c2 . The definition is unique because of (ii) of the postulate. Since
composition of configurations is associative, the same is true for images. Hence I forms
a semigroup. The image E containing the configuration (<p) is a unit element of the
semigroup. The distributive (ii) and associative (iii) laws follow from the fact that they
are true for configurations.

After identification C turns into 3, an image grammar (image algebra). The mathe-
matical properties of 3 bear some resemblance to a vector space and more to a module.
Note, however, that G does not necessarily form a field or ring.

Let us turn for a moment to the important case when the image grammar 3 is com-
mutative so that I,. + I2 = 12 + /1 holds. Consider the set C„ of all free configurations
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with signs from the subroutine a. After identification it turns into a subset I, of I.
Since C, is a sub-semigroup, the same is true of I,. For configuration c = (Si , s2 , ■ • ■ sn)
G C we can form the configuration c = (stl , s,-, , • • • sik) consisting of those signs sit ,
s.-. > • •' sik that belong to subroutine a. The corresponding image I „(c) is in I, and
I = /„,(c) + Ic,(c) + • • • where the composition is taken over the possible subroutines
<ri , <r2 , • ■ ■ . Of course many I Ac) may be equal to E. We have then represented the
original image as a composition of its subroutine parts, but it should be noted that this
representation is not always unique, since it depends upon what c and I we have started
from. We will return to such representations in section 4.

It can happen that a configuration c = (sj • • • s„) is identified with some
c' = (s[ • • • s„) with fewer signs, m < n:c simplifies into c'. The following is not unusual,
as we shall see later on. Consider a free commutative image algebra I and two configu-
rations c and c' that each can be simplified into single signs and such that the set of signs
common to c and c! also simplifies into some single sign: assume that it then follows that
the configuration consisting of all the signs appearing in c or c' simplifies into some single
sign. If this is true, we say that the signs in S are collapsible. We can then repeat this
process until we arrive at a configuration that cannot be simplified any further. Apply-
ing the simplification procedure in a different way, however, we may arrive at different
end results.

Let us end this section by considering generation of sets of images in analogy with
vector spaces. Let II be a subset of 3 and introduce the set II" consisting of all images
of the form

(3.1) gJi + gjz + • • • + gnI„

where n is arbitrary, gk £ G, Ik £ H, k = 1,2, • • • n. The images in H° are those
spanned by those in H. In particular we shall be interested in the sets /„ = Si spanned
by all the signs from a certain subroutine a.

Definition 3.1 By the dimension Dan (3) o/ 3 we shall mean the smallest integer n
such that there exist II , I2 , • • • In for which 3 = {, 72 , • • • /„} In case there is no
such n the dimension is said to be infinite. The set {Ix , I2 In) is called a basis of 3.

If the set S can be analyzed in terms of a finite number of templates, then I has
finite dimension. The opposite need not hold, but, if not, then the choice of signs has
not been made in an economical way.

Definition 3.2 The images 7i , /2 , ■ • • In are said to be independent if for no m < n
does there exist a set H — {I[ , I2 , • • • I^\ such that [Ix , I2 , ■ ■ • /„} = 11°. A set
{/j , 12 ,•••/„} is said to be minimal if it has no proper subset K with Ka = {Zx, I2 , • • •/„}.

A basis always consists of independent images.

Theorem 3.2 If the non-null images I„ £ 3„„ , v = 1, 2, ■ ■ ■ n, where all the a, are
different subroutines, then the set {Ix , /2 , • • • /„} is always minimal.

Proof: Let I[ , I'2 , ■ • • 11 (m < n) be a subset of {II , I2 , • • ■ I,,} such that

Ih — ffn I'i + g 12I2 + • • • + gvJl
(3.2)

u» = gnJ'i + 012^2 + • • • + gnmIm
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Represent the I, and by configurations c„ and . Then the above equalities hold
when images are replaced by configurations and the equality sign by the relation R. It
follows from (iv) of Postulate 3.1 that at least one of I[ , I'2 , ■ ■ ■ must be in , at
least one in I, and so on. But this is impossible for m < n, so the /Ms must form a
minimal set.

Extending the definition of similarity from signs to images, we shall say that two
images /> and /2 are similar if there exists a similarity transformation g £ G such that
11 = (jl2 •

4. Representation of Images. It is inherent in the definition of an image that the
identification mapping C —» I need not have (and usually does not have) a one-valued
inverse. We must therefore look for ways of analyzing images into certain configurations
in as simple and compact a way as possible. For this sort of morphology of images we
need a notion of simplicity of a configuration.

Let us assume for the moment that the elements of C are partially ordered by a
relation "<" in that for any pair of configurations c and c' from the same image we
have either c < c' or c' < c or both. We may not be able to compare configurations
from two different images. Add to this the lattice property that in any set K of con-
figurations of one image there is at least one element c0 £ K such that c0 < c for all
c £ K: c0 is at least as simple as any other configuration in the image. As an example
the reader may think of the ordering introduced as c < c' if the number of signs in c does
not exceed that in c'. More generally, we may have additive complexity: the complexity
of c is the sum of the complexities of its signs.

From any image I £ 3,1 C C we can then select a configuration c, at least as simple
as the other configurations in the same image. This defines a mapping n: C —* C, putting
n(c) = C/ if c £ /, with the properties

(i) /n is an image preserving mapping in the sense that /x(c) = n(c') implies
n (gc) = n(gc') and /x(c.) = /u(c<), i = 1, 2, implies ju(ca + c2) = n(c[ + c'2).

(4.1) (ii) fi is idempotent: ^(ju(c)) = n(c).
(iii) n is monotonic: n(c) < c.
(iv) p. preserves subroutines partially: n(c) has at least one subroutine in common

with c.

Indeed, if n(c) — m(c') then c and c! belong to the same image I, so that for any g £ G
the configurations gc and gc' belong to gl and n{gc) = gc') = cgl . Similarly, if yu(c.) =
m(c')> i = 1, 2, then Cj + c2 belongs to the same image Ix + I2 as does c[ + c'2 , so that
/i(c, + c2) = ju(c( + c'2) — C/, + cu . This proves (i). That ^ is idempotent and mono-
tonic is obvious. Property (iv) holds since cRn(c) always holds and implies, because of
Postulate 3.1 (iv), that c and n(c) have at least one subroutine in common. This com-
pletes the proof of (4.1).

On the other hand, let us start from C (before identification has been effected) and
with access to a simplification operator yu with the properties

(i) ii is an image preserving mapping C —» C.
(4.2) (ii) fj. is idempotent: mGu(c)) = ^(c).

(iii) /u preserves subroutines partially.

Then let us agree to define the identification relation R through

(4.3) cRc' if and only if u(c) — m(c').
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Then Postulate 3.1, (i) and (ii) follow from the image preserving property and (iii) is
obvious. Condition (iv) of the Postulate follows from condition (iii) above. Hence an
image will always be of the form
(4.4) I = {c| n(c) = a\
but since n is idempotent we have n(a) = ju[/x(c)] = n(c) = a, so that a £ I. To each
image I there is then a uniquely determined a £ I such that (4.4) holds. Defining a
partial order relation < by the condition c < c' if n(c') = c, it follows that a = c, is at
least as simple as any other configuration in I, so that we have arrived at essentially
the same situation that we had when we started with a partial order. Therefore we can
either start with images and a notion of simplicity or with configurations and a simpli-
fication operation and use it to identify images. Let us sum this up concisely as follows:

Theorem. 4.1 A partial order on the set C of configurations such that any c and c' are
comparable ij they belong to the same image leads to an image preserving, idempotent, mono-
tonic and partially subroutine preserving mapping of C into C. Conversely, ij a simplifica-
tion operator n of C into C is image preserving, idempotent and partially subroutine pre-
serving, it leads to an identification into images: c and c' are similar if they are simplified
into the same configuration.

What this amounts to more generally is that the existence of certain types of standard
representations is intimately related to what sort of identification rule we apply to C in
order to arrive at the images. Let us consider as an example the case when the signs
are collapsible (see section 3). We then have a simplification rule (although it can be
many-valued) consisting of collapsing signs as far as possible and it is natural to identify
two configurations c and c' if they can be simplified into one and the same configuration.
What we are doing then could be called identification via the maximal connected components
of the configurations. More about this later.

We shall occasionally identify configurations by considering their subroutines c, :
identification via subroutines.

Theorem 4.2 Consider a free commutative C and let there be given identification rules R,
(satisfying Postulate 3.1 (i), (ii), (iii) in C„) in C„ for each subroutine u. Define R by:
cRc' if c„R«c'a for each <r. The image algebra 3 is then a direct product 3 = 3,,, + 3„s +
and the subroutine images /„(c) are uniquely determined. Conversely, given R and 3 = 3^ +
3„, + • • ■ in terms of uniquely defined subroutine images implies identification via subroutine
images.
Proof: If R is given as above, cRc' means that c,R,c[ , V <r £ 2. But for any g £ G
we then have g c,R,gc',, V <j, which implies gcRgc', which is (i) of Postulate 3.1. In the
same way one proves (ii) and (iii) of the Postulate. Finally, (iv) is a direct consequence
of the way in which R was introduced, so that R defines an image algebra 3. If cRc', it
follows that crR,c'„ , so that I„(c) = I ,(c'): the subroutine images are uniquely defined
so that we have a unique representation I = • • • and 3 is a direct product of
1.8. To prove the converse we observe that cRc' means that I„(c) = I,(c'), W, which
can be taken as the definition of R„ , which proves the statement.

The following is a special case of the last theorem.

Theorem 4.3 Let 3 be a free commutative image algebra forming a group with the 3„ as
subgroups under composition of images. Then the subroutine images are uniquely deter-
mined.
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Proof: Consider two similar configurations c and c': cRc'. Write them in terms of
identified configurations

(4.5) | ^ J Cffa t ' ' ' )

1 c' = (c'„ , c'„, , • • • )
where some of the components may be empty. Let c„, G h , c'Ci G I[ , and so on. Then

+ ' ' ' = I'a, + I'e, + ' ' * ,

and using the inverse " — " of the group operation

(4.6)

The left member belongs to 3„, and the right member to the set of images spanned by
I", > I-• Let cL G Cand cR G C„, + C„, + • • ■ be configurations from the left-
and right-hand side of (4.6). They are identified but, according to Postulate 3.1 (iv),
they must be empty, so that = Iand so on, which proves the statement.

To keep the amount of data processing within reasonable limits, it is important to
parametrize the images efficiently by choosing their representation through configura-
tions well. As long as we consider only pure image algebras this need not be crucial,
but when we proceed to deformation grammars we cannot neglect this aspect of the
analysis.

5. Patterns. By now we have a rough but fairly general idea of how our model
should look. The building blocks to form an image are the signs generated by some
machine. A particular sequence of outputs of the machine, a configuration, may not be
exactly identified by the observer. It should be emphasized that this is not due to
distortion by noise or anything like this (such deformations will be discussed in Parts III
and IV), but is caused by the way in which the subject receives and organizes his obser-
vations. The mathematical formalization of this fact led us to the notion of an image.

Different images are certainly always distinguishable. On the other hand, 7, and /2
may carry the same "meaning" although /1 I2 ■ This means that we may be able to
understand the "meaning" of an image without knowing it in all its details: there are
certain characteristic traits in it that tell us enough about it. These traits could be
things like the different subroutines that make up the image or the different g's that were
used to get the component signs from their templates. We express this in a definition.

Definition 5.1 By patterns we mean a family (P of disjoint and G-invariant subsets
61! , (P2 , • • ■ (?n ■ ■ • of the image algebra 3.

It is obvious that the (P, should be assumed to be disjoint, but why do we not also
assume that they together exhaust all of 3? There is a very good reason for this. In
almost any real-life situation the subject will not be confronted by these (pure) images.
Instead, they have been deformed, and what he perceives will be a corrupted version
of the pure image. To facilitate recognition of the patterns redundancy is introduced,
and it should be intuitively plausible that recognition is easier when the subsets (P„ are
well separated from each other in 3 and do not cover the whole image algebra. The
reason why we want the (P„ to be G-invariant is that two images It and I2 will be con-
sidered as carrying the same "meaning" if there is a g G G such that 7, = gl2 , or, in
terminology already introduced, if the images are similar.



1969] FOUNDATIONS OF PATTERN ANALYSIS 15

Problem of recognition of pure patterns: To find a mapping (or recognition function) n of
3 into (P classifying the image according to what pattern (if any) it belongs to.

The simplest case is when we can find one image 7„ in each pattern (P„ , a prototype,
such that gl„ runs through all the elements of (P, once and only once when g runs through
G. Then the classification consists simply in the unique analysis 7 = gl, . In this
special but important case we write naturally (P = 3/G and it will be studied a great
deal later on.

More generally, there may be given a set T of transformations t mapping 3 into itself
and a set of prototypes 7„ such that TIV = <P„ . Of course, T should contain the simi-
larity transformations of G, but it need not itself be a group. Images belonging to the
same (P„ will be called synonymous; especially when (P = 3/(7, this reduces to similarity.

This problem of recognition may appear simple in principle but gets its real interest
in concrete situation when it becomes a matter of organizing the computations in a
feasible way. This is sometimes done by considering probes, functions f defined in 7,
and such that /(7X) = /(72) if A and 72 are synonymous (i.e., they belong to the same
pattern). One could say that a probe singles out one of many characteristic traits. A
set F of probes F = {/} is said to be complete if it separates patterns: /(7J = /(72),
V/ £ F should imply that Ii and 72 are synonymous.

Finally, the reader should be aware of the following problem, which we mention here
only in passing.

Problem of segmentation. For any given image 7, to analyze it into (t>!, v2, • ■ ■ ) if 7 can
be written as 7 = 7j + 72 + • ■ • with It £ (PVl , 72 £ (P„ , • • • .

This problem arises especially when the ensuing analysis has some reasonable degree
of uniqueness. As an example we mention Morse code (see section 12) and comma-free
codes.

So far we have arrived at a set

(5.1) 9 = (S, 3, G, (?)

which will be called a (pure) grammar of patterns. Now we shall turn to the formulation
of such grammars in special instances, keeping in mind that the model will achieve its
full potential only in Part III when deformations are allowed.

Part II. Grammars of Patterns
6. Taxonomy of images and patterns. Up to now the discussion has been fairly

general except for certain restrictions on the form of the grammar mentioned in the text,
and we have been mainly concerned with building an all-purpose model for pattern
analysis. The treatment has been quite elementary but also somewhat abstract, with
little attention paid to the intuitive motivation that has led to this model. The latter
will be more easily understood when examining a number of special patterns, and this
will be started in this part of the paper and continued in greater detail in Grenander [3].

We shall attempt to classify patterns into families of related types according to what
logical structure they have expressed in terms of our model. It would also be possible to
group them according to their subject matter interpretation, but this will not be done here.
We shall, however, take a quick look at some naturally occurring patterns in order to
understand better the motivation behind this approach.

Let us think first of all of patterns in time, a familiar case being presented by Morse
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code. Here the signs consist of dot, dash and spaces of various length within letters,
between letters and between words. The images are formed simply by concatenation,
so that the order between successive signs is relevant: this image algebra is non-com-
mutative. Note that we have no natural origin on the time-axis, nor is the time scale of
any importance. The only thing that matters is that the ratios between the lengths of
different signs take the values prescribed by the rules defining Morse code. The simi-
larity transformations are then given by changing the time parameter through relations
of the form t —> a t + b where a > 0.

Or think of the electrocardiogram with its typical sequence of marked maxima and
minima labeled P, Q, R, etc. It would be natural to attempt to describe the ECG in
terms of concatenation of signs, each sign being generated through a certain subroutine.
Attempts have been made instead to express the observed time function as linear com-
binations of certain functions, orthogonal to each other on the interval representing one
cycle or period of the ECG. But this is open to criticism. First: the period is not quite
easy to define, and it can fluctuate considerably, which makes this sort of analysis
awkward. Second, and more important: it seems reasonable to believe that by splitting
the time function into consecutive signs (instead of linearly into orthogonal components)
one would get a more intrinsic characterization of the physiological phenomenon under
study. What this amounts to is, in the last analysis, what is the most compact and
economical grammatical formalization of the phenomenon studied, a question that can
only be answered with the help of empirical data. On the other hand, for the encephalo-
gram the linear representation via Fourier analysis seems to work fairly well, and there
is less reason to try an analysis in terms of consecutive signs.

Fingerprints can be idealized as line patterns: the signs here are curves if we neglect
the width and porous structure of the ridges making up the print. The images are now
formed simply by superposition. What makes the fingerprint useful as identification
is the long-known fact that certain geometric invariants exist. The distance between
two distinguished points of the print of a certain individual may very well change when
he grows older or when the finger is pressed in different ways against the recording sur-
face. This change need not even be uniform so that the similarity transformations
should consist not only of translations, rotations and uniform dilatations but also of
more general topological mappings of the plane onto itself. The same is true about
printed or handwritten alphanumeric symbols, at least if we try to work with a family of
alphabets rather than with one particular type font.

But if we also take into account the width of the ridges of the fingerprints we can no
longer consider the image as made up of curve segments. Instead, the signs will consist
of other subsets of the plane and we will speak of set patterns. This also occurs when
studying block letters with solid areas rather than thin lines. We shall pay a good deal
of attention both to line and set patterns.

If the information is spread out in a more continuous way over the plane, other
image algebras will be more useful. We may measure the darkness of the picture locally
and study how it varies over the plane. The signs will be functions defined in the plane
combined into images just by addition. The values taken by these functions could be
real or, for colored pictures, vector-values. A three-color print could be analyzed in
terms of three-dimensional signs. Or we may have values that combine not as vectors
but with a more general semi-group operation. Mathematically this will be formalized
as contrast patterns (see section 11), a notion of considerable generality.
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Many other types of natural patterns could be mentioned, e.g. in connection with
questions of human perception, but the above should be enough to give the reader some
idea of what has motivated the introduction of some constructions below.

Leaving aside the practical background, we should ask: what constitutes the logical
structure of a particular set-up for pattern analysis? Three things do: material, percep-
tion and interpretation. The material we use to build images are the signs and the simi-
larity transformations. The perception that leads us to consider certain different con-
figurations as indistinguishable objects is given by the rules R of identification. The
interpretation of the images is expressed via the family CP of possible patterns. Now we
will go ahead and specify these three notions in different ways.

Recognition algorithms will be based on a grammatical analysis of the image.
7. Permutation Patterns. Let us start with the simplest possible case, when the

signs are vectors from Rn, and images are formed via vector addition, so that two con-
figurations c = (sj , s2 , • • • s„), c' = (si > s2 i • • • O with Si , s2 , • • • s[ , • • ■ £ R"
are identified if
(7.1) Si + s2 + ■ • • sn = s( + s2 + • • • + si .

That means that we can regard an image I as a vector I = (xx , x2 , ■•■£„) in R", and it
can be viewed as the sum of the signs.

Let the similarity transformations g be the cyclic transformations

(7.2) gl = g(xx , x2 , ■ ■ ■ xn) = (xl + g , x2+g , ■■■ xn+g),

where we have used the same symbol g to denote both the group element and the amount
of the cyclic translation. Of course we count modulo n in the subscripts of the x'b.

Say that the patterns are defined through the condition that I and I' belong to the
same pattern if there is a g £ G such that I' = gl. Recognition could be achieved simply
by comparing a given I = (xx , x2 , ■ ■ • xn) with a prototype I' = (x[ , x'2 , • • • x'n) from
an arbitrary pattern CP* . Starting with xx , consider the set T = {0, 1, 2, • • • n — 1}
of g's for which xx = x'x+a . For any g £ T verify if x, = x,+g , Vv, or not. If this does
not occur I does not belong to the pattern CP* . This algorithm is completely straight-
forward, but one could ask if it would not be possible to recognize patterns by choosing
the prototype images to be of a certain standard form. Say, for example, that max, x,
is attained for a single value v = v(x). Let us then use as a prototype (for the pattern to
which I belongs) the pattern /' = (x, , xv+x , ■ ■ ■ xv+n-x). We would then immediately
be able to recognize patterns by rearranging the images so that they start with their
largest component. But this will not work if the maximum is realized for two (or more)
different values v and i±. But let us then choose x, as the first coordinate of the prototype
if x, + 1 > Xfj+1 and so on. If xv+l = x„+x we go one step further. If all the "followers"
of x, and x„ are the same it follows that (x, , xv+x , ■ ■ ■ x,+„-x) = (x„, £„+, , • • •) so that
in any case this procedure leads us to a well-defined prototype for each pattern.

In the terminology of section 5, we could say that we based our scheme of recognition
in the probes

(7.3)

px = max x,
v

p2 = max xll+x if px = x„
M

etc.
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Another set of probes, based on Fourier analysis, was discussed in Grenander [2],
So far we have not restricted the choice of the signs from R", but now let us assume, to

be concrete, that the device that produces the signs has the form of a difference equation

(7.4) Lx, = a0 x,+v + ax x,+v-i + • ■ • + av x, = 0; v = 0, 1, • • • n — 1.

In order that the solution x, be periodic with period n we shall assume that the roots
Zi . , '"' zv °f the characteristic equation

(7.5) a0 zv + zv~x + • • • + a0 = 0

have modules one and argument equal to some multiple of 2x/n. All the solutions
(signs) of Lx = 0 will be taken together as a subroutine S, . This is legitimate since it
satisfies Postulate 2.1: Sr is (?-invariant. In the same way the other subroutines are
introduced by other difference operators L,, and we shall assume that, for any <r2,
no characteristic root of L„, coincides with any characteristic root of L„ . Then Postu-
late 3.1 is satisfied. Given an image 7 = (xt, x2, • • • xu) we can determine the subroutine
image I, by Fourier analysis, calculating the expressions

(7.6) x,z~'k ,
v = 1

where zri , z„, , • • • are the characteristic roots of the subroutine a. In this way Fourier
analysis enters as a natural tool for pattern analysis in this particular image algebra.

In this special case the recognition problem is so simple that we would not get much
help computationally from using standard representations of the prototypes and our
discussion should be considered as merely an illustration of the general approach.

Let us now turn to the image algebra where G is the permutation group of n objects
operating on the subscripts of the x's and the rest of the set-up is just as it was before.
In principle recognition could again be achieved by straightforward algorithms, but now
this will be more difficult computationally since to a given image we can have as many
as n! — 1 similar images (if the x's are all different). Therefore we have reason to look
for some simple probes and these are easily found in the elementary symmetric functions,
or, equivalently, in the sums

PiCO = Ei,

(7.7) UD = ±

Pn(I) = X! X"
f=l

This set is known to be complete: if two images I and I' give the same values for these
probes then they are similar. Another way of organizing the recognition algorithm
would be by rearranging the x's in non-decreasing order. With this standard repre-
sentation recognition is achieved just by inspection in terms of coordinates.

Finally, consider non-directed graphs with the n edges 1,2, • • • n. The signs consist
of edges, say between i and j, which we will write as xit = xfi = 1; and xiS = xu — 0
if these edges are not joined together. We put xu = 0, and signs are combined by
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superposition without counting any multiplicity. An image I can then be represented
by an array

I — Xj2 , X13 , Xl4 ) ' ' ' Xln

%23 } %24 y ' ' ' %2n

(7.8) X3i , • • • X3n

As similarity transformations we shall take the transformation of an image due to a
permutation of the indexes of the edges v = 1, 2, • • • n. The order of G is then n! and
not N = [n(n — l)/2]!; the latter corresponds to the symmetric group operating on the
x's. To decide whether two given images are similar or not we can use the following
probes.

Consider the set of (?-invariant polynomials in the x's of the order at most n. They
separate images which are not similar. Indeed, suppose that I ^ /'(mod G). Then, for
any gk £ G, we have I ^ gj', so that there is a pair ik , jk of indices so that xikit ^
(gkx)'ikjk where the xu and (gkx)'u are the entries in the arrays for I and gkV respectively.
Say that xiilt = 8k and {gkx)'ilik = 1 — Sk and form the linear expression

(7.9) L{z) = Z (1 - Sk)zitH + 5,(1 - ziiik)

(7.10)

where z = (zu , zl2 , ■ ■ ■ ) is a triangular array. Then

fL{I) = 0

lUgF) >0, VjGC
so that the invariant polynomial

(7.11) Q(z) = II Ugz)
g€G

satisfies the relations Q(I) = 0, Q(I') > 0, separating I and I' as stated. It will be
enough to use as probes

n x-ri<j
and, since the x's take only 0 and 1 as values, this reduces to n.<, xit . We now start
with monomials involving one x, then those with two x's, etc., all the time leaving out
monomials that can be expressed in terms of the ones already introduced. Say we
consider the monomial x12-x13-x23-x3i , and form the invariant polynomial

(7.12) P(Z) = Z (ff/) 12•(£?/)is-(S/WG^

The value of P(I) is simply the number of similar images gl that contain the subgraph

(7.13) y\
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As an example consider n = 4 when the 64 images can be grouped into eleven patterns
that can be expressed through the prototypes which can be recognized using four probes
generated by the monomials (or the corresponding subgraphs) in Fig. 2.

8. Line Patterns. A more important sort of pattern is that where the signs consist
of arcs in the plane and images are formed by superposition without counting multi-
plicity. The subroutines will correspond to different types of curves (e.g., line segments
and circular arcs) and we shall assume that they are analytic. As far as the similarity
transformations are concerned, let us start by examining the important case when they
consist of the Euclidean motions of the plane. Then an arc could be written in its
intrinsic form as

(8.1) = I = 1(a),

where I is the curvature, s is the arc length and <f> is the angle between the tangent and
some fixed direction; in this way we get an invariant representation. In other words,
we treat the signs as geometric objects, in coordinate-free terms. This leads us to propose
the following

Model for Euclidean line patterns: We use the following image algebra:

a) For each subroutine a there is a real-valued function l„(s) analytic on the real line.
If l<ri (s) = /„a(s -f- h) for some h and all s then ai — a2 should be implied.

b) A sign in S, co?isists of an arc with the intrinsic equation l(s) = l„(s).
c) For c = (sj , s2 , • ■ • s„) and c' = (s[ , s2 , ■ ■ ■ s^) we have cRc' if st W s2 W • • •

VJs„ = s[VJ s^yj ■■■ KJ s,'n .

A given configuration c = (st , s2) can be simplified into a single sign if, at some point
of intersection between the arcs Sj and s2 , all derivatives are the same, and similarly for
components with several signs. The signs are collapsible (see section 3) and we have
identification via the maximal connected components (see section 4). But these can be
recognized through a flying spot technique by scanning the image. When the spot hits

Figure 1
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an arc it locks onto it and follows it in both directions until it hits a singular point. A
point of I is said to be regular if it is an inner point of exactly one analytic arc belonging
to I; otherwise it is singular. The singular points are of two types:

a) end points (which includes cusps)
b) branch points.

The arc is followed in both directions (until a singular point is met) and the arc thus
obtained is classified according to what enters into its intrinsic equation. Then the
scanning continues until all the maximal connected components have been identified
and classified according to <r, g and end points.

This grammar was formulated for the important but special case in which the similar-
ity transformations were the Euclidean ones. We now turn to more general line patterns
and at the same time we introduce another device for generating the signs.

For each <r let there be given a differential operator F,(x, y, y') of the first order
(first order is assumed merely for simplicity and is not essential) such that the differenti-
able line element field given by F„(x, y, y') = 0 has exactly one integral curve passing
through each point of R2. Let G be a Lie group of transformations of R2 onto itself
and assume that F„ = 0 is G-invariant for every a. Now we have a natural modification
of the previous model.

Model for differential line 'patterns. Use the following image algebra:

a) For a-1 ̂  <r2 the set of A'2, where the line element field of Fai coincides with that of F,
must not contain any part of a sign belonging to S„l or .

b) The signs in S, consist of arcs satisfying F„(x, y, y') = 0.
c) If c = (si , s2 , • • • s„), c' = (s[ , s^ , • ■ ■ s£), then cRc' if sx VJ s2 W • • • U sn =

s[ VJ s!2 U ■ ■ ■ W sv', .

Although we have dropped analyticity from the requirements, identification can still
be carried out via the maximal connected components, and the recognition scheme looks
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as follows. Scan the picture, lock to an arc and classify its line elements according to
subroutine by the value of the probe F„(x, y, y'). In this way we get arcs bounded by
singular points. We describe them through their subroutine and their end points.

In passing we note that a sign s which is G-invariant, gs = s, V g, cannot be used to
carry information on what similarity transformation has been applied to it. From this
point of view it is useless and could be discarded. We would then modify condition (b)
in the above model to exclude G'-invariant signs.

A simple example may be illuminating. Let G consist of uniform dilatations with the
infinitesimal operator x(d/dx) + y(d/dy). A first-order differential equation invariant
under G has the form y' = F(y/x). The invariant signs are y = c-x and should be
excluded. Introduce two subroutines through

(8.2)
-I-'"—*

2 : y' = -J V

then the signs of are arcs from the hyperbolas xy = a and those of S2 are arcs from
the hyperbolas y2 — x2 = b. An image will consist of arcs from these mutually orthogonal
families of hyperbolas.

9. Set Patterns. How about images formed in R2 by superposition (set unions)
as above but not with arcs but with more general sets? Let us distinguish three cases
depending upon the degree of complexity of the boundary of the set.

If the boundary is very complicated and fuzzy, it would not be useful as a description
of the set and we would look for more economical ways of defining the image. This will
not be attempted here.

If, on the other hand, the boundary is sufficiently well behaved, we could use it as
an economical way of characterizing the set. In the construction of the model we would
use a hierarchy of two sets of signs (see section 2). The signs (1) would be chosen as
certain directed arcs and the restriction (R governing the formation of a configuration11'
of c(1) would guarantee that the component signs'1' of c'1' could be joined together
(without violating the sign of the directions). As signs (2> we would take those configura-
tions'1' that separate the plane into two simply connected parts. The signs'2' are
combined to form configurations'2' under the restriction in (R that the result defines a
finite number of connected regions in the plane; we could use the convention that when
we run through a contour we have the region to our left. In this way we would get a
model of contour sets, the further specification of which could proceed as in the previous
section. Recognition will be organized by first recognizing the signs'1' and then joining
them into signs'2' which gives us the boundary.

Note that since the independent signs were chosen as the arcs from which contours
can be formed we get a very flexible model. Actually, it may be too wide to give us an
economical description of a phenomenon that should be described via a more rigid
grammatical structure. In that case we may take as signs certain given sets (rather than
arcs) and we shall discuss this model in the case of G-translations of the plane. Let us
start with a finite set of templates £„ , v = 1, 2, ■ ■ ■ p, and let each tv be a closed set
bounded by a finite number of finite analytic arcs avl , a„2 , • • • ■ The images are formed
by superposition of translates of these templates, so that no two signs of the image have
any inner point in common. Recognition is most easily accomplished when no ayiI can
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be analytically continued into the translate of itself (with g 9^ e) or into any other aum .
Consider the boundary dl of a given image I. It will consist of a finite number of arcs
to each of which is uniquely associated a sign. Subtract all these signs from I and denote
the result by I'. Then we apply the same procedure to dl' and so on until we have a
complete grammatical analysis of I which will be used for recognizing the pattern to
which I belongs.

In case some arc can be analytically continued into a translate of itself or into some
other arc, the procedure should be modified as follows. Consider dl again and one of
the analytic arcs A making up dl. Now we cannot rule out the possibility that A is the
union of several a's. If A is not closed we start at an endpoint of it and decompose it
into a's as we go along it; this may be possible in more than one way but the number of
possibilities is finite. If A is periodic this number is also finite. Indeed, assume the
contrary and use the compactness of A. Writing arcs in the form (x, y) = (/i(s), /2(s))
this implies that some segment of A can be written as

(9.1) (/i(s), Ms)) = Ky)) + ($i(s + k„), 4>2(s + kv))

with v = 1, 2, • • • and the k„s are infinitely many. But this implies that the and c2 are
constants, which is impossible; hence only a finite number of alternatives exist. Now
we proceed as before. First dl is represented in at most a finite number of ways as
unions of a's. For each such possibility we subtract from I the corresponding signs if
their union is a subset of I; consider dl' and so on, continuing each branch of the decision
tree until it ends. Although the resulting grammatical analysis is not always unique it
simplifies the decision problem a good deal.

In these models of set patterns we have formed images through unions of certain
sets. Nothing prevents us from taking intersections instead, and this will be described
in a particular case of some interest. Let the signs consist of closed halfspaces of the
plane and take the images as the intersection of a finite number of such signs. In other
words, the images are just the convex polygons. The grammatical analysis of such simple
images is straightforward. To each direction 0 < <t> < 2-rr, we determine the line L0
of support of I. This gives us a finite number of angles <t> and the corresponding half
planes that support I are the component signs of I.

Line, surface and set patterns in R3 or higher-dimensional Euclidean space will not
be discussed here, since this generalization would present nothing essentially different
from what happens in the plane.

10. Boundary Patterns. With the experience gained through discussing the image
algebras of the last sections, we are now ready to formulate a model of general interest.

For any given subroutine the signs should be of the form

(10.1) s = [o-; , b2 , ■ • • b„]

where the parameters bt take values in certain given spaces />„, , ■ Ii,f and the
number p may depend on a. Consider a group G of transformations g mapping the
product space X B„ X • • • B„r onto itself and we shall write

gs = [a; (gb)l , (gb)2 , • ■ • (gb)„],

where b is the vector b = (bt , b2 , ■ ■ ■ bf). If s, and s2 belong to the same subroutine
and we write



24 ULF GRENANDER [Vol. XXVII, No. I

(10.2)
k = [a; , b'22) , 6"']

U = W;b[n , b<2) , ••• C]
they will connect and reduce into a single sign if the 6-1' and 6-2) satisfy a set of condi-
tion c, . We can consider c, as a subset of the product space B„t X B,t X BX
X • • • X X -B„p and it will be assumed that it is invariant: gc, = c„ , V<7. On this
product space functions ft , ft , • • • ft will be given taking values in B„t , B„, , ■ ■ ■ B,t
respectively such that

(10.3) Sr + S2 = [«r; ft , ft , • • • ft].
These functions should have the property that

(10.4) ftfoft'11 , gb[2) ,■■■) = gp&l" , b[2) ,-..).

In this way we can simplify (see section 3) configurations c —» d by repeated reductions
of the component signs. If we assume that cx —> c, c2 —» c implies the existence of a
configuration c12 —» c: , c12 —> c2 , we can define the identification relation as follows.
For two configurations ci and c2 we shall say that CiRc2 if there exists a configuration
c c, and c —> c2 . Clearly R is reflexive and symmetric. If cjic2 and c2Rc3 we know
that configurations c12 and c23 exist such that c12 —> c, , c12 —» c2, c23 —■* c2, c23 —> c3 . But
then there is a c —> c12, c —> c23 so that cxRc3 ; the relation is transitive. The reader may
now verify that the conditions of Postulate 3.1 are satisfied and we have constructed an
image algebra. We shall speak of this model as one of boundary patterns since the
parameters &,■ often play the role of boundaries or boundary values. To make the model
appear more intuitive we shall consider a few examples.

Let a subroutine <r consist of rectangles (in the plane) with sides parallel to the
coordinate axes and represent its signs as

(10.5) s = [o-; ,b2 ,b3 , bt]

where

(10.6) s = {x, y | 6i {< x < b2 ; b3 < y < &4J .

We choose G as translations of the plane. The sets are combined as in section 9. The
conditions c„ take the form

= b[2) , = 6<2:' , &31' = b[2)

or

b[u = b[2) , Kl) = b{2) , b\1} = 6<2)

or

b4" = b[2) , 6<u = b(32) , b[u = bl2)

or

l&i" = = 6«2) , 6iu = bl2)

and the /3s can easily be written down; say if the first of the four conditions is satisfied.

(10.8) ft = b[u , ft = 6'1' , ft = bi2) , ft = 6i4) .

(10.7) c, =
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As a second example we take the signs in a certain subroutine as analytic arcs:

(10.9) s = W\blt b2]

where bt , b2 are endpoints of the arc. Let G = Euclidean motions of the plane. We
then get

'b[u = b[2)
or

(10.10) c, =

b[u = b?}

or

b{2) = b[2)

or

.bi" = b{2)

and the j3s are determined by the fact that the resulting arc should pass through the
points 6J1', b2u, b[2) > K2)-

Finally, a third example that will be examined in section 12: G = translations of the
real line. Let a sign in S„ be defined as a solution to the first-order differential equation
L, = 0 on the interval bi < x < b2 and write

(10.11) s = k | 6, , b2 , b3 , b4J

where b3 = s(6,), bt = s(b2). We can join two such signs together by concatenation if

b[2) , 61" = 6<2)

or
(1) _ J, (2) J.(l> _ 7,(1)

(10.12)
Ib™ = K2) , 6"' = b{

and if the first condition is satisfied

<io.i3) ^ = b[l), = bi2), & = b™ , Pi = bi2)

Signs are used in any image algebra to carry information; information about what
template it belongs to and about what similarity transformation was applied to the
template. Some image algebras have the property that given any image it can be
analyzed uniquely into component signs. Admittedly this is a very special case, but it
deserves some attention. Say first that we use only configurations formed from n
different templates <i , t2 , ■ ■ • tn so that we can write c = (sj , s2 , • • • s„) = (gltl , g2t2 ,
• • • gntn). Since the s„s are uniquely determined by I our image can be represented just
as well as

(10.14) I = (<?! , g2 , ■■ ■ g„) £ Gn

where Gn is the group obtained as a direct product G X G X G X • • • X G of n copies
of G. Introduce the subgroup T of all elements in Gn of the form (g, g, • ■ • g). Then the
patterns (Px , CP2 , • • • consist of unions of cosets to T and recognition means simply
identifying the cosets to which the image belongs. On the other hand, if our configura-
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tion is formed from nj signs generated by one template, n2 signs generated from another
template and so on, + n2 + • • • + nk = n, then we can represent an image as

(10.15) I = (fifi , g, , ■ ■ ■ , <7„,+1 ,•■•)£<?:,

where G'n consists of the elements of Gn but where , f/"1 , • • • g™ , > ''' ) an(l
G7i2) > 9-t2' ) " • • oLV i giV+i ''' ) are considered identified if any permutation of the nt
first indices carries g[v , g2u , ■ ■ ■ g^ into g[2) , g22) , • • • g^ and so on. In other words,
G'n is (?„ mudolo the product of k symmetric groups Sni X S„, X • • • X Sni. Recognition
now can be achieved by classifying the image as to what coset of T (in G'n) it belongs to.
We shall return to this model of group patterns in Part IV.

11. Contrast Patterns. Line and set patterns are well suited as models of images
whose appearance show strong contrast between their different parts: we observe the
drastic dichotomy between the inside and outside of a set. This made it reasonable to
concentrate our attention on the boundary. But if the variation in contrast is smoother
we must modify the model. We shall do that now, arriving at a useful and general
model.

Model of contrast patterns. Consider a set X, the background space, and a semi-group C,
the contrast space. Certain given junctions t mapping X into C are the templates. A
group G of transformations g from X onto X determines the similarity transformations
through the definition gt(x) = t(gx). For two configurations c = (sj , s2 , • • ■ s„), c' =
(s( , s'2 , • • • sj,) we put cRc' if

(11.1) Sjfc) + s2(x) + • • • + xn{x) = s{(x) + s^(x) + • • • + s^(x), V x

where addition means the binary operation in C.
It is easily verified that this satisfies the postulates of an image algebra if we add

the usual condition on the subroutines, and it can also be shown that this model includes
the concrete cases we have been studying. Indeed, the definition is embarrassingly-
general: given any image algebra 3 it can be interpreted in terms of contrast patterns.
We merely have to take the background X as G, the contrast C as 3 itself with its semi-
group operation of combination of images. Let an image I be represented by a function
/1 mapping G —> 3

(11-2) /,(t) = yl, 7 G G.

We let g operate on the -y's through the mapping y —» yg. In this construction the
contrast space is taken as the (often) complicated space of the image algebra. Although
this notion of contrast patterns is quite general, we shall not use it unless both the back-
ground X and the contrast C are sufficiently simple.

Sometimes we modify the model slightly by choosing the similarity transformations
a bit differently. Let there be given a group H of transformations h of the contrast
space C onto itself and define the similarity transformations of a sign s(x) through

(11.3) six) -h> h s(gx), h E H, g £ G,

so that the similarity transformations are given by the direct product G X H. We shall
call the h's the contrast transformations.

Little can be said about the recognition problem for general contrast patterns. It
may be pointed out, though, that if X is a Euclidean space Rn the following may work if
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the grammar is simple enough. Look for linear, (/-invariant functions L, in 3 with the
property that

(11.4)
if t = s(mod G)

if t ^ s(mod L)

where t is an arbitrary template and s any sign. If such functionals can be found we can
use them as probes. Apply these probes to an image I. The result tells us what templates
have been used to form I. The only thing that remains for the grammatical analysis
to be complete is to find the similarity transformations that carry these templates into
the component signs of I.

12. Time Patterns. Up to now most of the image algebras discussed in Part II have
been commutative. The following model intended to describe patterns in time does not
have that property. Let us take the signs to be real-valued functions s = s(t) defined
on half-open intervals [a, b). We form images by concatenation supposing ((R) that
successive intervals are adjacent, and the rule R that cRc' if the signs of the two con-
figurations are defined on the same subsets of the real line and the values of the corre-
sponding signs agree. Starting from a group G of transformations of the time axis onto
itself, we define similarity by / = I' if there is a g £ G such that I(t) and I'('jt) are
defined for the same t's and I(t) = I'(gt) for all these t's.

As an example of this, the reader may think of Morse code with its signs: dot, dash
and various spaces. In Morse code the ratio between the time duration of the signs is
fixed, so that G would consist of the transformations of the time axis of the form

(12.1) t —* at + b, a > 0.

Specializing a bit further, we consider r time-independent differential operators
Lt ,L2, ••• Lr all of order j> and such that the initial value problem has a unique solution.
Two equations L,s = 0 and L,s = 0, jV j, will have the same solution except for one
solution which may play the role of the empty sign. If the operators are linear this
solution could be taken as the one that is identically zero. The solutions of L(s = 0 are
the signs of the subroutine Si . Rule (R may be taken to say that the solutions should
be joined together so that derivatives up order p — 1 are continuous. In case we work
with discrete time the L.'s should of course be chosen as difference operators.

It is easy to recognize the patterns of this model. A template t can be written as

(12.2) t = (or; I; t0 , h , • • • t,-x),

where the template satisfies L„t — 0 on the interval [0, I] and with the initial values
<(0) = t0 , t'(0) = £, , • • • f<s-1> (0) = i . The signs similar to t are obtained by trans-
lating the time axis. Given an image I we apply the operators L„ to this time function
for all the values of time for which it is defined. This will classify the time points ac-
cording to what subroutine a they belong to, L„I = 0. In this way we get the whole
time interval where the image is defined decomposed into the intervals corresponding
to the component signs of the image. Finally, we just have to read off the initial values
of these signs.

In Parts I and II we have only dealt with the images in their pure form. That is
the easy part of the theory. We must now turn to the study of deformations of images,
which brings out the typical features of pattern analysis.
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Part III. Deformed Patterns

13. Deformed Images. Let us consider a grammar g of patterns consisting of the-
basic elements

S, the signs arranged in subroutines
(R, the rule of forming configurations

(13.1) 9: iR, the identification rule
3, the set of images
CP, the family of patterns

We cannot observe the objects of this pattern grammar directly; their form is corrupted
by deformations. These deformations act upon those objects of the grammar that can
be observed: the pure images J G 3 which are transformed into the deformed images
dl = /"G 3s. Each element cl of the set 2) of deformations maps the (pure) image algebra 3
into the (deformed) image algebra 3U.

Usually the grammar Q is a rigid logical structure, but the deformation grammar
gdef can be more flexible. In most of the cases we shall consider in Part IV the deformed
images include the pure ones, 3 C 3s, and 3s is more extensive than 3. We shall then
assume that the similarity transformations g of 3s coincide (on 3) with the similarity
transformations originally introduced on 3.

Since dl is defined for any / £ 3 this holds especially for the case of a sign / = s.
But we cannot go the other way; knowing the value of ds for all d £ 3D, s £ S does not
enable us in general to find the value of dl, all I £ 3.

Definition 13.1. The deformations are said to be

a) covariant if gd = dg holds identically.
b) homomorphic if d(I, + I2) = dlx + dl2 holds identically.

It is obvious that if the deformations are homomorphic it suffices to define them for
signs and that if they are also covariant it is enough to introduce the deformations for
the templates.

A good deal of what follows would be considerably simplified if we could assume
that the deformations were covariant, but after examining some of the cases exhibited
in Part IV it should be clear that this represents a rare case indeed.

How should the recognition problem of section 5 be reformulated when we start
from deformed images? It is clear that we can no longer ask for the inverse mapping
from 3s to (P since 3® depends not only upon I but also upon d which is not observable.
In the next three sections this will be discussed, but we should point out already here
that we can limit the choice of recognition functions somewhat through the following
invarianee considerations. Say we have a mapping a : 3s —> (?, a recognition function.
It is natural to assume that similar images should be mapped into the same pattern:
a(gl®) = a(Jir). On the other hand, it also seems as desirable to demand that two pure
images, gl and I (belonging to the same prototype I) after transformation by the same
deformation d should be mapped into the same pattern: a(dgl) = aid I).

Definition 13.2 A recognition function a : 3® —> <P is said to be

a) invariant (G) if 7® = I ^ (mod G) implies a(I®) = a(I®).
b) invariant ((P) if 11 = I2 (mod G) implies a(dlr) = a(dl2).
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What is the relation between these two notions of invariance? The following result
is almost obvious but not very useful, since it assumes covariant deformations.

Theorem 13.1 If the deformations in 2D are covariant, invariance (G) and invariance
((?) mean the same.

Proof: If a is invariant (<P) it follows that a(gdl) = a(dgl) = a(dl) for any d, g, I so
that a is invariant (G) and conversely.

A bit more useful is

Theorem 13.2 If 2D is a group with G as a normal subgroup invariance (Q) implies
invariance (<?). The pattern family (P = 3/G is mapped by the deformations (via the factor
group 2D/G = F) into the deformed pattern family (Ps = 3a/G.

Proof: For an arbitrary pure image 7 and d and g we can find a similarity trans-
formation h £ G such that dh = gd (this merely uses the fact that G is normal) so that
if a is invariant (<?), it follows that

(13.2) a(gdl) = a(dhl) = a(dl)

which shows that a is invariant (G) as stated. Consider two similar pure images 7t , 72
from one pattern (Pj £ (P = 3/G so that we can write P = gj, I2 = g2I where 7 is a
prototype from (Pj . But the element h = d g2x d*1 £ G, since G is normal. Hence the
deformed image 7® = dgj = hgd2I = hdl2 — hP2 so that 7® = 7f and these two de-
formed images belong to the same deformed pattern (P® = SXPj £ (PS/G. It is clear that
the only thing that matters for defining the value of the mapping d : (P —■» (P53 is what co-
set / £ F of G d belongs to.

It should be pointed out that 5) is not likely to form a group when the deformations
really disfigure the images. A dramatic example of this is given by the mask deforma-
tions to be introduced in section 19.

A deformation grammar Sde, of patterns can then be written as a triple

(13.3) Sdef = (9, 23, 3°)

where Q is the grammar of pure patterns, 3) is the set of deformations and S33 the set of
deformed images.

14. Metric Pattern Grammars. Given a deformation grammar Sde,, how do we
choose among the many possible recognition functions? One rationale presents itself
immediately when the set of images possesses a metric. In this section we shall examine
this approach assuming that 3 £ 3®.

A real-valued function 5(7, , 72) defined on 3d X 3U shall be called a completely
invariant distance if

(i) 5(7^ , 7®) > 0 with equality if and only if 7", = 7^ (mod G),
(ii) 5 is symmetric and satisfies the triangle inequality,
(iii) Sfal* , cj21%) = 5(7? , 72).

Occasionally it will be convenient to allow 5 to take the value + <=°; the reader will
then have to interpret the above conditions in the appropriate way.

But (iii) implies that 5(7" , 72) only depends on what patterns in (P:u = S'0/G the
deformed images are generated from, so that 5 can be considered as some function A on



30 ULF GRENANDER [Vol. XXVII, No. 1

<PB X (PD. Because of (ii) the function A has the properties of a distance; (i) guarantees
that A separates the patterns of (P®.

We shall give examples of completely invariant distance functions in Part IV, but
already here we mention the following simple construction. Let 80 be any distance
function in 3B X 3s with the usual properties of a metric. Put

(14.1) 5(7® , 7°) = min 80(gJ» , gj®)
ai

where it will be assumed that the minimum is attained. It is then easy to show that
conditions (i), (ii) and (iii) are satisfied : 5 is a completely invariant distance.

Definition 14.1 Let 8 be a completely invariant distance and co?isider the recognition
junction a.

a) for a given deformed image 7D choose the pure pattern (P„ £ (P = 3/G jor which
8(1, 7D), 7 G (P, , is minimized (the minimum is assumed to be attained for a unique (Pa)

b) if for the given deformed image 7® and any pure image I we have 8(1, 7s) = + oo (
no decision is made.
This is called minimum distance recognition.

Since we can just as well say that a minimizes A (<?„ , (Ps), we get in this way a mapping
(P° —> (P. From this it follows that a is a (G)-invariant recognition function.

If (b) happens this is interpreted as an indication that the deformation has been so
drastic that the original (pure) image cannot possibly be recognized; only the deformed
pattern classes at a finite distance from <P can be processed in a meaningful way.

We are led to a weaker notion of an invariant metric if we ask only that

(14.2) 8(gl» , gl%) = 8(I» , I®)

hold for all g G G. Then 8 will be called an invariant distance. Starting from an arbitrary
distance 8n we can construct an invariant distance as before but with the change that
we now put

(14.3) 5(7* , 7?) = min 80(gl® , gj®)
a&O

instead of (14.1). It should be noted that an invariant distance does not generally lead
to a distance on CP as was shown to be the case for a completely invariant 5. At any rate,
we can still get a recognition rule a just as in Definition 14.1. Although this function
a no longer gives us a mapping (P^ —> CP it is still (G)-invariant.

A deformation grammar gdcf together with an invariant distance will be called a
metric grammar of patterns and written as

(14.4) 9met = (Sdet , 8).

Recognition by minimum distance will be helpful only if the metric introduced in 3°
is an adequate expression of our intuitive understanding of how close or distant deformed
images are from each other. Very often we have some vague idea of how certain defor-
mations require more effort of some kind. In the simplest case this effort would be just
physical energy, but we should not restrict ourselves to this case. Generally we formalize
the notion of effort of a transformation in the following way.
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Definition 14.5 Assuming that 33 forms a semigroup, consider a real-valued junction
e(d) on 2D with the -properties

a) e(d) > 0, e(d) = 0 iff d G G
b) e(gdh) = e(d), V g, h £ G
c) e(dld2) < e(dj) + e(d2).

Then e(d) is called a completely invariant effort junction.

If the deformation grammar gdef possesses a naturally defined, completely invariant
effort e(d) we can construct a recognition function a by minimum effort by solving the
extremum problem (for given deformed image 7® and free pure image 7)

(14.5) e(d) = min for 7® = dl,

where the minimum is assumed to be attained. If (14.5) has the solution (d, 7) it then
follows from (b) of Definition (14.5) that (dg'1, gl) is also a solution. Also any A7® leads
to the solution (hdg~1, gl) so that 3®/(? is mapped into 3/G. This also implies that
recognition by minimum effort is (G)-invariant.

This is related to recognition by minimum distance. In fact, we have

Theorem 14.1 Let e be a completely invariant effort and put

(14.6) 5(7? , 7$ = min [e(d,) + e(d2); 7? = d,7? and 7? = dj®]
dt.da

assumed to be attained. Then 5 is a completely invariant distance.

Prooj: To verify conditions (i), (ii) and (iii) of the deformation of a completely
invariant distance we note that (i) holds since 5(7® , 7®) = 0 if and only if 7® = 7"
(mod G). The function 5 is symmetric in its two arguments and, to prove the triangle
inequality, we consider fixed 7® , 7® , and 7® . If there exist dl , d2 , d?j , d, such that

(14.7)

If = d27®

If = djf
If = djf

we write dn) = d2d3 , d<2) = d4d! G 3D, so that

(14.8)
If = d(1)7f3

UsB = d<2>7® .

Hence, using property (c),

e(d(1>) + c(d<2>) < e(di) + e(d2) -f- e(d3) + e(d4),

from which follows

(14.9) 5(7® , 7?) < min [e(d(1)) + e(d(2>); dU) = d2d3 , d<2) = d4d,]

< min [e(d,) + e(d2); 7® = d27? and In2 = dJ^J

+ min [e(d3) + e(d4); 7® = d37® and 7® = dj\

= 5(7® , 7®) + 5(7® , 7®).
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Finally, (iii) follows from condition (b) since /" = rf/® implies gj\ = (gxdgJ1) so
that e(gldg2l) — e(d). This proves that 5 is completely invariant.

If instead of (b) we had assumed only that e(gdg~l) = e(d) for all d £ 2D, g £ G, we
would only be able to prove that the resulting distance function 8 is invariant.

We have tacitly assumed that the relation 7" = dl% viewed as an equation in d
always has at least one solution. If this is not so, the corresponding value of e(d) should
be replaced by + 00, in complete analogy with what was said earlier in this section.

Finally, let us mention the possibility of using a "distance" which is not necessarily
symmetric in its two arguments. This may be reasonable when taking into account that
in recognition we are concerned with ordered pairs (I, 7°) where 7 and Is belong (in
general) to different image algebras.

15. Probabilistic Pattern Grammars. In a metric deformation grammar we use
the notion of distance between images to get a reasonable recognition procedure. The
rationale behind this approach is that we would believe more in an analysis that "ex-
plains" the given deformed image by means of a small deformation than in an alternative
"explanation" involving a large deformation. This appeal to Occam's razor seems
reasonable only when the metric fits well and naturally into the grammatical structure.

But we can make the analysis of recognition more convincing if we possess some
information about how likely the different deformations are. Indeed, we could then
appeal to statistical criteria and methods in order to arrive at efficient recognition
techniques. The reader may be reminded of the set-up used in the statistical theory of
communication theory; an added difficulty is that in the present context the parameter
and sample spaces are image algebras with all their complexities.

To formalize this, let us assume that on some c-algebra (2(D) of subsets of £> we
have defined a probability measure P. In 3 and 3,J we also have o--algebras (2(3) and
(2(3®) such that for any pair of sets E £ <2(3), F £ <2(3X>) we have

(15.1) {d | dE £ F} £ <2(£>).

The model

(15.2) 9prob = (9def 1 P)

will then be called a 'probabilistic deformation grammar. The author believes that this
set-up is adequate for most pattern recognition problems.

In section 13 we introduced the rather restrictive idea of covariant deformations.
Extending this to a more useful concept, we shall say that the probabilistic deformation
grammar is covariant in probability if for any similarity transformation g £ G the sto-
chastic mappings dg and gd have the same probability distribution. If P is covariant
in probability we have for any g £ G, E £ (2(2D)

(15.3) P(d £ E) = P(gd £ gE) = P(dg £ gE) = P(d £ gEg~l).

Conversely, if (15.3) holds P is covariant in probability.
Whether P is covariant in probability or not, it will sometimes be convenient to

express P in terms of a frequency formation p:

(15.4) P(E) = f p(d) dn(d)
J E

where n is a cr-finite measure covariant in probability.
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Before approaching the recognition problem, let us examine the following simpler
question. Given a deformed image J® we want to find the pure image I that has generated
I'a. Thus a recognition function a would define a mapping 3® —» 3 and to be able to
choose among such mappings we need a weight formation w(J, J), real-valued and
defined on 3 X 3. The value of w is the payoff when I is the true pure image and J is
the one we have decided upon after observing our deformed image. We would then try-
to find the a that maximizes the expression

(15.5) wa = E[w(I, a(JB))]

where E stands for expected value to be taken over 3 and SD. But this double integral
is well defined only if we have access to a probability measure, Q, say, over 3. We would
then solve for that J that maximizes the conditional expectation

(15.6) E[w(I, ./) | dl = P]
The resulting pure images J0 = considered as functions of 7®, give us the optimal
recognition function; optimal in the sense of maximal expected payoff.

This brief discussion on the selection of recognition procedures should be enough to
convince the reader that, at least in principle, we can appeal to the general and well-
known principles of the theory of statistical decision functions. It is not necessary to
mention the various possible variations of the argument above; instead, we proceed
to a difficulty that is typical of the pattern recognition problem.

The trouble is that we do not always have at our disposal a probability distribution
Q on the image algebra, so that the expression (15.5) is not always meaningful. Instead,
we may have only a probability measure defined on the c-algebra ft((P) generated by
the patterns (?a. Let us use the same symbol Q for this measure and consider the case
where the pure patterns are given by (P = 3/(?.

Theorem 15.1 If the deformations are covariant in probability, the conditional prob-
abilities P(E | (Pa) are well defined for any G-invariant set E £ (2(3°) and (Pa £ 3/G.

Proof: Let I0 be a prototype of <9 a and consider the functions of g

(15.7) f(g) = P(dgl0 £ E) = P(gdl0 £ E)

since the deformations are covariant in probability. But

(15.8) P(gdl0 £ E) = P(dl0 £ g~lE) = P(dl0 £ E)

since E was assumed to be G-invariant. Hence the function J(g) is constant over G,
which implies that

(15.9) j(g) = P(dl £ E) = P(7® £ E), I is the pure image,

is constant for similar images: this conditional probability is constant over the similarity
classes of (P = 3/G, which proves the assertion.

This result has the following consequence. If Q is defined on (P = 3/G and if the
deformations are covariant in probability, we can calculate the joint probability distri-
bution over (P X (PB = 3/G X 3S/G. If the weight function w(I, J) depends only
upon what pure patterns I and J belong to and if a is a (?-invariant recognition func-
tion, then the integral in (15.5) has a sense. This means that in this case it is meaningjul
to ask for the best G-invariant recognition function in the sense of maximum expected payoff.
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In Part IV we shall see in a number of instances how the best recognition function
can be derived. The result will depend upon what weight function w and what probabil-
ity measure Q we use. Let us note already here that the classical estimation method of
maximum likelihood will lead to G-invariant recognition if the deformations are covariant
in ■probability. Indeed, if the frequency function p of (15.3) exists it is clear that p(g'1dg)
= p{d) for all g £ G. Maximum likelihood recognition consists in solving the extremum
problem

(15.10) p(d) = max for all i and d satisfying the relation dl = I®,

and recognizing that pure pattern (Pa to which I0 belongs; I„ is a pure image assumed to
realize the maximum together with some deformation g £ G, we have (gdg~l)gl0 = gl® ■
Since p(d) = p{gdg~l), it follows that the deformed image gl°, which is similar to Is,
will be recognized as originating from the same pure pattern (P„ as Is. The recognition
function hence defines a mapping of <P® into (Pa so that it is G-invariant.

When using maximum likelihood recognition it should be remembered that the
optimality properties which maximum likelihood estimates are known to have have
been proved, in most cases, for the situation when the sample and parameter spaces are
Euclidean spaces of finite dimension (fixed dimension in the asymptotic results). It
would be worthwhile to study the sampling properties of maximum likelihood recognition
when these spaces are the deformed and pure image algebras, as will be the case in
pattern recognition.

IV. Deformation Grammars of Patterns

16. Constructing Deformation Mechanisms. Now we assume that the grammatical
analysis of a pattern analysis problem has been carried to the stage when we have chosen
the image algebras 3, 3° as well as the set 3D of deformation transformations so that we
have a deformation grammar gdef • To make it into a probabilistic deformation grammar
we must introduce a measure P on the set 33. The choice of P will have to be made from
case to case, using the available subject matter knowledge in order to arrive at the usual
compromise: the model should approximate the phenomenon studied reasonably well
and at the same time be analytically or numerically tractable. Nevertheless, we can
state some general principles that may help us in constructing the model of deformations.

First, we should try to separate 2D, which may be quite a complicated space, into
factors B = SD, X I>! X ■ • • . The product may be finite, denumerably or non-denumer-
ably infinite, as we shall see below. Sometimes we are given such a separation directly,
for example when the deformations consist of a topological transformation of the back-
ground space followed by a mask deformation. We can also expect some help from the
wray in which the image algebras are formed from elementary parts. If we consider
images whose configurations have n signs, all identifiable, we may try writing

(16.1)
j/D = dl = (d,Si , d2d2 , d„s„)

l I = (Sj , s2 , ■ ■ • s„)
in the hope that the properties of the factors d„ should be tractable. But this would
work only when the signs can be uniquely determined from the image. Instead we
could try the corresponding separation, but for subroutine images or other components
that are well determined in the image algebra under consideration.
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Once we have been able to separate 2D into reasonably simple factors we must decide
upon what probability measure to introduce on 33. To be able to do this it is important
that the way in which we have separated the deformations into factors is such that the
factors of d appear to behave independently of each other. The complete specification
of P cannot be made without empirical measurements and in order to arrive at sufficiently
accurate estimates we must have enough structure in the axiomatic model. This is a
critical step in the determination of P and requires such understanding of the deformation
mechanism that the ensuing grammatical analysis does not force our data into an in-
adequate mould. If we can actually carry out the separation so that the factors are
stochastically independent we are left with the problem of determining the marginal
distributions of the factors. To exemplify this, let us think of pure signs being generated
by a mechanism of the form L„x — 0, where the reader may think of L, as a difference
operator, and the deformed signs are given by L„x = e. The first thing we would try
would then be to assume that the values of e (for different arguments) are independent.
If this could not be accepted as an adequate approximation we could try to remove the
dependence by working not with x itself but with some transformation (possibly linear)
of it. In other words, we could choose the grammar so that the deformation model has
a simple probabilistic form. Or, as another example, if we deal with contrast patterns
(see section 11) with a discrete background space X we may try to model P by assuming
that different points of X are mapped independently of each other into the background
space of 3d.

So far we have used the hierarchic construction of pattern grammars. To narrow
down the choice of the marginal distributions that remain to be specified, we appeal to
the role played by the similarity transformations. Again, if our gdef has been well
chosen we could hope that P should have a corresponding invariance property. Thus, if I
and /' are similar pure images, I' = gl, we would first examine the possibility that dl
and dV = dgl have the same probability distribution. Or we may try the model postu-
lating that gdl has the same probability distribution as dgl: this leads us to covariance in
probability (see section 15). In sections 17-20 we shall see in some detail how this can
be done.

Applying these principles, we may be able to specify the analytic form of P and the
remaining free parameters must be estimated empirically.

Here we have been discussing the specification of a probabilistic deformation grammar
Scrob • If, instead, we are searching for a metric deformation grammar gmet we would
again appeal to the same principles: separation of 2D into factors, independence of factors
(here meaning additivity of sub-metrics) and invariance of the metric.

17. Deformation of Permutation Patterns. To begin with, consider the simple
grammars of permutation patterns of section 7. If the coordinates x„ are all different
we can just as well let them take the values 1,2, • ■ ■ n and we could designate our signs as

Si = (1, 0, 0, • • • 0)

(17.1) \s2 = (0,2,0, ••• 0)
= (0, 0, 0, ■■■ n)

With G consisting of cyclic permutations the patterns (P = 3/G would be formed from a
prototype I (a vector of zeroes and ones) and the images similar to I. Now to deforma-
tions. Let 2D consist of transformations d that we separate into dx , d2 , ■ • • dn. Each d.
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takes values in G, and we put

(17.2) J® = dl = d(x1 , x2 , ■■■ xn) = (x1+di , x2+d, , • ■ ■ xn+dJ.

We make this deformation grammar gdef = (g, £>, 3 d) into a probabilistic gprob by
defining a probability measure over 33 by the condition that the d„ are independent with
the same distribution P(d„ = g) = p„ . Note that we have followed closely the guide-
lines of section 16 in the construction of the present model.

Things are especially simple here since i) = G X ff X X G (n times) and G is
commutative so that gdef is covariant and, a fortiori 1 gprob is covariant in probability.

If deformations are less likely when |d,| is large, cl, , ±1, ±2, • • • , the following
distribution (and variants of it) may be of interest:

(17.3) P„ = const. cM, g = 0, ±1, ±2, - - -
where the positive constant c is less than one. We shall return to it below. Of more
general interest is the following construction that will be used repeatedly. Let n be a
distribution over G with the corresponding probabilities ns . Let Pt(g) > 0 be the
measures of a time-homogeneous stochastic process with independent increments over
G starting at g = 0 for t = 0 and with II as its jump distribution. This means that in a
time interval (t, t + e) with probability 1 — e the process stays in the same state g, but
with probability t lb + o(e) it jumps to state g + h; h £ G. Then we have, using a
familiar argument,

(17.4) = -P,(g) + .
"■fr hEg

For given n this system of n first-order differential equations with constant coefficients
can be solved by the usual routines. The solution takes an especially simple form
expressed via the Fourier transforms

PM = Z e^^/n)Pt(g)

n(y) = £ e(2ri°y/n)n(g)
(17.5)

where the system reduces to

(17.6) = -P,(7) + i\W-n(7), 7 EG.

This gives us
(17.7) P,(y) = y £ G.
and by Fourier inversion

(17.8) P,(g) = I °r/"' - <[1 - ^(7)]

Consider in particular the case when II is uniform over G, 1IC = 1/n, so that 11(7) = 1
for 7 = 0 and ft (7) = 0 otherwise. Then

\p,( 0) = -+7L~e"n 1(17.9) J
|j

In the set-up (17.4) the parameter t measures the amount of deformation in gprob .

[p'(g) = \ (! - e g ^ 0
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Say that we want to recognize a deformed image 7D = dl as originating from one of
the patterns (Pi , (P2 , ■ • • (?„ from (P = 3/G. Assume that the weight function w (see
section 15) is given by

(17.10) w = 1 correct recognition
0 incorrect recognition

What G-invariant recognition function </>(/), taking values in <P, maximizes the expected
payoff

(17.11) E w(6>" , </.(/)) = E P(7 £ 4>(IS) | 7IJ)?

We merely have to choose </> (7D) equal to that (P" ; a = 1, 2, ■ • • p, for which

(17.12) P(33a | 7B) = max.
a

Note that the conditional probability in (17.12) depends only upon what similarity
class 7 belongs to, so that the resulting recognition function will be G-invariant, as
desired. If the patterns (Pa all have the same probability 1/p we can replace (17.12) by

(17.13) P(7® in observed similarity class | 7 £ <P°) = max.
a

The reader will recognize this as the standard Bayes solution of decision theory and
(17.13) as the maximum likelihood solution. But what becomes of this solution in the
special case of cyclic permutation patterns?

Having observed F° = (?/, , y2 , ■ ■ ■ yn), where the y's take as values some of the
numbers 1,2, ■ ■ ■ n, we first have to solve for the and g for which there is an a such that

(17.14) x'„°lP+g = yv , v = 1, 2, • • • n,

where Ia = (.x{a) , x'2a} , • • • xla)) is a prototype of (Pa . Compute the value of (17.13):

(17.15) A (a*) = ma xL(d*,g*,a*)
d*,u*

where d* and g* satisfy (17.14) for a = a*. The optimum recognition is obtained by
choosing a* so that X(a*) is maximized, and we need only compute

(17.16) X(a*) = max II Pj,.+0.
(I* , o* j»=l

If (17.3) is our specification of the deformation mechanism, we should look for the
a*, d*, g* that solve

(17.17) Z d* + g* = imn.

On the other hand, if (17.9) is our specification of P, our problem can be reduced to
solving for

(17.18) PM  = maX"

where

(17.19) N0(d*, g*, a*) = number of v's for which d'* + g* = 0
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But since Pt(0) > Pt(g), this is equivalent to

(17.20) N0(d*, g*, a*) = max.

Note that in these two eases we have actually arrived at minimum distance recognition
(see section 14). Indeed, the expression in (17.17) is an 1,-norm, while (17.20) corre-
sponds to the non-definite (but definite in 3/G) metric in Rn

(17.21) 5(x, y) = min [number of x,+, ^ yv].
a

So far this is quite a special case of pattern analysis, but we can extend it further.
Say that we have, abstractly, only access to n non-similar signs s1 , s2 , ■ ■ • sn , that we
only consider configurations of the form (f/jSj, g2s2, • • • gnsn) and that images are identified
by their component signs. Then we can just as well write an arbitrary image as 7 =
(gi , <72 , • • • g„) and we have the group patterns of section 10. We make this into a
probabilistic deformation grammar by postulating

\d = (di , d2 , • • • d„), d„ G G
(17.22) <dl = (dlg1 , d2g2 , • ■ ■ d„gn)

all dv independent with the same marginal probability p, .

For simplicity we have assumed that G is finite or denumerable; the modification in the
continuous case is straightforward. Reasoning essentially as above we are led to the
following recognition algorithm: choose a so that

(17-23)
a , a v = 1

is realized, where /<a> = (gai , g„t , • • ■ gaJ is a prototype of the pattern (P« and the
deformed image is = {hx , h2, ■ ■ ■ hn). Assume that there exists an invariant distance
S on G such that

\P, = e)]
(17.24) is positive, decreasing and subexponential:

U(0)-0(5, + 8a) < ^(8l)-«(«2)
Introduce the functions ^ on G X G

(17.25) *(g,h)=- log^gp1

and the function on 3 X 3 = f X 3s

(17.26) , h) = E $(9' ,h„), h = (gt , g2 , • • ■ gn)
f = 1

I2 = (}l; ,h2 , * /l»)

It is clear that \p and <j> are non-negative and symmetric in their arguments and that
"A(j7» d) — 4>(J, I) = 0. Further, if <£(/, I) = 0 it follows from the decreasing character
of <t> that ip(g, , hy) = 0, so that S(g, , h„) = 0, g, = h, , V v. Finally, for any g, h,
k £ G we have

(17.27) S(g, k) < S(g, h) -f &(h, g)
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so that
C17 9*Ti - < i-i0- <t>(s(g, h) + s0h M
( 7- 8) g 0(0) - g 0(0)

and using the subexponential property

(17.29) - .„6« <

so that 0 and \p satisfy the triangle inequality. Hence 0 is an (invariant) distance. But
choosing a and g so that (17.23) is maximized is the same as choosing them so that

(17.30) 0(7®, gl") = min.

In other words, we have again arrived at minimum distance recognition (see section 14).
Turning to the permutation grammar described at the end of section 7, we shall

introduce the deformations in an essentially different way from the one we have just
studied. Let 7 = {a;,,-; i = 1,2, • • ■ n, j = i + 1, i + 2, ■ • • n} we shall let the deformed
image 7® be of the form 7® = dl = {?/,■,•} with

fa:,-,- with probability p
(17.31) y„ = j

[l — Xij with probability 1 — p

for i < j. We need not consider i > j since the ^/-matrix will be assumed symmetric
just as the z-matrix. All the n(n — l)/2 transitions a;,-,- —> , i < j, should be stochasti-
cally independent. Actually we have merely followed the guidelines of section 16 in this
construction. To see this, let us write d = {da ; i = 1, 2, • • • n, j = i + 1, i + 2, • • • n)
with da = 0 or 1 and with yu = xu + dtj , i < j, where addition is modulo 2. Hence
the deformation d has been separated into independent elementary parts du with the
same distribution; actually the deformations are additive. This probabilistic deformation
grammar is not covariant but covariant in probability. Having observed the deformed
image J® = dl = [yu] let us find the maximum likelihood recognition of the pure image
I. This is easy, since the expression to maximize is

(17.32) P(/s | 7) = Pd = pHd\l - p)!-'""1'/2!-5"' = constant• a8<d);

V_
a - pj

where 5(d) = number of di4 ^ 0, i < j. Hence (rip < J) we should recognize 73J as
generated by that J £ 3 for which the distance o(/a, 7) is as small as possible: in this
special case we also arrive at minimum distance recognition.

On the other hand, if we start with certain pure patterns (Pi , (P2 , • • • p G 3/G with
the same probability Q((Pr) = 1/p and ask for the best in the sense of (17.13), we should
calculate the function / defined on 3 X 3

(17.33) Kb , h) = Z as<d)
dl 16G/j

->£) wSince / is completely invariant it is actually well defined on CP® X (P®. The best recogni-
tion is achieved by choosing that (Pr for which

(17.34) /(<Pr , (P) = max, 7® G <P
is realized.
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18. Deformation of Plane Patterns. When we turn from the simple patterns of
the last section to patterns in the plane we can expect to meet a larger variety of deform-
ation mechanisms. For reasons discussed in sections 8 and 9 we shall concentrate our
attention on line patterns. With the help of ideas put forward in section 16 we shall
specify certain models that promise to be of use for pattern analysis.

Let us start from a pure image algebra 3 consisting of curve segments combined
according to given grammatical rules. Write the pure images as 7 = I(x, y) = indicator
function of the curve segments making up 7. The simplest deformation mechanism that
suggests itself immediately is the following. Let 2D be a set of mappings d of the plane
into itself and define the deformed image 7B by the relation

(18.1) 7?.,., = dlixy) = I(d(x, y));
on 35 there should be a probability measure P. Note that in such a probabilistic
deformation grammar the deformations are introduced through distortions of the whole
plane, the background or carrier of the images, rather than through operations on the
signs and configurations as such. Since this is a special case of the important class of
contrast deformations it will not be discussed here but postponed to section 19.

Instead we shall study deformation via the separate sign, starting from the model of
pure Euclidean line patterns (see section 8), and where the image consists of a single
sign. Say that the pure patterns are defined through

(18.2) fs = fr(s), r = 1,2, • • • p; ,£[0,1]

where the functions /r(s) should be analytic. Since G now consists of translations and
rotations, a complete specification requires that we fix the triple b = (.r0 , J/o , 4>o) where
(x0, y0) are the coordinates of the starting point, s = 0, of the curve and </>0 is its inclina-
tion at this point. (To be precise we should separate two cases—one where the curve
segment is directed, as assumed here, and another where it has no given direction.)

In Euclidean line patterns we treat the image as a geometric object and we shall do
the same for the deformed images, writing

(18.3) = fr(s) + e(s), r = 1, 2, • • • p; s£[0,l]

where the e-term is a stochastic process continuous in probability. The only essential
restriction is that we have chosen this additive form for the right-hand side; the fact
that we shall let the probability distribution of the e-process be independent of r, the
pure pattern (Pr, can easily be modified. To be concrete, let e(s) be a stationary Gaussian
process with mean zero and covariance function ae~& s > 0. The triple b is not affected
by d. It is clear that this model is covariant. How do we achieve maximum likelihood
recognition?

In the function space of Sf' = dxjF/ds, s £ [0, 1], the p different patterns give rise to p
probability measures, say mx , m2 , • ■ • mp . Let us express them all in terms of Radon-
Nikodym derivatives Lx = 1, L2 , Ls , • • • Lp taken with respect to m,

(18.4) mr(E) = [ LA^P^m
J E

But we can use a well-established technique for solving such a problem (see Grenander



1969] FOUNDATIONS OF PATTERN ANALYSIS 41

[1]). Consider the likelihood ratio lr for the values of

(I8-5>

We get, using the Markovian property of the e-process

(18.6) lr = exp — |(Qr — QO

with

(18.7) Qx - Qr = *[2/r(0)¥(0) - 2/j(0)^(0) + fr(0) - fl(!0)]

-i = J2
a(l - e~2fs/n 7=i

*!»-+!) - e-'^k
n / \n. fei) _

+ e^'U-

~ M^1) -
It is known that when n —> <» the limit of \r exists and is Lr . After some elementary
manipulations this limit can be expressed in the form Ar — with

(18.8) Ar = - WMO) + ifMa

- ~ im + Pimm + ~ mi + mim
- ~ £ me) + wwm ds

~ hi L + ds
= \fM ~ l m + [/!(!) + i fr( 1)]

+h L ~ ds
- ~ fo im + Pfr(s)Y ds + ifM

This expression is not as complicated as it may appear at first glance. It is a linear
function of the three quantities

a<°> = ^(0)

(18.9) K1' = *(1)

ar = f [fi2/r(s) ~ /£'(s)Ms) ds
Jo
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These three probes are sufficient for the recognition procedure. The first two of them
are local measurements at the ends of the curve segment constituting the sign, while
the third one is a global quantity. If the deformations are irregular along the sign,
large value of /3, then the form of the expression (18.9) indicates that the third quantity
will be the most informative for recognition purposes. At any rate, to maximize Lr we
merely have to compute Ar for the observed values of ^ and choose that pattern <?r for
which Ar takes the largest value.

This was when the image had just one sign (in the present context we deal with
identification via the maximal connected component (see sections 4 and 8)), but the
model generalizes easily. Let the pure image I consist of n signs (curved segments)
Si , s2 , • • • s„ , each of which is a maximal connected component. Write the Hh sign
in its intrinsic form

(18.10) (]fs = /<"(«), , = 1,2,••■«, s G [0, 1].
Here /(,) is equal to some fr . We must also specify the initial condition b, =

, i/0") , 0,'"1) for each v. So much for the pure image. The deformed image is obtained
by

(18.11)
"f - «•>+<•«
.6® = b, + n.

where e„(s) is a stochastic process as before and a stochastic 3-vector. It may be
instructive to examine two extreme cases.

In the first one we assume that all e„ and q, are independent. In the same way as
before we calculate the Radon-Nikodym derivative Lr which is now the product of n
factors, each factor being associated with one sign. Each such factor in its turn splits
into two factors, one of which belongs to the equation for the curvature St1", and the
other to the initial condition bs. Finally we will maximize Lr to recognize a pure pattern
<P,.

In the extreme opposite case we assume that we are given one process e(s) and one
stochastic 3-vector 77 such that e„(s) = e(s), y, = v, V v. Again a similar recognition
procedure can be carried out, but the result will, of course, differ from the previous one.
A variety of cases intermediate between these two can be written down.

As the reader may have noticed, these constructions have followed closely the general
prescription outlined in section 16.

We can now go ahead to study deformations of differential line -patterns (see section 8).
Say that the pure signs are generated by first-order differential equations of the form

(18.12) y' = f,(x, y),
where <r is as usual the subroutine parameter. This equation should of course be invariant
with respect to the similarity transformations. Together with the values of the end-
points of the arc (18.12) determines the pure sign. Let the deformed sign be given
through the stochastic differential equation

(18.13) y' = f„(x, y) + e(x, y)

where t is a stochastic process such that the probability measure of the differential line
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element field of (18.13) is G'-invariant. Then the deformations in 2D are covariant in
probability and we can go ahead in the same spirit as before looking for the best recog-
nition function.

As an example we consider the case mentioned at the end of section 8. Say that
f*(x, y) — a(y/x): any given subroutine a has associated with it a smooth function a(u)
of the real argument u = y/x. Let e(x, y) = W{y/x) where W is the Wiener process.
After some elementary calculations we get the Radon-Nikodym derivatives expressed
through the five probes

di = Wo

&2 =

(18.14)
= (dy

\dx

Oa =

f*U\

a5= <r"(u)y'(ii) du
J U A

where uQ and ux are the values of y/x at the end points of the observed arc. In passing,
let us point out that we can sometimes, just as here, find the optimal recognition function
without solving the differential equation explicitly.

Actually the same idea applies to the more general notion of boundary patterns (see
section 10). Starting with a certain pure sign s = [<r; 6i , fc2 > * * • &,>] we would separate
the deformation into factors. One of these factors would transform the subroutine cr
into another subroutine ad from some space, usually much wider than 2, and assign
probabilities to the possible values of ud. The other factors would transform the boundary
conditions bt , b2 , • • ■ b„ according to some probability distributions. One would try
to express the pure image algebra in such a way that the random quantities of these
various functions would be independent, as suggested in section 17. If the reader looks
back at the models described in the present section it will be clear that this is just what
we have tried to do here.

As far as set patterns are concerned, it need scarcely be pointed out that if the infor-
mation is carried by the boundary we can go ahead just as above. Instead we shall now
consider a different sort of set pattern. Let the pure image consist of convex polygons in
the plane. An image I can then be expressed through n signs sx , s2 , • • • sn consisting
of half planes: I = sx Pi s2 (~\ ■ ■ ■ (~\ s„ (see the end of section 9). The similarity trans-
formations consist of translations and rotations. The deformation of I shall be a realiza-
tion of a Poisson process with intensity \ within I and intensity X2 outside I, say with
X, < X2 . Then 7s = di cannot be described through a boundary; it consists just of
isolated points. This model is one of those fairly rare cases in which 3 C 3s does not hold.

Say that we can observe Is in some subset of the plane, e.g. a unit square, and that
we know the inclinations of the straight lines bordering the half spaces. How do we find
a good recognition function? This will depend on how restricted the signs are.

First, assume that for any particular pattern (Pr the shape of the pure image is
completely known (but, of course, not its location and orientation). The Radon-
Nikodym derivative will be found by a technique similar to that employed earlier in
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this section

(18.15) Lr =

where Ir is a prototype of the rth pattern; g is the similarity transformation carrying
this prototype to the actual pure image. By m(7) we mean the area of I and v(I) denotes
the number of Poisson events observed inside I. Maximum likelihood recognition can
then be based on the probe

(18.16) ar = min jfX - \2)m(glr) + v(glr)- log ; r = 1, 2, • • ■ p.

After computing these p probes, that pattern (Pr is recognized for which a, takes the
smallest value.

Second, if the shape of the pure image is not specified in advance, one might try the
same approach. Since this will lead to an unreasonably large amount of computation,
it may be better to try to determine each sign separately. Consider the halfplanes
associated with a certain direction and project the deformed image onto a coordinate
axis orthogonal to this direction. On this axis we denote the projections of the Poisson
events by Xi , x2, • ■ ■ xn. Say that the x-variable of the unit square extends from x — a
to x = b and that the projection of the pure image I extends from x = a to x = j8,
a < a < j8 < b, where a and /3 are of course unknown (see Figure 3). If ^(x) clx de-
notes the length element of the unit square projected onto the x-axis we have the likeli-
hood function (except for a constant)

(18.17) L(X) = exp S — Xj
/»a pb

J. + J, "('>dx X"«.<Vx

where v(a, /3) is the number of Poisson events with a < xv < /3. We should first maximize
(18.17) as a function of X under the condition that

unit sauare
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(18.18) \ > f fi(x) dx
J a

leading to the value of

(18.19) X*(a, (3) = max v, \l -J n(x) cfaj

We should choose the (a, with a < a < j3 < b for which

(18.20) Ai f n{x) dx + v{a, 0) log - X*(a, 0)
J a Ax

takes its largest possible value. The distribution properties of this recognition function
are not known and should be studied.

19. Deformation of Contrast Patterns. It was pointed out in section 11 that the
idea of contrast patterns—a quite general notion—is a natural one only if the back-
ground and contrast spaces are given to us as familiar mathematical objects. We can
then construct models for the deformed patterns, and we shall separate two cases.
The main case is that in which only the background space (but not the contrast) is affected
by the deformation; the other one, that in which the contrast space is deformed. Both
these cases are subdivided according to whether the whole image is deformed at once or
if its signs are deformed independently.

Model for background deformation. Consider a contrast grammar Q = (X, C, S, G)
and let "Zbea space of mappings £of X into itself. Introduce a probability measure P on E;
this carries 9 into a probabilistic deformation grammar by introducing the deformations as

(19.1) d : I = I(x) -+ P = m(x)].

In general we do not assume that the mappings £ of the background map X onto the
entire X. If not, then a part of a pure image I = I(x) will be lost, viz. that part of I (x)
corresponding to the values of X that are not assumed by £ = !j(x). Denote by W(I)
the range of the function I = I(x), the "Wertevorrat", and similarly W(7s) as the range
of the deformed image I®(x), dl = I[£(x)]. It is clear that W(IB) C W(J) C C.

Say, to fix ideas, that W(T) is denumerable and consists of the values (in the contrast
space C) Wl , W2 , W3 , ■ ■ • , same for all I £ 3 (more generally, we would decompose C
into some <r-algebra of subsets). Let XV(IS) = {x | £(x) £ J-1 (IF,) where the inverse
function I~L may be many-valued. The likelihood function can then be written as

(19.3) L(I) = P{f(.Y,(Is) C r\W,), V

if this is different from zero, or, more generally, as the corresponding Radon-Nikodym
derivative.

Likelihood recognition would be attained by choosing that pure image for which
L(7) is as large as possible. By £(A') is understood, as usual, the set of points obtained
by letting £ map each point of A separately into X. If £-1 is one-valued (19.3) can be
simplified and the inclusion symbol be replaced by equality.

As outlined in section 16, it may be possible to describe these deformation grammars
through dynamic models. To illustrate this, consider the following simple deformation
mechanism. Start from a pure contrast grammar with X = [0, 1] and C = R1 with
similarity transformations of the form gx = x°, 0 < x < 1, g > 0, and we use the symbol
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<7 to denote both the group element and the positive number to which it corresponds.
In other words, we have

(19'4) JxTx9X = l> 0<X<1, (gxU0 = 1.

We shall consider pure images of the form I(x) = xa, 0 < x < 1, a > 0. Introduce the
deformation via the mappings £ = £(x)

<i9-5>

where e(x) is defined through the following probability measure. The interval [0, 1] is
divided by the events of a Poisson process with intensity ju into the intervals i0 = [0, a^],
i = [xj , x2], ■ ■ ■ , »„], i„ = [xn , 1], In i, the e-process takes the value yv ,
where y0 , yx , y2 • ■ • are independent positive stochastic variables from the exponential
frequency function e~", y > 0. Say that the deformed image is Is(x) = f(x) = I[£(x)].
If we denote the background coordinates for which the first derivative f'(x) has a jump
by Vi < Vi < • • • < 2/n-i y„ and by z, the (constant) value

(19.6) \ a log x /„„ = 0, 1,2, n

we can solve (19.2) and get, assuming that I{x) = xa, that the value of t(x) between the
pth and (v + l)th discontinuity is (1 /a) zv . Hence (19.3) gives us, after some reductions
and leaving out a factor that does not depend on I

(19.7) L(J) =—L- exp-Q ±z,
n + 1 \ a „_0

Maximum likelihood recognition leads us to the pure image I(x) = x°* for which

(19.8) = -L i>, = "fa „_0 ct TTo \ d log X Jy,<x<v,+l

This amusing form of the recognition function leads to an image within the pattern we
started from. Different patterns can be separated with complete certainty (but not
images within a pattern) within this deformation grammar. This is an expression of the
fact that these deformations are really too mild to be of practical interest; however,
the discussion should illustrate the approach.

Instead let now the deformation I(x) —»I[£(x)] be followed by a mask transformation:
the deformed image will be given as Is(x) = /[£(£)], x £ Xi , where X1 is a subset of X:
we have no knowledge about the values of Is(x) outside the set Xt . The subset X^ is
selected according to some probability law Pi and we assume that £ and Xj are stochasti-
cally independent and that I\ does not depend on I. It is then intuitively clear, and it
could be proved formally, that the best recognition procedure can be found by consider-
ing X1 as fixed and equal to the observed set. On the other hand, if we relax the inde-
pendence assumptions above, it can very well happen that the form and location of Xi
can help us in finding a better recognition scheme than if we had considered it as fixed.

For an image algebra with uniquely identifiable signs the model for background
transformations can be modified. Say that the pure image I consists of the n signs Si =
Si(x), s2 = s2(x), • • • s„ = sn(x). Take n independent versions |i , {2 > • • * In of the mapping
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£ corresponding to the product measure on 3n, and define the deformed image through
the configuration (sj^ , (a;)], s2[£2(»], • • • s„[|„(a:)].

The illustrative example from above would then be changed as follows. Let C = R"
and define the pure pattern (Pr as consisting of images of the form

(19.9) L(x) = (Jri(s), IrXx), ■ ■ ■ IT.(x)) = (x'ar\ x■ ■ ■ x°ar")

where the as are given positive numbers and g is an arbitrary positive number. De-
forming each component independently of the rest, we get a set of numbers derived from
the deformed image

(19.10) 2,, = {^~) V*. < x > * = 1, 2, • • • n; v = 0, 1, • • • nk ,

where Is(x) = (fi{x), f2(x), ■ ■ ■ f„{x)) and the ykJs are the points of discontinuity of
f'k{x). The likelihood function is then essentially

(19.11) w> - 4 ft fJ-«p (--i-!;*.Q k = l \ Qd-r fc f=l

To maximize this in g for given r we find
1 n 1 nk

(19-12)
71 Jc = l &rk v = l

and that pure pattern (Pr should be recognized for which (19.11) takes the largest value
when g* is substituted for g.

Model for contrast deformation. Consider a constrast grammar Q = (X, C, S, G) and
let Z be a set of mappings z of C into C. Introduce a -probability measure P on Z; this
carries g into a probabilistic deformation grammar by introducing the deformations as

(19.13) d : I = I (x) -> 7° = z[I(x)\.
But this is usually too restricted a model. Instead we can let the mapping of C

into C depend upon x, zx , and the measure P should then be defined on the product
set Cx.

A simple but typical case of contrast deformations is obtained by choosing X =
{1, 2, • • • n}, C = R1, G = group of cyclic permutations of X. The signs could be
generated as in section 7. Let zx consist just of adding a real number, which we also
denote by zx , to the values of C and say that P is defined through the condition that zx
forms a Gaussian process with mean zero and positive definite covariance matrix R.
This is a model of additive noise, well known from communication theory, and it is
clear that maximum likelihood recognition reduces to minimum distance recognition
with the metric in 3 given as a quadratic form for the inner product

(19.14) (7j , 72) = \ZriR~1I2
If zx is a circular process it follows that R is a cylic matrix and that the metric of

(19.14) is G-invariant (see section 14). The distance (squared) between a pure image
glr G (Pr and the deformed image 7s can then be written in terms of norms and inner
products

(19.15) 5\glr , 7D) = H^l|2 - 2{glr , 7s) + ||7S||2

= |[7r112 -2(^,7°) + ||7D||2
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so that if all the prototypes have the same norms recognition consists in choosing that
pattern (Pr for which the criterion

(19.16) max (glr , 7s)

takes its largest value: recognition through maximum inner product. But if the contrast
deformations z are given a bit more generally as

(19.17) z{I(x)} = a I(x) + zx

where zx has the same properties as before and a is a real constant different from zero,
then we would arrive at the following criterion:

(19.18) max |corr. coeff. between I^(x) and glr(x) | ;
c£G

that pattern (Pr should be chosen for which (19.18) is as large as possible. The correlation
coefficient should be interpreted in terms of the inner product associated with the
matrix R'1. If the norm of the pure prototypes does not vary with r we arrive again at
recognition by maximum inner product; otherwise we could speak of recognition by
maximum correlation.

Since this is quite simple we need not discuss it any further, just pointing out that
the model can be extended directly to handle deformations of separate signs.

Here is one of the simplest possible deformation grammars with contrast deforma-
tions. Let 3 consist of n-vectors whose components are zero or one. Composition of
images means adding vectors componentwise modulo 2. The similarity transformations
permute the components cyclically and we shall start from p patterns (Pi , (P2 , • • • (Pp
in 3/G. A deformation d is split into elementary parts (see section 16) dx , d2 , ■ ■ ■ dn
each of which has the probability distribution

P(d, = 1) = p
(19.19) <P(d, = 0) = 1 - p

.0 < p < \
and all the d„'s are independent. We put

(19.20) 7® = 7 + d

so that we should look for that <Pr for which the binomial probability

(19.21) (J,) P*r(l - P)""4'

is as large as possible, where

(19.22) kr = min £ |7D - H+0\ .
0 =1

The reader may recognize the sum in (19.22) as the Hamming distance and the set-up is
that familiar from algebraic coding theory. The decision rule is: minimize Hamming
distance.

Another deformation grammar that bears some resemblance to the contrast deforma-
tion model starts from a linear operator L. Although what follows can be extended a
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great deal, the reader may prefer to think of L as one of the classical self-adjoint, second-
order differential operators on some set X, say the interval (0,1). Let L have the (simple)
eigenvalues Xj, X2, • • • associated with the complete orthonormal system <t>i(x), <j>2(x),
of eigenfunctions. As the device generating the signs of S we shall use the equation

(19.23) Lf = /X.

As the group G of similarity transformations we take the operations f —> c ■/: multipli-
cation with an arbitrary real constant c. We could also admit certain transformations
of X onto itself, but this will not be done here. Images are then (twice differentiable)
real-valued functions on X, the signs are multiples of the <t>,'s, while the 4>,'s themselves
can be taken as templates. Starting from an image I(x) we introduce the function
LI(x) = <f>(x) and the deformed image through the stochastic differential equation

(19.24) L7®(z) = <t>(x) + w(x),

where w(x) is an orthogonal process with mean zero and homogeneous on X very much
along the lines of section 16. But it is possible to represent w(x) as

(19.25) w(x) = ^2 w, / <fiy(x) dx
v = l Jo

where the wy's are uncorrelated stochastic variables with mean zero and constant variance
a2. Writing 7®(z) in terms of its coefficient 7® and I(x) in terms of coefficients I, we get

(19.26) 7® = I, + z„

where z, = w,/\, are then uncorrelated and with variance a2/\2v. Note that the property
of being uncorrelated has carried over from the time domain of x to the "frequency
domain" of v. To specialize even further, assume that the wy are independent with the
double exponential frequency function e-1"'. Then maximum likelihood consists in
choosing that pattern <?r £ 3/G for which

(19.27) min 11- ~ d'A ̂
c v

is made as small as possible. In our image algebra 3® (remember that the images have
a finite number of signs) the sum in (19.27) defines a distance, so that this G'-invariant
decision rule is a minimum distance recognition procedure.

It was shown in section 15 that if the deformations are covariant in probability we
avoid certain difficulties and we can find G-invariant recognition procedures. There is
nothing to guarantee that this is always so. To show this in a non-pathological instance
it is enough to consider the case X = N1, C = R1, G = translation group of iV1 and
p prototypes Ir(x), r = 1, 2, • • • p, vanishing except for a finite number of x's. Let the
deformations be given by

(19.28) d : I(x) —> 7®(.t) = I(x) + e(x)

where e(x) is a Gaussian, stationary, ergodic process, say independent for different x's.
Suppose there exists a G'-invariant procedure for recognizing the p patterns. Then the
sample space of ID(x), x £ N1, will be split into p disjoint and G-invariant subsets
Ex , E2 , ■ • • Ep corresponding to the p possible outcomes of the recognition algorithm.
Because e is ergodic the probability mass it attributes to a set E, must be zero or one.
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But it can be shown that the probability measure of the /"-process is absolutely con-
tinuous with respect to the e-process, and vice versa. Iience all the E, have probability
zero or one independent of what pure image 7 (x) is true, and the recognition method is
useless.

Here is something different. Let g = (X, C, S, G) still be a contrast grammar but
do not introduce 3s through transformations of background or contrast space. Instead,
let fi , f2 ) • • • be a set of points in X and P their joint probability measure over Xn.
The deformed image is defined through

(19.29) ia = (/«-.), ifo), • ■ ■ '(f») e c\
Note that this is another instance when 3 C 3® is not true; another one was studied in
section 18.

The idea behind this probabilistic deformation grammar is that we are not able to
observe the image 1 = 1 (x) for all values of x in X. Instead we only observe I at n points
?i i fa i • • • ?»the exact location of which is not given to us; only the probability distribu-
tion P is known. Perhaps we prefer to represent the deformed image instead by a
O-valued function over the entire X obtained by some definite interpolation method form
the values of the 7(f„), v = 1, 2, • • • n. But this really changes nothing, since no infor-
mation is created (nor, usually, destroyed) by interpolation.

Let us organize the recognition of the pure patterns 6\ , (P2 , ■ • • (Pp of 3/G corre-
sponding to the prototypes Ii(x), I2(x), ■ ■ • I„{x). Consider the mapping C" —» Xn

(19.30) C" -> (A , U ,•••/») — (f, , f2 , ■ ■ ■ f„) G X"
where 7,(f J = h , Ir{f2) = /2 , • ■ ■ /r(f„) = /„ . In general this mapping is one-many.
We have written /i , /2 , • • ■ /„ for the coordinates of 7s. The probability measure
P on X" then induces a probability measure Pr (in general dependent upon IT) on C°
which is in the range of I" : 3d = C". Express the P/s in terms of Radon-Nikodym
derivatives Lr(ji , /2 , •••/„) with respect to some fixed measure (in case absolute con-
tinuity is lacking we have a degenerated recognition problem in front of us). Maximum
likelihood recognition then consists simply in finding that <?r for which

(19.31) Lr (7s) = max.
r

To illustrate this, let X consist of the points (x, y) of the first quadrant of R2, C be
the set of real numbers, and G be the group of uniform dilatations (x, y) —> (gx, gy) of
X where g is also meant as a positive number. The signs are linear functions of the
form s = ax + by; a subroutine consists of those functions with a/b = constant. Let
fi , f» be
(19.31) r, = (f„ , f J V = 1, 2, • • • n
where all the f„; are independent and f yi has an exponential distribution with mean
value m,i . If 7 = ax + by it follows that the coordinates of 7°

(19.33) U = af,t + , v = 1, 2, • • • n,
are all independent and that /„ has the frequency function

(19.34) vXU)
exp \ — —•— ̂  — exp \ — ——' am, j  j. am

am— bm
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unless the numerator vanishes; then the above expression should be replaced in the
obvious way. This implies that we should recognize that pattern (Pr for which

„ exp j— — exp I 
/in n r\ TT I ^ I OMJ(19,3o) II  z = max

7-1 am,— bm„ a,b

The notion of covariance does not make sense here since G is not defined on 3®. However,
if we apply G to X this is equivalent to changing myi into l/gmri so that the recognition
rule (19.25) will lead us to (ag, bg) instead of to (a, b): the rule is G-invariant.

20. Deformation of Time Patterns. The different grammars of patterns and their
deformation mechanisms are not separated from each other by strict delineations. To
some extent it may be a matter of choice which one of two alternative models we prefer,
and part of what will be discussed in this section could have been studied under the
heading of contrast patterns. Since they have a flavor of their own, however, they
deserve a separate treatment.

Let us consider a pure grammar g for time patterns (see section 12), with signs s = (f)
given in real time t £ T, T = R1 (continuous) or T = Nl (discrete). Consider a set 3
of mappings r = r(t) of T into T and with a probability measure P on r. Putting

(20.1) dl(t) = P\t) = I[r{t)]
we have a probabilistic deformation grammar gprob of the background deformation type
(section 19). We shall call r the subjective time. Note, however, that the special way
of forming images (through concatenation) is non-commutative, a case that we have
avoided until now.

The transformations of time t —* r will usually be assumed to be given through non-
decreasing functions r(t). Possibly we could tolerate a model for which the event that
r(f) decreases has a positive but small probability. If the values of r(<) do not include a
certain value of T (when t runs through T) we will miss a part of the information inher-
ent in the pure image I = I(t). On the other hand, if t(<) is constant for some t's, then
this means that a part of the pure image will be more exposed to our observation when
we read the deformed image.

Let us consider two deformation mechanisms. First, can we make this gDrob co-
variant in probability? Consider a finite number of arbitrary time points h , t2 , • • • tn
and compare the two sets of transformed time

(20.2)
(a: r(gt2), ■ ■ ■ T(gtn)

(.6: grit,). gr(t2), ■ ■ ■ gr(Q.

The set a corresponds to the image dgl and the set b to the image gdl. We should then
require that

jfor any n, h , t2 , • • • tn and g

= V v, distribution wise
(20.3)

This is a sort of stationarity assumption. To see this take the special case g = trans-
lations of the real line. Then (20.3) says that the subjective time should obey r(t + h) — h
= r(t) distribution-wise, which is satisfied if and only if the subjective time can be written
as r(t) = S(t) + t, with S(t) = stationary (strict sense) stochastic process.
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Let us specify the gprob further. Reasoning as in section 16, we could demand that
the increment of subjective time r over a short interval (t, t + h) of (objective) time t
should be independent of deformations elsewhere. We would also be led to require that
the distribution of the increment should be the same as for any interval (gt, g(t + A)).
If G again consists of translations, the process r{t) should be time-homogeneous and of
independent increments.

To illustrate this quite flexible model, which we will call the subjective time -pattern
grammar, we will examine two special cases. In the first one we let the image simply
consist of a single sign. If the signs have different range then we can clearly recognize
I given 7B: perfect recognition without error. Similarly, if different signs are characterized
by properties left unchanged by ID we can do the same. If Sj is increasing and s2 de-
creasing then there can be no doubt about which of these two signs has given rise to Is.
Of course, this should be considered a singular case, but we must be aware that such
possibilities exist. Say that we have only two signs, S = (s, , s2) with

(20.4) s„(0 = j1 ° < 1 < ' 0 < 6, < b2 < 1
[O b, < t < 1

We have chosen T = (0, 1). Let subjective time be given as a continuous (in probability)
process with independent increments such that the frequency function of r(t + K) — r(h)
is of T-type.

(20.5) jh(x) = 0 < x < co

The possible deformed image can then resemble those shown in Figure 4.
Let us denote (for /„) by /3 the quantity sup t : r(t) < b,. It is clear that in this very

simple deformation grammar /3 contains all the relevant information. In case 3, the
deformed images are identical: = I® . In the extreme opposite, case 1, both deformed
images have & < 1. It may happen, if subjective time is severly contracted, that I'a(t)
is not defined in a neighborhood of t = 1, but this causes no real trouble.

To be able to recognize the underlying pure image we need the probability distribu-
tion of |8. But the event

(20.6) {13 > u\ = {t(u - 0) < b\

where b is the parameter of the true image, so that

If r-a
1 2

If

Figure 4
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(20.7) P(0 >u) = P{t(u - 0) < &,} = P{t(u) < &,}

where the last equality follows from r(w) being continuous in probability. But /3 takes
values only in the interval [0, 1]. We get

(20.8) P(0 < 1) = P(t( 1) < b) = ~ f dx = 1 - e"6
so that the conditional distribution function, given that /3 < 1, is

(20.9) F.Ux, h) - [l - ( v-'e- <fc]

with the conditional frequency function

(20.10)

written in terms of the incomplete r-function (x ; b). The recognition algorithm then
takes the form

[if (3 = 1 choose the largest b„
(20.11)

|if /3 < 1 choose the bv making /cond (J), &„) as large as possible

The reader will be able to see how this could have been formulated for the case with
several signs in the configurations, keeping the set-up the same in every other respect.

In the second example we shall allow the image to consist of several signs. Let a sign
s = s(t) be 0 outside an interval i, of length n,, a natural number. In i, the function s{t)
assumes the constant value v, > 0. As in a more general context, we would like (although
this is not always possible) to have the pure grammar g to be such that images have a
unique analysis in terms of their signs (see sections 3-4). Therefore, let the rule (R say
for the moment that any grammatical configuration contains only signs with different
values v, . Let T = (0, °°) and consider an arbitrary pure image I = s(1> + s<2) + • • •
+ s(!) (non-commutative addition here) where s('} has length n, and with the constant
v — ay (see Figure 5, where we have also displayed a deformed image as it might look).
We use the convention that I(t) =0 for any t after the duration of the last sign. Intro-
duce gprob through

(20.12) r(i) = number of "points" in (0, t)
where by "points" we understand the events of a Poisson process with intensity 1.
Introduce the time points

(20.13) r{t) = sup t such that r{t) < + n2 + • • • + n, ; v = 1, 2,•••£.

Since these parameters contain all the relevant information contained in 1° we merely
have to derive the probability distribution of (^ , t2, • • • tt) = z given I = s'"1 + s<2> +
• • • + s(" = (n, , ; n2 , a2 ; • • • ;nt , at). Of course we need only consider those pure
images I for which the a's coincide with the different ordinates of IThe joint frequency
function of z is

(20.14) m- n^-hj!
TT ~

(:n„ — 1)!= e - n
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I = 3
ni =1, ai =2
n2 = 2, a2 = 4

= 5, a3 = 3
Figure 5

We have put t0 = 0. To recognize the different possible I's we start from the values n\
and maximum likelihood gives us the recognition algorithm as a maximum problem
over the image algebra 3:

i
(20.15) X) (n' — l)-^ l°g (n' ~ 1)! = max

y-i ;ej

with D„ = log (t, — t,-j).
The time patterns studied so far in this section are characterized by (a) signs are

combined through concatenation and (b) deformations consist of transforming time to a
subjective time. Let us now keep the first property but introduce the deformation grammar
by assuming imperfections in the machine producing the subroutines of signs (see section 2).
To fix ideas, let the pure subroutines or be given by the difference equations with constant
coefficients (see section 12):

(20.16) Laxt = a^xt + a^x,^ ■ ■ ■ + a£xt-v, = 0

Here t runs through n„ consecutive integers, G consists of translations of the discrete
time axis. To make this definition unique we should also include initial conditions for x,
in the description of a. Let us do that by defining these initial values as those assumed
by the x's of the earlier signs; then we merely have to specify initial conditions for the
first sign of the configuration. Then 9 is well defined.

We shall introduce a probabilistic deformation grammar by replacing (20.16) by

(20.17) L„x, = e,

where the ets are independent and identically distributed stochastic variables.
This gDrob will be called the model with imperfect subroutines. Note the similarity

to the notion of regimes in stochastic processes. It could be combined with the earlier
one of this section to embody subjective time.

How do we recognize the pure image behind an observed /? Say that t runs through
the values t = 1, 2, • • • N and we are examining the possibility of representing the pure
image as / = sx + s2 + • ■ ■ + s: with s„ G where the <7„-subroutines consist of
sequences of length n„ ^ + n2 + • • • + nt = n. Then the likelihood of observing Is =
(/?,/?,••• Pi) is given by
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(20.18) L{I) = II It V{L„Xt).
f = 1 t =«i +raa + * * * + np

where p(x) is the frequency function of the e's. To fix ideas let e, = N(0, 1); then
maximum recognition consists in solving

I "t +H2 + • "' + -i

(20.19) Z E (Lw,xt)* = min
v=>\ (=»i+ns+«"+n?-i /£ 3

In this expression a few x,'s will appear with negative values of the time argument and
these values should be replaced by the initial values specified in the pure grammar
g above.

Similarly, in continuous time, we would arrive at a recognition algorithm of the form

(20.20) fT [ZmoZ,]2^ 0
dr = min

where <j{t) is piecewise constant as specified in the description of the signs making up
the pure image. This sort of recognition scheme is certainly suitable for time patterns
governed by regimes.
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