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BOOK REVIEW SECTION

The logic oj special relativity. By S. J. Prokhovnik. Cambridge University Press, New
York, 1967. xiv + 128 pp. $5.95.

Although both quantum mechanics and special relativity have for a long time been regarded as
such integral parts of physical science that their truth is as incontestable as any other branch, there
has persisted ever since their formulation such a continual stream of critical comment that it amounts
to real controversy. In quantum mechanics the notions of causality, interference of measurements and
reduction of the wave packet are still being debated whilst in special relativity the notions of simul-
taneity, time dilatation and the existence of the aether are the crucial issues. It therefore appears that
no theory, no matter how well attested by experiment it appears to be, is ever free from opponents.
Probably the only way to end such a debate is for a radically new theory to be developed and thereby
divert such dialogue into new channels. Newtonian mechanics did not enjoy its immunity from ques-
tioning until it was proved "false"!

In this book the author examines the various approaches which have been put forward to supply
a logical basis for special relativity, and it is natural that much attention is given to the clock paradox
because it is at this point that the differences become most marked. After reviewing briefly the historical
origins, he presents first of all the conventional account, using essentially the ideas of Einstein expressed
in the concise space-time forms of Minkowski. He then describes various approaches based on kinematic
symmetry, beginning with the kinematic relativity of Milne with modifications due to himself and others.
Then, by contrast, he presents an account of the absolute aether theories of Ives, Builder and others
in which the usual results are derived on the assumption that an aether exists, thereby defining an ab-
solute frame of reference, but this aether possesses such properties that uniform motion relative to it
cannot be detected. For example, "absolute" motion induces a Fitzgerald-Lorentz contraction. The ex-
perimental consequences insofar as they have been derived appear to be the same for both theories.

Finally, as a means to reconcile these various approaches, he discusses a cosmological model origi-
nally due to McCrea in which the universe is expanding and it is postulated that fundamental ob-
servers at rest relative to the cosmos at the point where they are situated will always observe that light
propagates with a velocity c relative to them. But the velocity of light at one point, relative to a funda-
mental observer at another, will in general not be equal to c. This substratum theory thereby supplies
a physical basis for the aether and it is claimed that by this means the various approaches can be not
only experimentally but also logically reconciled.

This is an interesting idea, and it has been presented with thoughtfulness and clarity. My only
comment is that the theory of special relativity is very closely bound up with the existence of the Lorentz
group, and that the property of equivalence of different observers is expressed by the group property.
It is by using the invariants of this group that physical quantities in, for example, elementary particle
physics are recognized, and therefore it is a question whether approaches which differ in any way from
the Einstein-Minkowski approach lead to a new group or not. If they do not define a group at all then
it is hard to see what is meant by equivalence, and if they define the same group, with possibly a different
parametrization, then they are isomorphic if not identical. If they define a different group then they
will have different experimental consequences. The velocity addition law is a statement of (part of) the
group property. If one restricts oneself to the group of one-dimensional Lorentz transformations, this
subgroup is Abelian and hence a parametrization can always be found such that the group property
is expressed by simple addition—thereby mimicking the non-relativistic addition law. But for the full
group such a change of basis can no longer be made, and therefore the concept of velocity addition is
essentially different for the Lorentz as opposed to the Galilean group. A full investigation of the group
theoretical structure of the various attempts to reexpress special relativity would be a welcome addition
to the material presented in this interesting book. But even as it stands it is recommended as suitable
background reading for any course in special relativity which intends to go beyond algebraic manip-
ulation.

C. A. Hubst (Adelaide)
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The theory o/ cluster sets. By E. F. Collingwood, F.R.S., and A. J. Lohwater. Cambridge
Tracts in Mathematics and Mathematical Physics No. 56. Cambridge, at the Univer-
sity Press, 1966. 211 + xi, pp. IS.50.

From the Preface: "This book is intended as an introduction to the theory of cluster sets, and as
such does not claim to be comprehensive. Thus, we have had to be selective and omit some things we
should have liked to include, but the space available in a Cambridge Tract is limited, and the theory
continues to grow. The founder of the theory was Painleve who, in 1895, first gave a name—that of
domaine d'indetermination—and the status of a distinct mathematical notion to the set of limit points
of a function at a boundary point of its domain of definition. This set is now called the cluster set of the
function at the point in question. Although it arose in connexion with analytic functions the notion is
applicable to more general mappings and situations and gives rise to a theory which is essentially top-
ological. Applied, as it has been for the most part, to problems in the theory of functions, it forms a
chapter in the expanding field of Topological Function Theory. While this is our main theme and point,
of view, we have tried not to lose sight of the more general background."

The Casorati-Sokhotskii-Weierstrass theorem (first proved by Briot and Bouquet) is a classical
example of cluster set theory dealing with the behavior of a meromorphic function at a "thin" boundary.
Painleve's theory, as far as he and his pupils carried it, was essentially concerned with "thin" boundaries.
The theory of cluster sets at a continuous boundary dates back to Fatou's famous memoir of 1906 in
which it was proved that a bounded regular function in the open unit disk has radial limits almost every-
where. Fatou's theorem gave rise to the theorems of F. and M. Riesz, Lusin and Privalov, and Plessner.
A systematic development of the modern theory of cluster sets was undertaken by F. Iversen between
1916 and 1922, and, independently of him, by W. Gross in 1917-18. The next stage came in 1932 and
1934 with the work of Seidel to whom the term cluster set is due. This was contemporary with the work
of Beurling that resulted in the Iversen-Beurling theorem. Since the middle thirties a considerable lit-
erature has grown up concerning many aspects of the theory.

The chapter headings are as follows: Chapter 1, Introduction. Chapter 2, Functions analytic in a
circular disc. Chapter 3, Topics in the theory of conformal mapping. Chapter 4, Intrinsic properties
of cluster sets. Chapter 5, Cluster sets of functions analytic in the unit disc. Chapter 6, Boundary theory
in the large. Chapter 7, Boundary theory in the small. Chapter 8, Further boundary properties of func-
tions meromorphic in the disc. Chapter 9, Prime ends.

The tract is essentially for specialists, but mathematicians working with Banach spaces of analytic
functions may find the book of interest, especially since their precious "inner functions" are just the
"functions of Seidel's class U" in cluster set theory. Beginners will find the tract "rough going" unless
they are willing to do some preliminary spadework with potential theory and the classical theory of
bounded regular functions in the disk.

The tract seems to have the usual quota of misprints and minor slips. Moreover, there are several
hiatuses in Chapter 2 at which the neophyte may boggle. For example, the F. and M. Riesz uniqueness
theorem is used, without statement or reference, on p. 19 but not stated until p. 22. Theorem 3.2 appears
on p. 49 but is used on p. 20 without any reference. In Theorem 2.14 and Theorem 2.15, the function F
is assumed to be bounded and to have radial limits of modulus 1 almost everywhere. In the proofs of
these theorems, one needs the additional fact that |/(2)| < 1 if |z| < 1. The strong form of the maximum
modulus principle that is needed to establish this additional fact is not stated until p. 93.

This tract is written in high level prose, nay, in the King's English, by two authorities on the theory
of cluster sets. It complements K. Noshiro's book Cluster Sets in the "E^rgebnisse" series. Neither book
is for beginners, but, of the two, this tract is the more elementary.

G. T. Cargo (Syracuse, N. Y.)

Foundations oj constructive analysis. By Errett Bishop. McGraw-Hill Book Company,
New York, San Francisco, St. Louis, Toronto, London, Sydney, 1967. xiii + 370
pp. $12.00.

The nature of constructivity has always been of interest to mathematicians, but it was not until
the pioneering research of Brouwer that an adequate general theory of constructive mathematics was
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developed. Brouwer's intuitionism has continued to be of great interest to many mathematical logicians,
who feel that constructivity is one of the basic notions of mathematics. However, few of these have
maintained with Brouwer that abstract mathematics is simply wrong. The abandonment of this startling
(and doubtful) theory and the shifting of attention from the development of constructive mathematics
to investigations of the basic nature of constructivity have caused intuitionism to disappear from the
view of the working mathematician.

This book is well-calculated to reverse this trend. The author argues forcibly for the virtues of
constructive mathematics. More important, he develops a remarkably large portion of classical and
modern analysis constructively. A list of a few of the topics covered will give some idea of the scope of
the book: the Riemann mapping theorem, Lr spaces and their duals, ergodic theorems, the Krein-Milman
theorem, the spectral theorem, Pontryagin duality, and commutative Banach algebras. Surprising to
those who have followed previous attempts to constructivize advanced mathematics is the ease and
elegance of the treatment. Two factors (besides the aut.hors's obvious command of the subject) are
largely responsible for this: emphasis on a few key constructive notions (such as Brouwer's located sets
and the author's complemented sets), and an avoidance of intuitionistic negation, which generally does
not lead to suitable generalizations of classical concepts.

Bishop's treatment differs radically from Brouwer's in one respect. Both agree that in order to as-
sert the existence of a real number, one must have an algorithm for computing the number to any given
degree of accuracy. Brouwer did not feel that this justified the assumption that there is such an algorithm
for every real number. Bishop never uses this assumption in a proof; but he believes that it is correct
and would presumably not object to its use. Brouwer's attitude has some positive consequences. For
example, the only way that Brouwer can define a function F on the whole real line is to specify how to
obtain approximations to F(x) from approximations to x. It follows that F must be pointwise continuous.
Thus both can obtain results not accepted in modern abstract analysis. The reviewer feels that Brouwer
is closer to what most mathematicians would consider to be constructive analysis.

The positive contributions of this book to the theory of constructivity are admirable. The negative
contributions, which consist in throwing cold water on other approaches to the subject, seem much
less admirable. The author fails to realize that these other approaches are not only interesting in them-
selves, but often throw light on questions which his approach raises but cannot deal with. Thus recursion
theorists have shown that, using Bishop's notion of the continuum, one can construct a function on the
unit interval which is pointwise continuous but unbounded and hence not uniformly continuous. (This
does not depend, as Bishop suggests, on assuming that all constructive functions are recursive. It only
requires the assumption that every rule for computing a real number can be expressed in English; and
he appears to allow this assumption.) Another result obtained by recursion theorists is the double nega-
tion of the following statement: every function defined on the unit interval is pointwise continuous.
Of course, double negations are not very exciting; but the result at least tells us that we cannot construct
a discontinuous function.

Bishop also objects strongly to formalization. Now formalization is just the precise statement of
what concepts are to be admitted and what axioms are to be accepted in a particular circumstance. An
example of its use is in analysing Brouwer's "proof" that every function on the unit interval is uniformly
continuous. (This does not contradict the result mentioned in the above paragraph because of the differ-
ence between Brouwer's and Bishop's continuums.) Most people who have considered this proof find
it inconclusive. Bishop dismisses it as "extra-mathematical"; but no one who has seen Godel's incom-
pleteness theorem could think that extra-mathematical proofs are irrelevant for mathematics. The
real difficulty was discovered by Kleene when he formalized the proof. It turned out that Brouwer was
assuming a special case of the result which he was trying to prove, and that this special case was no
more evident than the whole theorem. This does not, of course, advance constructive mathematics very
much; but anyone who is not interested in why an apparently plausible proof does not work must lack
the curiosity which is essential for a mathematician.

J. R. Shoknfield (Durham, N. C.)

Topics in the theory of random noise, by R. L. Stratonovich, Volume II. Gordon and
Breach Science Publishers, New York, London and Paris, 1967. xiv + 330 pp. $17.50.
This book completes the author's contribution of two volumes to a series of monographs and texts

on mathematics and its applications. Volume I was also entitled Topics in the Theory of Random Noise
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and was presented in two parts. Part 1 discussed the general theory of random processes. Part 2 discussed
nonlinear transformations of signals and noise.

Volume II makes use of this earlier work and is likewise presented in two parts. Part 1 is entitled
"Peaks of Random Functions and the Effect of Noise on Relays" and consists of the first three chapters.
Chapters 4 through 10 comprise Part 2, entitled "Nonlinear Self-Excited Oscillations in the Presence
of Noise".

Chapter 1 discusses the mean number of peaks per unit time (a peak is the trajectory from an up-
crossing of a given level to the next downcrossing) for the case of an arbitrary random process. Chapter
2 discusses the average number of peaks whose duration exceeds some given value for the case of a one-
dimensional Markov process. Chapter 3, the final chapter in Part 1, discusses some methods for ap-
proximating the probability density of the duration of a peak for the case of an arbitrary random process.

In Part 2, which represents approximately three-quarters of the book, the author discusses per-
turbed, second-order, oscillatory, nonlinear differential equations driven by deterministic or random
excitations. The author motivates Part 2 by showing that many practical radio frequency oscillators
are characterized by such equations. In Chapters 4 and 5 the author presents three approximate methods
for solving these nonlinear equations. The first method involves application of the theory of Markov
processes and the Fokker-Planck equation. The second method involves linearization of the original
equations. The third method involves transforming an original problem with memory into a problem
without memory. Criteria are presented for determining which of these methods is appropriate in a
given situation. In Chapters 6, 7 and 8 the author applies these approximate methods to analyze the
effects of internal noise, external noise, and ambient noise on practical oscillators. Chapter 9, entitled
"Synchronization of an Oscillator in the Presence of Noise", contains a number of results which apply
to the well-known phase-locked loop of first-order. In Chapter 10, the final chapter, the author discusses
parametric oscillations.

In conclusion, this book provides an interesting introduction to some advanced topics in noise
theory which are of practical and theoretical interest.

A. J. Rainal (Murray Iiill, N. J.)

Einjuhrung in die mathematische Slatistik. By L. Schmetterer. 2nd ed. Springer Verlag,
Vienna and New York, 1966. viii + 597 pp. $19.50.

The first edition of this book, which appeared in 1956, was the first mathematically-oriented text-
book of modern statistics in the German language. The present second edition has been greatly expanded
and thoroughly revised. In contrast to the first edition, for which the knowledge of elementary calculus
was the main prerequisite, the new edition makes extensive use of measure theory and Lebesgue and
Lebesgue-Stieltjes integrals, without which important topics of modern statistical theory cannot be
adequately presented. The stated object of the book is to introduce the student to "classical" mathe-
matical statistics connected with the names R. A. Fisher and notably J. Neyman and E. S. Pearson.
This object is successfully achieved, taking account of recent developments. Beyond this, some attention
is given to the Bayesian approach. The elements of Wald's decision theory are only briefly treated in
an appendix. Sequential procedures have been almost entirely excluded. The writing is clear and mathe-
matical proofs are carefully carried out.

The book begins with a collection of some of the basic results from the theory of measure and in-
tegration, followed by an introduction which discusses the subject matter of statistics and its relation
to mathematics. Chapter I is an outline of probability theory; here proofs are often omitted or only
briefly sketched. Chapter II acquaints the reader with some of the standard statistical problems and
procedures (including sampling inspection). Chapter III treats the theory of hypothesis testing in the
spirit of Neyman and Pearson and on the level of Lehmann's book (E. L. Lehmann, Testing Statistical
Hypotheses, John Wiley & Sons, New York, 1959). Apart from such topics as sufficient statistics, com-
plete families of distributions, the likelihood ratio test, most stringent tests, and invariant tests, there
is also an introduction to asymptotic test theory including Pitman efficiency and Bahadur efficiency. A
brief chapter on confidence regions is followed by Chapter V on the theory of estimation. The non-
asymptotic theory is mainly confined to unbiased estimation. There is a thorough treatment of the
asymptotic behavior of maximum likelihood estimates, linked with Le Cam's results on asymptotic
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Bayes estimates. The notion of asymptotic efficiency of estimates is clarified in the light of some of Le
Cam's and Bahadur's work. Chapter VI is devoted to regression theory and multivariate normal sam-
pling theory. Finally, Chapter VII deals with nonparametric problems and treats order statistics,
tolerance regions, rank tests (including locally most powerful rank tests), U-statistics and stochastic
approximation.

The closest English-language counterparts to Schmetterer's book are S. S. Wilks, Mathematical Sta-
tistics (John Wile}' and Sons, New York, 1962; second printing, 1963) and C. R. Rao, Linear Statistical
Inference and its Applications (1965). (H. Cramer's excellent book, Mathematical Methods of Statistics,
is now over 20 years old; the encyclopedic three-volume work of M. G. Kendall and A. Stuart is of a
different nature.) Schmetterer's book is more up-to-date and more accurate than Wilks' and is compara-
ble in this respect to Rao's. (Many but not all of the serious errors in the first, printing of Wilks' book
have been corrected in the second printing.) Both Wilks and Rao have many problems for solution,
Schmetterer has none. Of course, each book contains topics not covered in the other two.

Wassily Hoeffding (Chapel Hill, N. C.)

A pplication of optimal control theory to computer controller design. By William S. Widnall.
MIT Press Research Monograph No. 48, Cambridge, Mass., 1968. x + 210 pp. $7.95.

This monograph is one of a series of MIT publications which present new and highly useful research
in a form larger in scope than a research paper, but less ambitious than a finished book. In this mono-
graph, the author investigates linear quadratic cost optimal control theory and the use of modern
digital computers to design practical feedback control systems. Emphasis is placed on computer control
of continuous systems where the structure of the control computer program is limited by the execution
speed and/or available memory size (usually fixed in advance) of the computer. Realistic examples
derived mostly from spacecraft control problems are used by the author both to illustrate techniques
and to demonstrate their success. This monograph is in a sense very specialized, but is still sufficiently
self-contained and lucid in exposition to be of interest to the non-specialist as well as the specialist.

Chapter I, which is introductory in nature, contains background material (partly historical); in
particular, material pertinent to sampled-data systems. In Chapter 2, a computational procedure for
predicting the average closed-loop performance in a stochastic environment of a linear plant (charac-
terized by a system of linear differential equations) with a linear sampled-data controller is developed
in terms of a quadratic cost integral. Chapter 3 is devoted to the synthesis of an optimal measurement-
limited linear sampled-data controller, which is optimal in the sense that at a specified sample rate no
other controller can operate at lower cost. Since simpler controllers normally can accept faster sampling
rates, this factor is taken into consideration. Chapter 4 turns to the design of computer-limited controllers.
The lack of a general synthesis procedure for computer-limited controllers forces the consideration of
pragmatic methods. The use of optimal measurement-limited controllers for obtaining bounds on the
performance of computer-limited controllers as well as trial designs, is considered along with tradeoffs
between controller complexity and reduced sampling times. In Chapter 5, the optimization of simplified
controller designs with their inherently faster sampling times is analyzed. A limited number of free
parameters are introduced, the cost integral is expressed in terms of these free parameters, and parameter
values which reduce or minimize cost are sought. A number of useful specialized minimization tech-
niques are investigated and compared with Newton-Raphson methods. The nomograph ends with a final
chapter of a summarizing nature. Also included are several useful appendices, some of which contain
pertinent computer programs expressed in the Fortran-like compiler language MAC.

J. II. Ahlbkrg (Providence, R. I.)


