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"author's 
corrections."
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distinguish them clearly from the body of the text.

The papers should be submitted in final form. Only typographical errors may be corrected in proofs; composi-
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author should be written as he prefers; all titles and degrees or honors will be omitted. The name of the organization
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Mathematical Work: As far as possible, formulas should be typewritten; Greek letters and other symbols not
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The level of subscripts, exponents, subscripts to subscripts and exponents in exponents should be clearly
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Complicated exponents and subscripts should be avoided. Any complicated expression that recurs frequently
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For exponentials with lengthy or complicated exponents the symbol exp should be used, particularly if such

exponentials appear in the body of the text. Thus,
exp [(a8 ■+■ 6J)l/a] is preferable to e(oa + b')1"

Fractions in the body of the text and fractions occurring in the numerators or denominators of fractions should
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In many instances the use of negative exponents permits saving of space. Thus,

/ u~l sin u du is preferable to 
J 

S"^" 
du.

Whereas the intended grouping of symbols in handwritten formulas can be made clear by slight variations in
spacing, this procedure is not acceptable in printed formulas. To avoid misunderstanding, the order of symbols
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(a + bx) cos t is preferable to cos t(a + bx).

In handwritten formulas the size of parentheses, brackets and braces can vary more widely than in print.
Particular attention should therefore be paid to the proper use of parentheses, brackets and braces. Thus,

{[a + (6 + cx)n] cos ky}* is preferable to ((a + (6 + cx)n) cos ky)'.

Cuts: Drawings should be made with black India ink on white paper or tracing cloth. It is recommended to submit
drawings of at least double the desired size of the cut. The width of the lines of such drawings and the size of the

lettering must allow for the necessary reduction. Drawings which are unsuitable for reproduction will be returned

to the author for redrawing. Legends accompanying the drawings should be written on a separate sheet.

Bibliography: References should be grouped together in a Bibliography at the end of the manuscript. References
to the Bibliography should be made by numerals between square brackets.

The following examples show the desired arrangements: (for books—S. Timoshenko, Strength of materials,

vol. 2, Macmillan and Co., London, 1931, p. 237; for periodicals—Lord Rayleigh, On the flow of viscous liqiuds,
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by commas from the name of the periodical or the number of the volume.

Authors' initials should precede their names rather than follow it.
In quoted titles of books or papers, capital letters should be used only where the language requires this. Thus,

On the flow of viscous fluids is preferable to On the Flow of Viscous Fluids, but the corresponding German title would

have to be rendered as Ober die Strdmung zdher Fliissigkeiten.
Titles of books or papers should be quoted in the original language (with an English translation added in

parentheses, if this seems desirable), but only English abbreviations should be used for bibliographical details like

ed., vol., no., chap., p.
Footnotes: As far as possible, footnotes should be avoided. Footnotes containing mathematical formulas are not

acceptable.
Abbreviations: Much space can be saved by the use of standard abbreviations like Eq., Eqs., Fig., Sec., Art., etc.

These should be used, however, only if they are followed by a reference number. Thus, "Eq 
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but not "the 
preceding Eq." Moreover, if any one of these terms occurs as the first word of a sentence, it should
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Special abbreviations should be avoided. Thus "boundary conditions" should always be spelled out and not
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Mechanics oj liquids and gases. By L. G. Loitsianskii. Pergamon Press, New York,

1966. xii + 802 pp. $25.00.

The first Russian edition of this work was apparently published in 1950; this present English trans-

lation is that of the second Russian edition, which appeared in 1957. A comprehensive treatment of the

whole of classical fluid dynamics is provided with equal space devoted to hydrodynamics, gas dynamics

and viscous flows. The first three chapters set out the basic theory, beginning with kinematics and an ex-

cellent chapter on theorems and equations of motion of a continuous medium, followed by more detailed

results concerning inviscid fluids. The fourth chapter deals with one-dimensional gas dynamics, including

treatment of the Laval nozzle, shock waves, introduction to Riemann invariants and their applications

to unsteady problems such as the shock tube problem. A chapter on plane irrotational incompressible

flow follows, with most attention concentrated on airfoil theory using conformal mapping; the last section

contains a brief but clear introduction to free streamline flows. The sixth chapter deals with steady

plane flow of a gas with emphasis on those supersonic airfoil problems which can be treated by linearized

methods and oblique shock equations; the method of characteristics is explained but not applied. Most

of the chapter on three-dimensional flow deals with incompressible problems, including wings of finite

span and bodies of revolution, but subsonic wings are discussed and a short account of supersonic slender

body theory is also given. Viscous effects are left to the last three chapters. Chapter eight deals with

laminar incompressible flows ranging from Stokes flow to boundary layer theory. Chapter nine, on tur-

bulent flows, puts most emphasis on mixing-length theories and their use in boundary layer methods,

especially as applied to airfoil problems. The final chapter extends chapter eight to take account of

compressibility effects, including detailed treatment of the shock structure problem and laminar bound-

ary layers.

The book is easy to read. The basic theory is developed rigorously but with a simple notation and

all mathematical steps are clearly explained. The order of the book is interesting. The idea of treating

gas dynamics ahead of incompressible hydrodynamics is novel but has a great deal of merit; in this way

a student is immediately impressed with the essentially non-linear behavior of real fluids.

The book could be used as a text for a senior or first-year graduate level course in fluid dynamics.

Unfortunately, as in most books published in the U.S.S.R., no problems are given, and the instructor

will presumably have to make his own collection. The translation (edited by K. Stewartson) is good
and well set out, although one or two errors appear to have been overlooked in the proof stage. The

general reader, even though he may be familiar with the main portion of the volume, will find the intro-

duction especially interesting, with its account of the history of the subject and the role played by

Russian scientists (especially Zhukovskii and Chaplygin). The book is recommended to all new students

of fluid dynamics who have a basic knowledge of analysis and mechanics.

Maurice Holt (Berkeley)

Stochastic approximation. By W. T. Wasan. Cambridge University Press, Cambridge,

1969. x + 202 pp. $9.50.

Stochastic approximation methods have been given a great deal of attention in both the mathemat-

ical statistics and the engineering literature over the last 18 years. Roughly speaking, the simplest of

these methods (the Robbins-Munroe method) is a statistical analogue of Newton's method for finding

the root of a curve. Under suitable regularity conditions, the scalar iteration

A'„+1 = Xn + 
^ 

(/0r„) 
- e)
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converges to a value 0 for which /(0) = c. Suppose the function /(•) is unknown, and that only noise-

corrupted values/(i) + £ can be observed at chosen values of x. Let E£ = 0, and suppose that the noises

in any sequence of observations are mutually independent. Then, again under suitable regularity con-

ditions, the (Robbins-Munroe) iteration

(*) x„+1 = Xn + ajj(xn) + 6. - C)

converges to 0 such that J{6) = c, if a„ > 0, £ ®n = m, J2 al < 00 ■

(*) has been generalized in numerous directions, to more general to schemes for locating the

peak of a surface, to vector x, to more general (even random) coefficients, and to a continuous time

(sampling) parameter.
Iterations such as (*) seem to have appeal in a number of engineering applications, owing to the non-

parametric nature of the method and to the interesting convergence theorems which are available. It

should be stated, however, that from a practical point of view, the convergence rate is often much too

slow and is highly dependent upon the particular sequence [a„j selected. The best sequence, of course,

is dependent on the unknown function. Nevertheless, the methods frequently serve as a departure point

for the development of more practical algorithms and their proofs.
Since the appearance of the first paper in 1951, the subject has been developed in numerous papers.

The present volume develops most of the available mathematical results (on convergence and

asymptotic distributions of normed estimates) in a very readable and systematic way, and illustrates

the large range of applications.

Harold Kushner (Providence, R. I.)

Three-dimensional flow of ideal gases around smooth bodies. By K. I. Babenko, G. P.

Voskresenskii, A. N. Lyubimov and V. V. Rusanov. Daniel Davey & Co., Hartford,

Conn., 1968. 507 pp. $14.00.

This volume is concerned with a finite difference method, developed over several years at the Steklov

Institute under Professor K. I. Babenko, for solving problems of supersonic flow in three dimensions.

The method is applicable to both pointed and blunt-nosed bodies, but can only be started in a plane
where the flow is supersonic. It is essentially a forward marching scheme, in which the streamwise co-

ordinate plays the role of time, and a numerical algorithm is devised to connect conditions in a given

plane n„ with those in a new, adjacent plane n„+i. Each plane is divided by rays centered on an axis.

In contrast to previous methods for determining conditions in such planes, the difference equations to

determine the unknowns in plane n„+i need only be solved along each ray separately, independently of

the rest of the rays in n„+i . The ray calculation is effected by one double-sweep calculation between the

body point and the corresponding shock point. In this way complicated iterations encircling the whole

body are avoided.

The method is applied here to calculate supersonic flow past yawed circular cones, and comprehensive

tables of such flows are reproduced. In this application plausible values of the flow variables are pre-

sented in some initial plane and the marching process is applied in successive planes until no perceptible
difference can be found between conditions in one plane and that adjacent to it—-indicating that conical

flow conditions have been attained.

The method, already referred to in the United States as the BVLR method, is accurate and powerful
and will be very useful in calculating the unsymmetrical flow fields on supersonic aircraft and space

vehicles.

Maurice Holt (Berkeley)

Crack problems in the classical theory of elasticity. By I. N. Sneddon and M. Lowengrub.

John Wiley & Sons, Inc., New York, London, Sydney, Toronto, 1969. viii + 221 pp.
$14.95.
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This book consists basically of a collection of problems in classical elasticity, distinguished by the

fact that the domain of solution is the whole Euclidean three-space, except for parts of planes, with dis-

continuity of displacement allowed across those parts. The collection seems to be almost complete, as far

as isotropic static solutions are concerned, in the sense that the most important solutions are given, and

copious references are given for such of that material as has been omitted. A particularly useful feature

is the inclusion of diagrams showing isochromatic lines for the basic solutions. The exposition is also very

clear and complete, and the book succeeds admirably in its main purpose, which is to use crack problems
to illustrate the treatment of equations with mixed boundary conditions.

No attempt has been made to give solutions of inclusion problems, or cases of anisotropy, but this

seems a wise choice for a book of this size.

Two other omissions are more unfortunate. The dynamical theory is represented only by Yoffe's

propagating crack of finite length [1] and Craggs's propagating semi-infinite crack [2]. Broberg's im-

portant and elegant solution for an expanding crack [3] is represented only in the (very complete) bibli-

ography.

Secondly, the attempts of Dugdale [4], Kostrov and Nikitin [5] and later workers to include plas-
ticity effects are not given. This must seriously detract from the value of the book to engineering workers.

1. G. H. Yoffe, Phil. Mag. 42, 739 (1951)
2. J. W. Craggs, J. Mech. Phys. Solids 8, 66 (1960)
3. K. B. Broberg, Ark. Fys. 18, 159 (1960)
4. D. S. Dugdale, J. Mech. Phys. Solids 8, 100 (1960)
5. B. V. Kostrov and L. V. Nikitin, Geophys. J. 14, 101 (1967)

J. W. Craggs (Southampton)

Constructive aspects oj the fundamental theorem o] algebra. Edited by Bruno D6jou

and Peter Henrici. Wiley-Interscience, London, New York, Sydney, Toronto, 1969.

vii + 337 pp. $9.95.

Despite its rather pompous title, this is a book, as the reader has probably guessed, on calculating

zeros of polynomials. It is a report of a symposium held at the IBM Research Laboratory in Zurich in

June of 1967, which was attended by many of the leading practitioners in this field. Although it is, there-

fore, already three years old, much of the material in this volume still lies in the forefront of research in

(he field.
One of the interesting things about this set of papers is the lack of any clear picture of where a best

method for the zeros of polynomials will finally emerge. There are various algorithns presented whose

convergence is assured, but since this is a volume of separately contributed papers, naturally enough

there is very little comparison between the various methods. Among the more noteworthy papers are

ones by Dejon and Nickel, "A never failing, fast convergent root-finding algorithm"; Forsythe, "What

is a satisfactory quadratic equation solver?"; Henrici and Gargantini, "Uniformly convergent algorithms

for the simultaneous approximation of all zeros of a polynomial"; Jenkins and Traub, "An algorithm for

an automatic general polynomial solver"; Lehmer, "Search 
procedures for polynomial equation solving";

Ostrowski, 
"A 

method for automatic solution of algebraic equations", and Pavel-Parvu and Korganoff,
"Iteration functions for solving polynomial matrix equations".

All in all, this is a volume which should be in the hands of all numerical analysts interested in the

solution of polynomial equations.

A. Ralston (Buffalo, N. F.)

In honor of Philip M. Morse. Edited by Herman Feshbach and K. Uno Ingard. The

M. I. T. Press, Cambridge, Mass., 1969. xxii + 287 pp. $20.00.

Philip M. Morse retired from his professorship at the Massachusetts Institute of Technology ia

June, 1969, after having served for thirty-eight years on the staff of the Department of Physic8 in that
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institution. On the occasion of his 65th birthday in 1968, his colleagues and friends at the Institute

decided to arrange for the publication of a festschrift in his honor. This book is the result.

With a warm-hearted and eulogistic foreword by Julius A. Stratton, President Emeritus of M.I.T.,

the book includes 22 technical papers on the various fields of physics and technology to which Professor

Morse has made distinguished contributions during his busy professional career. The articles have been

prepared by well-known scientists and engineers, many of whom were Professor Morse's pupils. Pro-

fessor John C. Slater contributes a prefatory paper reviewing in vivid fashion the outstanding contri-

butions made by Morse in the fields of atomic, molecular and solid-state physics, three of the areas to

which Morse gave attention, work out of which emerged the concept of the Morse potential and other

pioneer ideas which have proved so useful in subsequent research in theoretical physics.
Morse ranged widely in his theoretical interests, as his bibliography of some 87 published articles

and 12 books amply attests. In addition to those just mentioned he investigated astrophysics, wave

propagation and scattering, acoustics, operations research and computer technology. All these fields

are represented in the articles in this volume with the addition of papers on relativity and nuclear

physics. They reflect the attention to detailed mathematical techniques which has always been a charac-

teristic of Morse's attack on difficult problems. All the articles are of high quality. It would serve no

useful purpose to enumerate them all in detail, and it would be invidious to single out individual ones for

special mention.

This volume is a worthy tribute to a man whose distinguished career certainly deserves it.

R. B. Lindsay (Providence, R. I.)

An introduction to the approximation of junctions. By Theodore J. Rivlin. Blaisdell

Publishing Company, Waltham, Massachusetts, 1969. viii + 150 pp. $7.50.

With this book, the author has made a noticeable effort to put the basic elements of approximation

theory within the grasp of anyone having even a modest mathematical background, i.e. the canonical

course in "advanced calculus." This book thus approaches the subject from a somewhat more elementary

viewpoint than most of the other books on approximation theory which have appeared in recent years
The topics covered, by chapter headings, are as follows: 1. Uniform approximations; 2. Least

squares approximation; 3. Least-first-power approximation; 4. Polynomial and spline interploation;

5. Approximation and interpolation by rational functions.

There are numerous exercises at the end of each chapter, ranging from the trivial to the moderately

difficult. Many of these problems amount to the verification of the details of proofs of theorems whose

inclusion into the text proper would have made the exposition unduly lengthy.

The author succeeds in a number of ways. In particular, (1) he has made available a substantial

amount of fundamental material to students having a modest mathematical background, and (2) he has

complemented the theoretical development by treating the computational aspect, i.e. the practical

problem of actually constructing best approximations, in a fair amount of detail.

For these reasons, the book would appear to be particularly well-suited for a first course in approxi-

mation theory for students in the engineering or applied sciences.

Frank Deutsch (University Park, Pennsylvania)

Linear piezoelectric plate vibrations. By H. F. Tiersten. Plenum Press, New York, 1969.

xv + 212 pp. $15.00.

In recent years, the subject of vibrations of piezoelectric plates has been marked by significant

experimental and theoretical developments. However, while many substantial theoretical contributions

have been made, notably by Mindlin and his disciples, a comprehensive theoretical U-xt on the subject

has been lacking. Tiersten's book fills a major part of this need by offering a reasonably self-contained
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treatment of the theoretical foundations and major recent developments in the area of vibrations of

piezoelectric plates. The book inc ludes a concise review of introductory material concerning mathematical

techniques and the classical theories of elasticity and electromagnetism. Both the review material and

the main discussion are particularly suitable for the advanced student or research worker who has had

some exposure to these subjects and wishes to have a convenient reference source in a compact volume.

The book is comprised of 16 chapters, the first of which i3 a brief introduction to tensor calculus.

The remaining chapters are divided into three parts. Part I, Chapters 2 to 7, gives the derivation of the

basic equations of the linear theory of piezoelectricity, which are eventually specialized to the case of

a monoclinic cut from a crystal of trigonal symmetry, suoh as a rotated Y-cut of quartz. Part II, Chap-

ters 8 to 11, gives basic solutions to the wave equation for unbounded plates. The exposition proceeds
from the relatively simple case of elastic isotropy to the more complex case of anisotropy. The case of

isotropy is the best explored, and the author uses it with good effect to illustrate the basic properties of

eigensolutions of the wave equation. Part III, Chapters 12 to 16, contains the bulk of material that has

not appeared in book form before. It treats the various approximation techniques used in order to derive

two-dimensional plate equations from the three-dimensional equations. These approximations are, in

general, necessary in order to obtain solutions of the wave equations for bounded plates. A particularly

good discussion of the derivation of piezoelectric plate equations, using Mindlin's technique of approx-

imation of the displacements by truncated power series of the thickness coordinate, is given in Chapter 13.

It is followed by a discussion of some practical considerations in piezoelectric devices, such as the mechan-

ical effect of electrode plating and applications to a monolithic structure.

The organization and presentation of the material is generally good and sometimes excellent, with

few exceptions. For example, one might object to the fact that the author alternates between dyadic and

tensor notation, sometimes giving both, until he settles down to tensor notation after Chapter 5. Also,

the pace is not always even. For example, the relatively simple discussion of the simplest possible wave

equation in Sections 1 to 6 of Chapter 5 is followed, somewhat abruptly, by a discussion of the orthog-

onality of eigensolutions of the piezoelectric wave equations. Perhaps these minor shortcomings of the

book would not be noticeable if its overall quality were not so high. In all, the author has given a very

effective presentation of basic reference material and the most important theoretical developments in the

theory of vibrations of piezoelectric plates.

D. C. Gazis (Yorktown Heights, N. Y.)

Introduction to spectral theory in Hilbert space. By G. Helmberg. John Wiley and Sons,

Inc., New York, 1969. xiii + 346 pp. $19.50.

In his preface the author states that 
"the 

aim of this book is to make the reader familiar with every-

thing needed in order to understand, believe, and apply the spectral theorem for self-adjoint operators

(not necessarily bounded) in Hilbert space". The book, which consists of seven chapters, two appendices,

and an excellent bibliography, contains a lucid presentation of topics which should enable the serious

reader to attain the goal described by the author. Motivated by n-dimensional Euclidean space, the

author in the first chapter defines inner product spaces, normed spaces, and Hilbert spaces and discusses

their algebraic and topological properties. The spaces U and Li are also studied. In chapter 2 some geo-

metrical results including the projection theorem and direct sum decompositions in Hilbert space are

presented. Additional topics contained in this chapter are orthonormal bases, the Gram-Schmidt process,

Fourier series, Legendre, Hermite, and Laguerre polynomials in Li, and isometric isomorphisms of Hilbert

spaces.

Linear operators (bounded and unbounded) and their adjoints are considered in the next two chap-

ters. Topics included are self-adjoint, unitary, normal, projection, and symmetric operators. Special

operators such as Hilbert-Schmidt, shift, Fourier-Plancheral, differentiation, and multiplication oper-

ators are analyzed. Eigenvalues and the concept of the spectrum of an operator are introduced along

with motivating discussions. In chapter 5 the Fredholm alternative for compact linear operators and

spectral theorems for compact selfadjoint and compact normal operators are proved and applications of

these results to Fredholm and Volterra integral equations are presented. The next chapter consists of the

spectral theorems and their proofs for bounded selfadjoint, unitary, and bounded normal operators. The
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Cayley transform of a selfadjoint operator is discussed in the last chapter and the spectral theorem for

unbounded selfadjoint operators is proved. Appendix A consists of a discussion of the closed graph theo-

rem and its uses while Appendix B is a collection of definitions and basic results in the theories of Rie-

mann-Stieltjes and Lebesgue integration.

As the author points out, he has relied heavily on the well-known texts by Akhiezer-Glazman,

Riesz-Sz. Nagy, Halmos, and Hewitt-Stromberg and makes no claim of new results. However, the

material is presented in a clear, extremely readable manner, making the book a valuable addition to the

introductory literature on Hilbert space available to students. Its value is further enhanced by the fact

that it appears .to be relatively free of printing errors.

The book contains a number of interesting examples and not-too-difficult exercises and appears

ideally suited for use as a text in applied mathematics courses. The author's stated prerequisites for use

of the book are some analysis and analytic geometry with Lebesgue integration theory desirable but not

necessary if the reader is willing to accept the results given in Appendix B. However, since many of the

motivating examples involve spaces, readers with no understanding of the Lebesgue theory risk

missing the point as to why one bothers with spectral theory in Hilbert space. The reviewer feels that

the book is best suited for use in most American universities at the senior or first year graduate level

following or combined with an introductory course in Lebesgue integration.

H. T. Banks (Providence, R. I.)

Lessons on rings, modules, and multiplicities. By D. G. Northcott. Cambridge Uni-

versity Press, Cambridge, 1968. xiv + 444 pp. $14.50.

Although the title of Professor Northcott's latest book has a general flavor to it, it is really rather

specialized. For the most part the subject matter concerns Noetherian rings and modules, and most of the

early part of the book is concerned with building up elementary background for the study of the concepts

of grade and multiplicity.

Chapter 1 is concerned with basic ideas, chapter 2 with prime ideals and primary decomposition

for modules, chapter 3 with rings and modules of fractions, and chapter 4 with Noetherian rings and

modules. This last chapter contains proofs of the Krull intersection theorem, the Artin-Rees theorem,

and the principal ideal theorem. It also introduces the notion of rank and dimension for ideals, and begins

the study of local and semi-local rings.

Chapter 5 is about the notion of grade. This notion has, in the previous literature, gone by the name

of homological co-dimension. The present treatment goes quite far into the theory without the use of

any homological algebra. The theory is applied to the study of semi-regular rings (usually called Cohen-

Macaulay rings). For example, it is proved that if R is semi-regular, then so is R[x\. Surprisingly, no

mention is made of regular local rings.

Chapter 6 is devoted to the study of Hilbert rings. R is a Hilbert ring if every prime ideal is the

intersection of the maximal ideals containing it. Among other things, it is shown that if R is a Hilbert

ring, then so is R[x], This rapidly yields the Hilbert Nullstellensatz.

Chapter 7 deals with the notion of multiplicity. Let E be a module over a ring R. If E has a com-

position series, let LR(E) be the length of the composition series. A sequence of elements yi, • • • , y, t R is

said to be a multiplicity system on an R module E if E/yiE + • • • + y,E has a composition series.

Given such a system, a multiplicity symbol eB(yi, y2, ■ ■ •, y,\E) is defined. The remainder of the chapter

is devoted to developing properties of this symbol. If E is Noetherian, it is shown that

0 < e(y, , ■ ■ • , y, \ E) < LR{E/y,E + • • • + y.E).

An investigation is made into the question of when the right-hand equality holds.

Two important limit formulae are proved. The first is due to Lech:

( I i i- LR(E/y"'E + • • • + y"E)
eR(y> , ■■■ ,y.\E) = hm 

^777^

The limit is taken as min(n,) —♦ <*>.
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The second limit formula is due to Samuel. Its proof comes after a study of Hilbert functions and

polynomials. If A = (yt, ■■■,-/,) and E is Noetherian, then

, | j-,, i. Lh(E/A"E)
) ' ) T« E) lirn * / |n /si

In sections 7.8 and 7.9, respectively, the extension theorem and associativity law for multiplicities

are proved.
Chapter 8 introduces the Koszul complex and shows how it is related to grade and multiplicity.

Chapter 9, the final chapter, is about filtrations and completions. It is elementary in character and

independent of the previous four chapters.

I have a number of criticisms. There is little attention paid to the history and background of the

subject. More surprising, and even less understandable, is the absence of a bibliography. The ahistorical

attitude results in a lack of motivation. Grade and multiplicity are not immediately interesting in them-

selves. Some account of how these ideas arise naturally in algebraic geometry would have been highly

desirable.
The last chapter, though interesting and well written, is somehow out of place. After the develop-

ments of chapters 5 through 8, it would seem natural to conclude with a discussion of regular local rings.

At this point in the book, a number of important theorems about such rings are easily accessible, but even

the concept of regular local ring is not mentioned except in an exercise on page 350.

For all these criticisms, it remains true that Professor Northcott has written a clear and readable expo-

sition of relatively new, difficult, and important material. It is remarkable that he is able to penetrate so

deeply into his subject with such an economy of means. By so doing, he has made some very interesting

mathematics, of current research interest, available to a much larger mathematical public.

Michael Rosen (Providence, R. I.)

Convergence o/ ■probability measures. By P. Billingsley. John Wiley and Sons, New York,

London, Sydney, Toronto, 1968. 253 pp. $12.50.

Many of the classical limit theorems in probability theory like the central limit theorem are con-

cerned with weak convergence of distribution functions or of probability measures on finite-dimensional

Euclidean space. In recent years there has been much interest in corresponding results for convergence

of measures on function spaces so as to obtain limit theorems for a sequence of distributions of random

processes. Limit theorems for the maximum of partial sums of independent random variables and of the

Kolmogorov-Smirnov type are convenient to put in this format. Kolmogorov, Erdos and Kac, Doob,

Donsker, Prohorov and Skorohod, among others, have contributed and developed the results and the

theory put forth in this monograph.

Billingsley discusses weak convergence in metric spaces in his first chapter. A sequence of proba-
bility measures P„ converges weakly to a probability measure P on a metric space <S if {s f dP» —» fs } dP

for every bounded continuous function / on S. A family n of probability measures on S is relatively com-

pact if every sequence of elements of n contains a weakly convergent subsequence. A family n of proba-
bility measures is tight if for each < > 0 there is a compact set K such that P{K) > 1 — « for all P in n.

The following results of Prohorov are derived. If n is tight it is relatively compact. Conversely, if S is

separable and complete, then II relatively compact implies that it is tight.

In the second chapter the space C of continuous functions on [0, 1] is considered. Necessary and

sufficient conditions for tightness of a sequence of measures on C are obtained. The Wiener process and

the Brownian bridge (the Wiener process tied down at 1 as well as zero) are discussed. Donsker's theorem,

the arc sine law, results on the fluctuation of partial sums of independent random variables, and the

asymptotic distribution of the sample distribution function are derived.

The space D of right continuous functions with left-hand limits on [0, 1] is taken up in the following

chapter. Tightness is now investigated for sequences of measures on D. Some of the earlier applications

are taken up again, as are partial sums of a random number of random variables.
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The last chapter of the book deals with dependent random variables. Limit theorems for partial
sums of dependent random variables under a variety of conditions are obtained, as well as the asymptotic

behavior of the sample distribution function when sampling from a stationary sequence with a form of

mixing.

There are appendices and remarks on literature. This is in general a very well written exposition of

results of considerable interest. The references to related literature on dependent sequences is rather

limited.

Murray Rosenblatt (San Diego, Calif.)


