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ENERGY PROPAGATION IN A CAUCHY ELASTIC MATERIAL*

BY M. A. HAYES** AND R. S. RIVLIN (Lehigh University)

1. Introduction. It has been shown by Schouten [1] that in an anisotropic homo-

geneous elastic material subjected to infinitesimal deformations the energy propagation

vector is necessarily normal to the slowness surface. It can be readily shown (see, for

example, [2]) that the bicharacteristics are also normal to the slowness surface.

In the present paper, we discuss the relation between the slowness surface and the

energy propagation vector in an anisotropic homogeneous Cauchy elastic material

(i.e., a material in which the Cauchy stress depends only on the displacement gradients,

but for which no strain-energy function exists). The material is assumed to be subjected

only to infinitesimal deformations, so that the stress is a linear function of the classical

infinitesimal strain components. However, the elastic modulus tensor is not necessarily

symmetric, i.e. the Onsager relations are not necessarily satisfied.

We consider the propagation of a second-order discontinuity in such a material and

obtain, in Sec. 2, the equation for the slowness surface and for the energy propagation

vector. In Sec. 3, we apply these results for a particular choice of the elastic modulus

tensor. It is shown that in this case, and a fortiori in more general cases, the energy

propagation vector is not normal to the slowness surface. We note that the usual calcula-

tion which shows the bicharacteristics to be normal to the slowness surface in an elastic

material is still valid in a Cauchy elastic material, so that for such a material the energy

propagation vector is not, in general, in the direction of the bicharacteristics.

It must be borne in mind in assessing the physical significance of these results that

the physical reality of a Cauchy elastic material is open to question [3, 4].

2. The basic equations. We consider a body of Cauchy elastic material to be

subjected to infinitesimal deformations. Let u, be the displacement at time t and ai{

the stress in a rectangular cartesian coordinate system x. Then

ca = Qijkiuk.i , (2.1)

where gim are constants satisfying the conditions

Qiikl ~ Qiikl ~ Qiilk , Qiikl 7^ Qklii • (2.2)

The latter condition is, of course, not satisfied for an elastic material which possesses

a strain-energy function.

In the absence of body forces, the equations of motion may be written

<7n,i = pu, , (2.3)

where p is the density of the material at time t and a dot denotes differentiation with

respect to time.
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We suppose that a second-order discontinuity propagates in the material and that

the surface of discontinuity is

Hx, ,0=0. (2.4)

Then the first spatial and temporal derivatives of u{ are continuous everywhere, but the

second derivatives undergo a jump on (2.4). We may therefore write it, in the form

Ui = bi (xjf {$(xkt)\, (2.5)

where &,■(£,■) is independent of time but possesses continuous first and second spatial

derivatives everywhere. / and its first derivative with respect to <3? are continuous every-

where, while the second derivative of / with respect to $ is continuous except on $ = 0,

where it undergoes a jump. We thus have, from (2.5),

[u*.u] = [f"]bk3>,i$.j , [«,] = [/"]&,<j>2, (2.6)

where [ ] denotes the jump and a prime denotes differentiation with respect to $.

Introducing (2.1) into (2.3) we see that the jumps [uk, ,,] and [m,] are related by

g<iki[uk,u\ = p[u,]. (2.7)

Introducing (2.6) into (2.7), we obtain on the surface (2.4), where [/"] ^ 0,

(fir,,*,- P$2 Sik)bk = 0. (2.8)

This equation has a non-trivial solution for bk provided that

|g{,- p4>2 Sik\ = 0. (2.9)

This is the secular equation for the second-order discontinuity.

Let n, be the unit normal to the surface (2.4) and let V be the velocity of the surface.

Then

rii = $<($,,$. ,-)"1/2 and V = -$(<!>,,.4>,,)_1/2. (2.10)

Let /S( = l/F) denote the slowness and let — Srii . Then, with (2.10), Eq. (2.8)

may be written as

A ikbk = 0, (2.11)

where

Aik = gakiSjS, p 5ik . (2.12)

The secular equation (2.9) then becomes

0(>S4) = [ A,t| = 0. (2.13)

This represents the slowness surface in Si-space.

The energy flux vector R{ is defined as the rate at which energy leaves the material

across an element of area normal to the x,-axis, measured per unit area. It is given [1] by

R> = . (2.14)

We consider a time-dependent deformation given by (2.5). Let t be the time at

which the surface ^(x,- ,t)= 0 passes the point x,-. We suppose that at times t — e, and
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t + e2 , where and e2 are positive, w,(x,) = 0. It follows from (2.5) that

,t - e0! = /{$(x, , f + €2)} =0. (2.15)

Then, using (2.1) and (2.5), we see that the resultant (R, of the energy flux vector is

given by

(Rt = Ridt = giiki{^bk,ibi + bkbjjA fj dt. (2.16)

Since

/., = /'$.« and / = f4>, (2.17)

we have

/,,<£> = /$., . (2.18)

Using this relation to substitute for /,, in (2.16) and bearing in mind relations (2.15)

and (2.10), Eq. (2.16) becomes

/t + €a

gakibkbjThSf dt. (2.19)

3. A particular case. We consider a particular case when

gnu = 5,-; + 5,-,) + 5,, + y(Skl S!2 + 5A2 5n) 5i; , (3.1)

where n, X, 7 are constants. Introducing this relation into (2.12), we obtain

A a = (nS2 — p) + (X + n)S,Sk + y(i>ki S2 + Sk2 SJSi . (3.2)

For a wave propagating in the 1, 2-plane, we may write

Sr = <Sn, , S2 = Sn2 , S3 = 0. (3.3)

With (3.2), this yields

[(X + fj)n\ + ynxn2 + — P, [(X + -f- yn\\S2, 0

||Aiyt|| = [(X + + 7W2 ]<S2, [(X + n)n2 + ynji2 + m]<S" — p, 0

0, 0, juiS2 — p

(3.4)

Introducing (3.4) into the secular equation (2.13), we obtain

[(X + 2/i) + 2,ynln2\S2 — p = 0 or nS2 — p = 0. (3.5)

Similarly, Eq. (2.11) yields

{[(X + n)nl + 7 nxn2 + /i]S2 — pj&i + [(X + /i)?iiW2 + -Ynl\S2b2 = 0,

[(X + + ynl]S% + {[(X + ti)n2 + ynxn2 + /i]$2 — p}b2 = 0, (3.6)

(fxS2 - P)b3 = 0.

For the wave corresponding to the first of Eqs. (3.5), we obtain

bi/b2 = njn2 . (3.7)
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Thus, the wave is polarized longitudinally.

For this wave, the resultant energy flux vector (R,- given by (2.19) becomes, with

(3.1), (3.7) and n3 = 0,

/»t + e 2

(R,- = / {(X + 2/j) + 2ynln2]Sb~f2n{ dt, (3.8)
J t-c 1

where b is the magnitude of &,• . It is evident that provided ft; is constant during the

time interval (f — ti , t + c2), (R, is parallel to ft, ; i.e., the resultant energy propagation

vector is perpendicular to the wave-front. We shall, however, show that it is not, in

general, normal to the slowness surface.

The normal to the slowness surface is in the direction dQ/dS, , where is defined

by (2.13).
Clearly, from (3.2) the slowness surface Q(S= 0 is symmetric with respect to the

plane S3 = 0, and hence the normals to ti(Si) = 0 at points on S3 = 0 will lie on the

plane S3 = 0. The components of the normal to the sheet of &($,■) corresponding to the

wave (3.5) i can be read off from (3.5)i . Thus on S3 = 0,

fl/U = [(X + 2m)-Si + 27£2]/[(A + 2 „)& + 275:1, H = 0, (3.9)

and thus at S2 = S3 = 0

;/S = H = °- <3-10>
dQ / dQ

dS

Thus, dfi/djSi is plainly not in the direction of the resultant energy propagation vector,

as it always is [1] for a linear elastic material for which a strain-energy function exists.
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