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Abstract. One may define the growth of a shock wave by the growth in the ampli-
tude of discontinuity in the velocity (denoted by [v]) across the shock wave as the shock
wave propagates. One may also define the growth of a shock wave by the growth in the am-
plitude of discontinuity in the stress [a], strain [e], or entropy [17]. It is shown that one defi-
nition predicts the growth of the shock wave while others may predict its decay. In this paper
we derive the transport equations for one-dimensional shock waves in nonlinear elastic
media in which the shock wave can be defined as the amplitude of either [c], [a], [e] or
[tj]. Moreover, the dependent quantity can be any one of, or a linear combination of, the
seven quantities behind the shock wave. It is shown that when the region ahead of the
shock wave is under a homogeneous deformation, the amplitudes of [v], [a] and [c] grow or
decay simultaneously if (a) [c]2 is a strictly increasing function of [tj], or (b) the purely me-
chanical theory of shock waves is employed in which the effect of the entropy is ignored. Re-
gardless of whether the effect of the entropy is ignored or not, there is no assurance that
the amplitudes of [v], [a] and [e] grow or decay simultaneously if the region ahead of the
shock wave is not under a homogeneous deformation.

1. Introduction. It is well-known in the theory of acceleration waves that the growth
of the discontinuity in the acceleration across a singular surface is invariably accom-
panied by the growth of the discontinuities in other quantities such as the strain rate and
stress gradient. In the theory of shock waves, the growth of the discontinuity in, say, the
velocity across a shock wave is not necessarily accompanied by the growth in other dis-
continuities such as the stress, strain or entropy. Therefore, whether a shock wave grows
or decays depends on whether one looks at the growth or decay of the discontinuity in the
velocity, stress, strain or entropy. Moreover, the growth or decay of a shock wave de-
pends, among others, upon a certain quantity behind the shock wave. This quantity can
be the strain gradient [1, 2], but can also be the acceleration [3], the stress gradient, the
strain rate, etc., or a linear combination of these quantities. If we define the "critical jump
in the strain gradient" as the one which holds the key to the growth or decay of the dis-
continuity in the strain across the shock wave, then one has to define a different "critical
jump in strain gradient" which holds the key to the growth or decay of the discontinuity
in, say, the stress across the shock wave.
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The purpose of this paper is twofold. First, the relations between all relevant quan-
tities across the shock wave in one-dimensional nonlinear elastic media are derived in a
concise form by using matrix notations. Secondly, the growth of the amplitudes of the dis-
continuities in the velocity, stress, strain and entropy as well as the quantities behind the
shock wave (such as the acceleration, strain gradient, etc.) are all related to a single pa-
rameter, namely, the acceleration of the shock wave. With this parameterization, a trans-
port equation can be obtained in which one is free to choose any discontinuity as the defi-
nition of shock wave amplitude and any quantity behind the shock wave as the one which
holds the key to the growth or decay of the shock wave. Moreover, it is readily seen from
this parameterization whether the discontinuities in the velocity, stress and strain grow
and decay simultaneously.

2. Basic equations. For waves propagating in a one-dimensional homogeneous me-
dium, let a, e, v and p be the stress, strain, velocity and mass density, respectively. The
equation of motion and the continuity condition can be written as

ox + pb = pv,, (1)

V, = 6,, (2)

where b is the body force which is assumed to be continuous, x is the reference coordi-
nate, t is the time and the subscript implies partial differentiation. We will assume that the
stress a and the absolute temperature 6 can be derived from the internal energy e:

e = e(e, 77), a = de/de, 6 = de/d% (3)

where tj is the entropy. Since a = a(e, tj),

a, = Ee, + Gt), , (4)

E = da/de, G = da/dr/. (5)

We will also assume that heat conduction is negligible. Hence

rj, = 0 . (6)

Eqs. (1), (2), (4) and (6), which completely define the wave propagation in one-dimen-
sional nonlinear elastic media, can be written concisely as

Aw, + Bw, = b (7)
where

A =

B =

p 0 0 0
0 0 1 0
0 1 -E -G
0 0 0 1

0 -10 0
-10 0 0

0 0 0 0
0 0 0 0

w =

b =

-pb
0
0
0

(8)



ONE-DIMENSIONAL SHOCK WAVES 423

3. Equations governing the shock waves. Across a shock wave where discontinuities
in a, e, v and rj occur, we will define the discontinuity in a quantity / by

[/i=r-r (9)
where /"' and f+ are the values of / immediately behind and just in front of the shock
wave. Eqs. (1) and (2) are then replaced by

M = -pC/[v], (10)

[v] = — U[e] (11)

where U is the speed of the shock wave. Notice that the mass density p is referred to the
reference configuration and hence is a constant. We define the total differentation of a
quantity / along the shock wave by

df/dt = fxU + /,. (12)
Applying Eq. (12) to Eqs. (10) and (11), we obtain

d[a]/dt + pU(d[v]/dt) = -p[v](dU/dt), (13)
d[v]/dt + U(d[e]/dt) = ~[e](dU/dt). (14)

Total differentiation of a = a(e, rj) and use of Eq. (5) yields

4<>] r- . r- d[v] . rn di)+
~dT~E ir+G ^r+[£]^r+[G]^r' (15)

where the following relation has been used:

ug]=ng] + [f]g+- (i6)
Finally, the balance of energy requires that [4]

— U[e + j pv2] = [av], (17)

This can be rewritten in several alternate forms. One of the forms is (see the Appendix)

[e]-|p^[e]2 = a+[e], (18)

Since

M
dt

de
°~dt + dt I dt dt dt 1 ' dt v '

by using Eq. (16), the total differentiation of Eq. (18) yields, after using Eqs. (19) and (10),

(20)

Eqs. (13), (14), (15) and (20) can be put in the following concise form:

(tfA--B)^ = g^ + h (21)

where A, B and w are defined in Eq. (8) and
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—P[v]
-[€]

0
pt^[e]2/r

g =

h =

o (22)
de * ^ dr\+^f+[Gl dt

U /r i ^a+

Notice that h = 0 if the region ahead of the shock wave is under a homogeneous deforma-
tion. We assume that, at a certain time t, [w] and U are known at the shock wave and pro-
ceed to find the relations for the variation of these quantities as the shock wave propa-
gates.

4. Transport equations for shock waves. We will now use Eqs. (7) and (21) to derive
the transport equations for the growth or decay of the shock wave. To begin with, we re-
write Eq. (21) as

<■»>

where

a = Tg, /3 = Th, (24)
T = (UK' — B)"'. (25)

Next, since B and b are continuous, Eqs. (7) and (16) yield

A-[w,] + B[w,] = —[A]w,+ (26)

If we eliminate [w,] between Eqs. (26) and the relation

c/[w]
dt

we have

= U[ wj + [wj, (27)

(UK~ - B) [wj = -(b ^1 + t/[A]w,+j. (28)

Hence, by Eqs. (23) and (25),

[w,] = —<j>(dU/df) - if/, (29)
</> = T B a, f = TBj8+ t/T[A]w,+. (30)

By substituting Eqs. (23) and (29) into (27), we obtain

K] = jj(a + 4>)^- + jj(J3+i). (31)
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Eq. (23) is the transport equation for [w] with dU/dt as the parameter. dU/dt can be
related to any component of [w,] or [wx] through Eqs. (29) and (31). Notice that, with the
exception of dU/dt, the right-hand sides of Eqs. (23), (29) and (31) are known. Also notice
that T, the inverse of (U\~ — B) as defined in Eq. (25), can be shown to be

T = 1
CE--PU1)

-U E~ 1 G~

E~ —pUE~ —pU —pUG~
1 -pU -l/U -G-/U
0 0 0 (E~ — p U2)/ U

(32)

We assume that E ^ pU2. The case E = pU2 will be discussed later. We now write Eqs.
(23), (31) and (29) explicitly in the following.

jM (l+Qr-g dU UQ_
dt (i-i)T lJ dt i-r (-'

d[o] PU(2r-0 dU pU>Q
~dT--(r^rle]^-^T> (33b)
dK_(2r^A[€]dU_JL
dt U( 1 -£)r dt 1-1'

M. = P£ r,i2 dU i
dt 0- 1 J dt 9

U« + 3)t-29 dV
1 xi U( 1 - 02 T 11 dt (l-O2 l-fj'

p{(3{+l)r-«l+€)} dU
K]   [6] "di + pU

(33d)

(34a)

((j±M I 9 I n4M
(1 -1)2 1 -$j' ( }

£ {(3| + 1 )r — (3£ — 1)} dU I m-\)Q
[A U2 (1 - £)2 T 11 dt u[ (1 -£)2 1 - ' ( '

hJ (34d,

[v,] = - [ax], (35a)
P
Pt/{(£ + 3)r-2g} dU (2Q q }

1 J (1 - 02 T dt p ((1 - £)2 1 - |J' ( )

[€,] = [Vj, foj = o, (35c, d)
where

£ = pU2/E~, t = r/(G"[e]), q = [E\e,+/E-, (36)

It follows from Eqs. (36) that Q - q = 0 when (i) the region ahead of the shock wave is
under a homogeneous deformation, or (ii) the purely mechanical theory is used in which a is a
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function of € only and E~ = E+ = pU2. Case (ii) includes the special case of linear elastic
materials in which £ is a constant.

Eqs. (33)—(35) hold when U ¥= 0, 0 < £ < 1 and the shock wave is stable. However,
Eqs. (33)—(35) may be evaluated for the limiting values of £ = 0 and £ = 1. (See Section 6.)

When we eliminate dU/dt between one of Eqs. (33) and an equation obtained by a
linear combination of equations in (34), (35), we obtain a transport equation in the form

d[f]/dt = y(X-[g]) (37)
where / can be either v, a, e or tj and g can be either one of, or a linear combination of, v,,
ax, ex, tj, , v,, a, and e,. y and X are known quantities and will have different expressions
depending on the choice of / and g. Regardless of the choice of / and g, \ vanishes when
Q and q vanish. We list below three examples of Eq. (37) in which / = v, a and e, respec-
tively, while g = ex for all three examples.

/ = v, g = ex

^(1~£){(1+£)t-£}  1  f tQ 1
Y £{(3£+1)t-(3£-1)} ' U(\ -£) \q (l+£)r-£j'

/ = a, g = ex,

UE (\ - £)(2r - £) 1 f ,(2-30x01
Y (3£ + 1)t — (3£ — 1) A 1/(1 - © r 2t-£ j' ( }

/ = e, g = .

Y =
t/(l -£)(2t- 1) A= 1

(3|+ 1)t-(3£- 1)' U(l-Q q ~ ■ (38c)
(2r

Eq. (38c) can be shown to be identical to the results obtained in [l] for X = 0 and in [2] for
A 7^ 0. It is seen that y and X assume different forms even though we choose the same g. In
Eqs. (38) A can be regarded as the "critical jump in strain gradient" because d[f]/dt = 0
when [e,] = X (see [2]). We see that the "critical jumps in strain gradient" are not the same
for d[v\/dt, d\a]/dt and d[e\/dt.

5. Discussion. From Eqs. (10) and (11), [a] and [e] always have the same sign while
[v] has the opposite sign. In comparing the growth or decay of these amplitudes, we
should compare -d\y\/dt, d[a]/dt and d[e]/dt. If they have the same sign, then the ampli-
tudes of [v], [a] and [e] either grow or decay simultaneously. Because of different ex-
pressions for y and X as shown in Eqs. (38a, b, c), we conclude that —d[v]/dt, d[a\/dt and
d\e\/dt may not have the same sign.

When the region ahead of the shock wave is under a homogeneous deformation and
hence Q = 0, it follows from Eqs. (33) that — d{v]/dt, d[a\/dt and d[e\/dt will have the
same sign if

t>/2 or t < £/2 (39)

and will have different signs if

£/2 < T < '/2. (40)
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If one assumes that [e]2 is a strictly increasing function of [17], then from Eqs. (33c,d), with
Q = q = 0,

= 29~(2 - 1/t)
^t,] E~( 1-0

Noticing that 0 < £ < 1, the inequality is satisfied if

r>'/2 or t < 0. (42)

Since Eq. (42) satisfies the inequalities in Eq. (39), we conclude that for shock waves prop-
agating into a region of homogeneous deformation, —d[v\/dt, d[o\/dt and d[e]/dt always
have the same sign if[ef is a strictly increasing function of\rj\.

Finally, for the purely mechanical theory of shock waves in which the entropy is ig-
nored, Eqs. (33-35) and (38) are simplified by letting

r = 00, Q = ([E]/E-)(de+/dt). (43)

In particular, Eqs. (33) can be written as

d[v] 1 +£ r , dU U[E] de+

J_ = _2_ dU_ _ U[E] df
pU dt l-r J dt £-(1-0 dt ' K '

d[ 6] 2£ dU U[E\ de+
dt 1 - r 1 dt E~( 1 - 0 dt '

One way to see whether —d[v\/dt, d[a]/dt and d\e\/dt have the same sign or not is to see if
they vanish for the same value of dU/dt. From Eq. (44) it is clear that they do not. Thus
in the neighborhood of, say, d[v]/dt = 0, they will have different signs. However, in the
particular case when the region ahead of the shock wave is under a homogeneous defor-
mation and hence de+/dt = 0, Eq. (44) shows that —d[v]/dt, d[o\/dt and d[e]/dt always
have the same sign. Thus, for shock waves propagating into a region of homogeneous defor-
mation, —d[v]/dt, d[o\/dt and d[e]/dt always have the same sign if the purely mechanical the-
ory of shock waves is employed.

6. The limiting cases £ = 0 and £ = 1. For £ = 0, if we assume that C/V 0 and a, e, v
and G~ remain bounded, we have E~ = oo, q = e,+, Q = {de/dt)+, v~ = e," = 0 and e~ = 0.
Eq. (33c), (34a) and (34c) then reduce to trivial identities while the rest of Eqs. (33-35) are
simplified by letting £ = 0.

For £ = 1, the matrix T defined in Eq. (32) does not exist. However, by expanding each
term of Eqs. (33-35) into a power series of (1 — £) and comparing the coefficients of equal
power in (1 - £)> we obtain as £—> 1, assuming that [e] ¥> 0 and r 1/2,

dU/dt = UQ/(2t - l)[e], ^ = - f (? " 27=t) ' (45a>b)

tQ \ M = 1L_ 2rQ \ (45cd)
dt 2 \q 2t — 1 /' dt 2\q 2r — 1/' ( ' J

We see that the growth or decay of the shock wave no longer depends on the quantity be-
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hind the shock wave when £ = 1. In particular, for linear materials Q = q = 0 and Eqs.
(45) reduce to the well-known results that U, [v], [a] and [e] are constants as the shock
wave propagates.

7. Concluding remarks. The results obtained here can be extended to materials other
than nonlinear elastic media. However, one need not drive the transport equations explic-
itly to be convinced that the amplitudes of the discontinuities in the velocity, stress and
strain may not grow or decay simultaneously. To see this, we eliminate dU/dt between
Eqs. (13) and (14) and make use of Eq. (11) to obtain

M. + pLPM,.2pUM (46)

Therefore, unless — d[v]/dt, d[o\/dt and d[e]/dt always vanish at the same instant, they will
have different signs at least in the neighborhood of the time at which one of them van-
ishes. It is important to point out that Eq. (46) is independent of any constitutive assump-
tions. Consequently, the fact that the amplitudes of [v], [a] and [e] may not grow or decay
simultaneously applies to materials other than nonlinear elastic media also.

It seems possible to apply the approach used here in deriving the transport equations
for one-dimensional shock waves to three-dimensional shock waves. This has been done
for the special case of three-dimensional nonlinear elastic fluids. The results are strikingly
similar to the results obtained here.
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Appendix: balance of energy across a Shockwave. From Eqs. (10) and (11), we have the
well-known relation for the shock wave speed U,

By using the relation

lo] = plPle]. (Al)

[fg] = [fM + f+[g] + g+lfl (A2)
we expand Eq. (17) as

-U\e]-V2pU{[v]2 + 2v+[v]} = [a][v] + a+[v] + v+[a], (A3)

If we replace [a] and [v] in terms of [e] by using Eqs. (11) and (Al), we obtain

[e] - '/2p^[e]2 = a+[e] (A4)

which is Eq. (18). If the region ahead of the shock wave is stress-free, a+ = 0 and we have

[e] = '/2p^[€]2='/2[a][€] (A5)

where the last equality is from Eq. (Al).
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If we multiply both sides of Eq. (Al) by [e] and subtract the resulting equation from
Eq. (A4), we have

[e]+/^[e] 2 = a~[e]. (A6)

This is derived in [1]. Addition of Eqs. (A4) and (A6) yields

[e] = (<x+ + a")[e]/2. (A7)

The right-hand side of this equation is the area under the secant between a(e+,rj+) and
cr(e~,tj~) on the a ~ e curve.


