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STABILITY OF PERIODIC SOLUTIONS
OF THE NONLINEAR STRING*

By R. W. DICKEY (University of Wisconsin, Madison)

1. Introduction. In 1945 Carrier [1] proposed an approximate nonlinear theory to
describe the vibration of a string. Narasimha [2] has shown that this approximate theory
may be obtained from the exact string equations in a systematic way.

Although Carrier's equation is simpler than the exact equations, there remain un-
resolved questions about its solution. Indeed, there remain questions about the appro-
priate conditions on the initial data to guarantee global existence of a smooth solution
[3-6]. Even so, it is of interest to obtain information about the qualitative behavior of
solutions, and in fact there has been considerable research on the behavior of solutions to
Carrier's equation and related equations when viscous damping is present and when
periodic forcing is applied [2, 7-12],

An interesting feature of the Carrier equation is that, even though it is nonlinear, it
has an infinite set of periodic solutions (modes) similar to the modes of the linear wave
equation (cf. [3]). However, since the Carrier equation is nonlinear it is not possible to
build up more complicated solutions by linear superposition of these special solutions.

It is the aim of this paper to study the stability of the modal vibrations of the Carrier
equation. In particular, it will be shown that an arbitrary small perturbation of data
corresponding to a pure modal vibration has only a small effect. A similar result holds
for the linear wave equation and is in agreement with experiment.

2. Preliminaries. For simplicity it will be assumed that the string has length n. In
this case the Carrier equation can be written

w, ~ [A2 + ni W^X' ^2 dx)w*x = 0

where w(x, t) and A2 are essentially the transverse displacement of the string and A2 is the
equilibrium tension in the string (cf. [1, 2]). It may be noted that linearization of (2.1)
leads to the ordinary linear wave equation.

If the ends of the string are held fixed and the initial position and velocity are
prescribed it follows that solutions of (2.1) must satisfy the conditions

w(0, t) = w(7r, t) = 0 (2.2)

w(x, 0) = /(x), w,(.x, 0) = er(x), (2.3)
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where/(x) and g(x) are known functions. In this paper it will be assumed that the initial
data (2.3) has the form of a finite Fourier series, i.e.

N N

f(x) = Z fj sin j-x> y(x) = Z 9j sin Jx' (2-4)
j=l j=1

such data is said to be "quiescent" (cf. [13]).
It is easily verified that the solution of (2.1) satisfying the above conditions has the

form

w(x, t) = Z T)(r)sin jX. (2.5)
J=i

if the functions 7}(t) satisfy the system of nonlinear ordinary differential equations
(T = d/dt)

% + J2 + Z12Ti )T; = 0. 7=1.2,..., N, (2.6)

and the initial conditions

Tj(0)=fj, tj(0) = gj. (2.7)
The system (2.6) is a coupled nonlinear system.

In the special case that f} = g} = 0 for j i= k the system (2.6) reduces to a single
nonlinear equation

Tk + /c2(A2 + k2T2k)Tk = 0. (2.8)

It is well known that every solution of (2.8) is periodic (cf. [14]). Thus the Carrier
equation has special periodic solutions of the form

w(x, t) = 7i(t)sin kx. (2.9)

These periodic solutions are the modes referred to in Sec. 1. In general, however, solu-
tions of the system (2.6) are not periodic.

3. Stability. It is convenient to introduce the notation

e = (A2 + g2k)112- <5 = ((Z (/? + 0i2)) (3-1)
l*k

We assume that both e and S are small quantities, and in addition

H = S/b (3.2)

is small. Thus we treat the case of small initial data in which the data for one mode
dominates the rest.

We have observed in Sec. 2 that if S = 0 the solution of (2.6) is periodic. If S ± 0 then
in general the solution of (2.6) is not periodic. However, since the periodic modal vibra-
tion of the string may be observed, it would suggest that when n is sufficiently small the
solution lies close to a periodic vibration. If this is the case these periodic solutions are
said to be stable.
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In order to decide on the stability or instability of the modal vibrations of the string it
is convenient to introduce the change of variable

Tj = 3 Vj j*k, (3.3a)

Tk = eVk. (3.3b)

In terms of these new variables the system (2.6) may be written

Vj + j2^2 + c2(k2Vi + = 0, ;=1, (3.4)
i+k

The solution of (3.4) must satisfy the conditions

Vj(0)=Aj = fj/S, Vj(0 ) = Bj = gj/S, j*k (3.5a)
Vk{0) = Ak = fk/e, Vk(0) =Bk = gk/e. (3.5b)

It is a consequence of the definition of e and 5 that 0 < | An |, | Bn | < 1 (n= I, N).
The solution of (3.4) depends on the two parameters e and fx. We look for solutions in

the form of a perturbation expansion

Vj(t; e, n)= £ ^"(t; e)n'. (3.6)
1 = 0

Combining (3.4), (3.5), and (3.6), we find that F*-0) must satisfy

Vf] + j2(X2 + s2k2n0)2)F<.0) = 0, j = 1, 2, ..., JV (3.7)

Kf(0 ) = AJt F]O)(0) = Bj. (3.8)

The object is to study the solution of the system (3.7). This system is peculiar in that
the equation with j = k, i.e.

no) + k2(x2 + s2k2vnvr = o (3.9)

is nonlinear while the remaining equations with j k are linear with coefficients
determined by the solutions of (3.9). Every solution of (3.9) is periodic. Thus the system
(3.7) with j k is a linear system of equations with periodic coefficients, i.e. Hill's type
equations. It is well known that the solutions of such equations may be bounded or
unbounded depending on various features of the equation (cf. [15]).

The actual solution of the Carrier equation can be written in the form (cf. (2.5))
N

w(x, t) = e(l/<t0)(t)s'n kx + hYj ^i0)(f)sin '*) + '"• (3.10)
(=i
l*k

The function V[0) is periodic. If the functions V/" are bounded for all time the solution
(3.10) would be indistinguishable from a pure modal vibration when fi is sufficiently
small. Thus the object is to show that the functions l7*,01 are uniformly bounded.

Since the solution of (3.9) is periodic it is convenient to introduce a change of variable

t = a(e)i (3-11)
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so that V[0) is periodic with smallest period 2n in x. In addition we define

Sj = al*0', j = 1, 2, N. (3.12)

In these new variables (3.7) and (3.8) become (' = d/dz)

S] + j2{X2o2 + e2k2SZ)Sj = 0, j=l,2,...,N (3.13)

Sj(0) = aAj, S'j(0) = a2Bj . (3.14)

The function a(e) is determined so that the minimum period of the solution of

S"t + k2(yl2a2 + e2k2Si)Sk = 0 (3.15)

S*(0) = a.Ak, S'k(0)=OL2Bk (3.16)

has the value 2n. Actually a(fi) and Sk(z; e) can be determined explicitly by assuming
expansions of the form

Sk(r;£)= is<"(T)e' (3.17)
1 = 0

oc(s) = Yj a(°£/- (3.18)
1 = 0

In any case it is easily shown that

A B
Sk(z-,e) = — cos r +-pp sin T + ••• (3.19)

a(e) = Jk~ (*2><2A2k + B2k)e2 + ■ • •. (3.20)

The function Sk(t; e) is periodic of period 2n. The function St(t; e)2 is periodic of
period n. Thus the system of equations (3.13) with j±k is a linear system with
coefficients of period n. In order to decide whether the solutions of this linear system are
bounded or unbounded it is only necessary to construct the stability diagram for each
equation. Specifically, we consider the equation

S" + (h(e) + e2j2k2Sk )S = 0 (3.21)

where we note that if /7(e) = j2X2oc2(s) Eq. (3.21) is simply the 7'th equation of the system
(3.13). If we look in the (h, e) plane, Floquet theory (cf. [16, pp. 78-81, 99]) guarantees
that from each of the points (n2, 0) there bifurcates a pair of curves h = //'^'(s) and
h = H(2\e) (cf. Fig. 3.1). These curves divide the (/z, e) plane into regions in which every
solution is bounded (stable region) and regions in which there is an unbounded solution
(unstable region). Thus if one knew the functions /^"(e) and //(„2|(e) it would be possible
to decide whether the point (j2X2cc2(e), e) lies in the stable or unstable regions. In certain
cases it is possible to make this decision without actually computing //'^'(e) and H(2)(e).
In particular we note that \\mE^0 j2X2a2(e) = j/k. If j/k ^ n for any integer n it follows
that j/k is an interior point of a region of stability. Therefore we conclude that if e is
sufficiently small and j/k ^ n the solution is bounded.

This result does not decide the question of stability for all the equations (3.13), since
it does not exclude the growth of modes which are integral multiples of k. In particular, if
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H^1)(E)

> h

Fig. 3.1

the dominant data had been given in the first mode, i.e. if k = 1, then j/k is always an
integer. In the case j/k = n the point (j2X2a2(0), 0) = (n2, 0) is on the boundary of the
region of stability and it must be decided whether the curve (cf. (3.20))

j2k2 a2(s) = n2 — (A2k2Al + Bj*)e2 + • • • (3.22)

enters the stable or unstable region.
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The function H\,l)(e) is determined by the requirement that '(())= n2 and the
solution of

S" + (H[l)(e) + e2j2k2Si)S = 0 (3.23)

S(0) = 1, S'(0) = 0, (3.24)
where Sk(t; s) is given by (3.19), should be periodic. Similarly H(2)(e) is determined by the
requirement that H(2)(0) = n2 and the solution of

S" + (H[2){e) + c2j2k2S2k)S = 0 (3.25)

S(0) = 0, S'(0) = 1 (3.26)

should be periodic (cf. [16]). We can exclude the cases n = 0, 1 since j/k cannot take on
these values.

The above problems can be solved by perturbation where successive terms in the
expansion of //'^'(e) and H(„2)(e) are determined by the condition that the solutions be
periodic. In any case it may be shown that

H(n\e) = n2 - y (A.2k2Al + B^)e2 + ■■■ (3.27)

Hi2)(s) = n2 - y (A2k2Aj + Bk)e2 + ■ ■ ■. (3.28)

Thus //^'(e) and Hj,2)(e) agree up to terms of second order. Comparing (3.22) with (3.27)
and (3.28) we conclude that the curve (j2X2ix2(e), e) enters the stable region. Therefore
even in the case j/k = n the solution of (3.13) is bounded when e is sufficiently small. The
linear stability of the single mode periodic vibrations (with small amplitude) is a
consequence.
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