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SOLUTION OF STRUCTURAL OPTIMIZATION PROBLEMS
BY PIECEWISE LINEARIZATION*

By R. LORENTZEN (Control Data Norway)

Summary. Structural optimization problems tend to be nonlinear and often also non-

convex. In this paper it is proposed to reduce a general class of such problems to linear

programming problems through piecewise linearization. They can then be solved by the

highly effective linear programming computer codes currently available.

1. Introduction. Structural optimization problems tend to be nonlinear and often also

non-convex. However, as stated e.g. by Morris in [1], they can frequently be cast in a form

where both the objective function and the constraints are fractions of polynomials in the

design variables. Such problems can readily be piecewise linearized, and a global optimum

can be found through mixed integer programming. If the problem is convex, the lin-

earization results in a linear programming problem without integer variables.

Linear programming codes are now commercially available which can solve problems

with a large number of variables within a reasonably short time. Thus piecewise lin-

earization represents a solution technique which should be seriously considered for a large

class of structural optimization problems.

2. Transformation to geometric programming. Following [1], the problem considered

will be of the following form:

minimize f(x)/g(x)

subject to

9j{x)/lj{x) <kj,

x > 0, g(x) > 0, lj(x) > 0, j = 1 J,

where f(x), h(x), gj(x) and lj(x) are polynomials in the design variables which are compo-

nents of the vector x.

This problem is equivalent to the following problem:

minimize f(x)/y

subject to

h(x)/y > 1,

gj(x)l(kjZj) < 1, j = I,, J,

lj(x)/Zj> 1, j = 1,, J,
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x > 0, y > 0, Zj> 0, j = 1,..., J.

This is a special case of the general geometric programming problem:

minimize y0(x)

subject to

x = (xj, ... , xQ) > 0,

ym(x)<l, m = I, , M.

Here

e Q

ym(x) = z cm,n KMq - z cm< n xTq-
t S Pm 9=1 IeN, 9=1

The coefficients cmt are positive, and for each m the sets Pm and Nm of indices are disjoint.

The transformation xq = eZq gives the following form of the problem above:

minimize Z ewo' — Z ewo'

tePo t e No

subject to

£ _ £ ewm, < j

t 6 Pm t € Nm

Wm, = Z amtq + In Cm,-
1

3. Piecewise linearization. The functions eWm' will now be piecewise linearized using

conventional techniques (see e.g. Salkin [2]).

The variable wmt is supposed to vary between the limits Wmll and Wmti, and the

piecewise linear approximation is to be exact for wm, = Wmti, i = 1,... , /, where Wmtl <

Wrm,2< ■■■ < Wm,I-

The function eWm is replaced by Zf= i %m,i eWm" where the new variables xmti > 0 satisfy

Zi = i amti — 1 ■ wmt's replaced by Zf = i amt. ̂ «i • These substitutions are sufficient for all

t e Pm. This means that for design problems where the sets Nm are empty the substitutions

lead to a linear programming problem which can readily be solved with available codes.

For t e Nm the following additional constraints are required in order to ensure valid

linearizations:

®mll ^ ^mtl'

&mli — &mt, i-1 "t" ^mti > 1 = 2,...,/ 1,

am(/ ^ /-I

Z Sm,i = 1. <5mri = 0 Or 1.
/ = 1

These additional constraints make the problem a mixed integer programming problem.

Even if such problems are harder to solve than problems without integer variables, they can

still in many cases be successfully solved using the highly sophisticated codes for mixed

integer programming which are commercially available.
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4. Final remarks. Although the piecewise linearization approach has been presented

here in the context of structural optimization where its use is especially relevant, its poten-

tial area of application is much wider. In [3] Duffin and Peterson have demonstrated that

any nonlinear algebraic program, i.e. a problem of the form:

minimize y(x)

subject to

hk(x) > 0,

x > 0,

where y and hk are real-valued functions formed by addition, subtraction or exponentiation

to real powers, can be transformed to a geometric programming problem, and is thus

amenable to piecewise linearization and hence in many cases solvable by linear program-

ming codes.
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