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Abstract. Force-free magnetic fields, i.e. fields that are either parallel or antiparallel

to the electric current, occur in the solar chromosphere and also have been used in certain

magnetic confinement schemes in controlled thermonuclear fusion research. In this paper,

we derive a general expression for force-free fields that decay resistively and are spatially

periodic.

The general expression that is found consists of a sum of spatial Fourier modes with

the property that all wave vectors have the same absolute magnitude, with components

that satisfy a Diophantine equation. A large class of particular solutions is found to exist.

Jette's theorem in resistive magnetohydrostatics is rederived for the case of periodic

fields by means of a simple geometrical proof. In the concluding section the results are

extended to the case where the electric conductivity is a function of time. An application

to the study of iso-energetic Beltrami flows in classical fluid mechanics is indicated.

1. Introduction. Force-free magnetic fields, that is, fields for which the Lorentz force

jxB (j = current density, B = magnetic induction) vanishes, have been studied by

Chandrasekhar and Kendall [1] and Voslamber and Callebaut [2], among others. Since

in magnetohydrodynamic applications the displacement current can usually be neglected,

the condition for the field to be force-free reduces to

V x B = aB (1)

where a is a scalar that in general is a function of the spatial coordinates and of time. In

addition, the field must satisfy the solenoidal condition

V • B = 0. (2)

Since a is unknown, the force-free condition leads in general to a difficult nonlinear prob-

lem.
Most authors therefore have concentrated on the simpler case obtained by considering

force-free fields for which a is constant. For this case, Chandrasekhar and Kendall [1]

have given a general solution in the form of a sum of a poloidal and a toroidal vector

field, and have applied it to force-free fields within spherical boundaries.
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Since no forces are applied to the fluid (at least in the magnetohydrodynamic approxi-

mation), such magnetic field configurations are of interest for stable containment of ther-

monuclear plasmas. Magnetic fields in the solar chromosphere are approximately force-

free [3], and observed fields have been analyzed on this basis [4],

In a separate class of magnetohydrodynamic problems, time-varying magnetic fields

are considered that remain force-free in time. In the simplest such problems, constant

electric conductivity a and a negligibly small magnetic Reynolds number are assumed.

The magnetic field then must in addition satisfy the vector diffusion equation

dK/dt = — V2B. (3)
ixa

Eqs. (1) to (3) are the basic equations for the remainder of this paper.

Lundquist [5] conjectured that the only magnetic fields that stay force-free in time are

those corresponding to constant a. A proof of this theorem was provided by Jette [6], The

proof is extremely lengthy and assumes inter alia that spatial derivatives of a exist up to

the third derivative. In the course of deriving a general representation for spatially period-

ic fields satisfying (1) to (3), the present paper rederives Jette's result with a much shorter

proof restricted now to periodic fields. Only the existence of the first derivative of a needs

to be assumed.

A simple consequence of (1) to (3) is obtained by making use of the solenoidal con-

dition and substituting twice from (1) into (3), with the result that

dB/dt = - — V x (V x B) = — — (Va x B + aV x B) = - — (a2B + Va x B). (4)
/id no no

This result will be needed later. We note that in the special case where a is constant, we

have the important physical consequence that the magnetic field at any point does not

change direction as it decays with time.

2. Normal mode expansion. We proceed by expanding the magnetic field in terms of

normal modes which satisfy the vector diffusion equation and the requirement that the

field be solenoidal. After having thus satisfied the set of conditions that are linear, the

nonlinear force-free field condition is satisfied by substituting into it the normal mode

expansion. This results in simple algebraic relations among the expansion coefficients. An

inequality governing the wave numbers then leads to the desired result.

It will be found advantageous to use the notation of complex vector spaces. Thus, the

inner product (p • q) of two vectors in an n-dimensional space is defined as Yj = i Pi it

where ( )* indicates the complex conjugate. Hence, (p • q) = (q • p)*. The vector product in

three-dimensional space is defined in terms of components in the same way as it is for real

vectors. We will also need to use the expansion for the triple vector product of complex

vectors, p x (q x r) = (p • r*)q - (p • q*)r.

It is convenient to take the radius vector as a p where a is a constant length

characterizing the spatial scale of the magnetic field, and to let the time t = noa2x, where

p and x are dimensionless.

Eq. (3) is equivalent to the set of scalar diffusion equations, separately for each of the

three Cartesian components. As is well known [7], a complete set of normal modes of the

diffusion equation can therefore be constructed by separation of variables, with the result
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that the general solution of (3) can be written in the form

B = £ b(k)exp{ik • p — k2t) (5)
k

where the wave vector k is a vector in a real, three-dimensional vector space and where k

is integer-valued (i.e., has integer-valued components). The summation is a triple sum

extended over all values of the components of k. All vectors in this equation are real, with

the exception of the expansion coefficients b(k) which are in general complex. To assure

that the magnetic field B is real, it is required that

b(-k) = b*(k). (6)

Substitution of the expansion (5) into the solenoidal condition (2) yields the relation

b(k) • k = 0. (7)

We write the force-free condition (1) equivalently as (V x B) x B = 0. Substitution of

the expansion (5) into this equation results in the following nonlinear relation among the

expansion coefficients:

£ (k x b(k)) x b(k')exp[i(k k') • p — (k2 + k'2)r] = 0, (8)
k, k/

where the summation symbol indicates a six-fold summation over all integer values of the

components of k and k'.

Lemma 1. For all non-zero, integer values of k,

b(k) • b*(k) = 0, k # 0 (9)

(for the convention used in defining the scalar product, see second paragraph of this

section).

Proof: Let j be a vector with integer components in a three-dimensional, real vector

space (the same space as for k). The wave vectors that produce terms in (8) with the

spatial and temporal dependence exp[2(ij • p — j2t)] must satisfy the conditions

k + k' = 2j, k2 + k'2 = 2j2.

Clearly, k = k' = j is a solution. It is the only solution, for substitution of the two con-

ditions into the identity k2 + k'2 = ^(k + k')2 + ^(k — k')2 shows that (k — k')2 = 0, hence

k = k' = j. Therefore, there is only one term in (8) with this spatial and temporal depen-

dence. Since it must vanish,

(k x b) x b = (b • k)b - (b • b»)k = 0

where we write b for b(k). The lemma then follows by making use of (7).

As a corollary, we can derive the following relation among the expansion coefficients.

Thus, in the vector identity

b x (k x b) = (b • b*)k — (b • k)b

it follows from (9) and (7) that the right-hand side vanishes. Hence k x b = /?b where

P = /?(k) is a scalar. On the other hand, from the identity

(k x b) • (k x b) = k2(b • b) — (k • bXk • b*)
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and (7) follows /?/?* = k2. Hence, p = he'4", where the phase angle 0 in general depends on

k. Therefore

k x b = ke'^b

In component form this corresponds to three linear, homogeneous equations for the Car-

tesian components of b. The determinant of the coefficients is — k3(e3utl + e"*1). For b # 0

and k / 0, it follows that ellp = ±i; hence,

k x b(k) = + i/cb(k) (10)

where the sign in general depends on k. Clearly, this relation holds also for b = 0 or

k = 0.
Substitution into (8) results in the following, simpler form for the force-free field con-

dition:

£ +/cb(k) x b(k')exp[i(k + k') • p — (k2 -I- fc'2)t] = 0. (11)
k, k<

3. Relation among wave vectors. Let kl > 0 be the smallest among the absolute mag-

nitudes of those wave vectors k for which b(k) # 0, and k2> kx the next smallest such

wave number. Excluding the trivial case B = 0, there exists at least one such wave vector

of magnitude k1.

We consider in (11) all summands that depend on p and x as

exp[i(k, + k2) • p - (k\ + /c|)t].

Since, clearly, kl + k\ < k2 + k'2 if k > k2 or k! > k2, the only summands with the re-

quired time dependence are those that result from taking the summation indexes in (11)

such that the magnitude of one index is kt, and k2 for the other. A pair of wave vectors

{ki, k2} occurring in (11) will be called simple if no other pair with the same magnitudes

/q and k2 in (11) have the same sum k, + k2 .

Lemma 2. For every wave vector k2 of magnitude k2 and b(k2) # 0, there exists a wave

vector k, with magnitude k1 and b(k,) ^ 0 such that the pair {k,, k2} is simple.

The lemma depends on nothing more than the geometry of a discrete vector space.

Fig. 1 illustrates the notation used.

Proof: For a given k2 define a sequence of pairs {kI>,, k2ji}, i = 0, 1, 2, ..., recursi-

vely as follows: (1) choose k, 0 arbitrarily among the k, vectors and take k2 0 = k2, (2)

choose the wave vector pair {klji+1, k2 l+1} arbitrarily among those pairs that satisfy the

conditon

ki,i+i + k2 i + I = k, j + k2 with k^+^k,,, (12)

if such a pair exists (otherwise the sequence terminates).

To show that this sequence must necessarily terminate, let hj = k2 — k,_ j. Hence

hf -hf+i = 2k2 • (k,,i+1 - kM) = 2(k2 - k2 • k2>i+1) (13)

from (12). From the Cauchy-Schwarz inequality, | k2 • k2_ i +, | < kl. Hence, hf — hf+1 > 0

and ht > hi+1.

It follows from (13) that hi = hi+l is the case only when k2 i + 1 = k2 and, hence, from

(12), k, i + 1 = k, j. These are just the conditions for which the step by step procedure
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terminates. Hence, the strict inequality

h0> hi > h2, ...,> hn (14)

applies. Since there is only a finite number of k, wave vectors, this sequence must termin-

ate, where the last term hn = k2 - k, n, and where the pair {k, „, k2} is simple.

The inequality (14) has a simple geometric interpretation (Fig. 1). All wave vectors that

satisfy (12) terminate on a sphere S, in the wave vector space, with center at^kjj + k2).

Since the length of a chord not a diameter of S, is less than the diameter, the inequality

follows.

Henceforth, to simplify the notation, k| will stand for k, „. Also, b, will stand for

b(k,) = b(k, J and b2 for b(k2).

4. Constancy of a. There are, at most, two non-vanishing terms in (11) with the

spatial and temporal dependence of the simple pair {k„ k2}. Hence, (k2 ± fcjb, x b2 = 0.

Since, by assumption, k2 > k1,

b, x b2 = 0 (15)

We make use of the vector identities, valid for complex b, and b2 :

k, x (b, x b2) = (k, • b£)b, — (k, • bf)b2,

b2 x (k, x k2) = (b2 • k2)kj — (b2 • k,)k2.

Fig. 1. Illustrates inequality (14) for the case where all wave vectors are coplanar, and where n = 2. In the

general case (wave vectors not necessarily coplanar), wave vectors that satisfy (12) terminate on spheres S,

(shown for i = 0).
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From the first identity, with (15) and (7), k, • bj = 0 since b, # 0 by assumption. Hence,

from the second identity and (7).

b2 x (k, x k2) = 0. (16)

Case (i): k, x k2 # 0. With b2 = y(k, x k2), where y is a scalar, it follows from

Lemma 1 that y2(k, x k2)2 = 0. Hence, y = 0 and b2 = 0.

Case (ii): k, x k2 = 0. It follows easily from an application of the Cauchy-Schwarz

inequality that the pair {—k,, k2} in this case is simple also, and that therefore from (11)

and (6), (k2 ± ki)b* x b2 = 0. Since k2 > ku therefore bj x b2 = 0. Hence b2 = 8bf = sb,
from (15), where (5 and e are scalars. From (9) follows 0 = b2 • bj = (eb,) • (<5*b,) = £(SbJ,

where b, ^ 0. Hence, in this case also, b2 = 0.

Hence there are no non-vanishing modes with wave number k2, and therefore it follows

from the definition of k2 as the wave number next larger than that there are no non-

vanishing modes other than those with wave number The expansion (5) therefore

assumes the form

B = e"^Xb(k,yk,<\ (17)
k|

Hence

dB/dz = -k\B

and from (4), taking the component parallel to the local magnetic field vector,

a = ±kl/a. (18)

Hence a is constant. (In any vector field determined by (1) to (3), the sign of a / 0 must

stay fixed; in the contrary case V2B or dB/dz or both would not be defined.)

That a must be constant for force-free fields which stay force-free in time was first

demonstrated by Jette [6]. Jette's proof does not require the vector field to be spatially

periodic, but assumes the existence of the third derivative of a. His proof, which is by

contradiction, is extremely long.

5. General expansion for spatially periodic force-free fields. Eq. (17), together with

the auxiliary conditions (6), (7) and (10) for the complex amplitudes b, represents a general

expansion for spatially periodic force-free fields. Substitution of these relations into the

basic equations (1) to (3) shows that these latter equations are satisfied. (The rank of the

coefficient matrix for the auxiliary conditions, when expressed in terms of Cartesian coor-

dinates, is easily shown to be at most 2; thus there exist nontrivial solutions. B is assured

to be real by taking opposite signs in (10), depending on the relation being applied to b(k)

or b( —k) respectively.) Hence (17), together with (7) and (10), constitutes a necessary and

sufficient conditon for the basic equations to hold.

The summation in (17) extends over all wave vectors with components kx, ky, kz that

are integer and that satisfy the Diophantine equation

k}x + kj + kl = k\. (19)

Depending on Acf, this equation may have no solution (e.g., for k\ = 7) or many solutions

(e.g., for kl = 41, where the solutions are (kx, ky, kz) = (0, ±4, +5), (±1, ±2, ±6), ( + 3,

± 4, ±4), and permutations of the components in these triplets).
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It follows from (17) that the force-free fields decay exponentially with a characteristic

time noa2lk\, and in such a way as to stay self-similar.

The results are easily extended to the case where the conductivity a = a(t) is a function

of time. For, if we let

t' = (T0 (20)
<7(0

the diffusion equation for the magnetic field becomes

^ = — V2B (21)at fio o

and hence the same equation as (3). Therefore, by replacing t by t', all earlier results still

hold and apply now to the case of a time-dependent but spatially constant conductivity.

6. Application to Beltrami flows. The results can also be applied to the study of

Beltrami flows [8] in classical fluid mechanics. The incompressible flow of a fluid with

linear stress-deformation relation and constant viscosity is described by the Navier-Stokes

equation and the conservation of mass condition; therefore

d\
— + (Vx v)xv = -WH + vV2v, (22)
dt

V • v = 0, (23)

where H = jv2 + p/p -(- Q. (Q is the potential of the external forces; the meaning of the

other symbols is conventional.)

Beltrami flows satisfy the relation

V x v = av (24)

where a is a scalar. If the flow is isoenergetic, i.e., H = constant, the Navier-Stokes equa-

tion then reduces to the diffusion equation

dy/dt = vV2v (25)

Since the governing equations are the same as those for a resistively decaying force-free

magnetic field, it follows that the only isoenergetic Beltrami flows of an incompressible,

viscous fluid are those for which the vorticity is a constant scalar multiple of the velocity,

and where the direction of the local velocity vector is independent of time.
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