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Abstract. The spatial decay of solutions to initial-boundary value problems for the heat

equation in a three-dimensional cylinder, subject to non-zero boundary conditions only on

the ends, is investigated. It is shown that the spatial decay of end effects in the transient

problem is faster than that for the steady-state case. Qualitative methods involving

second-order partial differential inequalities for quadratic functionals are first employed.

The explicit spatial decay estimates are then obtained by using comparison principle

arguments involving solutions of the one-dimensional heat equation. The results give rise to

versions of Saint-Venant's principle in transient heat conduction.

1. Introduction. The spatial decay of solutions of parabolic differential equations has

been the subject of much recent attention [1-5]. These studies were motivated by a desire

to establish, for parabolic equations, decay estimates analogous to those obtained for

elliptic equations in the investigation of Saint-Venant's principle in elasticity theory. (See

[6] for a review of recent work on Saint-Venant's principle.)

Boley [7-10] was apparently the first to raise the issue of the validity of a Saint-Venant

principle for transient heat conduction. In [8, 10] versions of Saint-Venant's principle for

non-cylindrical domains, similar to those of von Mises and Sternberg for elasticity, were

considered. Using explicit upper bounds for solutions of half-space problems obtained

from appropriate fundamental solutions, Boley [10] observed that the spatial influence of

transient effects was even more localized than that of the steady-state. The validity of a

Saint-Venant principle of the more traditional type, for cylindrical domains subject to

non-zero boundary conditions on the ends only, was considered in [7, 9], An illustrative

example involving the explicit solution of a specific initial-boundary value problem for a

semi-infinite rectangular strip is discussed in [9], pp. 186-187. In this example, it is seen

that the spatial decay of end effects at any time t in the transient problem is faster than

that for the steady-state case [9],
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The work described in [ 1 -4] and in the present paper is concerned with initial-boundary

value problems for parabolic equations on cylindrical-type domains subject to non-zero

boundary conditions only on the ends. Qualitative methods are used to establish the

exponential decay of solutions of such problems with distance from the ends and estimates

for the decay rates are obtained. For classical linear heat conduction, it was shown by

Knowles in [3] (see also Eqs. (2.6), (2.7) below) that end effects for the transient case decay

spatially at least as rapidly as do their counterparts in the steady-state case. This result was

established in [3] using arguments based on differential inequalities for quadratic function-

als. A similar result can be obtained on employing the maximum principle [4], Our

purpose in the present paper is to employ qualitative methods to establish stronger results,

analogous to those of [7, 9], namely that the spatial decay of end effects at time t in the

transient problem is faster than that for the steady-state case. For simplicity of presen-

tation, we confine attention to the initial boundary-value problem of classical linear heat

conduction in a three-dimensional semi-infinite cylinder.

2. Statement of problem. Let R denote the interior of a semi-infinite cylinder, whose

cross-section is bounded by a piecewise smooth simple closed curve. Choose cartesian

coordinates xt, x2, x3 with the origin at one end of the cylinder and the x3-axis parallel to

the generators. Let Sz denote the open cross-section of R for which x3 = z, z > 0, with

corresponding curvilinear boundary denoted by 35,. Suppose that R is occupied by a

homogeneous isotropic heat conductor of constant thermal diffusivity and that the lateral

surface L of R is maintained at zero temperature. If u(x, t) = u(x^, x2, x3, t) is the

time-dependent temperature field1 in R, then, using appropriate dimensionless variables x

and t, the dimensionless temperature u must satisfy the heat equation2

w,„-w = 0 in R X (0, oo), (2.1)

as well as the boundary condition

u ~ 0 onLX[0, oo). (2.2)

We consider only temperature fields which are initially uniform and hence impose the

initial condition

u(x, 0) = 0, xER. (2.3)

To establish a principle of Saint-Venant type for transient heat conduction, it is sufficient

to consider the end condition

u—f onS0x[0,oo), (2.4)

1 For simplicity the function u is assumed to be a classical solution in R X [0, oo) which takes on its

boundary and initial values in the strict sense. It will be clear, however, that the results of this paper will hold

for appropriately formulated weak solutions.

2 The superposed dot denotes time differentiation, with the usual indicial notation being used for spatial

derivatives.
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where/(*,, x2, () is a prescribed function which is such that

/(*,, .k2,0) = 0 on S0. (2.5)

It is assumed that / is such that a solution u (with required smoothness) of the

initial-boundary value problem (2.1)—(2.4) exists.

Since the boundary conditions for u are non-zero only on the end x3 = 0, we anticipate

that, provided w(x, t) is appropriately restricted as jc3 — oo, it should not differ apprecia-

bly from the trivial (zero) temperature field except near the end x3 = 0. Indeed, it has

been shown by Knowles [3] that if u -» 0 (uniformly in xa, t) as x3 -* oo, then at each time

instant, u(x, t) decays spatially in x3 at an exponential rate. The main result of [3] for the

problem (2.1)—(2.4) may be described as follows: Let

E(z,t)=f'f dVdr + { f u2dV, z>0,t>0, (2.6)
J0 JR1 JRZ

where u satisfies (2.1)—(2.4). Here Rz denotes that portion of the cylinder R in which

z < x3. Then it is shown in [3] (see also [6]) that if u -> 0 (uniformly in xa, t) as jc3 -» oo,

then

E(z,t)<E(0, r)e-2(X|)'/2z, z >0, t > 0, (2.7)

where A, is the first (positive) eigenvalue of the (fixed membrane) problem

<*>,„„ +X</> = 0 on S2, (2.8)

* = 0 on dSz. (2.9)

The estimated decay rate 2(X,)1/2 in (2.7) is identical with the (best possible) decay rate

for the energy associated with the steady-state (w = m(x)) analog of (2.1), (2.2), (2.4) (see

e.g. [6]). Thus end effects for transient heat conduction decay spatially at least as rapidly as

do their counterparts in the steady case. As was observed in [3], this result might be

expected since some solutions of (2.1) tend to solutions of Laplace's equation as t -» oo.

The energy decay estimate (2.7) for the functional (2.6) was established in [3] using a

technique involving first order ordinary differential inequalities, in which only derivatives

with respect to the spatial variable x3 appear. Such methods have been widely used to

establish spatial decay estimates for elliptic boundary-value problems (see [6]).

We note here that the energy decay estimate (2.7) may be used to obtain pointwise

decay estimates (cf. [1]) for «(x, /), with an estimated decay rate (A,)1/2.

Our purpose in this paper is to establish that the solution m(x, t) of (2.1)—(2.4) decays

spatially at a rate which is, in general, faster than the exponential rate predicted by (2.7).

Our main result (see Eq. (5.10) below) may be viewed as a generalization of that of Boley

[7, 9], developed for a specific two-dimensional problem. As in [3], we use differential

inequality techniques for quadratic functionals and first derive a differential inequality

which has spatial derivatives only with respect to x3. In contrast with [3] however, this

differential inequality is a second-order partial differential inequality, which may be

reduced to a differential inequality for the one-dimensional heat operator. The final

estimates are obtained using comparison principle arguments involving solutions of the

one-dimensional heat equation.
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3. Derivation of differential inequality. For w(x, t) satisfying (2.1)—(2.4), we define the

(non-negative) functional

/ \1/2

P(z,t)=[j(z,t)y/2 = \^fsU2dAj , z > 0, t > 0. (3.1)

In this section, we establish that P(z, t) satisfies the differential inequality

PZ2>\{P + P, z>0,t>0, (3.2)

where the subscript notation denotes differentiation with respect to the spatial variable z.

The derivation of (3.2) proceeds as follows: From its definition in (3.1), it follows that

Jz = f luu,3dA, j— f luitdA, (3.3)
Js: Js!

Jzz ~ 1 f («?3 + "">33) dA- (3-4)
JS,

On using the differential equation (2.1), the divergence theorem and the boundary

condition (2.2), we may write (3.4) as

J„- J + 2 ( u23dA + 2 f u,au,adA. (3.5)
Js! Js.

Since, by (2.2), u vanishes on the boundary 957 of Sz, z 0, we have the inequality

f u,au,adA>\J u2 dA, (3.6)
s. Js,

where is the first positive eigenvalue of (2.8), (2.9). Thus, on using (3.6) in (3.5), we

obtain

Jzz >2Xjy + y + 2
Jsz

By virtue of (3.3) and the fact that J > 0, this may be written as

JJ» - Uf/2 > 2

f u23 dA. (3.7)
Jc-

Ju2dA [U3dA - [Juu,3dA + 2\1J2+Jj, (3.8)
's. I \ JS. / \JS,

and so, by Schwarz's inequality, we have

JJ!Z-(Jzf/2>2\lJ2 + JJ. (3.9)

On recalling the definition of P(z, t) in (3.1), it may be readily verified that the

inequalities (3.9) and (3.2) are equivalent, and so the derivation of (3.2) is complete. Note

that no assumption has yet been made on the behavior of u as x3 -» 00.

4. A comparison result for solutions of (3.2). By virtue of its definition in (3.1), and the

initial and boundary conditions (2.3), (2.4) for u, the function P(z,t) satisfying the

differential inequality (3.2), is subject to the initial and boundary conditions

P(z,0) = 0, z^O, (4.1)
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I \'/2
P{0,t) = \^Jj2dAj = g(t)> 0, * > 0. (4.2)

We assume further the following asymptotic behavior for P{z, t):

P(z,t)-> 0 (uniformly in t) as z -» oo. (4.3)

It will be clear a posteriori that such a strict decay hypothesis (4.3) can be relaxed. We

observe that, in view of (2.5), the prescribed function g(t) in (4.2) is such that

g(0) = 0. (4.4)

In this section, we show that P{z,t) can be bounded above by the solution to a related

initial-boundary value problem for the one-dimensional heat equation.

Let

P(z, t) = e~x<'v(z, t). (4.5)

Then, it follows from (3.2), (4.1)-(4.3), that v(z, t) must satisfy

tv = vZ2 — v > 0, z > 0, t > 0, (4.6)

t>(z,0) = 0, z> 0, (4.7)

e(0, t) = ex>'g(t) > 0, t> 0, (4.8)

v(z, t) -> 0 (uniformly in r) as z oo. (4.9)

In view of its definition in (4.5), v(z, t) > 0 for z > 0, / > 0. We note that this result could

also be deduced directly from (4.6)-(4.9) on using the maximum principle for parabolic

differential inequalities [11],

An upper bound for v(z,t) can now be obtained in terms of the solution of an

initial-boundary value problem for the one-dimensional heat equation. Let w(z, t) be such

that

£>v = 0, z > 0, ? > 0, (4.10)

w(z,0) = u(z,0) = 0, z > 0, (4-H)

w(0, t) = u(0, t) = ex,'g(t), t> 0, (4.12)

w(z, t) -* 0 (uniformly in t) as z -> oo. (4.13)

Then, it follows immediately from the maximum principle for the heat equation (see e.g.

[11], Chapter 3) that

v<w, z> 0, t> 0, (4.14)

and so, on using (4.5), we have established the upper bound

P(z, t) < e~x<'w(z, t). (4.15)

In the next section, we shall write out an explicit representation for the (unique) solution

w(z, t) of the problem (4.10)—(4.13) and thus obtain, from (4.15), an explicit upper bound

for the functional P(z, t).
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5. Spatial decay estimates. The solution to the initial-boundary value problem (4.10)-

(4.13) for the one-dimensional heat equation is, of course, well-known and can be found in

many standard textbooks. Thus, for example, from [12], p. 208, we have

= —!— f'zU - T)-!/V'V«'-V"fr(r) dr, (5.1)
2(tt)

which we rewrite in the form

w(z, t) = f zT^^e'^2/4T+X[T)g(t — t) dr. (5.2)
2(-rr)/ o

Hence, on using (4.15), we obtain the upper bound

P(z, t) ^ - r) dr, (5.3)
2(n) o

and so

P(z, t) < (maxg(i))(J(2, t), (5.4)
V [0,r] >

where G(z, t) is defined by

G(z, t) = ]~— f'zT~3/2e~(*2/4T+XlT) dr. (5.5)
2(ir) o

Thus, in view of (3.1), (4.2), our main estimate (5.4) for the solution u of the original

problem (2.1)-(2.4), subject to the hypothesis (4.3), reads

\1/2 /

[ u2dA < max f f2dA
Jsz I [o,/] \J&0

1/2

G(z,t), z>0,t>0, (5.6)

with G(z, t) given in (5.5).

The result (5.6) provides a mean-square estimate on the cross-section S, for the solution

of (2.1)-(2.4). It is possible to obtain from (5.6) a pointwise estimate for u, uniformly valid

on R X [ 0, oo) (cf. [6]) but we shall not pursue this here. Our main concern in the

remainder of the paper is to assess the spatial decay character of the estimate (5.6), with

emphasis on the contrast between the steady-state and transient cases.

For our purpose, it is convenient to express G{z,t) in a different form from that of

(5.5). Using the change of variables s2 = z2/4r, it is easily shown from (5.5) that

G{z,t) = 2{n)'x/ir e~(s2+x'z2/4s2) ds. (5.7)
Jz/2tl/2

The desired final expression for G(z, t) now follows on employing a representation for the

definite integral in (5.7) given by Abramowitz and Stegun [13], p. 304. Thus, it can be

readily shown from (5.7) that3

G(z, t) = { e-(X|)1/2zerfc(^7J - (X,0'/2J + ^'''^erfcj + (A,*)'

(5.8)

' See also Carslaw and Jaeger [14], p. 134.
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where the complementary error function erfc(jc) is defined by

erfc(x) = 2(w)~l/2 f e~^ d£. (5.9)
Jx

Thus, our main result (5.6) may now be written in the form

I \ 1/2 / \ 1/2'

f u2dA < max f f2dA
I \ I fO.'l \JSo I

G(z, t), z>0,t>0, (5.10)

where G(z, t) is given by (5.8).

From (5.5), it follows that G is monotonically increasing in t. Therefore, since

lim erfc(x) = 2erfc(0) = 2, lim erfc(x) = 0, (5.11)
jc-»-oo x-»+oo

(5.8) furnishes

G(z, /) < lim G(z, t) = e"<X|)'/2z. (5-12)
T —* 00

Thus, from (5.10), it follows that

\ 1/2 I \ 1/2

J^u2dAj <max|y"/2aL4| e~(X,)'/2z, z>0,t>0. (5-13)

This bound, yielding an estimated decay rate appropriate for a steady-state, is analogous

to the result (2.7) of Knowles [3],

The estimate (5.10) provides a sharper result in the presence of transient behavior. In

Fig. 1, we introduce the parameter t = (A,r)1/2 and plot curves of G(z, t) versus (A,)1/2z

for t ranging from 0.25 to oo, which corresponds to the steady-state. It is seen that the

decay of end effects in the transient problem is indeed faster than that for the steady case,

reinforcing the observations made by Boley [7, 9]. (The solution of the specific problem

considered on p. 187 of [9] has a form similar to the expression for G(z, t) given in (5.8),

with curves corresponding to those of Fig. 1 also given on p. 186 of [9].)

075

G 0.5

0.25

Fig. 1. The function G(z, r) of Eqs. (5.5), (5.8). When r = oo (steady-state), G = e (Xi)l/2-.
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We note that estimates simpler than (5.10) may be obtained on using various upper

bounds for G(z, t) as given in (5.8). Thus, on integration by parts in (5.9), it can be shown

that (cf. [13], p. 298)

■jv erfc(x) < e~*2/x forx>0. (5-14)

Accordingly, for z > 2(A,)l/2r, (5.8), (5.10) yield the estimate

1/2

( u2dA\ < max f f2dA
Js, I [0,f] \Js0

1/2
2 z(t/ir) e

>/2 -A,'

:2 - 4A,/2
-e ■z2/4i

(5.15)

which shows explicitly that, for fixed t, the spatial decay is ultimately controlled by the

factor exp(-z2/4/) rather than the factor exp[-(A,)1/2z] found in the steady-state case.

A more delicate analysis would show that the decay estimate (5.15) remains valid if (4.3)

is replaced by a weaker hypothesis such as: e~k,z[P{zt t) + |(3/3z)P(z, f)|] -» 0 uni-

formly in t as z -» oo for an appropriately chosen kv In the interests of simplicity,

however, we have imposed the stronger hypothesis (4.3).

We remark finally that from (5.3) it is possible to derive different estimates from that

indicated by (5.4). For instance, instead of using the maximum value of g(t — r), we could

have employed weighted Lp inequalities and obtain bounds for fsu2 dA in terms of

weighted Lp norms of /.

6. Concluding remarks. An analysis similar to the foregoing may also be carried out for

the problem analogous to (2.1)-(2.4) where the Dirichlet boundary conditions (2.2), (2.4)

are replaced by boundary conditions of Neumann type. Such a problem was treated in [3]

(see also [9]) and corresponds more closely to the traction boundary-value problem of

elasticity where consideration of Saint-Venant's principle first arose (see e.g. [6]). Thus

instead of (2.2), (2.4), one has the boundary conditions

^ = 0 on L X [0, oo), (6.1)

u,3 = h onS0X[0,oo), (6.2)

where the prescribed function h(xt, x2, t) is self-equilibrated:

hdA= 0, t> 0. (6.3)X
'So

For the Neumann problem, Knowles [3] obtains a result identical to (2.7) where X, is

replaced by /la,, the first positive eigenvalue of the (free membrane) problem

Q.aa + = 0 on Sz, (6.4)

|J = 0 on dSz. (6.5)

In adapting the analysis of the present paper to the Neumann problem, it is straightfor-

ward to establish the differential inequality (3.2), with A, replaced by /x,. A comparison

result of the form (4.15) also follows (with A, replaced by /x,) on invoking the strong form

of the maximum principle [11]. The detailed calculations analogous to those of Sec. 5 are
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slightly modified but still can be shown to yield a result of the form (5.10), leading to

similar conclusions to those reached for the Dirichlet problem.

In conclusion, we observe that a spatial decay estimate of the form (2.7), appropriate for

the steady-state, has been obtained in [15] for solutions of the third-order pseudoparabolic

equation

«,,, + rjti,,.,. - li = 0 on X [0, oo). (6.6)

Here ij is a positive constant. (See also [16] for a generalization of the work of [5] to

include such equations.) Equations of this type have been shown to model a wide variety

of physical phenomena (see e.g. [17]), such as two temperature heat conduction theory. It

remains to be seen whether the arguments of the present paper can be extended to cover

this case.
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