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Abstract. The evolution of spatially periodic unstable solutions to the Ginzburg-Landau

equation is considered. These solutions are shown to remain pointwise bounded (Lagrange

stable). The first step in the route to chaos is limit cycle behavior. This is treated by

perturbation theory and shown to result in a factorable form. Agreement between the

perturbation result and an exact numerical integration is shown to be excellent.

1. Introduction. Recent numerical studies on transition to chaos have focused on the

Ginzburg-Landau equation [1, 2, 3, 4, 5, 6, 7],

A, ~(\r + i\,)Axx = arA -(ft + ifi^A^A. (1)

Here Xr, \t, ar, ft, ft represent real quantities. This equation has been derived as a wave

envelope or amplitude equation governing wave-packet solutions in a variety of fluid

stability problems for which an external parameter is slightly supercritical [8, 9,10,11,12],

Under the limit ar = 0, Xr = 0, A, = 1, ft = 0, this reduces to the cubic Schrodinger

equation of deep water gravity waves, which has also been derived as a far field

approximation for dispersive systems describing the amplitude of quasimonochromatic

waves in a wide range of physical problems [13, 14, 15, 16].

As is easily seen, (1) possesses a uniform in space, sinusoidal in time solution known as

the Stokes solution. Elementary considerations show this to be unstable to periodic

disturbances, a fact directly related to the well-known sideband instability [13, 17, 18]. As

the numerical studies show, this leads, with decreasing wave number, to chaos. Neverthe-

less as shown in Sec. 3 growing solutions remain pointwise bounded. Both the numerical

investigations (see especially [1, 2, 4, 6]) and the analytical treatment given in Sec. 4

demonstrate that the first step in the route to chaos is a limit cycle. Although this is shown

by perturbation theory, an exact consequence is that limit cycle behavior is described by a
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factorable solution to (1). Finally in Sec. 5 we show that the perturbation solution is in

excellent agreement with the exact solution (numerical) well beyond the range of the small

parameter of the problem.

2. Normalization and linear stability. If (1) is scaled by

*' = WrArk> = kAr|1/2*> A' = \/}r/O^2 A (2)

we obtain

iA'r +(1 - ic0)A'x,x, = ic0A' -(cx + ic0)\A'\2 A' (3)

with

c0=\K\Ai, <a = -p,\\r\/\/lr\A,. (4)

For simplicity we take\r, ar, /3r, X,, - ji, > 0. An alternative useful scaling is

t" = cyt', X" = X'fil (5)

in which case (3) becomes

'A, + (1 - ic0)Axx = i^A -|l + iy^\A\~A, (6)

where all primes have been dropped.

Equation (6) is satisfied by the Stokes solution:

A = exp (it). (7)

If the Stokes solution (7) is perturbed by a spatially periodic disturbance of wavelength

L = 2-a/q, it then follows that (7) is linearly stable unless

iji(8)

I1 + c0)

(Typical plots of q0 are shown in Fig. 1.) In fact, at least n harmonics are unstable if

c 2<'- c»/c;>. (9)

"2(l + Co)

For small departures from the neutral curve of size

£2 = tfo - I2' (10)

the temporal growth rate is easily seen to be 0(e2).

3. Lagrange stability. In view of the instability of (7) to periodic disturbances we now

examine the consequences of temporal growth. Our discussion is based on that given by

Thyagaraja [20] for the cubic Schrodinger equation.

To be specific we introduce the energy

I = [L\A(x,t)\2dx=\\A\\l (11)
Jo
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and consider the case of growth,

H>°. (12)

The energy form of (6) is obtained by multiplying it by the conjugate A*, subtracting the

conjugate of the result and then integrating over the period, L. This yields

-lc„QI+^I-^!L\A\'dX, (13)
dt cx c1 J0

where

Q = fL \Af dx/I (14)
Jo

is the Rayleigh quotient. For later purposes we point out that the last term of (13), by the

Schwarz inequality is

f \A\4 dx > I2/L. (15)
•'o

Through a series of lemmas we will prove that if (12) holds,

\\A||L = max \A(x, t)*\ < K (16)
L

for all t > 0 where K is constant. If (16) holds, a solution is said to be Lagrange stable

[21].
We start the demonstration with

Lemma 1. In the parameter region where (12) holds,

(17)

0.5

2 q

Fig. 1. First transition curve q2 = ql (see Eq. (8)) for the cases C'i = 2.25, q = 1, q = .25
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and

^-<^0 ngX
31 * 2cj ' ( }

Proof. From (13) and the fact that I and Q are both nonnegative,

31 2 c0 2<
a7 < 1 d/ Cj c w4*. (i9)

i A)
Thus from (15),

3/ <• /
cx CjL

and (18) follows directly. Next with the assumption 37/3? > Owe have

2c0 2c0 ^

2c0 2c0 ^

(20)

> 0, (21)
Cj CjL

which gives (17).

Lemma 2. For the parameter region in which (12) holds, the Rayleigh quotient has the

bound

(22)

and further

max |j4(jc, 0|2 < LI-j- + -pr I for/>0. (23)
o\ L y/cj /

Proof. At any instant of time, let x0 be a point at which |A(x, t)\2 takes its global

minimum value. Consider:

A2(x, t) = A2(x0, t) + 2 f AAxdx, (24)
*o

and from it

\A(x, 012 < |v4(jc0, 0|2 + 2 fL \AAx\dx. (25)
Jo

Next observe

\A(x0, t)|2 = \j^ M(*o. 012 dx < j~f^ \A(x, 0|2 dx (26)

and from the Cauchy-Schwarz inequality we have

fL \AAx\dx < IQl/2. (27)
'O

Introducing these relations into (25) yields

t(l

If we return to (13),

K 13/ I 1 fL , .,4

M(*.0|!«/(} + 221/!]. (28)
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we may now state,

Q l/cv (30)

Thus from (30) and (17), (28) gives

\A(x,t)\2 + (31)

and Lagrange stability is established. Thus pointwise boundedness is obtained even when

the overall energy shows growth.

4. Limit cycle solutions. The boundedness just demonstrated and the numerical studies

mentioned in the introduction suggest that the Stokes solution first bifurcates to a limit

cycle. To examine this assertion, we might approach the problem through a perturbation

analysis about the Stokes solution. To avoid non-uniformities we remark that the

proposed solution, will in general have a new period. To accommodate this effect we write

the perturbed form of the solution as

A(x, t: e) = (1 4- t: e)) exp(itt(e)t), (32)

where 12(0) = 1 (e is defined by (10)). Time is rescaled by

t = Or, (33)

which with (32) transforms (6) to

+(l — icQ) <PXX — (S2 — l)(l + <(>) — ̂ 1 + I j [ <f> + <j>* + <f>2 + 2 <f><f>* + <p2(p>*].

(34)

Since (34) supports an even solution, we consider

^ Ia„(T;e)cos(n^), (35)
n = 0

where an = an + //?„ are functions of time and e. A study of the perturbation analysis soon

shows that we may adopt the following 'Ansatz':

0 = 1 + I ^2", (36)
n = l

"o = L afyn, (37)
n = 1

= I a\kn\ke2n+k, k> 0. (38)
n-0

Insertion of these forms into (34) results in a straightforward perturbation analysis and we

avoid the details. Since we are primarily interested in limit cycle solutions, we simplify our

analysis if we drop transients. Thus we immediately look for periodic solutions to ak(r). If

this is carried out it has the consequence that

<t>r = 0, (39)

i.e., the time behavior is factorable in the form given by (32).



54 PAUL K. NEWTON AND LAWRENCE SIROVICH

The remainder of the perturbation is quite routine and the results to 0(e2) are given

below:

(aj1')2 = N/D, (40)

where

N = —6cqCj — 6cq<:1(1 — 3cj) + 18cgc2(l — q) — 6cgcj*(3 — cL) + 6 cf, (41)

D = 18cg - 3cq(7c,2 + 34ct + 3)

+ Cg(cf 4- 58cj 4- 186c2 + 22cl + l)

-9cgc2(5c2 + 14cj + l) + 6cf(2c1 + 5), (42)

= c0(l + c1)a[1)/(cl - eg), (43)

a(20) = ( — 5c2 4- 6coCj + cgc2 — 2 cj®

-3co - co)(«i1))V4(ci - Co)2- (44)

$0) = 0 (45)

S22 = ( — 2cJ + 2 Cqc{ — 2c\ + 2cqCj

-2clcx + 2co)(<*i1,)2/2c1(c1 - eg)2, (46)

c2(l + q)2
1 -

3(c) - c2)2

3c0(l + cj + cg(l + Cj)

(ci co) 3(cj — eg)3

(47)

(48)

The computations have been carried out to 0(e4); however, in view of the length of these

expressions we only show the above. The algebra leading to (40)-(48) has in all instances

been verified with the use of Macsyma.

5. Comparison with exact solutions. For limit cycle solutions of (6), the spatial part

satisfies

d2F (n . ,cn\ „ L . ,c0\, _,2,
+ + ,49)

where F = (1 + <#>). Since F is complex, (49) represents a pair of coupled second-order

equations or equivalently, a fourth-order equation. As is easily verified, (49) is invariant

under the group F -* Fexp(iO) and hence (49) may be reduced to a third-order equation.

We have used this to calculate exact numerical solutions, which we now compare with the

perturbation solutions discussed in the previous section. The comparisons are shown in

Figs. 2, 3, 4, in which we display the numerical solution (dashed line) and the perturbation

solution (solid line) at parameter values c0 = .25, c, = 1 (this corresponds to the calcula-

tions of Refs. 1, 2, & 6), and for the cases £2 = .9, .83, .7. The small parameter, e, for each
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.2

2.0 3.0 4.0 5.0

Fig. 2. Periodic solutions for parameter values c0 = .25, q = 1, J2 = .9, e = .52, q = 1.22. A: Comparison of

real parts (dashed line is the numerical solution, solid line the perturbation solution). B: Comparison of

imaginary parts. C: Power spectrum of the numerical solution with ordinate marked in inverse powers of 10

starting at 0.
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Fig. 3. Periodic solutions for parameter values c0 = .25, c, — 1, fl — .83, e = .68, q = 1.14. See Fig. 2 for rest.
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1.0 2.0 3.0 4.0 5.0 6.0

Fig. 4. Periodic solutions for parameter values c0 = .25, c1 = 1, Q = .7, £ = .93, q = .95. See Fig. 2 for rest.
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of these cases is .52, .68, and .93 respectively. The power spectrum of the numerical

solution is also displayed. The corresponding wavenumbers are given in the figure

captions. The root mean square error averaged over the period between the perturbation

solution and the exact solution for the three cases is .5%, 2%, 6% respectively.

The good agreement between perturbation and exact theory is remarkable especially

since e is quite large. (For cases not shown, comparable good agreement was found for

cases in which e > 1.) A check of this phenomena shows that it is due to numerical

smallness in the coefficients of (35), as might be expected.

Another feature to note in Figs. 2, 3, 4 is the linear fall off of the principal amplitudes

in the energy spectrum. This is clearly in agreement with the perturbation analysis. Up to

the order considered in the perturbation theory of Sec. 4, only \ak\2, k = 0,...,4,

contribute to the energy spectrum. In each case shown, these show good agreement with

the displayed exact results.
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