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Abstract. This paper is an examination of special nonlinearities of the Jeffcott equations

in rotordynamics. The immediate application of this analysis is directed toward under-

standing the excessive vibrations recorded in the LOX pump of the SSME during

hot-firing ground testing.

Deadband, side force, and rubbing are three possible sources of inducing nonlinearity in

the Jeffcott equations. The present analysis initially reduces these problems to the same

mathematical description. A special frequency, named the nonlinear natural frequency, is

defined and used to develop the solutions of the nonlinear Jeffcott equations as singular

asympotic expansions. This nonlinear natural frequency, which is the ratio of the

cross-stiffness and the damping, plays a major role in determining response frequencies.

Numerical solutions are included for comparison with the analysis. Also, nonlinear

frequency-response tables are made for a typical range of values.

1. Introduction. Vibrations are inherent in rotating machinery. Mathematical explana-

tions of vibrations began with Jeffcott's description of the shaft's natural frequency of

lateral vibration [6]. Unfortunately, Jeffcott's linear model cannot account for all frequen-

cies that have been observed experimentally. In particular, destructive vibrations have

occurred in hot-firing ground testing of the liquid oxygen pump of the space shuttle's

main engine with no clue to these vibrations' origins being offered by the linear model.

Specifically, examination of the power spectral density (PSD) plots reveals unaccountable

frequencies. Consequently, numerous investigations have been undertaken to study such

rotors and to provide descriptions of the solutions of the two coupled, second-order

differential equations which describe the motion of the rotor's center of mass.

Following the early work in rotordynamics by Yamamoto [9], one introduces a

nonlinearity to the Jeffcott equations by including the effect of bearing clearance or

deadband. In the pump, this deadband refers to the load carriers (ball bearings) and

physically describes the clearance between the outer race of the bearing and the support
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housing. The work of Yamamoto did not include cross-stiffness, but a straightforward

derivation with this modification is easily obtained. A more limiting gap in his work is the

assumption that the response is simply a perturbation of the forcing function. This is

tantamount to assuming that one always has the graph of a circle as the solution.

It is shown in this paper that this generally is not the case. Both empirical results by

Childs [2, 3] and Gupta et al. [5] and numerical solutions have been helpful in understand-

ing the rotor's motion for the nonlinear problem. This paper extends the earlier work by

using analytic expressions obtained from singular asymptotic expansions (method of

multiple scales) to quantize the solution.

Section 2 is the formal mathematical development of analytic solutions. This section

includes the discovery of the nonlinear natural frequency and proceeds to incorporate it in

an asymptotic expansion of the solution. Herein also lies an explanation of why one

expects the rotor's motion to be either a circle or an annulus.

Section 3 contains numerical examples which verify the theoretical expansions. Typical

frequency-response descriptions are also included in this part.

Section 4 concludes with a summary of the paper's applications and directions for

future studies.

2. General theory.

2.1. Nondimensionalization. The linear Jeffcott equations which describe the displace-

ment of the rotor center from its equilibrium position in the inertial, Cartesian coordinate

system (y, z) are these:

my - -Csy - Ksy - Qsz + mucc2cosut, (l)

mz = -Csz + Qsy — Ksz + muu2 sin cot, (2)

where the shaft of the rotor lies along the .x-axis and

m = mass,

Cs = seal damping,

Ks = seal stiffness,

Qs = cross-coupling stiffness of seal,

u = displacement of the shaft center of mass from the geometric center,

to = angular velocity of the shaft (rad/sec).

For the model to include bearing forces which hold the rotor in position, one adds the

terms

-Kh[y - yS/Jy2 + z2) + ~ z8/h2 + *2)

and

-P-Kb[y ~ y»/PT?) - Kh(z - zS/jy2 + z2),

respectively, to right-hand sides of Eqs. (1) and (2). Here,

Kh = bearing stiffness,

5 = clearance or deadband between housing and bearing,

\i = coefficient of friction between housing and bearing.
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These bearing forces occur only when )Jy2 + z2 >5; otherwise, they are zero. Since /u is

nondimensional and typically small, one may regard it as zero without affecting the

qualitative results.

Equations (1) and (2) then become

y +(Cs/m)y +(1 /rn)[Ks + Kh( 1 - S/r)\y +{Qs/m)z = ucc2coscct, (3)

z +{Cs/m)z ~{Qs/m)y +(1 /m)[Ks + Kh(I - S/r)]z = tuo2s'mut (4)

when r=/y2 + z2 >5; otherwise, Kh = 0. Equations (3) and (4) can be put in nondi-

mensional form using a displacement g and a frequency a. One pair of candidates for g

and a would be g = 5, the deadband size, and a2 = Uq = Ks + Kh, the natural frequency

of the corresponding linear problem (5 = 0). Thus, using Y = v/g, Z = z/g, and t = a/,

the dimensionless equations are these:

Y" + CY' + [A + k(\ - A/R)] Y + BZ = E<jrcos<£t, (5)

Z" + CZ' - BY + [A + k(1 - A/R)]Z = E4,2 sin^r, (6)

where prime denotes differentiation with respect to r and C = Cs/m/a, A = Ks/m/a2,

k = Kh/m/a2, B = Qs/m/a2, A = 8/g, R = r/g, E = u/g, and (j> = c0/0.

Equations (5) and (6) can be reduced to the following single equation by defining

W = Y + iZ:

W" + CW' +{A + k( 1 - A/\W\) - iB}W= E<j>2exp(/<j>T). (7)

Furthermore, the polar form of Eqs. (5) and (6) is

R" + CR' +[A + k(1 - A/R) — (0')2] R = £02cos(<)t - 0), (8)

fl0" +(2i?' + CR)®' = R[B - iik(l - A/R)\ + £<f>2sin(<£T - 0), (9)

where R = (Y2 + Z2)1/2 and 0 = Arctan(Z/y).

The nondimensional Jeffcott equations with deadband and mass imbalance are easily

solved numerically using a fourth-order Runge-Kutta algorithm. If these solutions are

then plotted and analyzed in a power spectral density (PSD) investigation, the resulting

graphs provide a direction for initial, analytic descriptions. To this end, consider the

following special case:

m = 1, u = 1.55,

C = 240, Q = 200,000,

Ks = 0, 5 = 0.0000285,
Kh = 1,350,000, a = 500 Hz.

Therefore, with co0 = (1,305,000)1/2 and 5 = 0.0000285 as the nondimensionalizing

parameters, the Jeffcott equations become

y"+(cy«0)r+(1 - i/r)y + {qM)z = i.5(w/Wo)2cos(<o/Wo)t,

Z" +(CJu0)Z'-(qM)Y+(1 - 1/R)Z= 1.5(co/Wo)2sin(co/Wo)T,
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where t = <o0/ and R = (Y2 + Z2)1/2/5. Fig. 1 shows the motion for this case. The

motion has become periodic for the time interval (0.5 < f < 1) shown. The graph of t vs.

r = SR, given in Fig. 2, suggests that r has the form

r = 0.71 4- 0.39 cos 720 77/ = aQ + a1 cosyT.

It is this form that leads one to consider approximating the Jeffcott equations with

Y" + CY' +(l — l/(ao + a!CosyT))y + BZ = 1.5</>2cos<J)t,

Z" + CZ' — BY +(l — 1 /(a0 + fljcosyr)) Z = sin^T.

Examination of the PSD of R shows that R is actually an infinite sum:
00

R = Y, akcoskyr,
k = 0

with a0 + flj cosyr the dominant terms. The other coefficients decrease exponentially to

zero as k -» oo. At this point, one may proceed to write the expansion for 1 /R in the

form 1 + Ecosyr + 0(E2) and to expand the displacements Y and Z as asymptotic

series in E. This leads to solutions that "look" correct, but then they should. After all, we

have obtained the solutions from approximating equations that used the solutions (in R) a

priori.

xie"3

Z (in.) 3E-06

Fig. 1.
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Guided by these numerical results, we begin again to examine the differential equations;

however, this time we investigate the source of the nonlinear (the l/R term) natural

(homogeneous equation) frequency.

2.2. Nonlinear natural frequency. Consider the dimensional, homogeneous (E = 0)

equation corresponding to Eq. (7):

w+(Cs/m)w+(l/m){[Ks + Kh(l - S/r) - iQs] }w = 0, (7')

where w = y + iz. If this equation were also linear (8 = 0), then exponentially growing or

decaying solutions would generally result for a given set of system parameters. In the

special case that (Qs/Cs)2 = Ks + Kh, a sinusoidal solution is obtained with frequency

/?0 = Q,/Cs. To see this, consider the characteristic equation for w = exp (pt):

p2 + csP + iKs + Kb - iQA = 0

P = -cy2 + {C//4 -Ks-Kh + iQs}1/2 = -Cs/2 ± {Cs2/4 - (Qs/Cs) + iQs}1/2

P = -Cy2 ± /{z'Cj/2 - QJCS) = -C, - iQs/Cs, iQJC,.

X10"3

0.12-

R (in.) 0.06

0 . 04

0.02 ■

,90 0.92 0.94 0.96 0.98 1.00 1.02

t (sec.)

Fig. 2.
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In the nonlinear, homogeneous problem, Kh is replaced by Kh( 1 - 8/r); hence, if r is a

constant, then there is a wide spectrum of r for which (Qs/Cs)2 maybe Ks + Kh( 1 — 8/r)\

i.e., if

KS<(QS/CS)2<KS + Kh, (10)

then there is a constant value of r (with r > 8) for which (QJCS)2 = Ks + Kh( 1 - S/r).

This value of r is denoted by a and the corresponding frequency by /?0 = Qs/Cs. This

frequency is labeled the nonlinear natural frequency. Thus, whenever inequality (10) is

satisfied, Eqs. (3) and (4) with u = 0 have steady-state solutions y = acos(fi0t) and

2 = asin(/30t).

Notice that 0O = Qs/Cs < (Ks + Kh)l/2 — o)0, the dimensional natural frequency of

the linear system. Thus, in considering the general nonhomogeneous problem, it is

necessary to be aware of these three-dimensional frequencies:

P0 = the nonlinear natural frequency,

w0 = the natural frequency, and

u = the driving frequency.

Either /?0 or w0 is an appropriate choice for a, the nondimensionalizing frequency.

Correspondingly, one would select either a (with /?0) or 8 (with to0) as the base

displacement 5.

One final rearrangement of Eq. (7) is made here to emphasize the nonlinear natural

frequency:

W" + CW' + kW = f{W) + E4>2 exp(/<J.r), (11)

where k = A + k(l - A/a) - iB and f(W) = kb\\/\W\ - 1 /a]W.

2.3. Equivalent problems. In this subsection the forcing function is assumed to have the

form F(co)exp(/<o/), where F(u) > 0 (or equivalently F(u) < 0) and F is single-valued

for co > 0. The following are special cases of physical interest:

a. Mass imbalance. As discussed above, F(w) = uu2 for a mass u.

b. Side force. This force may be introduced into the Jeffcott Eqs. (1) and (2) as constant

replacements for the mass imbalance. In such cases, Eq. (7) becomes

W" + CW' + {A + k(l - \/\W\)iB}W = uu2/8g2 = constant.

Thus, a side force is the special case F(u) = constant and w = 0.

c. Rubbing. Rubbing contact between a rotor and its housing produces a Coulomb

damping force. This force would modify the original Jeffcott equations by the addition of

the terms:

KJ\ - 8/r)y - pKj 1 - 8/r)z + Ksl( 1 - 8/r)G

and

liKjl - 8/r)y + Klt(l ~ S/r)z + 8Ksl( 1 - 8/r)G,

respectively, to the right-hand sides of Eqs. (1) and (2). Here, G = constant = stator offset

in the ^-direction, Ksl = stator stiffness, and n = coefficient of friction, which may not be

small. As before, these forces would be included only when r = (y2 + z2)1/2 > 8. On
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replacing y — G by y, Eq. (7) (and correspondingly its equivalent forms) again occurs but

with these modifications:

1. i[-B] is replaced by

i[-B + p(Ksl/g2)(l - A//?)];

2. the forcing function E<f>2 expu'^r) is replaced by

E(f>2 exp(('<#>T) + (-u2/g2)(G/8).

If the mass imbalance term is omitted, then one may regard the deadband with side force

problem and the rubbing problem as equivalent. Notice that the range of values of the

parameters for these two problems may not be the same since the rubbing problem

includes the possibly nonnegligible term ju(Ksl/g2)(\ - A/r).

2.4. Method of multiple scales. First, one may relate Eq. (7) to Mathieu's or Hill's

equation (see Cesari [1]) except that the periodic coefficient (1 /\W\) is not independent of

W. Another approach is to consider autonomous, nonlinear systems, which have been

extensively discussed in the literature (see Kubicek and Marek [7]); however, a transfor-

mation to an autonomous system yields no new insight.

The discontinuous derivative in the stiffness, Ks + Kh( 1 - S/r), does not affect our

solution within the parameters' allowed value ranges. Similar discontinuities for homoge-

neous, nonlinear problems have been explored by Dinca and Teodosiu [4]; however, it is

the interaction of the homogeneous solution and the term resulting from the forcing

function that causes the interesting behavior in this problem.

Straightforward asymptotic expansions, which lead to the zero-order approximation

WQ = Mexp(//?0T) + N exp(//?0T), are not general enough for this problem. We must allow

M and (i0 to become functions of time. Either the method of averaging or the method of

multiple scales, as described in Nayfeh [8], is appropriate.

Instead of one time scale t, assume the problem depends on many time scales:

T0 = T, 7") = £T, T2 = £2T 

Henceforth, only T0 and Tj are used. Let

W(t)= W(T0,T1)= +eW1(T0,T1)^ ■...

Equation (11) becomes a partial differential equation since

d/dr = (3/dT0)(dT0/dr) +{d/dT1){dT1/dr) = D0 + eD1

and

{d2/dT2) = (£>(, + eD^2.

Thus, one finds

(Dy + eD^) (W0 + + •••)+ C( D0 + eD1)( Wq + eVFj + •••) + «( Wq + e+ • • • )

= e/( WQ + eWl + ■■■) + E(j>2 exp(i(j>T0). (12)

Equating like powers of e yields

£°: D2W0 + CD0W0 + kW0 = £<£2exp(/<f>ro). (13)
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This is a linear problem with a steady-state solution

W0 = M exp( ifi0T0) + Nexp(i<f>T0),

where N = E(j)2/(-(j)2 + iC<i> + k) and M = M(TX). To determine M one must examine

the e-order problem and choose M to eliminate secular terms:

e1: D2WX + CWX + kW1 = -2D0DjW0 - CDXW0 + f(Wa).

With L = kA/e, the right-hand side of the last equation becomes

-2//?0M'exp(//?0r0) - CM'exp(iP0T0)

+ L(\/\W0\ - l)[Mexp(/0o7o) + JVexp(/<J»r0)],

where \W0\ = {|M|2 + |7V|2 + MNexp[i(<j> - ft0)T0] + MNexp[i(/30 - <J>)70]}1/2. To

avoid secular terms one requires that the collective coefficient of exp(i/30T0) be zero.

Although an analytic solution of the differential equation for M(TX) has not been found,

one can qualitatively assess M based on a similar problem (van der Pol's equation) and

specific numerical results (presented in the next section).

Since M(7\) is complex, it may be written as M(TX) = p(7'1)exp[/j§(Ti)]. Thus,

= p(/1)exp[//?0r0 + iti(Tx)} + Nexp(i<t>T0),

or, assuming >8( 7^) is analytic near t = 0,

W0 = p(71)exp[/(/30 4- e/J^T +•••]+ yVexp(^r).

Thus the fundamental frequency of the nonlinear problem is not fi0 but f3 = y8(l + e/3j

+ • • • ; however, /3 must reduce to /80 when E<p2 = 0. This frequency shift can account

for the phenomenon of "tracking" that has been observed experimentally [3], Similarly,

the frequency y = (j> - /30 that appears in the expression for IH^I should be 7 = <f> - /?.

Then 1/\W0\ shows all frequencies ny, and W0/\W0\ shows all frequencies ny ± for

n = 0,1,.... This suggests that M has a complex Fourier series of the form

00

£ snexp(inyTl).
n = -00

Another factor of M must also be included since numerical examples show that M = 0

if E<j>2 is greater than some fixed value. This is similar to the behavior of the van der Pol

oscillator (see [8]). Thus, one may speculate that M has a factor of the form F = 1 /[I +

exp^rjrj)] where tj = tj(£<|>2). This would imply that F -* 1 as t -» oc when 77 > 0 and

F -» 0 as t -* 00 when 77 < 0. Thus, M looks like

OO

l/[l + expC-r)^)] £ sn exp(inyT{).
n = -00

PSD plots of R show only frequencies of n7, while plots of Y show frequencies of <f> and

ny + p.
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3. Examples. This section contains two numerical examples of the theory presented in

Sec. 2. The first example shows how the solution changes for a fixed forcing frequency but

increasing forcing magnitudes. Example 2 is a frequency-response illustration of variations

in the forcing frequency and corresponding responses.

Example 1. In this example the system constants used are these: ju = 0, m = 1 lb-s2/im.

C = 240 lb-s/in., Ks = 0, Kh = 1,305,000 lb/in., Qs = 200,000 lb/in., 8 = 0.0000285
in., and w = 500 Hz = 1,000 wrad/s. Thus, /?0 = 833.33 rad/s and a = 0.000060915 in.

The system is made nondimensional using a for the g-displacement and for the

a-frequency. With these choices, the constants of this equation

W" + CW + [k{l - \/\W\) - iB]W = E<j>2e\p( i<f>r)

have these values: C = 0.288, k = 1.8792, A = 0.467865, B = 0.288, and $ = 677/5.

Figures 4 and 5 show changes in the solution Y vs. Z as E assumes the values

100«/(l,0007r)2 a for n = 0,1,..., 7. The graphs are plotted for 0.2 < t < 0.5. The initial

circle (for E = 0) opens into an annular region, which becomes larger and thicker as E

increases until a (transition) value of E occurs and the coefficient of exp(//?T) becomes

zero. Thus, W = Nexp(i<f>T), a circle of radius \N\. As E increases beyond this transition
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(a.) (b.)

E=0.

I

Z • -j 

j

z • -

(c.) (d.)

I E=2/( 10Odir) 2a

: '1

3=3/( 1000f )'a

y fife wk

mm
l\\0 \V.WiJ§|gOT»i

Fig. 4

value, the solution remains a circle (Fig. 5d) with radius |iV| = | £<£2/(-<j>2 + iC<j> + k( 1 -

A/|JV|) - ,"5)|.
Example 2. As described above, one expects either a circle or an annulus at each fixed

forcing frequency <f>. Furthermore, near resonance one always finds a circle since the

characteristic frequency is entrained by the forcing frequency. Considering that the

forcing function is a continuous function of this frequency <j>, it follows that the solution is

a circle or an annulus over an interval of the <J>-axis, and that the number of transitions

between the two shapes is finite over a bounded portion of the positive <£-axis.

Tables I, II, and III illustrate these results for the problem with these parameter values:

Css = 240/oj0, S = 0.0000285,

Qs = 200,000/cOq, E = 0.5, 1.0, or 1.5,

Ks = 0, Kh = 1,305,000 = w2.
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Tables I, II, and III are for the three cases E = 0.5, 1.0, and 1.5, respectively. In all three

cases, w0 is used as the nondimensionalizing frequency. Each of the three tables describes

the response curve by listing the radius of circles or the inner and outer radii for annuli.

Furthermore, the frequency y = |yS — co| is given for annuli. The values listed for <#> are

every 0.1 except when

1. more refinement is required to bound better the transition point, and

2. less refinement is needed because of small variation in the response at different

frequencies.

Particular attention should be paid to Table III since it shows three different regions in

which the circle appears as the solution. The first two tables contain only one such region.

(a.) (b.)

E=5/( 1006tt) 2 a

Z . 

(c.) (d.)

Fig. 5.
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Table I

E = 0.5

ip Shape Radius (Radii) y(Hz.)

(Circle/Annulus)

0.0 C 2.137

0.1 A 2.130-2.145 115
0.2 A 2.105-2.169 97

0.4 A 1.959-2.305 61

0.5 A 1.747-2.470 41
0.53 A 1.618-2.549 34

0.54 C 1.597

0.6 C 1.833

0.7 C 2.441

0.8 C 3.656

0.9 C 6.954

0.92 C 8.249

0.93 A 1.212-4.018 13
1.0 A 1.369-3.230 40

1.2 A 1.551-2.858 81

1.4 A 1.643-2.822 118

1.6 A 1.648-2.748 154

1.8 A 1.694-2.633 190

2.0 A 1.804-2.679 222

2.2 A 1.939-2.830 263

2.4 A 1.993-3.162 294

2.6 A 1.632-3.125 333
2.8 A 1.533-2.864 370

3.0 A 1.528-2.769 410

Table II

E = 1.0

4> Shape Radius (Radii) y(Hz.)

(Circle/Annulus)

0.0 C 2.137
0.2 A 2.073-2.201 98

0.4 A 1.767-2.463 60
0.41 A 1.737-2.486 58
0.42 C 1.398

0.5 C 1.650

0.6 C 2.118

0.8 C 4.548

0.9 C 9.174

0.97 C 18.524

0.99 C 10.436

1.0 A 0.872-2.033 12

1.2 A 1.003-4.194 68

1.4 A 1.145-3.972 96

1.6 A 1.431-3.839 145

1.8 A 1.151-3.283 185

2.0 A 1.341-3.296 222
2.2 A 1.598-3.499 256

2.4 A 1.871-3.932 286

2.6 A 1.732-4.456 322
2.8 A 1.062-3.745 357

3.0 A 0.981-3.390 400
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Table III

E = 1.5

<f> Shape Radius (Radii) y(Hz.)

(Circle/Annulus)

0.0 C 2.137
0.2 A 2.040-2.230 96

0.3 A 1.885-2.371 78
0.35 A 1.755-2.476 68

0.36 C 1.364

0.4 C 1.449
0.6 C 2.398

0.8 C 5.427

0.9 C 11.269

0.98 C 27.247
0.99 C 25.102

1.0 C 19.448

1.2 C 2.585

1.38 C 2.028

1.39 A 0.357-4.628 99

1.4 A 0.529-4.832 100

1.6 A 0.837-4.660 139
1.77 A 0.359-3.832 172

1.78 C 1.717

1.8 C 1.709
1.91 C 1.676

1.92 A 0.100-3.121 195

2.0 A 0.496-3.282 217

2.2 A 1.062-4.076 250

2.4 A 1.496-4.564 286
2.6 A 1.692-5.341 312

2.8 A 0.222-3.987 359

2.81 C 1.565
2.9 C 1.560

3.0 C 1.555

4. Conclusions. This paper has shown how vibrations at frequencies which are unex-

plainable by linear theory can be expected in nonlinear Jeffcott models which consider

deadband, side forces, or rubbing. These frequencies and their regions of stability are

bounded by parameters of the differential equations. Although the asymptotic analysis is

weak in quantizing exactly the frequencies and the corresponding magnitudes, there exist

simple numerical methods which may be employed for the desired precision. The analysis,

then, serves as a guide in locating nonlinear vibrations, which the numerical techniques

then find accurately.

In studying the Jeffcott rotor with deadband or rubbing and sinusoidal forcing

(including constant side force), one must consider these three frequencies: (a) the forcing

frequency w; (b) the natural frequency u0 of the associated linear problem (deadband = S

= 0); and (c) the nonlinear natural frequency fi0. The frequency « depends only on the

forcing function; w0 depends only on the system parameters; ft, with its base value fi0,

depends on both the forcing function and the system parameters. For a specific set of

equation parameters, one can find this nonlinear natural frequency fi0 as the ratio of

cross-stiffness to damping.
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For a given system and a nonzero, external, sinusoidal force, the y — z response is

either a circle at the forcing frequency or an annulus composed of the (major) frequencies

co and /? as well as the (minor) harmonic frequencies n(u - /?) + /? for positive integers

n.

There are several unanswered questions. First, can one cast this problem as one in

bifurcation theory. Second, it would also be nice to know, for a given set of parameters,

the exact frequency values at which the response switches between circles and annuli.

Based on similar results for the van der Pol oscillator, these transition points should exist

as analytic expressions, thereby avoiding numerical iterations.

The asymmetric stiffness problem, which many reports have hypothesized as being the

culprit of instability, is vastly more complex than the symmetric case. Preliminary

Runge-Kutta solutions show not only that the circle/annulus plots become elliptic and

occur with their axes rotated with respect to the y, z axes, but that there may be other

shapes and many transition points to consider. These problems, however, greatly extend

the model's mimicry of an observed rotor's behavior.

Finally, this paper is also limited to single forcing functions. Realistically, one must

consider multiple forcing functions. Superposition will fail for the nonlinear problem,

although it may be a first approximation.

Stability for all these problems remains the central focus. Even in the symmetric

nonlinear problem with a single driver, it is still an open question of whether the response

may move from an annulus to a circle (or vice versa) when it is perturbed.
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