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Abstract. The effect of uniform suction or injection on the flow of an incompress-

ible laminar boundary layer over a cone was theoretically investigated. The boundary

layer equations along a cone are transformed into nonsimilar ones, and the numeri-

cal calculations of the resulting equations are performed by the difference-differential

method for various values of the suction/injection parameter. The neutral stability

curves are then presented for values of the cone angle and the suction/injection pa-

rameter. The results are given for the velocity profiles, coefficient of skin friction,

displacement thickness, and the critical Reynolds numbers.

1. Introduction. The problem of three-dimensional boundary layer flow past an

axisymmetric body is of fundamental importance in fluid mechanics. The behavior

of a boundary layer over a cone is one of the simplest types of axisymmetric flow.

The fluid flow and the heat and mass transfer over a cone rotating in a still medium

have been studied by many investigators [1-5]. However, studies of the stability and

the transition of boundary layer over a cone have not been reported in detail except

for the experimental and theoretical investigation done by Hassler [6] and Kobayashi

[7].
The purpose of the present paper is to solve a nonsimilar boundary layer flow with

uniform suction or injection and to study the theory for the linear stability analysis

of the effect of uniform suction or injection on the flow over a cone. The non-

similar boundary layer equation was calculated by the difference-differential method

after transforming it to an equivalent two-dimensional problem by Mangler's trans-

formation. Numerical results were obtained for the velocity profiles, displacement

thickness, and the coefficient of skin friction for various values of suction/injection

parameter. The effect of the suction or injection on the stability of boundary layer

over a cone was further considered. The neutral stability curves and the critical

Reynolds numbers were given for various values of suction/injection parameter.

2. Laminar boundary layer along a cone. A laminar boundary layer flow with uni-

form suction or injection of an incompressible fluid along a cone is considered. The

coordinates and the velocities of the axially symmetrical problem are first transformed

•Received March 12, 1987.

©1988 Brown University
145



146 TAKASHI WATANABE

into those of the equivalent two-dimensional problem by the Mangler's transforma-

tion. The equation of motion and of continuity for the boundary layer of an incom-

pressible fluid can be written after transformation as follows:

du du ( d2u\ TJ dUe ...

U^ + V3-y="{w)+U'^ ("

? + (2)dx dy

with the boundary conditions being

y = 0:u = 0, v = v0,

y —^ oo: u = Ue = ax'"/3,

where x and y are taken respectively as the coordinates parallel and normal to the

wall, u and v denoting the components of the fluid velocity in the x and y direction,

respectively. Next, the following transformation making use of the stream function

will be used:

dV dV ( 6 rrY'2 a ^
u = -£~, v = V =\ —-^vxUe /(x, rj),

dy dx \m + 3 J

m + 3 Ue N 1/2
(4)

/m + 3 UeV*"'"I—™,
The component of the velocity can be expressed as

" = (5)

r~6 vul (\ r 1 x dUe , dfdrj df\
" = {if+m^f+xir,irx+xirx)- (6>

Introducing Eqs. (5) and (6) in Eqs. (1) and (2), the governing differential equation

becomes

d3/ , fd2f

drj3

+ —-^x ^^4 - = o
m + 3

(7)

and the boundary conditions

n 9f - 1,1 X dUe r d/
tj = 0:^ = 0, -/ + ^TT^f + x^r = ky/x,

drj 2 2 Ue dx dx

df ,
t] -k»: — = 1,

dt]

where k^fx is the parameter of suction or injection which is defined by

(8)

(9)

Ue is the flow velocity at the outer edge of the boundary layer, which is given as

Ue(x) = ax's. v0 is the velocity of suction (v0 < 0) or injection (v0 > 0). The
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parameter m depends solely on the cone half angle Q. The relation between m and

Q was shown by Whitehead and Canetti [5], and the tabulated values of m and were

given by Hess-Faulkner [8]. The partial differential equation (7) is approximated by

a system of ordinary differential equations when replacing the x derivative by finite

difference. After substituting X = kyjx, Eq. (7) is rewritten as

d-iL+(f+ 3 xdf\^- 3 xd2fdf+!i- =o
dtf V m + 3 dX J dt]2 m + 3 dXdrj drj m + 3 [ \drj J f

(10)
The boundary conditions (8) become

„ = 0:|£ = 0, I(m + 3 )f+X$L=X

drj

(11)

By using a four-point formula of Gregory-Newton, as an example, the derivative for

X at X = Xj = ih (i = 0, 1,2,...), where h is a constant interval, can be approxi-

mated. Equation (10) becomes the following ordinary differential equation:

~ + {/<+ STj5<' :« " + V" "«-»)} 0
drj3

3 / /, - df todf-1 ndf-2 ~,df-}\ df
wT+~3 6 \ drj ~ ~dq~ + ~dj~ ~ ~dj~J di] (12)

2m f.+ ̂ T3{1-UJ| = °-

The boundary conditions (11) are then replaced by

'? = 0:f=°' f = iH'
df ,

n -too: -7- = 1.
dt]

The solution of Eq. (12) is expressed as an integral at the /th station X — ih,

G(rj)

(13)

G( oo)

+ V"""' (14)

fl=±ih+[%dv- (15)
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where

£(»/) = ex{-/■ - - 18/;_1+9y;_2-2y;_3)J drj

R(ri) = —^ - 18^- + 9%^ -2-^-3^ dfi
m + 3 6 \ drj dr) dt] dt] J dtj

2m i~(m21

(16)

(17)w + 3 I \dt]) J '

Gfa) = pEWdq. (18)
J o

The plus and minus sign, in Eq. (15), refers to the suction and injection respectively.

Equations (14) and (15) involve f(tj) and df/dr) at the station X = X,_i, X,_2, and

Xi-3. When the quantities at all previous stations are known, the solutions at the

X = Xi can be determined. The Falkner-Skan solution can easily be recognized in the

initial function f0(tj) at X = 0. The quantities f\{rj) and f2(rj) at X = X\ and X = X2

can be obtained by introducing equations similar to Eq. (12), in which the derivatives

of f(t\) with respect to X are replaced by two-point or three-point formulas instead of

a four-point formula. The integral equations (14) and (15) were solved by iterative

numerical procedures to a positive or negative X direction according to the sign

of ky/x. The convergence of the iteration was kept within 5 x 10"7 for values of

d2f/dri2 at = 0. The velocity profiles U(— u/Ue) in the boundary layer are shown

in Fig. 1 for various values of £2. Figures 2, 3, and 4 show the velocity profiles for

£2 = 15°, 30°, and 60°, respectively, as a function of the suction/injection parameter

ks/x. The velocity profiles become flat as the cone angle Q and the suction/injection

parameter k\fx are increased. Figure 5 shows the relation between the displacement

thickness 5* and the suction/injection parameter kyfx for various values of the cone

angle Q. 5* is calculated from the following equation:

<i9)

As it can be seen in Fig. 5, the displacement thickness S* decreases with increasing

cone angle Q and suction/injection parameter ky/x. The coefficient of skin friction

Cf is shown in Fig. 6 against ky/x, where the coefficient Cf is defined by

By observation, the coefficient of skin friction Cf, in Fig. 6, is seen to increase for

all cone angles as ksfx is increased.

3. Stability of laminar boundary layer over a cone. The effect of uniform suction

or injection on the stability of the boundary layer mentioned above is considered.

In this analysis, the Orr-Sommerfeld equation is used as the perturbation equation,

which is expressed as follows:

{U-c){w~aU)~*w = ~^k{w~2a2w~aU)- (2I)
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Fig. 1. Velocity profiles (k^/x = 0).

Fig. 2. Velocity profiles (£2 = 15°
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Fig. 3. Velocity profiles (Q = 30°).

0

Fig. 4. Velocity profiles (ft = 60°).
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This means that the principal effect is the modification of the velocity distribution

U in the present problem. The neutral stability curves are calculated for the velocity

profiles shown in Figs. 2, 3, and 4 by Lin's method of analysis [9], The results are

shown in Figs. 7, 8, and 9 for the cone half angle Q = 15°, 30°, 60°, respectively.

The nondimensional wave number of disturbances a* is plotted against the Reynolds

number R*. a* and R* are given as a* = ad* and R* = Ued*/v, as a function of the

suction/injection parameter ky/x. Figure 10 shows the relation between the critical

Reynolds number R*c and the suction/injection parameter ky/x. It is clear from

these figures that the critical Reynolds number R*c increases as the cone angle Q and

the suction/injection parameter ky/x are increased, that is, the flow is stabilized.

4. Conclusions. The characteristics of the boundary layer over a cone for the case of

uniform suction or injection were made quantitatively clear. The theoretical analysis

on the growth of instabilities of the boundary layer were further carried out. The

results are summarized as follows.

1. The velocity profiles, the displacement thickness, and the skin friction were

given, which made the calculation of the neutral stability curves become possible. As

the cone angle and the suction/injection parameter are increased, the coefficient of

skin friction increases and the boundary layer displacement thickness decreases.

2. The curves of neutral stability were obtained for various values of the cone

angle and suction/injection parameter. As the cone angle and the suction/injection

parameter are increased, the critical Reynolds number increases, as the result of

which, the boundary layer flow along a cone becomes stable.
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Fig. 5. Displacement thickness <5* in relation to the suction/injection

parameter k\fx.

Fig. 6. Coefficient of skin friction Cy against the suction/injection

parameter k^fx.
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Fig. 7. Neutral stability curves (Q = 15°).
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Fig. 8. Neutral stability curves (£2 = 30°).
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Fig. 9. Neutral stability curves (Q = 60°).

0 ktfT °'5

Fig. 10. Relation between the critical Reynolds number R*c and the

suction/injection parameter k\/x.
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