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Abstract. A line heat source lies on an adiabatic horizontal surface. The governing

equations under Boussinesq approximation show nonexistence of horizontal bound-

ary layers if the source is still. Boundary layer solutions exist only when the source

is moving laterally on the bottom surface with a certain minimum speed. Perturba-

tion solutions for weak heat input agree well with exact numerical integration. The

velocity and temperature profiles show similarity. Nonexistence and nonuniqueness

are found.

Introduction. The lateral free convection on a horizontal surface is important in,

for example, the spreading of fires. The boundary layer due to a uniformly heated

semi-infinite horizontal plate was studied by Stewartson [1], Gill et al [2], and others.

Gill [2] showed, for a heated plate, a boundary layer exists only on the top surface.

This paper investigates the existence and solutions of a related problem: the horizon-

tal boundary layer due to a line heat source on an adiabatic surface. First we show

that a horizontal boundary layer does not exist if the line heat source is still. Then

we shall discuss the possible solutions if the line heat source is moving laterally.

The basic boundary layer equations derived through scaling by Stewartson [1],

Rotem and Claassen [3] are

UUX + VUy = —Px + VUyy, (1)
P 0

0 = -py + p0g[l-P(T-Too)], (2)

uTx + vTy = ~Tyy, (3)

Ux + vy = 0. (4)

Here (u, v) are velocity components in directions (x, y) respectively (Fig. 1), p is the

pressure, T is the temperature, u is the kinematic viscosity, Pr is the Prandtl number,

Po is the density far from the plate, and /? is the coefficient of thermal expansion.

Consistent with the Boussinesq approximation, buoyancy effects are felt only through

the vertical pressure gradient. The gravitational acceleration g is defined as positive
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Fig. 1. The coordinate system. Heat source is at the origin on an

adiabatic surface.

for the bottom surface and negative for the top surface. Without loss of generality,

only the positive x-axis will be considered.

The nonmoving line heat source. In this case the fluid motion is caused solely by

the lateral pressure gradient due to uneven heating. Differentiate Eq. (2) with respect

to x to obtain

~Pxy = PogPTx. (5)

Integration in y gives

Px = PogP

rOO

/ Txdy. (6)
Jy

We let the heat source be at the origin and we expect Tx < 0. Thus, for the top

surface, g < 0 and px > 0. Since pressure increases with x, the induced flow direction

is towards the origin and a horizontal thermal boundary layer does not exist. Actually

a thermal plume (vertical boundary layer) would occur along the y-axis instead.

If the line source is at the bottom of the surface, g > 0 and px < 0. We shall

investigate further since this pressure gradient is favorable. Eliminating pressure

from Eqs. (1,2) yields

UUxy + VUyy = g$Tx + UUyyy. (7)

The total heat Q across any x = const surface is
r OO

Q — pCp / u(T - Too) dy, (8)
Jo

where Cp is the specific heat. In order that Q be constant and Eq. (7) admit similarity

solutions, the only choice, excluding the constant multiples, is

f = ofim. C)

T-T™ = wrxm' <10»
where rj = y/\/x. Eq. (7) becomes

/'/" + ff" = 6 + r}d' — 2/"". (11)

Using the fact f" —► 0, d —> 0 at infinity, Eq. (11) is integrated once to give

ff" = dtj - 2f". (12)
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Now integrate from zero to oo to obtain
rOO rOG

2/"(0) = — / (f')2fri- ertdr,. (13)
Jo Jo

On the bottom surface g > 0, since T > 7^; thus 0 > 0 from Eq. (10). Then

Eq. (13) shows /"(0) < 0 or fjj(0) < 0. This is a contradiction to the u > 0 flow

caused by the favorable pressure gradient concluded earlier. Physically the hot fluid

would accumulate near the heat source at the bottom surface, instead of forming a

horizontal boundary layer.

We conclude that horizontal boundary layers do not exist for a nonmoving heat

source on a horizontal plate.

The moving line heat source. Let the coordinate axes be travelling with the line heat

source which is moving with velocity u = - U. Then the plate and the fluid at infinity

are moving with u — U relative to the axes. A new set of similarity transformations,

similar to Eqs. (9, 10), is defined:

u = Uf'(ri), y = (14)

, u2VV l ,
T ~ To° + sfr m' ( }

where

Eqs. (7,3) become

i = (16)

ff" — drj - 2f", (17)

0' + y/0 = O. (18)

The boundary conditions are now different:

f(O) = 0'(O) = O, /'(0) = 1, (19)

/'(oo) = 1, 0(oo) = 0. (20)

The total heat flux is then

Since fluid motion can be caused by momentum input and is not solely due to pressure

gradient, arguments similar to the nonmoving heat source cannot be used here. We

shall seek solutions to Eqs. (17-20) and then discuss their applicability.

Perturbation solution for weak heat input. We expect the normalized temperature

difference 6 is small. Let its maximum value be 0(0) = e, |e| < 1. Perturb about

uniform flow as follows:

f = rj + sf\ + 0(e2), (22)

0 = £0i + 0(e2). (23)
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Eqs. (17-20) give

2f{" + rjf[' = rj9h (24)

e\ + y f/0, = 0, (25)

fi(O) = 0l(O) = /J(O) = O, (26)
y?(oo) = 0,(oo) = 0, (27)

0,(0) = 1. (28)

Eqs. (25, 27, 28) give

6\ - exp(- Pr rj2/4). (29)

After some work, Eqs. (24, 26, 27) yield, for Pr / 1,

fi =
(Pr —1) V Pr I \/Pr

CerfcC-^(e-f2-l)

-2 Ierfc(f)"^(e"'2/4"1) (30)_L

where £ = \/Pr ?//2 and erfc is the complementary error function. For Pr = 1,

fx =<r"2/4- 1. (31)

The heat input is then

Qgfi - r _ „ r*~
pCpU3

This links e to Q. The horizontal velocity is

r°° I7T
= edi dtj + 0{e2) = E\ — + 0{e2).

Jo V "r
(32)

H 1— = 1—6 ^ (erfc£ - erfc + 0{e2), Pr^l,
U (1 — Pr) V Pr V * 2J ' " " - ' (33)

= 1 -e|<r'2/4 + 0(e2), Pr=l.

For the top surface g < 0, 0, > 0, e < 0, the velocity is increased. The opposite is

true for the bottom surface. The induced vertical velocity at infinity is

U \[ux 2(/ Pr(l+ VP7)+<9(fi2) (34)

= PoU^f"(0), (35)

The surface shear is
du

T = Wdi

where

/"(0) = -e Vp?0WF) + °(fi2)' (36)

Numerical solutions. Numerical integration is necessary if the heat input is not

small. For given Prandtl number and a guessed 0(0) and /"(0), Eqs. (17-19) are

integrated as an initial value problem by the fifth-order Runge-Kutta-Fehlberg algo-

rithm. The value of /"(0) is adjusted such that f'(oo) = 1 is satisfied. Eq. (18)

shows 6 always decays monotonically to zero for /> 0. Eq. (17) shows, for large t],
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Fig. 2. Locus of initial values, Pr=0.7. Circled numbers refer to

solutions depicted in Fig. 7.

Fig. 3. Locus of initial values, Pr=7. Circled numbers refer to

solutions depicted in Fig. 10.
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the function / has a particular solution which decays as 0, a constant term, a linear

term, and another exponential decay solution. Stability of the shooting scheme is

assured since there are no exponentially increasing solutions.

The result for Pr = 0.7 (air) is shown in Fig. 2. 0(0) > 0 represents the lower

surface and 0(0) < 0 represents the upper surface. Our perturbation results compare

well with numerical integration near the origin where both 0(0) and /"(0) are small.

For 0(0) large and negative, /"(0) is large and positive. As seen from Fig. 2, max-

imum 0(0) and minimum /"(0) are bounded. Their significance will be discussed

later. A similar locus of initial values is shown in Fig. 3 for Pr = 7 (water).

U a

n

Fig. 4. Control volume.

Now a mathematical solution does not necessarily imply physical existence. Con-

sider a segment of length I of the boundary layer (Fig. 4). The points AB are well

outside the boundary layer at y —> oo. Since Q is constant, energy is conserved. A

mass balance gives

mass
rOC

into AB = / p0(u-U)dy. (37)
Jo

Force balance in the x-direction gives

-(force on line heat source) - (drag on surface)

= (momentum out) - (momentum in),

or

roo

p0u2 dy
x=l

zr du\ J f
-F - / Pqv^-\ dx =

Jo dy J0
\y=0

r r OO r OO

- ^ PoU2 dy + j' po(u\x=t - U)U dy (39)
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Thus

Fig. 5. Normalized maximum temperature as a function of K,

Pr=0.7.

— -2/"(0) - /(/' — 1) |q° + f°° ff" drj

,00 J° (40)
= _2/"(0) + / drjdt] - 2/"|q°

Jo

=fJo
drjdt].

Due to the second law of thermodynamics, any moving object in an otherwise still

fluid must experience positive drag. Thus the force on line heat source F must be

positive. From Eq. (40), 6 > 0; thus only the boundary layer on the bottom surface

exists!

Let K be the normalized heat input Qgfi/{pCpUi), which is the governing param-

eter of the problem. After 8 and / are solved, K can be integrated from Eq. (21).

The normalized maximum temperature 0(0) for the lower surface is plotted against

K in Fig. 5 for Pr = 0.7. We see that two solutions exist for 0 < K < 0.77. It

is not possible to determine which solution would occur in practice since a stability

analysis has not been done. However, the solution with the lower temperature 0(0)

is more likely to happen since this branch is asymptotic to the perturbation solution

about uniform flow. For K > 0.77, solutions do not exist. This means the heat input

Q is too large, or speed U too small, to generate a boundary layer. This result agrees

with the previous conclusions where we showed the nonexistence of a boundary layer

when the heat source is nonmoving (U = 0). For given Q sufficient lateral velocity

is needed to "spread" the heated fluid into a boundary layer.
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Fig. 6 shows the normalized force on the moving heat source G = Fj[p^U\jUvt)

as a function of K. The dashed line is the relation for small 0(0),

K = ^p-G + Q{e). (41)

For given K, the lower branch shows positive slope, i.e., the force experienced by the

line source increases with the heat input. The upper branch, however, has a segment

of negative slope which is unlikely to happen, although we are not able to decisively

exclude these solutions.

Fig. 6. Normalized force as a function of K, Pr=0.7.

The velocity and temperature profiles are shown in Fig. 7 for Pr = 0.7. State (T),

on the lower branch of Figs. 5, 6, is at K = 0.4. State © is at maximum K = 0.77.

State (3) is on the upper branch also with K = 0.4. The temperature is maximum

on the plate at rj — 0, then decays to zero as rj is increased. The velocity is unity

on the plate, decreases in the boundary layer, then increases to one as free stream is

approached. Although State (3) has the same K value as State ©, the boundary layer

thickness is twice as large. Both temperature and shear are higher.

The situation is somewhat different for Pr = 7. Figure 8 shows there is one

solution when 0 < K < 1.35, three solutions for 1.35 < K < 1.5, two solutions for

1.5 < K < 3.31, and no solution for A" > 3.31. Both maximum temperature 0(0)

and maximum K value (above which solutions cease to exist) increase with Prandtl

number. The boundary layer thickness increases along the curve passing through
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Fig. 7. Temperature and velocity profiles © K = 0.4, © K = 0.77,

© K = 0.4, Pr=0.7.

States ©, ©, ©. At State © the boundary layer becomes too thick (r) ~ 40)

for the solution to be meaningful. Figure 9 shows the normalized force and Fig.

10 shows the temperature and velocity profiles. Comparing Figs. 10 and 7, we see

increased Prandtl number in general decreases the boundary layer thickness.

Discussion. The boundary layer caused by a heated plate [2] is distinctly different

from that due to a heated line source studied in this paper. The boundary layer of

the former exists only on the top surface while the boundary layer of the latter exists

on the bottom of the surface, and only when the heat source is moving with some

speed. If a cold source is substituted for a heat source then the results of the present

paper apply to the top surface instead.

Equation (40) shows the force on the source is proportional to \fl. Thus the length

of the boundary layer i can not be infinite. We conjecture that the boundary layer

breaks down after a finite length. Similar phenomena were noted in the experiments

of a heated plate [3].

In conclusion, the simple governing equations of the present problem (Eqs. 17-

20) belie their complexity. We have found nonexistence, nonuniqueness, and possible

instability in this interesting nonlinear problem.
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0(0)

Fig. 8. Normalized maximum temperature as a function of K, Pr=7.

Fig. 9. Normalized force as a function of K, Pr=7.
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Fig. 10. Temperature and velocity profiles @ K = 1.46, ® K = 3.31,

®K = 1.46, Pr=7.
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