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Abstract. In this paper we consider the asymptotic stability of a class of solutions

to the mixed initial-boundary value problem in nonlinear thermo-viscoelasticity. The

continuum model is a viscoelastic material of rate type with the thermal conduction

obeying Fourier's law. The work in this article generalizes in two ways the results

obtained by the present authors in a previous paper [1], The results in this present

paper are valid for nonisothermal conditions and for a genuinely nonlinear viscous

stress.

1. Introduction. In this paper we seek to extend the scope of an earlier work [1] in

which we considered the asymptotic stability of solutions to a class of initial-boundary

value problems for a nonlinear viscoelastic material of rate type. However, in the

earlier work it is assumed that isothermal conditions prevail and that although the

elastic stress is genuinely nonlinear the viscous part of the stress is supposed linear.

Moreover, the viscosity tensor in [1] is assumed to be positive definite and to possess

major symmetry. In this present article some of these restrictions are removed and

a more general asymptotic stability result is proved.

The role of dissipation in models of continuous materials has interested many au-

thors over the years (see, for example, references [2-5]). In particular, the role dissi-

pation plays in the qualitative aspects of solutions to initial-boundary value problems

has been studied by several researchers (see, for example, [6-8]). This present article

looks to establish some stability results in an area where the nonlinear response of

the elastic part of the stress may interact with the processes of viscous stress and heat

conduction. A standard constitutive model for the viscous stress and the heat flux

vector are assumed. In Section 2 the basic equations of continuum mechanics are

set out. A statement of the mixed initial-boundary value problem for this material

is then presented.
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In Section 3 a number of general identities are constructed relating measures of

the velocity field, deformation, and temperature gradient. The approach adopted to

produce these identities is an extension of the standard energy argument.

In Section 4 further assumptions are described and then, in the final section, the

asymptotic stability result is proved. The assumptions needed to complete the proof

follow those adopted by other writers working on a variety of qualitative problems

in continuum mechanics (see references [9-11]).

2. Basic equations. We consider a finite nonlinear thermo-viscoelastic body B.

The body B is subject to the external conditions of zero body forces, zero radiative

heat supply, zero surface tractions, and zero displacements on complementary parts

of the boundary, and zero surface heating and prescribed constant temperature on

complementary parts of the boundary. We suppose that the body is in a homogeneous

equilibrium state compatible with these external conditions and seek conditions for

its asymptotic stability in the sense that initial disturbances of the equilibrium state

eventually decay to the original equilibrium state.

We take the homogeneous equilibrium configuration as the reference configuration,

i.e., we label the typical particle P of the body by the position X it has in this

equilibrium configuration. We assume that the region V0 in the Euclidean three-space

occupied by the body has a properly regular boundary dV0 with the unit outward

normal N. A motion of the body is described by the function

\ = x(X,t) (2.1)

giving the position of the particle X e Vq at time t > 0. From Eq. (2.1) the velocity

v, the displacement u, and the deformation gradient F are defined to be

v = x, u = x — X, (2.2)

F = Vx = Vu + I, det F > 0, (2.3)

where the superposed dot denotes the material time derivative, V denotes the gra-

dient with respect to X, and I is the unit tensor. The dependence of the absolute

temperature 6 on X and t is given by the equation

0 = 0(XO; (2.4)

and the spatial gradient G of the absolute temperature is defined by

G = Vd. (2.5)

In the absence of external body forces and external supply of radiative heat the

equations of balance of linear momentum and energy provide

/?oV = DivE, (2.6)

Po (^2y2 + eJ= Div(STv - Q). (2.7)

Here L is the unsymmetric Piola-Kirchhoff stress tensor, po > 0 is the density of

the body in the reference configuration, e is the specific internal energy, Q is the

referential heat flux vector, and the superscript T denotes the transposition.
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The following boundary conditions are prescribed for all t > 0:

Z-N = 0, X<£ dV\, u = 0, XedV2, (2.8)

Q N = 0, XedV}, 0 = XEdV4, (2.9)

where dV\ U dV2 = dV^ u dV4 = dVo and 0o is a prescribed positive number corre-

sponding to the absolute temperature of the environment. It is assumed that 3^2 and

dV4 have positive area.

The constitutive assumptions appropriate for a thermo-viscoelastic body are

e = e(F ,0), s = s(F,6), (2.10)

E = E(F, F, 0, G), Q = Q(F, F, 0, G), (2.11)

with 5 denoting the specific entropy. We have used the fact that the Clausius-Duhem

inequality forces e and s to be independent of F and G.

It is convenient to split the stress into the equilibrium and viscous parts Ee and

Ev as follows:
E(F, F, 0, G) = Ee(F, 0) + EV(F, F, 6, G) (2.12)

with
Le(F,0) = L(F, 0,0,0), (2.13)

LV(F, F, 6, G) = E(F, F, 6, G) — Ee(F, Q). (2.14)

Further thermodynamic restrictions are then described as follows. Defining the spe-

cific Helmholtz free energy 0 by

(t> = (j)(F,d) = e-ds, (2.15)

we have Ee and ^ derivable from <f> with

Ve _ dtj) _ d(f)
~ Pod¥' S ~ dd' ( ^

Moreover, the following reduced dissipation inequality must be satisfied:

27 F-Q-G/0 > 0. (2.17)

Actually, our strengthened assumptions of Sec. 4 will ensure that each of the terms

in (2.17) is nonnegative,
£v • F > 0, -Q G > 0, (2.18)

which is clearly consistent with (2.17), although we note that such a splitting is not

a general consequence of the second law of thermodynamics. The nonnegative term

on the RHS of (2.17) is essentially the volume density of the rate of production of

entropy, for the balance equations (2.6), (2.7) and the identities (2.16) lead to the

following identity:

p0s = - Div(Q/0) + Lv • F/0 - Q • G/02, (2.19)

which leads to the Clausius-Duhem inequality with the explicit expression for the

rate of production of entropy.

Any pair of time-dependent functions x = x(X, t), 9 = 0(X, t), X € V0, t > 0,

satisfying the balance equations (2.6), (2.7), the boundary conditions (2.8), (2.9),

and constitutive assumptions (2.10), (2.11) will be called a process of the body.
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The equilibrium reference state whose stability is to be investigated is described by

the configuration xo(X) = X, and the constant temperature field do. Clearly our con-

stitutive assumptions ensure that the equilibrium equations corresponding to (2.6),

(2.7) are satisfied by this state; also, the boundary conditions (2.8)2, (2.9)2 are triv-

ially satisfied. That (2.9)! holds is ensured by the fact that Q = 0 at homogeneous

equilibrium states (this is a consequence of (2.17)). The only nontrivial boundary

condition is thus (2.8) i but nevertheless we assume it to hold. We normalize the

Helmholtz free energy to be zero in the reference state so that

<Ki do) = 0.

3. Some general identities. In this section some general identities are calculated.

First, integrate the equation of balance of energy (2.7) over V0 and after one ap-

plication of the divergence theorem with boundary conditions (2.8), (2.9) it follows

that

K + E = Q (3.1)

where K is the total kinetic energy, E is the total internal energy, and Q is the rate

of total heat supply to the body, defined by

K = l [ v2PodV0 (3.2)
1 Jy,o

E = [ epodVo (3.3)
Jy0

and

Q = [ Q NdA. (3.4)
JdV4

Further, integrate the Clausius-Duhem inequality (2.19) over V0 and use the diver-

gence theorem and boundary conditions (2.9) to obtain

S = Q/e0 + [ {£v ■ t/8 - Q ■ G/92} dv0 (3.5)
JVo

where S denotes the total entropy given by

S = f sp0 dV0.
Jva

Now, multiply (3.5) by 90 and subtract it from (3.1); the result is

K + E-d0S = -I (3.6)

where

/= [ §{Ev F-Q G/0}^Fo>O (3.7)
Jy'o 0

is the dissipation integral which is nonnegative by (2.17). The dissipation integral

splits naturally into the mechanical and thermal parts /M and /T, with

I = Im + h, (3.8)

/M= [ eoV-F/ddVo, (3.9)
Jv0

It = - f doQ-G/d2dV0. (3.10)
Jyb
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In the subsequent section we shall make assumptions about Im and /T separately.

Introduce the affiliated free energy A by

A — E - 6qS = f (e-d0s)p0dV0= [ {0 + (0 - d0)s}p0dV0. (3.11)
JVo JVo

Thus, we deduce from Eq. (3.6) that

K + A = -I<0. (3.12)

It is this inequality that makes K + A a natural candidate as a Lyapunov function for

this type of continuum.

Next, form the inner product of the momentum equation (2.7) with the displace-

ment vector u and again integrate over the finite region with volume V0. Applying

the divergence theorem together with the conditions (2.8) i_2, it is clear that

U-2K = -1, (3.13)

where U is a measure of the displacement, and U and X are given by

U = \ [ pou-udVo; X= [ tr{L-Vu}dV0. (3.14)
1 J v0 J v0

On combining identities (3.12) and (3.13) it may be easily deduced that

jt{K + A + aU} = 2aK -I - aL (3.15)

where a is a positive constant yet to be determined.

In a previous paper [1] the present authors were concerned with isothermal defor-

mations of a viscoelastic material with nonlinear elastic response but linear viscous

stress. In addition, in [1] we supposed that the viscosity tensor possessed major sym-

metry and was positive definite. In this present work we seek to extend and generalize

the results obtained in [1] (the interested reader is directed there for further details).

4. Basic assumptions. In this section we shall postulate additional inequalities

which will ensure the asymptotic stability of the equilibrium reference state of the

body. We shall deal with a class C of processes given a priori and the postulated in-

equalities will be understood to mean that they are satisfied identically by all processes

from this class at all times. The decay will then be established only for processes from

the class C.

The first of the assumptions asserts that the mechanical part of the dissipation

integral Im dominates the kinetic energy in the following sense.

HI. There exists a constant Ci > 0 such that

Im > CiK (4.1)

This inequality implies, in particular, that

/m > 0. (4.2)

Thus, our assumptions assert that not only the sum /M + h, but also Im itself is

nonnegative. This assumption is clearly consistent with our model.
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An important special case of (4.1) arises when the class C consists of processes for

which the following restrictions (a)-(c) hold:

(a) the processes have motions from a fixed boundary, i.e.,

u = 0 on dV0, (4.3)

(b) the density p in the actual configuration, p = />o(detF)_l, is bounded by an a

priori constant Co > 0,

P<c0

and, (c), the following pointwise inequality,

0ofl-1£v(F, F, e, G)F > do det F|D|2, (4.4)

holds identically with do a positive constant and D the symmetric part of the velocity

gradient

D = (1/2)(FF_1 + F~'TFt). (4.5)

(Note that it is inconsistent with the principle of objectivity to assume that the

LHS of (4.4) is bounded from below by an expression of the form ^0detF|F|2 or

fi?odetF|FF~'|2.) To show that in the above described class (4.1) holds, we integrate

(4.4) over V0 to obtain

IM>d0[ detF|D|2 dV$. (4.6)
JVo

On performing a substitution from the reference variable X to the actual position x

we obtain

f detF|D|2 dV0 = [ \Y>\2 dV (4.7)
Jv0 Jv0

where dV denotes the element of volume in the actual configuration; we have also

used the fact that the region of integration is still Vq since the boundary of the body

is held fixed. A routine use of the Korn and Poincare inequalities provides

[ \D\2 dV > cK [ | gradv|2 dV > cKcP f v2 dV (4.8)
Jvo J Vq Jv0

with ck > 0 and Cp > 0 the Korn and Poincare constants of the region V0 and with

grad denoting the gradient with respect to the actual position x. Finally the assumed

boundedness of the density yields

f \2 dV > cq"1 [ pv2 dV = 2cq]K (4.9)
Jv0 Jv0

and from (4.6)-(4.9) the inequality (4.1) follows with

Ci = 2d0cKcP/c0. (4.10)

If, additionally, the field of absolute temperature is bounded by an a priori bound,

then (4.4) can further be simplified in an obvious way: the factor 606~x can be

omitted.

Another possibility is to relax the requirement that the viscous stress Ev should

satisfy the principle of objectivity precisely and to assume this principle to hold only
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approximately for slow motions and deformation gradients close to 1. Then, it is

consistent to impose the following inequality:

0O0-1£V(F, F, d, G) • F > rf0|(l/2)(F + FT)|2 (4.11)

with d0 > 0. (Again replacing the term |(1/2)(F + FT)|2 by the term |F|2 would

contradict even the approximate validity of the principle of objectivity.) Assuming

that the part dV\ of the boundary that is being held fixed has nonzero area, one can

again use the Korn and Poincare inequalities, but now with respect to the reference

position as an independent variable:

d0 [ |(1/2)(F + Ft)|2dV0
Jv0

>d0cK [ |F|2 dV0
Jv0

> d0cKcP / |v|2 dV0
Jv0

= 2d0cKcPpQl f {\/2)\v\2podVo
JVn

= 2d0cKcPp-iK (4.12)

provided only that the density of the body in the reference configuration p0 > 0

is constant over the body. This is clearly consistent with our assumption that the

reference state is homogeneous. Hence, in this case (4.1) holds again, but it is an

important feature of this case that no a priori assumption, such as the boundedness

of the actual density, needs to be placed on the class of processes.

Next we shall impose assumptions on the term X. We shall split it into two parts

so that

Z — Xi + Z2 = [ Le Vu^F0+ [ 27-VudV0. (4.13)
Jv„ Jv„

Take each measure in turn and for suppose that

H2. There exist two positive constants c2, C3 such that

ll>c2A-c3h. (4.14)

This inequality is similar in structure to the one employed recently by Arons and

Craine [ 11 ] to prove continuous data dependence results in finite thermostatics. No-

tice that the main variables involved in the inequality (4.14) are F = Vu + 1, 6, and

V0; the dependence on the time derivative F = Vv is in a sense inessential for it is

realized only through Q(F, F, d, G), and the dependence of Q on F is weak in view

of the inequality (2.17), for the scalar product Q G in (2.17) forces Q to depend

mainly on G.

In contrast, Z2 depends strongly on both F and F = Vu + 1:

Z2= [ LV(F, F, 6, G) • VudVo, (4.15)
Jv0
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with the dependence on F realized through £v, and again, by (2.17), £v must depend

on F strongly. It is now appropriate to separate S2 into two terms with the depen-

dences on F and Vu, and this will be achieved by using the weighted arithmetic-

geometric mean inequality to the product Ev ■ Vu as follows:

IS7I < f |27| • |Vu| dV0
Jvn

[ w(F,0)|Ev|2c/^o + iwf1 f vc(F, 0)_1 |Vu|2 dV0
Jv0 2 Jv,b

, , , (4.16)
< 2 W'

where we have written the positive weight in the form w(F, d), with w\ a positive

number and w(F, 8) a positive function of F and 6. We can now attempt to dominate

each of the terms on the RHS of (4.16) by appropriate terms exhibiting the same type

of leading dependences. Namely, we shall assume the following two inequalities:

H3. There exists a positive function w = w(F, 6) such that

fJVn

|£V(F, F, 6, G)| w(F, d) dV0 < /M; (4.17)

H4. There exist positive constants C4, C5 such that

c4 [ {l + w-{)\Vu\2dV0 + c5 [ \V9\2dV0<A (4.18)
Jv0 Jv0

with w the function occurring in H3.

Recalling the normalization of 0 which corresponds to A = 0 at the reference equi-

librium state, we see that (4.18) ensures the existence of the strong global minimum

of A at the reference equilibrium state. Relevance of conditions of this type to the

stability of equilibrium states is well known.

We conclude this section with the following hypothesis:

H5. We have

It > 0. (4.19)

5. Asymptotic behaviour of processes. We can now prove the following theorem.

Theorem. If C satisfies H1-H5, then, for every process x(X, /), 6(X, t) of C, the quan-

tities U, K, A, fy |Vu|2 dVo, fVo |V(9|2 dV0, and fv \6-60\2 dV0 all decay exponentially

with time.

Proof Recalling our assumption that dV2 has positive area, we can invoke the

Poincare inequality to assert the existence of a positive constant c6 such that

/Jvo
|Vu| 2dV0>c6U. (5.1)

Further, neglecting for the moment the positive term C5 fv |V0|2rfFo in (4.18) and

combining inequality (4.18) thus reduced with (4.14) and (5.1) leads to

X, > (c2/2)A - c3/T + (c2/2)A

> {c2/2)A - c3IT + (c2/2) |c4 J w-]\Vu\2dV0 + c4c6U^
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Hence, we have

£i > c-jA - Cg/T + Cg f w~l\Vu\2 dv0 +cl0U (5.3)
Jv0

with cj,..., Cio positive constants. The arithmetic-geometric mean inequality pro-

vides
0 <-U + w2K + w~lU (5.4)

with w>2 a positive weight. Combining (4.16) and (4.17) and choosing the weight wj

to be wi = (2ci))_1 we obtain

-22<|22|<(4c9)-1/m + c9/' w~l\Vu\2dV0. (5.5)
Jv0

We now multiply inequality (5.3) by -a < 0, inequality (5.4) by w2Cio and (5-5)

by a and add the resulting three inequalities to the identity (3.14). After a little

simplification we obtain

jt(K + A + all) < a(2 + w22cw)K - (l - ^-) /M - (1 - ac8)/T

- ac-jA - ct\V2C\oU. (5.6)

This inequality holds for every positive a and w2. Assuming now that a is sufficiently

small so that

l-~>0, 1 - ac8 > 0, (5.7)
4^9

we can use Hi and H5 to obtain

/v

K - acjA - aw2Ci0U. (5.8)j(K + A + aU) < - CiO - ^r) -a{2 + wjcio)

Noticing that the value of the bracketed expression on the RHS of the last inequality

corresponding to a — 0, w2 = 0 is Ci, we may assert by continuity arguments that

the bracket is greater than C\/2 for all sufficiently small a > 0, w2 > 0. Hence, since

K > 0, it follows that

jt(K + A + aU)< ~{c\/2)K - ac7A - aw2ci0U (5.9)

for all sufficiently small a > 0, w2 > 0. Thus, if additionally w2 is small enough to

satisfy

W2C10 < ac7, w2c[0 < Ci/2, (5.10)

we have, since K > 0, A > 0 (cf. (4.18)),

^{K + A + aU) < -Q{K + A + aU) (5.11)

with Q = w2C[Q. The values of the constants a and £1 may be chosen independently

of the process in the class C. Inequality (5.11) can be integrated over time to reveal

that

K + A + aU< (K0 + A0 + aU0)e-S11 (5.12)

where A'o, Aq, and Uq are the initial values of K, A, and U, respectively. This

inequality forms the basis of a number of results.
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Firstly, recalling H4 and inequality (4.18) we observe that

K + ItA + La f (l+w~l)\Vu\2dV0 + L5 [ \V6\2dV0 + aU <C0e-Qt (5.13)
z z Jv0 Jv0

where Q = A"o + Ao + oUq. Now, since the first four integral measures on the LHS

of this inequality are positive definite, using inequality (5.1) it can be deduced from

(5.13) that
U + cuU <D0e~nt, (5.14)

where C\\ = QCg/a and Dq = Co/a. This differential inequality leads, on integration

over time, to the following series of results:

f Uoe-'H' + Doe-to/icu - £2), cn > O,
U(t) < I (U0 + D0t)e-Ql, cu = Q, (5.15)

{ {U0 +D0/(D.-cu)}e~Cu', Cn < Q.

Thus, another use of the inequality (5.4) in combination with (5.13) leads to

(1 - aw2)K + \-A + \-Ca f \Vu\2dV0 + L5 f \V6\2 dV0 < C0e~n' + —. (5.16)
1 1 Jv0 1 J V0 w2

Here if we choose w2 = \a~[ it follows immediately from inequalities (5.15) and

(5.16) that the measure of kinetic energy K, of the total affiliated free energy of the

displacement gradient fVg |Vu|2<iFo and of the temperature gradient fy \V6\2 dVQ are

all exponentially decaying functions of time. Moreover, one further application of

the Poincare inequality would then reveal that a measure of the temperature variation

fVo(6 - Oo)2 dV0 also decays exponentially with time. This completes a proof of the

theorem.
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