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Abstract. The existence, uniqueness, and qualitative nature of the everted state

of spherical and cylindrical shells is examined for elastic materials with stress func-

tions satisfying relatively simple restrictions. Qualitative analysis of the governing

nonlinear ordinary differential equation is facilitated by recasting it in stress-stretch

coordinates. One finds a continuum of solutions which meet the boundary condi-

tions. Each corresponds uniquely to a shell of a particular thickness. We present

numerical solutions which demonstrate the claims of the analysis.

1. Introduction. The problem of eversion of shells of elastic materials is of con-

siderable interest because it is a paradigm of multiplicity of solutions in elasticity.

That one can turn "inside out" a rubber hose or hollow ball is a matter of common

experience, but the mathematical description of a unique everted state has eluded

the efforts of researchers, except in the more simple case of incompressible elastic

materials where the complete solution is known.

The question of eversion was identified and formulated by Green and Adkins [2]

and by Truesdell and Noll [6] who also present the solution to the incompressible

problem. Antman [1] treats the problem of the eversion of thick spherical shells

from a functional analytic viewpoint. The existence, but not the uniqueness, of an

everted state is proved in [1], subject to hypotheses on the stress response function.

Following Hill [3], we find sufficient conditions for uniqueness of the everted state

based on the form of the stress response function.

In this paper, we attack the problem of eversion of spherical and cylindrical shells

of elastic materials from a qualitative theory of differential equations point of view.

These methods have been used by other researchers (see Sivaloganathan [5], among

others). When viewed in a mixture of stress and principal stretch variables, one

finds that the governing differential equation (of static equilibrium) is amenable to

simple but powerful qualitative analysis. The required constitutive restrictions on

the stress functions are strong ellipticity, natural growth conditions, and positivity

of a discriminant of the stress functions, which we define and interpret below. In

the case of hyperelastic materials, the latter condition is equivalent to requiring the
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positive definiteness of the Hessian of the work function with respect to purely radial

(and everted) deformations.

In Sec. 2 we present the analysis which establishes existence and uniqueness for the

everted spherica'. shell. Perhaps more importantly, the analysis provides a qualitative

description of the stress distribution through the thickness of the shell. At the end of

the section, we give numerical results of a particular example of an Ogden material

to demonstrate that the everted shell behaves as the analysis predicts. The analysis of

cylindrical shells is quite similar; we present an abbreviated solution of that problem

in Sec. 3. Finally, we give our conclusions in Sec. 4.

2. Eversion of spherical shells. In this section, we shall prove the following

Theorem 1. Given a spherical shell of an elastic material, there is a unique everted

state for the shell provided that the stress functions of the material satisfy the strong

ellipticity condition, the appropriate growth conditions, and have a strictly positive

discriminant.

First, we give the formulation of the governing equations. Then we proceed to

perform qualitative analysis to establish the claim of Theorem 1. We give various

comments, where appropriate, for specialization of the analysis to the case of hyper-

elastic materials.

Formulation. Following Antman [1], we formulate the governing equation for a

spherical shell undergoing eversion. Let B be the body in the reference configuration,

B = {(r, 0, <f>): r, < r < r0, -n < 6 < n, 0 < 0 < 2n},

where (r, 0, 0) are spherical polar coordinates assigned to positions in Euclidean three-

space. We have the orthonormal basis vectors

ai (0, 0) = a1 (0, 0) = sin 0 cos 0i + sin 0 sin 0j + cos 0k

= a2(0,0) = cos 0 cos0i + cos0 sin0j - sin 0k (2.1a, b, c)

a3((/>) = a3(0) = - sin <j>\ + cos 0j

for the reference configuration, where {i, j, k} is an orthonormal basis for Euclidean

three-space. The deformed configuration is described by the orthonormal basis

bt (0,0) = b1 (0,0) = sin 0 cos </>i + sin 0 sin (f>j - cos 0k

b2(0,<j>) = b2(0, (j)) = cos0cos4>i + cos0 sin<f>\ + sin 0k (2.2a, b, c)

b3(0) = b3(0) = sin 01 - cos0j.

We consider deformations of the form

p(r,0,0) = /(r)b,(0,0) (2.3)

where p is the position of the particle (r, 0,0) in the deformed configuration. Thus

the deformation gradient tensor F is

F= ^b,a'+-b,a2 --b,a3. (2.4)
dr r r

Anticipating a phase space description, we define the strains u = df /dr in the radial

direction and v = f{r)/r in the 0-direction. The components of the first Piola-

Kirchhoff stress S are defined to be P(u, v) in the radial direction, and Q(u, v) in the
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0-direction. Moreover, P(l, 1) = 0 and Q( 1,1) = 0, i.e., the reference configuration

is assumed to be stress-free. The functions P and Q are assumed to be C1 in what

follows.

In the special case of hyperelasticity, there is a scalar valued work function <r(F)

related to the stress by

c _ da

dF'

One may define a new work function 0(u,v) = <r(F) with the properties

d&
p(u'v) = k'

Z (2.5a, b)

For the shell to be in static equilibrium, the divergence of the stress must vanish.

This provides the governing equation for the problem,

di^P~Q) = 0 (2.6a)

as the radial component of the equation of static equilibrium. Furthermore, we

require that the spherical faces be traction-free; that is, we require

P(u, v) = 0 on r = r, and r = r0. (2.6b)

To complete the formulation of the problem, we need an equation relating u, v, and

r which we obtain by differentiation of v

dv u — v~ = -—-. (2.7)
dr r '

Finally, we note that u < 0 and v > 0 for the mapping p to preserve the orientation

of the reference configuration.

Phase space description. We recast Eqs. (2.6) and (2.7) as a single equation in the

(u, v) plane, which we refer to hereafter as the phase plane. Now we apply the chain

rule to Eq. (2.6a) and obtain

dPdu dP dv 2

d^d^ + d^d^ + T{p~Q)-°-

Next, we rearrange this last equation and make use of Eq. (2.7), which yields

du _ 2(Q-P) _ dP/dv (u-v"

dr (8P/du)r dP/du \ r )' (2'8)

Note that by hypothesis the elastic material satisfies the strong ellipticity condition,

which implies

§£>°, and §2>0. (2.9)

In the case of hyperelasticity, this is equivalent to

<920 . , <920
> 0, and —y > 0.

du1 dv1
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Next, we divide (2.8) by (2.7) to obtain a phase space representation of (2.6) and

(2.7)
du _ 2(Q-P) dP/dv

dv dP/du(u-v) dP/du'

Stress-stretch description. We perform one more coordinate change on Eq. (2.10)

to recast it in a form which is especially amenable to qualitative analysis. Equation

(2.10) is set in the (u,v) plane with Q and P regarded as given functions of the

stretches u and v. Our final coordinate transform is an interchange of the role of the

radial stretch u in favor of the radial stress P. This technique is similar to the Von

Mises transformation of the two-dimensional compressible boundary layer equations

of fluid dynamics (see Von Mises and Friedrichs [7] for details). A new variant of

Eq. (2.10), set in the (P,v) plane, is the result.

Before transforming (2.10), we invert Eq. (2.5a) to obtain u in terms of v and P.

That this is possible is a consequence of (2.9) and the natural growth conditions

P —► oo as u —► 0, and P -+ -oo as u —* -oo.

The inversion is global in the sense that for every v > 0 and P, there is a negative u

given by

u = u(P,v).

With this inversion of (2.5a) in hand, we proceed to transform (2.10). Multiplying

by dP/du and rearranging, we have

OPdu | dP _ 2(Q-P)
du dv dv u - v

If we now interpret u in (2.11) via the inversion, the left-hand side is just the total

derivative of
P = P(u(P,v),v) = P(v)

with respect to v. Similarly, we define

Q = Q(u(P,v),v) = Q(P,v).

The transformed equation in the (P,v) plane is

dP 2(Q - P)
dv u - v '

with the boundary conditions P = 0 at r = r, and r - r0.

In addition to the growth conditions

P —► oo as u —» 0, and P —► -oo as u —► -oo,

we shall require for our analysis additional growth conditions on Q

Q —► oo as v —» oo, and Q -* -oo as v —<• 0,

and we shall require that the discriminant

D=d_LdJL _
~ du dv dv du

be positive in u < 0, v > 0. We discuss the latter condition below.

(2.12)
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Qualitative analysis. We now perform the qualitative analysis of Eq. (2.12) that

will allow us to state conditions sufficient for existence and uniqueness of solutions.

First, we examine the direction of the vector field in the (P,v) plane described by

(2.7) and (2.12). We note that the right-hand side of (2.7) is always negative. The

right-hand side of the product of (2.7) and (2.12),

7(2-.P) (2.13)
is either positive or negative, depending on the difference of Q and P. In the de-

formed configuration, the sphere will occupy the thickness between v = v0 and vt

where v0 is the position of the surface r = r0 and w, with r, < r0 whereas v0 < v,.

We can prove that the right-hand side of (2.13), and therefore dP/dr, has a zero

on any P — constant line by appealing to strong ellipticity and the appropriate growth

conditions. Computing the derivative of the right-hand side of (2.13) along a line

P = constant, we obtain

d r„,./n . , dQdu dQ
~n [Q{u{P> v),v) — P]p=c = -7TTT- +
dv du dv dv 1 ..

8Q dQdP/dv _ D [ '
dv du dP/du dP/du'

Strong ellipticity and the growth conditions on Q imply that Q - P, a continuous

function of v, runs through (-00,00) along the line P = constant between v = 0 and

v = 00. In fact, we can prove that Q - P has a unique zero at some point v* on

each half line v > 0, P = constant. This follows from the global implicit function

theorem, the strong ellipticity property, the growth conditions on Q and P, and the

requirement D > 0. Moreover, the fact that Q and P are assumed to be C1 implies

that v*(P) is a C1 function in v > 0.

In the hyperelastic case, the expression D > 0 becomes

du2 dv2

<92<D

dudv

2

> 0.

Thus D > 0 corresponds to the positivity of the Hessian of the specialized work func-

tion <J>(u,v). We must carefully distinguish between the positivity of the Hessian of

0 with respect to the specialized class of deformations presently under consideration,

i.e., purely radial eversions, and the positivity of the Hessian of cr(F) with respect to

all possible three-dimensional deformations. Requirements on the positivity of the

Hessian of c(F) lead to several well-known problems (see Marsden and Hughes [4]

for a discussion).

It is clear that candidate solution trajectories will begin on the P-axis at the point

v - Vj, move on to intersect v*(P) with zero slope, and move back to intersect

the P-axis at v = v0. Thus at the end point va, Q < 0 and P = 0, and at the

end point Vj, Q > 0 and P = 0. Because there are no singular points in the phase

plane within u < 0, v > 0, trajectories of (2.7) and (2.13) cannot cross; thus they

are ordered by the maximum radial stress achieved through the cross-section, -Pmax,

which occurs at some point (Pmax,v*(Pmax)) in the (P,v) plane. The curve v*{P) on

which (Q — P) = 0 is the boundary in the (P,v) plane between the regions where
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(Q- P) < 0 and (Q - P) > 0. Examination of Eq. (2.12) shows that through every

point on the curve v*(P) with P < 0, there passes a trajectory which intersects the v

axis twice.

We remark that if the condition D > 0 is violated in u < 0, v > 0, then it is

possible that a multiplicity of everted solutions exist for a shell of a given thickness,

as we show by the following argument. Consider the case where D is not strictly

positive on the P-axis in the (P,v) plane. Thus there are, say, k points (0,v*) where

Q - P = 0 on the P-axis. We assume for simplicity that D > 0 at these k points in the

(P,v) plane. Then by the local implicit function theorem, there exist k curves v*(P)

with v*(0) = v*. It is possible that for a given shell thickness there is a solution

trajectory crossing through v*(P) (and intersecting the P-axis twice) and another

crossing through v*(P) with i ^ j. Thus violation of D > 0 allows for nonuniqueness,

i.e., D > 0 and the conditions on the functions P and Q are sufficient conditions for

existence and uniqueness of solutions.

Reference length condition. Finally, we must require that the candidate trajectories

intersect the physical boundaries at the appropriate r, and r0. This is the reference

length condition. Integrating Eq. (2.7), we obtain

rA=r* = .^. (2.i5)
Jv, U~V Jr, r ro

This is the ratio of radii in the reference configuration corresponding to a particular

candidate trajectory. To each r,/r0 > 0 there corresponds one and only one trajectory

of (2.7) and (2.13) which satisfies the boundary conditions of zero traction on the

spherical faces. We prove that the reference length condition provides a 1 : 1 map

between solution trajectories in the first quadrant of the (P,v) plane and ratios of

reference length radii r,/r0 in (0,1] as follows. To begin, we rewrite (2.15) more

explicitly as
f- max) rfy

g(Pmax) ee log u{&(V,Pmax),V)-V

where &>{v\ Pm!lx) is a particular solution trajectory of (2.12) ordered by its maximum

compressive radial stress Pmax. We note immediately that g-(0) = 0, corresponding to

ri/ro{0) = 1- This means that a shell of vanishing thickness has zero radial stress in

the everted state. One can also show that g —► -oo as PmM —* oo, corresponding to

r,/r0 —1• 0, by noting that &>(v, Pmax) —> oo, v, —► oo, and v0 —♦ 0 as Pmax -♦ oo because

trajectories cannot cross.

Finally, we show dg/dPmax < 0 for all Pmax > 0 to establish that the map taking

Pmax to r,/r0 is 1 : 1. Differentiating g, we have

dg = dvj 1 dv0 1 _ fv> (du/dP)(dP/dPmax) dv_

dPmax dPmax U(0,Vj) — Vj dPm3x u(0,Vo) — V0 JVo (w — v)^

one observes that each term on the right-hand side is negative.

For reference, we repeat the constitutive restrictions sufficient for existence and

uniqueness: the material must be elastic and satisfy the strong ellipticity condition

and the growth conditions Q —► oo and v —> oo, Q —► -oo as v —> 0, P —► oo as u —► 0

and P — -oo as « —» -oo, and have a strictly positive discriminant.
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Example. We give an example of a hyperelastic material which satisfies the hy-

potheses of Theorem 1, and demonstrate that solutions behave as our qualitative

analysis predicts. We choose for the purposes of demonstration a particular case of

Ogden material with work function

c(F) = ^(trFFr - 3 - 21ogdetF) + ^(detF - l)2. (2.16)

This work function leads to the stresses

p = ~{u2 - l) + pv2(uv2- 1)
u

,2Q = —(v - 1) + fiuv(uvl - 1)

which have the correct growth conditions for the choices a = 1, /? = 1.

We begin by inverting (2.17a) to obtain

(2.17a, b)

(P + fiv2)-y/{P + fiv2)i + 4a(a + fiv*)
l,j~ 2 (a + fiv*) ■ [ '

The quantities appearing in the governing equation (2.12) are known through Eqs.

(2.17) and (2.18). Next, we integrate (2.12) numerically, beginning at several sample

points on the P-axis. The integration is continued until the trajectory again intersects

the axis; the result is a particular solution trajectory. Finally, we apply the reference

length condition via a numerical integration of (2.15).

Fig. 1. Each curve represents the radial stress distribution through

the thickness of the spherical shell in its everted state. From top to

bottom of the figure, the corresponding thicknesses of the shells in the

relaxed state are rjr0 = 0.13, 0.25, 0.35, 0.44, 0.51, 0.58, 0.64, 0.69,
0.73, 0.78, and 0.82.
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Fig. 2. The trajectories of Fig. 1 recast in phase space. The upper-

most trajectory of Fig. 2 corresponds to the uppermost trajectory of

Fig. 1, etc.

Figure 1 shows the computed solutions in the stress-stretch plane. Each solution is

for a different ratio of radii in the reference configuration, varying from r,-/r0 = 0.13

to 0.82. One observes immediately that larger maximum compressive stresses obtain

in thicker spherical shells upon eversion. These same solutions are again depicted in

Fig. 2, but in the phase plane. Here the application of the reference length condition

is easier to visualize.

3. Eversion of cylindrical shells. The analysis described below is similar to that of

Sec. 2. An additional complication arises due to the presence of a third stretch along

the axis of the cylinder, but the same ideas apply. The result one can prove is

Theorem 2. Given a cylindrical shell of an elastic material, there is a unique everted

state for the shell provided that the stress functions of the material satisfy the strong

ellipticity condition, the appropriate growth conditions, and have a strictly positive

discriminant in the radial and azimuthal directions.

Formulation and analysis. We define a cylindrical shell to be

B = {(r,6, z): r, < r < r0, 0 < 6 < 2n, z\ < z < z2j,

where (r, 6, z) are cylindrical polar coordinates assigned to positions in Euclidean

three-space. In the reference configuration, we have the orthonormal basis vectors

ai (6) = a1 (6) = cos 6\ + sin 6j

H2{0) = a2(0) = - sin 6i + cos 8j (3.1a, b, c)

= a3 = k.
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In the deformed configuration, we have the orthonormal basis vectors

bi (0) = b1 (6) = cos di + sin d\

b2(0) = b2(0) = - sin 6\ + cosfj (3.2a, b, c)

b3 = b3 = k.

We consider deformations of the form

p(r,0,z) = /(r)b,(0)+Ab3 (3.3)

where A is a fixed real number. The deformation gradient tensor is

F= ^b,a' + ^b2a2+ /lb3a3, (3.4)

with determinant f'{r)fX/r > 0 for p to be an orientation preserving map. This

implies that f'(r) < 0 and A < 0 in the case of eversion. In terms of the phase space

variables u = df/dr and v = f(r)/r, the radial stress is P(u,v,X) and the azimuthal,

or hoop stress is Q(u,v,X).

For equilibrium, we require that the divergence of the stress vanish. This yields

the governing equation

^f- + ~(P~Q) = 0,dr r

which is the analog of (2.6a). The boundary conditions are zero traction on the

cylindrical faces, i.e., P — 0 on r = r, and r = ra, and the flat end faces of the

cylindrical shell are constrained to lie against lubricated planes perpendicular to the

axis of the cylinder. The equation relating u, v, and r is again

dv _ u-v

dr r

As in Sec. 2, we analyze the governing equations to establish that in each X =

constant slice of stress-stretch space the vector field looks like the vector field for

the case of the spherical shell. Finally, we assign a fixed negative number to X and

compute the reference length via (2.15). As for spherical shells, we prove that the

reference length condition is uniquely selective in the sense that it is a 1 : 1 map

between the set of trajectories and the ratios r,/r0. Different values of X correspond

to different tractions and moments that must be applied to the flat end faces of the

cylinder to maintain the deformation.

4. Conclusions. We have proved, with the hypothesis of relatively mild constitu-

tive assumptions, that spherical and cylindrical shells of quite general compressible

elastic materials have unique everted states. We began the analysis by recasting both

problems in stress-stretch coordinates. By this we mean that the roles of the radial

component of the first Piola-Kirchhoff stress and the radial stretch are interchanged

mathematically. This leaves the governing nonlinear ordinary differential equation

in a particularly simple form. Exploitation of the constitutive restrictions and exami-

nation of the equation made possible a qualitative understanding of the nature of the

vector field described by the equation of equilibrium. Finally, it was observed that

there exists a continuum of possible solutions which meet the boundary conditions.
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but that each uniquely corresponds to a particular shell thickness in the reference

configuration.

The principal limitation of our analysis is that the solutions are known only quali-

tatively. For a spherical shell of a given thickness, for example, one must numerically

integrate a two-point boundary value problem via a shooting method in order to sat-

isfy the reference length condition.
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