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Abstract. The large deformation torsion problem of an elastic circular cylinder,
composed of homogeneous isotropic compressible nonlinearly elastic material and
subjected to twisting moments at its ends, is described. The problem is formulated
as a two-point boundary-value problem for a second-order nonlinear ordinary differ-
ential equation in the radial deformation field. The class of materials for which pure
torsion (i.e., a deformation with zero radial displacement) is possible is described.
Specific material models are used to illustrate the results.

Introduction. The finite torsion of an elastic circular cylinder due to applied twist-
ing moments at its ends was one of the classic problems solved by Rivlin [1,2] for
isotropic incompressible nonlinearly elastic materials. The nonhomogeneous defor-
mation found by Rivlin is sustainable, in the absence of body force, in all homo-
geneous isotropic incompressible materials. Thus it is a universal, or controllable,
deformation. Furthermore, by virtue of the constraint of zero volume change, the
deformation is that of pure torsion so that there is no extension in the radial direction
and the cross-section of the cylinder remains circular.

The situation for compressible materials is considerably more complicated. First,
by virtue of Ericksen's theorem [3], the deformation cannot be universal. Second,
there will, in general, be some radial extension. The torsion problem for a circular
cylinder composed of a homogeneous isotropic compressible nonlinearly elastic ma-
terial has been formulated by Green [4] (see also Green and Adkins [5, p. 67]) and
properties of the solution discussed. The formulation leads to a nonlinear second-
order ordinary differential equation for the radial deformation r(R) (see Eq. (2.22)
of the present paper). Here R and r denote radial components of a cylindrical polar
coordinate system in the undeformed and deformed configurations respectively. The
deformation r(R) depends on the form of the strain-energy density. An equivalent
version of the ordinary differential equation may be written in terms of the principal
stretches [6] (see Eq. (7.8) of the present paper). As remarked in [4, 6], an analytic
solution of the governing equation, even for very special strain-energy functions, is
not readily obtained and so numerical approaches are called for. Other aspects of
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the compressible torsion problem which have been investigated include second-order
effects (see, e.g., [7-9]) and the influence of small compressibility (see, e.g., [10-12]
and the references cited therein).

In this paper, we are concerned with a special issue, namely that of examining the
class of compressible materials for which pure torsion is possible. This question was
first raised by Currie and Hayes [13] in their study of nonuniversal deformations. In
the next section, we briefly summarize the relevant equations of finite elastostatics
leading to the governing ordinary differential equation (2.22) and associated bound-
ary conditions. In Sec. 3, we consider the special case of the Blatz-Ko material [14]
for which pure torsion, in the absence of lateral surface tractions, is possible. This
was recently observed by Beatty in [15], and independently by Carroll and Horgan
in [16]. The stress distribution in torsion for the Blatz-Ko material is remarkably
simple—simpler even than the corresponding stress field for a neo-Hookean incom-
pressible material. In Sec. 4, we establish a necessary condition on the strain-energy
density of the material for pure torsion to be possible by seeking solutions of the
form r = R of the governing ordinary differential equation. In Sec. 5, a subclass of
materials for which pure torsion is possible is identified. This includes the Hadamard
material discussed in [13] and a family of Blatz-Ko materials previously investigated
in [15, 16]. In Sec. 6, a wider range of materials is examined. In the final section,
an alternative criterion in terms of the principal stretches is described, and some
examples involving specific material models are discussed.

Issues similar to those addressed here have been examined recently by the present
authors [28] for finite axial shear deformations of compressible nonlinearly elastic
hollow cylinders. The inner surface of the tube is bonded to a rigid cylinder while the
outer surface is subjected to a uniformly distributed axial shear traction and the radial
traction is zero. The class of compressible materials for which axisymmetric anti-
plane shear (i.e., a deformation with zero radial displacement and axial displacement
depending only on the radial coordinate) is possible is identified in [28], The results
in [28] and the present paper complement one another in the sense that many of the
materials described in [28] for which finite axisymmetric anti-plane shear is possible
do not sustain pure torsion while, conversely, several of the admissible materials
identified here do not sustain axisymmetric anti-plane shear.

2. Formulation of torsion problem. We are concerned with torsional deformation
of an elastic solid circular cylinder due to applied twisting moments at its ends. Thus
the deformation, which takes the point with cylindrical polar coordinates {R, 0, Z)
in the undeformed region to the point (r, 6, z) in the deformed region, has the
form

r = r(R), 6 = Q + zZ , z = Z, (2.1)

with r = dr/dR > 0, where the constant r > 0 is the twist per unit undeformed
length. For a cylinder composed of an incompressible isotropic elastic material, the
classic solution of Rivlin [ 1 ] shows that pure torsional deformations, that is, defor-
mations of the form (2.1) with

r = R, (2.2)
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are possible. Thus the deformed configuration is again a solid circular cylinder which
undergoes no volume change. For a compressible material, pure torsion will not be
possible in general. The radial deformation r(R) is governed by a second-order
nonlinear ordinary differential equation (see Eq. (2.22) below).

The strain-energy density per unit undeformed volume for isotropic elastic com-
pressible materials is given by

W=W(Il,I2,Ii), (2.3)

where /,, I2, I3 are the principal invariants of the deformation tensor B = FF ,
where F is the deformation gradient tensor. We have

/| = tr B = A j + A2 + A3,

/2 = trB* = A2A2 + A2A23 + A23A2, (2.4)

I3 = detB = A2A2A2,

where B* = (detB)B-1 is the adjoint of B and At (i = 1,2,3) are the principal
stretches. The corresponding response equation for the Cauchy stress tensor T is
(see, e.g., [8])

T = + + (2.5)
where 1 is the unit tensor. Here the elastic response functions /3S = ps{Ix, I2, I3)
(5 = 0,1,-1) are given by

P0 = 2i;ll2[I2W2 + I3W3], 0, = 2 I3V2Wx, P_x = -2I\I2W2, (2.6)

where Wi = dW/dL (/' = 1,2,3). We shall assume that the strain-energy W and
the stress T vanish in the undeformed state where /, = 3 , I2 = 3, /3 = 1 , and so

W(3,3, 1) = 0, Wj(3, 3, 1) + 2W2(3, 3, I)+ W3(3, 3, 1) = 0. (2.7)

Corresponding to the deformation field (2.1), we have

fr 0 0
F = 0 r/R rr \ , (2.8)

\0 0 1
0

B = | 0 r2/R2 + tV tr | , (2.9)
t r

2 0

B"' = | 0 R2/r2 -zR2/r | , (2.10)
) -t R2/r 1 + t 2R2

2
/, = 1 + r2 + + r2r2, (2.11)1 R2

2 .2 2
r r .2 r r 2.2 22 = F + r +~RT '
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73 = ^T- <2'13)

Substitution from (2.9), (2.10) in (2.5) yields the physical components of the Cauchy
stress T as

Trr = 0O + + (2.14)
2 2

Tee = + P\ (^2 + + ^-i "p"' (2-15)

Tzz = P0 + /]1+(]_\(\+t2R2), (2.16)

tr2= (2.17)

Trg = 0, Trz = 0, (2.18)
where the /?5 (s = 0, 1, -1) given by (2.6) are evaluated at the values of the invari-
ants given by (2.11)—(2.13). Note that, since r = r(R), it is convenient for us to
consider T = T(R) rather than the more conventional T = T(r).

The equilibrium equations, in the absence of body forces are

div T = 0, (2.19)

which in the present case, reduce to the single equation

+ j(T,r ~ T„) = »• (2-20)
Using the chain rule, we write (2.20) as

dT r IL + Li I - \dR + rr ee

On using (2.14), (2.15), (2.6), we find that (2.21) can be written as
d I"Rr... rr TIr f Rr rr 2_. \ '

dR [~ 1 7? 3 \~T+ ~R + T J 2
Rr2 1 2„\ „T(Rr2 1

- + STrr-Tee) = 0- (2-21)

+ w\-^-r-xR) + w\— -r)=°> ^
where the Wt (i = 1,2,3) are evaluated at the values (2.11)—(2.13) for the in-
variants. Since r = r(R), we have used the ordinary derivative symbol in (2.22).
Equation (2.22) is a (highly) nonlinear second-order ordinary differential equation
for the function r(R). This equation may be obtained from analysis presented in
Green [4] (see also Green and Adkins [5, p. 67]). Following developments presented
by Ogden [6, pp. 260-263], an equivalent equation, involving the principal stretches,
may also be obtained (see Eq. (7.8) of the present paper). As remarked by these
authors, the task of obtaining analytical solutions to (2.22) (or its counterpart (7.8)),
even for simple forms of the strain-energy, is formidable.

For a solid circular cylinder of undeformed radius A subjected to end torques
only, the boundary conditions of traction-free lateral surface will be satisfied if

T„(A) = 0, (2.23)
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since Trd = Trz = 0 by (2.18). In addition, to ensure that F is bounded, we impose
the regularity condition

r(R) = 0{R) as R -» 0. (2.24)
Thus the two-point boundary value problem which arises is to solve (2.22) for r(R)
on 0 < R < A subject to the conditions (2.23), (2.24).

3. The Blatz-Ko material. It has been shown recently by Beatty [15] and inde-
pendently by Carroll and Horgan [16] that pure torsion is possible for a special
compressible material proposed by Blatz and Ko [14] as a model for foam rubber
material. In this section, we examine this special case in detail.

The strain-energy density function describing the Blatz-Ko material is given by

^=l(^ + 2/3/2-5) (2U)

(ju - constant is the shear modulus for infinitesimal deformations; we take n > 0),
for which the stress response equation takes the simple form

T = n{\ - /3_1/2B^'). (3.2)

It is easily verified that (2.7) is satisfied. The response of the material (3.1) for
a variety of stress and strain states has been examined by Knowles and Sternberg
[17]. Beatty [15] has provided an extensive discussion of the material (3.1) as well as
its generalized form as proposed by Blatz and Ko [14], The experimental basis for
(3.1), as advocated by Blatz and Ko [14], is described in [15, 17]. It should be noted
that the response of the material (3.1), even to infinitesimal deformations, is special
with value \ for Poisson's ratio. Nevertheless, the material model (3.1) has recently
attracted considerable attention. In particular, the analytic solution of a wide variety
of problems in finite elastostatics for compressible materials has been possible for
this material (see [15, 16, 18-21]).

When W is given by (3.1), the differential equation (2.22) for r(R) reduces to

3Rr3f- r3r + R3(r)4 = 0, (3.3)
2 2where r = dr/dR and r = d r/dR . We note that the twist per unit undeformed

length t does not appear in (3.3). The second-order nonlinear ordinary differential
equation (3.3) is identical to the equilibrium equation, derived in [18], governing
plane strain axisymmetric deformations of the Blatz-Ko material (3.1); see Eq. (2.9)
of [18]. This was also observed in [16]. The stresses (2.14)—(2.18), for the material
(3.1), are

r-="('-;?)• (34)

7"~ = /<
1 _ p + ?2r2)r _ tR3

8z ~ L1 2 • ' (3-5)r rrr

Tre = 0' T„ = 0- (3-6)
Observe that the stresses (3.4) are independent of r. In fact, these stresses are also
identical to the corresponding stresses in the plane strain axisymmetric problem (see
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Eq. (2.7) of [18]). In the latter problem, Trr and Teg are the only nonzero stresses
[18].

Solutions of Eq. (3.3) have been discussed extensively in [18-21], For our purposes
here, it is sufficient to note that r(R) = R is a solution of (3.3). An equivalent
observation was also made in [16]. The regularity condition (2.24) is clearly satisfied.
When r = R, Eq. (3.4) shows that

Trr = 0, Tgg = 0, (3.7)
and so the boundary condition (2.23) is satisfied. Thus the Blatz-Ko material (3.1)
can sustain pure torsion with traction-free lateral surface (cf. [15, 16]). As remarked
in [16], this is true for both a solid and hollow cylinder. From (3.5) we find that the
only nonzero stresses are

T9z = htR, T,z = -lit2R2. (3.8)
The stress distribution given by (3.6)—(3.8) is remarkably simple. This stress state is
even simpler than the stress state arising in pure torsion of a neo-Hookean incom-
pressible material where the normal stresses Tn and Tgg are not zero. From (3.7),
(3.8) we see that

Tee ~ T,, = ?RTze (3-9)
holds, a universal relation for all Blatz-Ko materials (3.1). This was also established
in [15]. From (3.8), we see that the axial normal stress Tzz is compressive. The
resultant axial compressive force T and twisting moment M are defined by

T= f Tz,dA, M= f RTg,dA, (3.10)
JD J D

where D denotes the cross-section of the cylinder. From (3.8), (3.10) one finds that

i A4 A4
T=-^n—, M = [itti— (3.11)

so that
— T = tM. (3.12)

This relationship was also obtained in [15] and independently in [16]. As pointed
out by Beatty [15], (3.12) is a universal relation between applied twisting moment
and compressive thrust, valid for all Blatz-Ko materials of the form (3.1).

4. Pure torsion: a necessary condition. With the results of the preceding section
as motivation, we proceed to examine the class of compressible materials which can
sustain pure torsion.

A necessary condition on W for pure torsion to be possible follows immediately
on setting r - R in (2.22). From (2.11)—(2.13), we find that, for pure torsional
deformations,

Ix =/2 = 3 + t2R2, /3 = 1, (4.1)
and so the deformation is isochoric. On setting r = R in (2.22), we obtain

jjj[Wx + + (2 + r2R2)W2] - t2RW{ = 0. (4.2)
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On employing the chain rule, (4.2) may be written as

V2l + 2(2 + r 2R2)W22 + 2(Wm + W}22(3 + z2R2)W2. + 2(2 + t2R2)W22 + 2(W}1 + W32 + Wn) + 2W2 - Wl = 0, (4.3)

where Wtj = d2W/dIjdIj, and the superposed hat notation is used to indicate that
the corresponding quantities are evaluated at the values (4.1) for the invariants f (i =
1,2,3). The condition (4.3) is a necessary condition on W for pure torsion to be
possible. The implications of (4.3) will be our concern in the next two sections of
this paper. A condition equivalent to (4.2) was obtained by Currie and Hayes [13,
Eq. (5.5)].

When r = R, the corresponding stresses follow from (2.14)—(2.18) as

Trr-fio + l+P-x, (4-4)
Tge = fi0 + fil(l + T2R2) + P_l, (4.5)

TZZ = A) + /*! + /M1 + t2R2) , (4.6)

T0z = tR(Pi (4-7)

Tr() = 0, Trz = 0, (4.8)

where - (Ss(3 + t2R2, 3 + t2R2, 1) are given by (2.6). For any W for which (4.3)
holds, the boundary condition (2.23) will be satisfied if

/?o + P\ + P-i = 0 on R = A, (4.9)
where we recall that A is the radius of the solid cylinder. We note from (4.5), (4.6)
that for all compressible materials for which (4.3) is satisfied, the universal relation

Tee - T.z = *RT.e (4-10)
holds. This is, of course, the analog of the well-known universal relation for torsion
of incompressible materials.

5. A subclass of materials. We begin our analysis of (4.3) by considering materials
for which the dependence of W on /, and /2 is linear, so that W2I = 0, W22 = 0,
Wu — 0 in (4.3). Thus, in particular, the terms in (4.3) which depend explicitly on
the nonconstant quantity z2R2 will vanish identically. We write W as

^=f[//1(/3)(/1-3) + //2(/3)(/2-3) + //3(/3)], (5.1)

where the constant n > 0 and the functions //,-(/3) (/ = 1, 2, 3) are assumed to
satisfy

H3( 1) = 0, Hl(\) + 2H2(l) + H'i(l) = 0, (5.2)
so that (2.7) holds. The prime notation denotes differentiation with respect to argu-
ment. On substitution from (5.1) in (4.3) and evaluating at the values (4.1), we find
that

2H[(1) - H^l) + 2H2(l) + 2H2(l) = 0. (5.3)
Thus, (5.3) is a necessary condition on Ha(I3) (a = 1,2) for pure torsion to be
possible for the class of materials (5.1).
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We consider some examples of materials of the form (5.1). First, it is seen that
the Blatz-Ko material (3.1) can be written in the form (5.1) if we choose

//1(/3) = 0, H2(I3) = I3-\ = +2lll2-5. (5.4)
It is easily checked that (5.2) holds. Since Hi (/3) = 0, condition (5.3) reduces to

2H'2(l) + 2H2(l) — 0, (5.5)

which is seen to be satisfied by the choice of H2(I3) given in (5.4). Thus we recover
the result, established in a different way in Sec. 3, that r = R is a solution of the
differential equation (2.22) for the Blatz-Ko material. As we saw in Sec. 3, the
boundary condition (2.23) is also satisfied in this case.

The Blatz-Ko material (3.1) is a special case of a more general material model also
developed by Blatz and Ko in [14], This generalized Blatz-Ko material is given by

W = ^/{/. - 1 - - + (1 ~ 2v\~vl('~2l/)
2 1 v v i

- i _ 1 -l. (1 ~ 2v) we-2")+ S(1" /}i / ~1 ~ i + \' (5-6)
where the constants n, u, and / are such that n > 0, 0 < / < 1 , and 0 < v < i .
The constants n and v are the shear modulus and Poisson's ratio for infinitesimal
deformations while / measures the volume fraction of voids in the foam-rubber
material modeled by (5.6). On setting / = 0, v = \ in (5.6) one recovers (3.1).
The material (5.6) can be expressed in the form (5.1) if one takes

//,(/3) = /, //2(/3) = (l-/)/;', (5.7)

H^I,) = f

+ (1 -/)

_ I + 2 + (' ~ 2zy)7~^/( 1-2")
V V 3

3,-' - 1 - i + c -2")j.'/(i-M
J V V 5 (5.8)

It is readily verified that the normalization conditions (5.2) are satisfied. The nec-
essary condition (5.3) for pure torsion is seen to be satisfied by (5.7) if and only
if

/= 0. (5.9)
This result was also obtained by Beatty (see [15, p. 1723]). Thus, for the material

W = - 1 - - + iizL^WC-2")! (5.10)
2 I /3 v v 3 j

the equilibrium equations (2.22) are satisfied by r — R. The corresponding stresses
may be found from (4.4)-(4.8), (2.6). It turns out that they are identical to the
stresses found in Sec. 3 for the Blatz-Ko material (3.1). In particular, the traction-
free boundary condition (2.23) is satisfied and so materials described by (5.10) can
sustain pure torsional deformations with traction free lateral surface.

We next consider the Hadamard material

W = c, (/, - 3) + c2(I2 - 3) + H{L), (5.11)
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where c,, c2 are constants and H(I3) is, as yet, an arbitrary function. This is of the
form (5.1) if we choose

= h2^ = ~' = (5-12)

To ensure that the normalization conditions (5.2) hold, we require

H{ 1) = 0, H\\) + cx +2c2 = 0. (5.13)

With //^(/j) given by (5.12), it is seen that (5.3) holds if

2 c2 = cr (5.14)

Thus the differential equation for pure torsion is satisfied for the Hadamard material
(5.11) provided (5.14) holds. This result was obtained in a different way in [13].

The stresses (4.4)-(4.8) for the Hadamard material (5.11) are

Trr = 2c2x2R2 , Tee = 2(c, + c2)t2R2 , (5.15)
Tzz = °> T6z = 2(c1+c2)tR, (5.16)

Tre = 0, Trz = 0. (5.17)

Thus, even when (5.14) is imposed, the boundary condition (2.23) of traction-free
lateral surface cannot be satisfied except in the degenerate case where c2 = 0. This
may be contrasted with the results for the Blatz-Ko and generalized Blatz-Ko ma-
terials with / = 0. Observe also from (5.16) that the axial stress Tzz vanishes
identically for the Hadamard material. Thus to sustain a pure torsional deformation
of a Hadamard material satisfying (5.14), a uniformly distributed tensile loading
(c2 > 0) would be required on the lateral surface of the cylinder.

To conclude this section, we return to the basic necessary condition for pure torsion
(4.3) and observe that the only derivatives of W3 appearing in (4.3) are W3I and
WJ2. Thus a single term in W which is a function of /3 only automatically satisfies
(4.3). Furthermore, the function H3(I3) in (5.1) does not enter in the criterion (5.3).
We also note that any W of the form

W = k(Ix- 3) + H(I3) (& constant) (5.18)

(so that H2 = 0 in (5.1) and //,(/3) is constant) cannot satisfy (5.3) unless k = 0.
Thus pure torsion cannot be sustained by materials of the form (5.18) with k ± 0. A
variety of constitutive laws of the form (5.18) have been proposed in the literature.

6. A more general class of materials. The task of seeking a representation for the
most general form of W for which (4.3) is satisfied is formidable. Here we shall
pursue a more modest objective, namely that of broadening the subclass of materials
discussed in Sec. 5.

Rather than seeking W for which Wa/j = 0 (a, /? = 1, 2), we merely require that

W2l + W22 = °. (6.1)
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This will again ensure, as in Sec. 5, that the terms in (4.3) which depend explicitly
on t R will vanish identically. Any function W(7,, I2, 73) of the form W =
P(I{ - I2, /3), where P is a sufficiently smooth function, satisfies

W2l + W22 = 0, (6.2)
so that, in particular, (6.1) holds for such W. With this motivation, we thus consider
the class of materials for which W can be written as

W = |[7>(7, - I2 , /3) + 0(7,, 73) + R(I2)S(I})

+ 771(73)(7j - 3) + 772(73)(72 - 3) + 773(73)], (6.3)
where fi > 0, and P, Q, R, 5, Hi (i = 1, 2, 3) are sufficiently smooth functions
of the arguments indicated in (6.3). The functions 77( are not the same as those of
(5.1), except of course when P, Q, R, 5 are identically zero. It is readily verified
that W as given in (6.3) satisfies (6.2) (and so (6.1)) if and only if R(I2) is a linear
function and so

R{I2) = kxI2 + k2, (6.4)
where k], k2 are arbitrary constants. On redefining S{I3), H3(I3) to include these
constants, we rewrite (6.3) as

W = ±[P{7, - I2 , 73) + (2(7,, 73) + I2S(I3)

+ 77,(73)(7, - 3) + 772(73)(72 - 3) + 773(73)], (6.5)
which thus satisfies (6.1). The normalization conditions (2.7) will be satisfied by
(6.5) if

7>(0, l) + <2(3, 1) + 3S(1) + 773(1) = 0 (6.6)
and

-7>,(0, 1) + P2(0, D + ^(3, l)+«f(3, 1)^(3 l) + ^(
97/ ' ' 61^

4- 3S'(1) + 25(1) + 77,(1) + 2772(1) + 773(1) = 0, (6.7)
where the notation

Pi(x>y) = j^P(x,y), P2(x,y) = -^P(x,y) (6.8)

is used to denote the derivative of 7>(7, — 72 , 73) with respect to its arguments. When
P, Q, S are set equal to zero in (6.6), (6.7), one recovers (5.2).

Using (6.1), we see that condition (4.3) reduces to

2{W2X + + Wn + Wn) + 2W2 - Wx = 0. (6.9)
Our task now is to find a condition on the functions P, Q, 5, 77( appearing in

(6.5) which will ensure that (6.9) holds. When P, Q, S are set equal to zero, this
should reduce to (5.3). On substitution from (6.5) into (6.9), one finds that

- 37>,(0, 1) + (2^-% + 2^-Qj- -
V dlx <97,<973 dl{ J;i=3+t2^2 /j=1

+ 2[5'(1)+ 5(1)]+ 277.'(1)- 77,(1)+ 2772(1) + 2772(1) = 0. (6.10)
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When P, Q, S are set equal to zero, we see that (6.10) does indeed reduce to (5.3).
We shall not attempt to describe the most general class of functions P, Q, S,

(i — 1,2,3) for which (6.10) holds, subject to (6.6), (6.7), but rather indicate some
of the possibilities. The form of (6.10) suggests that one might seek Q(I{, /3) such
that, for all I{ > 3, /3 > 1,

2g + 2^L_|fi = 0. ,6,1)
dl] dI\ dh dl 1

A separation of variables in (6.11) leads to a representation for Q of the form

= (6.12)

to within an arbitrary additive function of /3. Without loss of generality, this ad-
ditive function may be included in i/3(/3) in the representation (6.5). In (6.12),
a and /? / j are constants. It may be readily verified that (6.12) satisfies (6.11).
Thus the sum of the three terms in (6.10) involving Q are zero, when Q is given by
(6.12).

We remark that (6.12) is just one possible solution of (6.11). In fact, (6.11) has
an immediate first integral and the resulting first-order partial differential equation
can be shown to have a solution of the form

Q(/,, /3) = e^~l),2[F(I{ - /3) + [I} 1 G(s)e~s/2ds], (6.12)'
Jo

where F and G are sufficiently smooth. When G = 0 and F — aexp[(j - /?)(/, -
/3 - 2)] in (6.12)', one recovers (6.12). For simplicity in what follows, we use the
form (6.12) for Q .

With regard to the function S(I3), one might seek S such that

S'(l) + S(l) = 0, (6.13)
so that (6.10) is further simplified. One choice which satisfies (6.13) is S{I3) = k/13,
where k is a constant. This choice for S in (6.5) yields a term A:/2//3 which was
encountered in the Blatz-Ko and generalized Blatz-Ko materials (3.1) and (5.10)
respectively. Another possibility is to choose 5 such that

S'(/3)-l-S(/3) = 0 for all /3 > 1 (6.14)

so that
S(/3) = ke~'3 = ye-(/3_1), y ,k constants. (6.15)

This yields a term of the form

I2S{I,) = yI2e~(I>-y) (6.16)

in the strain-energy W in (6.5). Strain-energies with exponential terms of the form
(6.12)', (6.15) have been successfully used in biomechanical modeling (see, e.g., [15,
22, 23] and the references cited therein).

Suppose then that Q, S are chosen as in (6.12), (6.15). The condition (6.10) now
reads

—3Pj (0, 1) + 2^(1) — //,(!) + 2H'2{\) + 2//2(l) = 0, (6.17)



602 D. A. POLIGNONE and C. O. HORGAN

while the normalization conditions (6.6), (6.7) reduce to

/>(0, l) + a + 3y + J/3(l) = 0, (6.18)

—P\(0, l) + />2(0, l) + ^-y + Hl(l) + 2H2(l) + H'i(l) = 0. (6.19)

Thus, a material described by a strain-energy function W of the form (6.5), with
Q, 5 chosen as in (6.12), (6.15), can sustain pure torsional deformations provided
(6.17) holds.

As an example, suppose we augment the Hadamard material (5.11) by adding to
the W of (5.11) the terms Q and 5, given by (6.12) and (6.15), so that

w = f [<2(/,, /3) + I2S(I3) + c, (/, - 3) + C2(I2 - 3) + H(I3)], (6.20)

where, for convenience, the multiplicative factor fi/2 has been introduced in the
portion of W describing a Hadamard material. On comparing (6.20) with (6.5), we
thus have

P = 0, H{(I3) = c,, H2(I3) = c2, H3(I3) = H{I3). (6.21)
The normalization conditions (6.18), (6.19) now read

a + 3y + //(l) = 0, (6.22)
a/2-y + c,+2c2 + //'(l) = 0. (6.23)

With P, Hj(i= 1,2,3) given by (6.21), it is seen that (6.17) holds if
2 c2 = cy (6.24)

Thus the differential equation for pure torsion is satisfied for the material (6.20),
where Q, S are as in (6.12), (6.15), provided (6.24) holds. This is a generalization
of the result obtained in Sec. 5 for Hadamard materials.

The radial stress for the material (6.20) can be found using (4.4), (2.6) and so

it i 2d2 , (i/2—/?)t2r22Trr/n = x R c{ + ae -a, (6.25)

where (6.23), (6.24) have also been employed. Thus the traction-free boundary con-
dition (2.23) at the lateral surface R = A of the cylinder would be satisfied if the
constants a, /?, c{ were related by

2 .2 , (1/2—/?)tV „ ,,t A c{ + ae - a = 0. (6.26)

Another interesting special class of materials is found from (6.5) on taking P = 0,
Q - 0, Ha(I3) = 0 (a = 1,2). The necessary condition (6.10) for pure torsion then
reduces to

S'(1) + S(1) = 0, (6.27)
while the normalization conditions (6.6), (6.7) reduce to

35(1) + H3(l) = 0, 35'(1) + 25(1) + H3{\) = 0. (6.28)

When (6.27) holds, (6.28) can be combined to yield

S(l) = H'3(l), 3H3(l) + H3{1) = 0. (6.29)
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Thus any material of the form

W = $[I2S(I3) + H3(I3)], (6.30)2
will sustain pure torsion provided (6.27), (6.29) hold. It is readily verified that for
the material (6.30), subject to (6.27) and (6.29), Trr = 0 and so the traction-free
boundary condition (2.23) is satisfied. Moreover, the remaining stresses are

Tez = nS(l)zR, Tzz = -hS{\)t2R2,

^ = 0, Tre = 0, Trz = 0. (6.31)
The Blatz-Ko materials (3.1), (5.10) are seen to be special cases of (6.30).

7. A necessary condition in terms of the principal stretches. Up to now we have
considered isotropic compressible elastic materials with strain-energy density W ex-
pressed as a function of the principal invariants /,, /2, /3. In this section, we briefly
outline how the preceding considerations are modified when W is expressed directly
as a function of the principal stretches kx,k2, A3 or, equivalently, as a function of
the principal invariants ix, i2, i3 of the stretch tensor, where

l j — A j I A2 I A 3 5 '2 — ̂ 1^2 ^ ^2^3 ^ A 3 A j , ^ 3 — ("^ * ̂ )

Such alternative formulations have been widely investigated particularly for com-
pressible materials (see, e.g., [6, 24] and the references cited therein).

When
W = w(iy, i2, i3), (7.2)

it has been shown by Carroll [24] that the analog of (2.5) is

T = y0l + y1V + y_1V~1, (7.3)

where V is the left stretch tensor in the polar decomposition for F = VR. In (7.3),
the elastic response functions ys = ys(il, i2, i3) (s = 0,1,-1) are given by

. dw . dw\ ,-idw dw ..
7» = '' ('^ + '>^j- 7-' = ~aT2- <7'4)

The normalization conditions analogous to (2.7) are then

= 0. (7.5)A 9W ~,dW , dW
w( 3,3,1 =0, -^+27r~ + 7T-diy di2 di3

For the deformation (2.1), the principal stretches are given by
2

A, = k , A, + A, = —j + t r +1, A7A3 = —. (7.6)
R R

Using the notation
w{ix, i2, i3) = , X2, A3), (7.7)

the equilibrium equations (2.19) can be shown (see, e.g., [6, p. 263]) to reduce to the
single equation

JR^ " IS
a2 w* - A3 w* - a2 w* + A3 w*

(7.8)
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where W* = d W*/dX. (/' = 1,2, 3) are evaluated at the values given by (7.6) for the
principal stretches. Equation (7.8), which is equivalent to (2.22), is again a second-
order nonlinear ordinary differential equation for r(R). The boundary conditon
(2.23), when expressed in the present notation (cf. [6, p. 263]), reads

IV* (A) = 0. (7.9)
Thus the two-point boundary value problem which arises is to solve (7.8) for r(R)
on 0 < R < A subject to the boundary condition (7.9) and the regularity condition
(2.24).

Pure torsion. On setting r = R in (7.8), we obtain a necessary condition on W*
for pure torsion to be possible. When r = R, we find from (7.6) that

A, = l, f2 + x] = 2 + t2R2, A2A3 = i, (7.10)

and (7.8) yields

{k\ - k\) {R W*) = A2 W* - A3 W3* - A2 W* + A3 W*. (7.11)

On employing the chain rule, (7.11) may be written as

(x22 -1)( 1 - x]){x2w;2 - a3^;3) + (^ - x])w;

— A2(^2 — 1)^2* -t- A3(^3 - 1)^3* -0, (7.12)

where W* = d2WldkjdXj and the superposed hat notation indicates that the cor-
responding quantities are evaluated at the values (7.10) for the principal stretches.
The necessary condition (7.12) is the counterpart of (4.3).

Subclasses of materials. In what follows, we consider three classes of materials
of the form (7.2) for which a wide range of deformations have been examined by
Carroll [24]. We adopt the terminology of [24],

Class I. Here
W = /(/,) + c2{i2 - 3) + c3(/3 - 1), (7.13)

where c2, c3 are constants. Using a prime to denote differentiation with respect to
argument, we assume that

/(3) = 0, /'(3) = —(2c2 + c3), (7.14)
so that (7.5) are satisfied. These are the harmonic materials introduced by John [25].
Corresponding to (7.13), in the notation of (7.7), we have

W (Aj, X2, A3) = j + X2 + A3) + c2(AjA2 + A2A3 + AjA| — 3)
+ c3(A,A2A3 - 1). (7.15)

On substitution from (7.15) into (7.12), one finds that the necessary condition for
pure torsion reads

r2R2f" + (/' - c2)[A2 + A3 - (2 + x2R2)] = 0, (7.16)

where the A; (/ = 1, 2, 3) are given by (7.10). Clearly (7.16) will not be satisfied, in
general, since f is an arbitrary function subject only to the normalization conditions
(7.14).
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Consider the special case when
/" = 0. (7.17)

Then (7.16) will be satisfied if
f'(s) = c2, (7.18)

where s = 1 + k2 + A3 and X2, A3 are related through (7.10). If one makes the
stronger assumption that

f\x) = c2 for all x > 1, (7.19)

which is consistent with (7.17), then on integration of (7.19) and using the first
condition in (7.14), we get

/(/j) = c2ix -3c2. (7.20)
However, the second condition in (7.14) will be satisfied only if

c3 = -3 c2. (7.21)

Thus, in view of (7.21), (7.20), the strain-energy (7.13) reduces to the special purely
linear form

w = c2(il - 3) + c2(i2 - 3) - 3c2(/3 - 1). (7.22)

As pointed out by Carroll [24, p. 71], the response in infinitesimal deformations of
a material described by (7.22) is unrealistic physically.

Thus, we conclude that, except in the special case (7.22), the harmonic material
described by (7.13) does not sustain pure torsional deformations.

Class II. Here
w = Cj(Zj - 3) + g(i2) + c3(/'3 - 1), (7.23)

where c,, c3 are constants and

*(3) = 0, g'(3) = -i(c1+c3), (7.24)

so that (7.5) are satisfied. We have

W = Cj (Aj + ^2 + Aj — 3) + ^(Aj^.2 "I" ̂2^3 ^3^1 )

+ c3(AjA2A3 - 1). (7.25)

On substitution from (7.25) into (7.12), the necessary condition for pure torsion
reads

(A2 + A3)T2R2g" + (c, - g')[k2 + A3 - (2 + T2/?2)] = 0. (7.26)

On comparing (7.26) with (7.16), it is seen that both conditions are of similar struc-
ture. Using arguments analogous to those employed for Class I, it can again be shown
that, except for the special (nonphysical) case of a purely linear material ((7.22) with
c2 replaced by c,), materials of Class II do not sustain pure torsional deformations.

Class III. Here
w = cl(il - 3) + c2{i2 - 3) + h(i3), (7.27)

where q , c2 are constants and

A(1) = 0, h\\) = —(c, +2c2), (7.28)
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so that (7.5) are satisfied. The materials described by (7.27), with c2 = 0, have been
called Varga materials [26], since they may be viewed as a generalization, to include
the effect of compressibility, of an incompressible material model proposed by Varga
[27], Corresponding to (7.27), we have

W = Cj (A| + Aj + Aj — 3) + c2(AjX~, + ^2^"} i — 3) + h(Aj A2A3). (7.29)

On substitution from (7.29) into (7.12), one obtains

(cl - c2)[A2 + A3 - (2 + T2i?2)] = 0. (7.30)

We observe that the constitutive function h does not appear in (7.30), in contrast
to the situation encountered in (7.16), (7.26) for materials of Class I, II respectively.
The second term in (7.30) is easily seen to be nonzero for t > 0 and so we conclude
from (7.30) that materials of Class III can sustain pure torsion if

q = c2. (7.31)

This is analogous to the result for Hadamard materials discussed in Sec. 5.
It remains to examine the possibility of satisfying the traction-free boundary con-

dition (7.9). When W* is given by (7.29), Eq. (7.9) reads

cx + c2(A2 + A3) + h\l) = 0 at R = A, (7.32)

which can be written as

Cj(l + X2 + /l3) + h\l) = 0 at R = A (7.33)

on using (7.31). This condition is incompatible with the second condition in (7.28)
and (7.31) since A2+A3|R=A / 2, as follows from (7.10) for t > 0. Thus, similar to
the situation encountered for Hadamard materials in Sec. 5, a uniformly distributed
tensile loading would be required on the lateral surface of the cylinder in order for a
Class III material satisfying (7.31) to sustain pure torsion.
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