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1. Introduction. This work is devoted to an investigation of exact solutions for
steady plane flows of a viscous incompressible and electrically conducting fluid in the
presence of a magnetic field by following a fluid dynamic technique of using com-
patibility or integrability equations for the flows. Ratip Berker [1,2] has used and
thoroughly documented the application of integrability equations for incompressible
and compressible non-MHD fluid flows. We study flows where the streamfunction
defined by the continuity equation is assumed to be linear with respect to y as an
application of this technique. Flow problems involving such a form of the stream-
function are called Riabouchinsky type problems.

Riabouchinsky [3] extended flows for which the streamfunction y/(x, y) was of
the form y/(x, y) = yF(x). Ratip Berker [1] generalized Riabouchinsky's work by
considering flows where y/(x, y) = yF(x) + G{x). Kaloni and Huschilt [4] obtained
solutions to these problems for non-Newtonian fluids.

We examine three types of magnetohydrodynamic (MHD) flows in this paper.
These are aligned MHD, transverse MHD, and constantly-inclined MHD flows. We
consider fluids having finite or infinite electrical conductivity. Since electrical con-
ductivity is finite for most liquid metals, our accounting for finite electrical conduc-
tivity makes the flow problems realistic and attractive from both a mathematical and
a physical point of view. We also include electrically conducting fluids of infinite
electrical conductivity to make a thorough study of some of these fluid flows and to
recognize the dawn of superconductivity in science.

The plan of this paper is as follows. In Sec. 2, the governing equations are written
in a suitable form by using the definitions of aligned, transverse and constantly-
inclined MHD flows. In Sec. 3, the compatibility or integrability equations for these
flows are derived. In Sees. 4-6, we obtain solutions to Riabouchinsky type problems
for aligned, transverse, and constantly-inclined flows. Motivation for carrying out
this research is given in Sec. 7.

2. Flow equations. The steady flow of a viscous, incompressible, and electrically
conducting fluid, in the presence of a magnetic field, is governed by the system of
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seven equations [5]:

div V = 0, (1)

p{\ • grad)V + grad p = p* (curl H) x H + p V2V, (2)

curl(V x H) — curl(curl H) = 0, (3)
G [L

where V, H, p, p, p, p*, and a are, respectively, the velocity field vector,
the magnetic field vector, the fluid pressure function, the constant fluid density, the
constant coefficient of viscosity, the constant magnetic permeability, and the con-
stant electrical conductivity. The magnetic field H satisfies an additional condition
expressing the absence of magnetic poles in the flow given by

divH = 0. (4)

Plane aligned flows. For these flows, the magnetic field vector is everywhere par-
allel to the velocity field and all the flow variables are functions of the rectangular
coordinates x and y only. Employing this definition, we have H = f(x,y)\,
where f(x,y) is some scalar function, and Eqs. (l)-(4) take the form

du dv n ... .— + — = ° (continuity), (5)

du du
uir + v^~dx dy

dv dv
~a—^ v "ST-dx dy

dp 2 * r, 2 2sdf * r2+ — = pV u - p f{u +v )- p f vdx dx
dv du
dx dy (6)

dp 2 * ,, 2 , 2. dfay-"v
* Z-2+ p f u dv du

dx dy (linear momentum), (7)

~ = k . vh = ^ 0 (diffusion), (8)

u^/- + v~ = 0 (solenoidal), (9)dx dy
H = /V (aligned), (10)

where k is an arbitrary constant of integration obtained by integrating the vector
diffusion equation (3). The diffusion equation for aligned flows is identically satis-
fied when the fluid is infinitely electrically conducting so that v}{ - 1 /(p*a) —> 0.
However, for finitely conducting fluids, the functions /, u , and v must satisfy the
additional equations (8).

Plane transverse flows. For plane transverse flows, the magnetic field vector is ev-
erywhere normal to the flow plane and all the flow variables are functions of the rect-
angular coordinates x and y only. Employing V = (u, v, 0) and H = (0, 0, H)



m-^7 + v-^- - uHV H = 0 (diffusion) (14)
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in Eqs. (1)—(4), these flows are governed by the system of four equations:

du dv n , . . .— + — = ° (continuity), (11)

/ du du\ d ( 1 *.,2\ 2
p I u— + v—J + — I p + ~n H J = /iV u (linear momentum), (12)

/ <9i> 5 / 1 * 2 ,." + + + (l3)

dH dH 2
' b V Ox dy

in four unknown functions u(x, y), v(x, y), p{x, y), and H(x, y). Here vH =
\/(p*a) is the constant magnetic diffusivity or viscosity. For infinitely conducting
fluids, and the diffusion equation is modified to

dti OH Au— + v—~ = 0. 15)dx dy
Plane constantly-inclined flows. The magnetic lines and the streamlines for these

flows are constantly-inclined at a nonzero angle so that the angle between V and H
is denoted by 4> = constant / 0 everywhere. We study infinitely conducting flows
only. Using Eq. (3) and the scalar product of V and H, we obtain

uH~, - vHx = qHsir\(f) — A,
uHx + vH, = qHcoscf) = A cotcp,

where q - \/V + v2 is the speed, H - y H\ + H; is the magnetic intensity magni-
tude, and A / 0 is an arbitrary constant. Considering these equations as two linear
algebraic equations in the unknowns Hx and //-,, we solve in terms of u and v to
obtain

Hx= A
U cot ffl - V

2 2U + V
H2 = A V cot (f> + u

2 2U + V
(16)

Employing (16) in (1), (2), and (4), plane constantly-inclined infinitely conducting
flows are governed by the system of five equations:

du dv n— + — = 0 (continuity), (17)

du du\ dp
Ud^ + Vd^) + d^

= p,V2u - p.*A j
u + v cot <

2 2~U + V
(linear momentum), (18)

-V + U cot (
2 2U +V

(19)
( dv dv\ dp 2 * , .

"\uTx+vd-y)+^'^v+'lAl

(2uv - 2m" cot4>)^r- + (v2 - u - 2uv cot<t>)~dx dy
2 2 dv 2 dv

+ (v — u - 2uv cot (p) — - (2uv + 2v cot</>)—= 0 (solenoidal), (20)
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dx
U + V cot (f)

2 2U + V

d_
dy

u cot (
2 2U + V

= — (current density) (21)y±

in four unknowns u(x, y), v(x, y), p(x, y), and j(x, y).

3. Compatibility equations.
Infinitely conducting aligned flows. For these flows Eq. (8), obtained from Eq. (3),

is identically satisfied and the flow is governed by a system of six equations in six
unknown functions u, v, p, f, Hl, and H2 as functions of x, y .

A given velocity vector field V and a scalar function / are compatible with the
linear momentum equations (6) and (7) if these equations can be integrated to give
the pressure function. An equation obtained by using the integrability condition
d2p/dxdy = d2p/dydx is called the compatibility equation.

If we take \f/ = y/(x , y) to be the streamfunction such that

dy dy/ ....
ey'u- (22)

then Eq. (5) is identically satisfied.
Using (22) in the compatibility equation obtained from Eqs. (6) and (7), and

using (22) in (9), we find that >//(x, y) and f(x, y) must satisfy

and
d(f, V)
d(x,y)

= 0. (24)

Finitely conducting aligned flows. The flow is governed by Eqs. (5)—(10) as Eq.
(8) is not identically satisfied in this case. Proceeding as in the case of infinitely
conducting flows, f(x, y) and i//(x, y) must satisfy equations (23), (24), and

/-_2 di//df di//df . .
v +t» + irir + k = °- 25dx dx dy dy

Employing Eqs. (24) and (25), Eq. (23) can be simplified as

'^-^ = 0

so that the functions f{x,y) and i//(x,y) must satisfy (24), (25), and (26).
Having obtained the functions f(x,y) and i//(x, y) for finitely or infinitely con-

ducting aligned MHD flows, we obtain the other flow variables by using Eqs. (22),
(6), (7), and (10).

Finitely and infinitely conducting transverse flows. Introducing the function t// =
y/(x,y), such that (22) holds true, in the system of four equations (11)—(14) gov-
erning the transverse flows and employing the integrability condition for pressure by
using the linear momentum equations, we note that (11) is identically satisfied and
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we obtain a system of two equations

"%^r+"vV=0- (27)

d(x,y) H\dx2 dy2 J
in two unknown functions i//{x, y) and H(x, y) for a finitely conducting transverse
MHD fluid flow. The system of equations (27) and (28), with the right-hand side
of (28) equal to zero, gives us the system of two equations in two unknowns for the
infinitely conducting transverse MHD flows. Having solved this system, the other
flow variables are given by Eqs. (22), (12), and (13).

Infinitely conducting constantly-inclined flows. Introducing the function yj =
y(x, y), such that (22) holds true, in the system of five equations (17)—(21) gov-
erning the constantly inclined flows and employing the integrability condition for
pressure by using the linear momentum equations, we note that (17) is identically
satisfied and the function y/{x, y) must satisfy the two equations

' a^-(£gi + £?2m-o.
'^y.(^y+2^cot4,:

Having obtained y/(x, y) which satisfies (29) and (30), the flow variables are ob-
tained by using Eqs. (22), (16), (18), and (19).

4. Riabouchinsky-type problems for aligned flows. Considering infinitely conduct-
ing aligned flows, we follow Ratip Berker's [1] approach and assume that

V{x,y) =yF(x) + G{x). (31)
Substituting (31) in Eqs. (23) and (24), we obtain the two equations

(p - pf2){[yF\x) + G\x)]F'\x) - tvF"\x) + G'"(x)]F(x)}
+ H[yF(iv\x) + G{iv\x)]

* r+ P f 2[yF'(x) + G'(x)][yF (x) + G (x)] + 2F(x)F (x)j

-2 F'(x)[yF'(x) + G\x)]~^

df
dy

= 0 (32)
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and
f = f(v), (33)

where the prime denotes differentiation with respect to x . Equation (32) is a fourth-
order nonlinear differential equation with variable coefficients involving three arbi-
trary functions F(x), G(x), and f{ip). Since by assuming a priori a functional
form for the proportionality function f(y/) one may obtain a solution set for the
flow problem, we derive various solution sets for our flow problem by investigating
the following two forms for the function f(y/):

I- f(v) - a ; a i1 0 is any constant.
II. f{¥) = W = yF(x) + G(x).
We now study these two forms separately.
Form I (f(y/) — a). Taking f(y/) = a , a ± 0 , in Eq. (32), we obtain

(p - pa){[yF\x) + G\x)]F'\x) - [yF"'(x) + d'\x)\F{x)}
+ p[yF(iv\x) + G(iv\x)] = 0.

Since x and y are two independent variables and this equation must hold true for
all values of y, it follows that the coefficients of different powers of y must be zero
so that the unknown functions F(x) and G(x) must satisfy

(p - p a)[F\x)F"(x) - F(x)F"'(x)] + pF(iv\x) = 0, (34)

{p - p*a)[F"(x)G'(x) - F{x)G"\x)] + pG{iv)(x) = 0. (35)

Employing (22) and (31) in (6) and (7) and making use of (34) and (35), we find
that the pressure distribution is given by

p = pF'(x) - \y2[A + p a2F'2{x)] - y[B + p*a2F\x)G'(x)]

- \p*aG'2{x) - \pF2(x) + p0, (36)

where A, B , and p0 are arbitrary constants.
Equation (34) admits the following three particular solutions:

F(x) = Fl{x) = — %-j-,
(p - p a )x

F{x) = F2{x)= ^ (1 +kebx),
p - p a

F(x) = F}(x) = Dx + E,

where b, k, D, and E are arbitrary constants.
Taking F(x) = F, (x), Eq. (35) becomes a Cauchy-Euler differential equation

which upon integration yields G(x) = fl,x +a2/x + ai/x + a4 so that

y/(x, y) =yF{{x) + G{x) = + a{x3 + ^ + ^ + a4, (37)
p - p a x x x

where ax, a2, a,, and a4 are arbitrary constants.
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Substituting F(x) = F2(x), Eq. (35) takes the form

R"{x) + b(2 - kebx)R\x) + b2{ 1 - 2kebx)R = 0;

R(x) = G\x)e-bx].

bxMultiplying this equation by e ' and integrating twice with respect to x, we obtain

R(x) = a5 exp[kebx - bx] j Qxp[-kebx] dx + a6 exp[kebx - bx],

where a5 and a6 are arbitrary constants. We therefore have

y/(x, y) = yF2(x) + G{x)
lib . . bxs= —^(l+ke )y

p - n a
+ a5 J e>)X exP(kebx - bx) J exp(-kebx )dx dx 1 dx

+ a6 J ebx | J exp(kebx - bx) dx^ dx + a1ebx + as. (38)

where a1 and as are arbitrary constants.
Using F(x) = F3(x) in Eq. (35), solving the resulting fourth-order linear dif-

ferential equation, and employing the expressions for F3(x) and G(x) in (31), we
have

y/{x, y) = yFJx) + G(x) = y{Dx + E)

III+ // / b, exp
* 2 / r-v

<Dx2 + ExV V 2
2dx dx dx + b2x +b?x + b4, (39)

where the bt., i = 1, 2, 3, 4, are arbitrary constants.
Having obtained the streamfunction y/(x, y) for the three particular cases given

by Eqs. (37), (38), and (39), the pressure for each of these three particular cases is
found by substituting the corresponding F(x) and G(x) in Eq. (36).

We now consider the special case of (31) when G = 0, which is usually attributed
to Riabouchinsky [3]. Physically such a flow represents a plane stagnation flow in
which the flow is separated in the two symmetrical regions by the plane X = 0. For
this special case, Eqs. (37), (38), and (39) are respectively replaced by

y/(x,y) = V{x,y) = —+kebx)y,
p - pi a x p - p a

and y/(x, y) = {Dx + E)y .
Form II {f(x) = y/ = yF(x) + G(x)). Using f(x) = yF(x) + G(x) in Eq. (32),

we obtain a cubic equation in y, with coefficients as functions of x, to hold true.
The coefficients of this cubic equation vanish simultaneously and, therefore, F(x)
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and G(x) must satisfy

p[F"{x)G\x) - F{x)G"\x)} + pG(iv\x)

+ H*[F{x)G2{x)G"\x) - F'\x)G2{x)G\x)

- 2f\x)G{x)G'2{x) + 2F2{x)G{x)F'{x)
+ 2F(x)G{x)G{x)G(x)] = 0, (40)

p[F\x)F"(x) - F(x)F"\x)] + fiF(iv)(x)

+ p*[-F\x)F"(x)G2{x) + F{x)F"(x)G2(x)

+ 1F2{x)G\x)G"\x) - 4F'2{x)G{x)G\x)

- 2F{x)F'(x)G'2{x) + 2F2{x)F\x)

+ 2F(x)F\x)G(x)G"(x) + 2F2(x)G\x)G"{x)] - 0, (41)

2F2(x)F"'(x)G{x) - F2{x)F"{x)G\x) + f\x)G"\x)

- 2F'\x)G{x) - 4F(x)F'2(x)G'(x) + 2F2(x)F'(x)G"(x) = 0, (42)

F2(x)F'(x)F"(x) + f\x)F"\x) - 2F(x)F'\x) = 0. (43)

Equation (43) admits the following three particular solutions:

F(x) = F,(x) = kebx, F{x) = F2{x) = D^x, F{x) = F3(x) = A,

where k, b, D, and A are arbitrary constants.
Taking F(x) — F{(x) in Eqs. (40), (41), and (42), we find that k — 0 and

G(x) = 0. Using F(x) — F^(x) in Eqs. (40)-(42), we get D = 0 and G(x) = 0.
Employing F(x) = F^x) = A in Eqs. (40), (41), and (42), we obtain

G(x) - Bx + C,

where B and C are arbitrary constants. Thus, a streamfunction is given by

i//(x , y) = Ay + Bx + C.

We now consider finitely conducting fluid flows. Substituting Eqs. (22) and (31)
in (25) and (26), we find that the functions F(x), G(x), and f(y/) must satisfy

nFm{x) + p[F\x)F"{x) - F(x)F"\x)] = 0, (44)

pG(iv\x) + p[F'\x)G\x) - F{x)G"\x)] = 0, (45)

f[yF"(x) + G"(x)] + [yF'(x) + G\x)]^ + F(x)^ = -k. (46)
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Equations (44) and (45) are Eqs. (34) and (35) with a — 0. Therefore, solutions of
(44) and (45) are the same as those of (34) and (35) with a = 0. Having obtained
F(x) and G{x), we can find f{x, y) by solving Eq. (46).

5. Riabouchinsky-type problems for transverse flows. Proceeding as in Sec. 4 and
assuming that y/ is given by (31), we employ (31) in (27) to find that F(x) and
(j(x) must satisfy

HFm(x) + p[F\x)F"{x) - F(x)F"\x)) = 0, (47)

fiG{iv\x) + p[F"{x)G\x) - F{x)G"\x)] = 0. (48)

Employing (22) and (31) in (12) and (13) and making use of (47) and (48), we find
that the pressure distribution is

p{x, y) = fiF'(x) - \pF2(x) - jAy2 - By - H2 + p0,

where A , B, and p0 are arbitrary constants.
Equation (47) admits the following three particular solutions:

F(x) = F,(x) = , F(x) = F2(x) - v(1 + ke^px p
F(x) = FJx) - Dx + E,

where a, k, D, and E are arbitrary constants.
Following the same procedure as in Form I of Sec. 4, we find that

(i) When F(x) = F.(x), the streamfunction is given by

yf{x, y) = -^-y- +a{x3 + ^ +a4, (49)
p x x x

where a{, a2, az, and aA are arbitrary constants. The streamline patterns are shown
in Figs. 1 and 2 (see pp. 282 and 283).
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112 3

X

Fig. 1. Streamline pattern of Eq. (49) with n/p = 0.0178 , a{ = a2 =
a3= 1 , a4 = 0.
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-10

-11

Fig. 2. Streamline pattern of Eq. (49) with n/p = 1 , a, = 1/216,
a2 = -36 , a3 = 6 , a4 = 0 .

(ii) When F(x) = F2(x), the streamfunction takes the form

y/(x,y) = y(l +keax)y

+ as f e"X |y exP{keax - ax) J exp{-keax)dx | dx

+ ab f e°X | J exp(fceaA - ax) dx | dx + a7eax + ag,

where the a■, i — 5, 6, 7, 8 , are arbitrary constants. In the special case where
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k = 0, the streamfunction is given by

\//{x, y) = ~^ay + a9eax + awx2 + anx + an, (50)

where a9, , al2 are arbitrary constants. The streamline pattern is shown in Fig.
3.

Fig. 3. Streamline pattern of Eq. (50) with n/p = 1 , a2 = a9 = 1
a10 = —0.5, an = -2 , al2 = 0.
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Fig. 4. Streamline pattern of Eq. (51) with n/p = 1 , a = k = 1 .
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Fig. 5. Streamline pattern of Eq. (51) with nl p = 0.0178, a^=k = - 1.

In the particular case of (31) when G(x) = 0, we find that the streamfunction is

y/{x,y) = y(l +keax)y. (51)

The streamlines patterns are shown in Figs. 4 and 5.
(iii) When F = F3{x), the streamfunction takes the form

W(x,y) = (Dx + E)y + b1 ill exp

where bx , b2, b3, and bA are arbitrary constants.

- (y-*2 + Ex
\ 2

2dxdxdx + b7x +b,x + b.,



RIABOUCHINSKY FLOWS IN MAGNETOHYDRODYNAMICS 287

6. Riabouchinsky-type problems for constantly-inclined flows. Assuming that y/ is
given by Eq. (31), we employ (31) in (30) to find that F(x) and G(x) must satisfy

[F2{x)G"(x) - 4F(x)F'{x)G'(x) - G'2{x)G"(x)]

+ cot <p[2F\x)G'2{x) - 2F2{x)F\x) - 2F {x)G'{x)G'\x)] = 0, (52)

[F2{x)F'\x) - 4F(x)F'2(x) - 2F\x)G'(x)G"(x) - F'\x)G'2{x)]

+ cot <t>[4F'2{x)G\x) - 2F(x)F'(x)G"(x) - 2F{x)F"{x)G\x)] = 0, (53)

[Fa(x)G"{x) + 2F'(x)F'\x)G\x)]

+ cot cf>[2F(x)F\x)F"(x) - 2F'\x)] = 0, (54)

F'2{x)F'\x) = 0. (55)

Equation (55) implies that either F"(x) = 0 with F\x) ^ 0 or F\x) = 0. We
study these two cases separately.

Case I (F" = 0 and F1 ^ 0). Employing F"(x) = 0 in Eqs. (53) and (54), we
get

G"(x)-2F'{x)cot<f> = 0

and
2F\x) + G"(x) cot 0 = 0.

Eliminating G" between these two equations, we get

-F'(x)[1 + cot2 4>] = 0.

This equation implies that F\x) = 0 since 1 + cot2 0 / 0 which contradicts our
assumption that F'(x) ^ 0 .

Case II (F'(x) = 0). Taking F\x) = 0 or F(x) = a in Eqs. (52), (53), and
(54), where a ± 0 is an arbitrary constant, we find that (53) and (54) are identically
satisfied and (52) gives

G'\x)[G'2{x) + 2aG\x) cot 4> - a2] = 0. (56)

Equation (56) implies that either G"(x) — 0 or G'2(x) + 2aG'(x) cot<f> - a2 = 0.
When G"(x) = 0, the streamfunction takes the form

y/(x, y) = ay + bxx + b2 (57)

and the pressure distribution is given by
2 2P{x, y) =P0~ jP(a +b{),

where b{ , b2, and p0 are arbitrary constants. The streamline pattern is shown in
Fig. 6.
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Fig. 6. Streamline pattern of Eq. (57) with a = b{ = 1 , b2 = 0 .

When G'2(x) + 2aG'(x) cot (j> - a2 = 0, the streamfunction takes the form

i//(x, y) = ay + {-a cot<p ± a\J 1 + cot2 4>}x + b3
and the pressure distribution is given by

p = p0- {p{a2 + [-a coXcj) ± a\J 1 + cot2 <f>]'},
where 63 and p0 are arbitrary constants.

7. Conclusions and physical applications. Riabouchinsky [3] determined exact in-
tegrals for steady plane viscous incompressible fluid flow in 1924 by assuming a linear
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form for yy given in (31). These solutions of the flow equations did not provide flows
with solid and fixed boundaries or with movable obstacles. The flow patterns of these
exact integrals led Stuart [6], Tamada [7], and Dorrepaal [8] to study nonorthogonal
stagnation point flow in two dimensions.

The present work determines exact integrals for viscous MHD flows when the
magnetic field is aligned, transverse, or constantly-inclined. Various resulting flow
patterns are drawn. It is hoped that physical problems such as orthogonal and oblique
stagnation point flows will result from the obtained integrals.
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