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Abstract. For one-dimensional nonlinear diffusion with diffusivity D(c) = c~x ,
a new exact solution is noted which relates to both the well-known travelling wave
solution and the source solution. The new solution can have a zero initial condi-
tion and admits essentially two distinct forms, one involving the hyperbolic tangent
function and the other involving the circular tangent function. The solution involv-
ing tanh is physically meaningful and is displayed graphically while that involving
the tan function is utilized together with a reciprocal Backlund transformation to
produce a further new solution, which is physically more interesting than the tan
solution, and is also displayed graphically. The basic idea used in this paper is gen-
eralized to a high-order nonlinear diffusion equation. For a third-order nonlinear
diffusion-like equation, a solution reminiscent of solutions of soliton equations and
involving the hyperbolic secant function is obtained and displayed graphically. The
solutions investigated here are all characterized by the curious property that individ-
ually they are solutions for nonlinear diffusion and, moreover, their "sum" is also a
bonafide nonlinear diffusion solution so that, for this specific solution, a nonlinear
partial differential equation displays a "limited" superposition principle.

1. Introduction. The one-dimensional nonlinear diffusion equation for c(x, t)
with diffusivity D{c) is given by

dc _ d J dc \
dt ~ dx { dx J ' (1.1)

and this and related equations are presently the subject of considerable research
activity. In particular, for the power law diffusivities D(c) = cm a large number of
exact solutions are known, many of which turn out to be surprisingly simple bearing
in mind the nonlinear character of equations such as Eq. (1.1). We refer the reader to
the recent papers [1-5] for an indication of current work in this area and for further
references. In this paper we obtain a particularly simple exact solution applicable to
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the diffusivity D(c) = c-1 ; that is, we consider the equation

dc_d_ /l_3c
dt dx \ cdx (1.2)

This equation models the expansion of a thermalized electron cloud (see Lonngren
and Hirose [6]) and amongst the power law diffusivities plays a priviledged role, in
the sense that it enjoys some simple transformation properties. For example, Eq.
(1.2) remains invariant under the reciprocal Backlund transformation (see, e.g., King
[4, 5] and Rogers and Ames [7, p. 16])

, i • 1 dc , / (1 .dx = cax + -—dt, t =t, c = -, (1.3)
c ox c

as can readily be verified on calculating the quantities on both sides of (1.2), using
the chain rule and making use of the relations

dx' dx' 1 dc
l)x ~C' ~dt ~ cdx ( ' )

to evaluate the various partial derivatives involving the primed variables. We make
use of this invariance property in Sec. 3. King [5] also shows the remarkable result
that if c(x, t) is a solution of (1.2) then C(r, t) defined by

c=£(logpi) (15)
r

satisfies the two-dimensional axially symmetric nonlinear diffusion equation with the
same diffusivity D(c) = that is,

dC _ \_d_ \ r dC\
dt r dr [C dr J ' (1.6)

Another curious property of Eq. (1.2) is that the traveling wave solution (see, e.g.,
Hill [1]), which takes the form

C(X,0 = -7—^ TT , (1.7)
a(x — at)

where a denotes an arbitrary constant, formally gives rise to the source solution of
Eq. (1.2) as the "sum" of two such solutions of the form (1.7). That is, the expression

c(x, t) = ——    7—5   (1.8)
a(x - at) a(x + at)

is a solution of Eq. (1.2) and each of the individual terms are also solutions of Eq.
(1.2). Moreover, Eq. (1.8) simplifies to give

c(x,t)= 2 21 2 2 , (1.9)
x — a t

which is formally identical to the source solution (see, e.g., Hill [1]), and with a = //?
the total concentration is given by

) 2^T
c(x, t)dx = —. (1.10)

O Prj —c
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The form of Eq. (1.8) suggests that more generally we might investigate solutions
of Eq. (1.2) of the form

c(x, t) = (j){x - at) - cf)(x + at) (1-11)

for some arbitrary function </> and constant a. From Eqs. (1.2) and (1.11) we find
that

ijJrk\ . . d f </>'(£)-</>'(>?) ) ,, ma[(f> (f) + <f> (//)] (L12)

where primes denote derivatives with respect to the appropriate argument, £ = x-at,
and rj = x + at. It is not difficult to see that, if (/>(£) satisfies the ordinary differential
equation

= _a(p2 + A(fr + B, (1.13)

where A and B denote further arbitrary constants, then Eq. (1.12) is automatically
satisfied. Of course, (1.13) can trivially be integrated, and the various particular
forms are given in the following section. Here we merely note that if the constants
A and B are both zero then Eq. (1.13) gives

m = ,,1 *,, (i.i4)a(€ - s0)

where <j;0 denotes an arbitrary constant which, when zero, Eq. (1.14) gives rise to
the solution (1.8). We also note that the form (1.11) automatically satisfies the zero
initial condition which is often a physical requirement for solutions of Eq. (1.2).
However, if 0(£, C) denotes the solution of Eq. (1.13) with integration constant
C , we could also construct solutions of Eq. (1.2) with nonzero initial condition from

c(x, t) = 4>{x - at, C,) - 4>{x + at,C2), (1-15)

where C, and C2 denote distinct values of the integration constant.
The plan of the remainder of the paper is as follows. In the following section we

present specific forms for the various solutions of Eq. (1.13), and the concentration
profile appropriate to the case A2 + 4aB > 0 is displayed graphically in Fig. 1. In the
subsequent section we use a reciprocal Backlund transformation together with the
concentration profile appropriate to the case A + 4aB < 0 to deduce a further new
solution of Eq. (1.2), which is displayed graphically in Fig. 2. In the final section of
the paper we extend the basic idea of the paper to the high-order nonlinear diffusion
equation (4.1), and for the special case of TV = 2 we derive the concentration profile
given explicitly by Eq. (4.10) and shown in Fig. 3. We remark that in discussing Eq.
(4.1) we have no particular application in mind. It merely demonstrates that the idea
of Sec. 2 can be extended to certain higher-order diffusion-like equations.

2. Specific forms of the new solution. Although the integration of Eq. (1.13) is
elementary and the various particular forms can be extracted from tables of integrals,
in order to see how the various cases arise, we solve Eq. (1.13) as a Riccatti equation,
which may seem somewhat perverse. However, the details using tables of integrals
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are of equal length, giving little or no insight into why different cases arise. Thus
with the substitution

m = (2.i)a«(?)
Eq. (1.13) becomes

u"-Au-aBu = 0, (2.2)

and the various solutions arise accordingly as A2 + 4aB is positive, negative, or zero.
If A2 + 4aB > 0 then

1 \ + m2Cemii ]
~ { ml J ' (2-3)a y emii + Ce * J

where and m2 are constants defined by

m, = {{A + (A2+ 4aB)1'2}, m2 = j{A - (A2 + 4aB)1'2} , (2.4)

and C denotes an arbitrary constant. Now, introducing constants m and £0 defined
by

m= (A2 + 4aB)1'2 ^ c = e**>t (2 5)

it is not difficult to show that Eq. (2.3) becomes

1 f TYl -4- tfl € ^ 1 1
4>{i) = - ^ ^ zj— f = t-{(wi + nh) + (wi ~ w2)tanhA}, (2.6)

e + e

where A = m(£ - £0). Thus altogether we have

m = ^ | A + (A2 + 4ag)'/2tanhM + 4°B) '\i -?0)J , (2.7)

which is the appropriate solution of Eq. (1.13) when A2+4aB > 0. Thus the solution
of Eq. (1.2) in the form of Eq. (1.11), in this case, is given explicitly by

c(x, t) = ™{tanhra(x - at - £0) - tanh m(x + at - £0)} , (2.8)

where m is defined by Eq. (2.5)t . In general for a nonzero initial condition the
appropriate extension of Eq. (2.8) is simply

c(x, t) = ™{tanh m(x — at — £x) — tanh m(x + at - £2)}, (2.9)

for arbitrary constants £, and <j;2 ; this solution is illustrated graphically in Fig. 1 for
a = m = £2 = 1 and £, = -1 .

In the case A2 + 4aB < 0 we have

«(£) = eAi/2{Ct cosnE, + C2sinn£}, (2.10)

where the constant n is defined by

n = (~ - 4qg)
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Fig. 1. Variation of the concentration (2.9) for a = m = £2 = 1 and

and C, and C2 denote arbitrary constants. Thus from Eqs. (2.1) and (2.10) we have

tS)}- (2'12)
where C — C2/C, and, setting C = tan n£0, we may readily deduce

m = ^ - (-^2 - 4a/?)'/2tan(~^2 - <?0)| , (2.13)

which of course could also be deduced from Eq. (2.7) using tanh iz = /tanz. In
this case the appropriate solution of Eq. (1.2) of the form (1.11) is given by

c{x, t) = f {tan n(x + at - £0) - tan«(x - at - £„)}. (2.14)

This solution, which appears not to be particularly physically interesting, is used in
the following section to determine a further new solution from a reciprocal Backhand
transformation. In this case A2 + 4aB equals zero, Eq. (1.13) becomes

which integrates immediately to give

«{> = 2! + ;«V <2-16)
which evidently corresponds to the solution (1.8) or (1.9).



638 DESMOND L. HILL and JAMES M. HILL

Finally in this section we note that if we set O(^) = <j>(£) - <f>0 , where (p0 denotes
a constant, then Eq. (1.11) is unchanged with <J> in place of <f> and that if we choose
0O such that -acf)0 + A(f>0 + 5 = 0 then Eq. (1.13) becomes

= -«<D2 + (A - 2a</>0)O; (2.17)

and it is not difficult to show that any solution 0(<^) of this equation indeed generates
a solution of Eq. (1.2) of the form (1.11), but, in addition, O(x-at) and -0(x + q/)
are themselves also solutions of Eq. (1.2). Thus for the particular nonlinear diffusion
equation (1.2) we have a limited superposition principle.

3. Further new solution obtained by a reciprocal Backlund transformation. Now
from Eq. (2.14) and the relations (1.4) it is not difficult to establish that

/ 1 , (cos n(x - at - £n)- log < ; ~
a { cosn(x + at - Q0)x=-\og\-————-—(3-1)

where denotes an arbitrary constant. Rearranging this equation, we can deduce
that

tanh|(x - x0) = tan n(x - £0)tan nat; (3.2)
therefore,

0 n [ tan nat )

Further from Eqs. (2.14) and (1.3), we have

a

3

(1 - tan2n(x - ^0)tan2nat)
c = ^ {   . r, } > (3-4)

I tan nat(\ + tan2«(x - £,))

2.0-,
t=.25

Fig. 2. Variation of the concentration (3.6) for a = n = I and
x0 = °.
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from which using Eq. (3.2), we may deduce

a I tan"a?'sech2|(x - x0) 1
| tan2nat' + tanh2|(x' - x0) J

Thus from Eqs. (1.3) and (2.14) we have deduced the additional solution of Eq. (1.2),
which in terms of the original variables becomes

c(x.t) = 2- { 'a""'"se<*;f(*-*»> 1 (3.6)
[tan nat + tanh f(x-x0)J

for arbitrary constants n, a, and xn. Figure 2 shows this solution for a = n = 1
and x0 zero.

4. Generalization to a high-order nonlinear diffusion-like equation. In this section
we extend the basic idea of the paper to the high-order nonlinear diffusion-like equa-
tion

dc m d f 1 dNc\
37 = <-" (41)

where N is a positive integer. Similar high-order equations are discussed by Smyth
and Hill [8]. Based on a simple linear stability analysis about a constant solution c0,
for stability we require M = (N- l)/2 for N odd and M — (N-2)/2 for N even.
If again we seek a concentration profile of the form (1.11), then it is not difficult to
show that this is a bonafide solution of Eq. (4.1) provided </>(£) satisfies the ordinary
differential equation

-1 )M+ia<j)2 + A# + B, (4.2)de'
where, as before, A and B designate arbitrary constants. For example, if both A
and B are zero then we can readily show that one solution of Eq. (4.2) takes the
form

(2jV)!(-l)A/+'-iV
^ 2aN\ (£-£0)" ' ( ^

which is the appropriate extension of Eq. (1.14) for N > 1 where as usual £0 denotes
an arbitrary constant. Thus for Eq. (4.1) we have the concentration profile

c{x,t)=(^(-\)M+X-Ni- | WW' ~~ 1 (4"4)
2aN! {(x-at-Z0f (.x + at-Z0)NJ

which applies for any integer N > 1.
Alternatively for TV = 2 we can either set B zero or translate (/>(£) by a constant

4>0 which is determined as a root of the quadratic -a<t>0 + A(f)0 + B = 0, and in either
case we obtain

^ =-a^2 + A<j), (4.5)
d£2
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6-

X
o"

Fig. 3. Variation of the concentration (4.10) for a = 1 , A = 4,
and £0 = 0 .

which integrates once to give

2 _ /
"V + A<f + C, (4.6)d(f>\2 _ -2a 3 . , ,2

M) 3
where C denotes the constant of integration. If this constant is zero, we have

/
d<f> , ( —2a \ 1/2

M + p?12'
where /? denotes -3A/2a. Now for this integral we find

(4.7)

/
dtp I p"2log (*+P)"2-fi"2 if a > o108 y/2+^/2 ii p > u

<W + /?)I/2 2 tan-i(^2
(-/?)1/2 (-/S)l/2

(4.8)
tan-'i^liLL. if /? < 0.

From these expressions we may deduce solutions which are reminiscent of solutions
of soliton equations. From Eqs. (4.8) we obtain

1/2

m = -/Jcosec2 (£-£0) ify?>0,

-/?seCh2(^y/2 (£-£,) if/?<0,
(4.9)

1 6 J VS S0
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so that for example for the case a > 0, ft < 0 (A > 0) we have established that

2c(x» 0 = i sech2 A1'2
{x-at- «f0) - sech A1'2

(x + at- £0) (4.10)

is a solution of the nonlinear diffusion equation (4.1) with TV = 2; namely,

(4.11)

Moreover, we again observe that individually each of the two terms are themselves
also solutions of this equation. Figure 3 shows the concentration profile correspond-
ing to Eq. (4.10) for a = 1 , A = 4, and £0 zero.
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