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1. Introduction. In his fundamental paper on cavitation Ball [2] considered the

problem of minimizing the total energy,

E(f) = [ W(Vf{x))dx,
J B

of a ball B c K , composed of a homogeneous, isotropic, compressible, hypere-

lastic material, among those deformations f e WX'X{B, R3) that satisfy f(x) = Ax

for x e dB. Ball showed that for A sufficiently large the smooth solution of the

corresponding equilibrium (Euler-Lagrange) equations, f0(x) := Ax, is not the global

minimizer of the total energy £ for a large class of stored energy functions W. Ball

also showed that among those deformations that are radial, orientation preserving,

and one-to-one, a global minimizer exists and exhibits a spherical hole at the cen-

ter of the deformed body. A result of Knops and Stuart [8] shows that f0(x) = Ax

is the global minimizer among smooth deformations. Thus functions that are not

smooth must be considered if one wants to determine the global minimizer for such

problems.

Motivated by Ball's work others1 have shown that both radial minimizers and

radial solutions of the equilibrium equations can exhibit spherical cavities under a

wide range of constitutive hypotheses. It is not known, however, whether any such

radial deformation is an absolute minimizer of the energy. In fact one does not even

know that an absolute minimizer does indeed exist.2

In this note we give constitutive hypotheses under which the linear deformations

f0(x) := Fqx are minimizers of the total energy among those deformations that are

one-to-one, have the same boundary-values as f0, and whose range is contained in
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The only cases for which it is known that an absolute minimizer exists are trivial cases, e.g., ^(F) =

h(detF), in which a minimizer of the integrand, W , that satisfies the boundary condition, f(x) = Ax,

can be exhibited.
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the region (0(B). In particular we assume that

W(F) = g(F) + h(detF),

where g and h are convex and h'(H) = 0, and show that

[ W(F0 + Vu(x))fifx > [ W{F0)dx (1.1)
J B J B

whenever 0 < det F0 < H and u e WQ''1 (B, R3) is such that the deformation f0 + u

is one-to-one and satisfies the containment constraint (f0 + u)(5) c f0(5). Thus such

materials will not exhibit any material instabilities in compression, but can exhibit

cavitation or other such instabilities in tension.

Results of Ball and Murat [3] and James and Spector [7] show that the injectivity

hypothesis is crucial to our result. If the growth of g is slow enough to permit

cavitation then Ball and Murat have shown that h must be constant in order for

(1.1) to be satisfied for all u e Wq'1(B , R3) and all matrices F0, while James and

Spector have shown that if /z(detF) —> +oo when detF —> 0+ , as is expected from

the physics, then (1.1) will not be satisfied, for all ne '1 (B, R3), at any F0 with

sufficiently small determinant. The failure of (1.1) in [7] is due to the ability of the

body to relieve severe compressive strains and lower the total energy by overlapping

material.

Finally, we note that if inequality (1.1) is satisfied at every u e

Wq 'p(B , R3) then W is said to be W1 'p-quasiconvex at F0. This terminology

is due to Ball and Murat (based upon the quasiconvexity condition of Morrey [9])

who show that if £(•) is sequentially weakly lower semicontinuous on Wx 'P(B, R3),

as is usually required when one minimizes via the direct method of the calculus of

variations, then W must be Wx 'p-quasiconvex at every matrix FQ . The additional

constraints on u that we use were previously used by James and Spector who show

that if F0 is the deformation gradient of a one-to-one deformation f e W1 'P{B, R3)

at a point xQ at which f is continuously differentiable and if f is a local mini-

mizer of the total energy E in the Wx ,p-topology then (1.1) is satisfied by every

u e Wq 'p(B , R3) that obeys these constraints.

2. Weak derivatives, approximate differentiability, and the area formula. Let

3 • 3
Lin := space of all linear transformations from R into R

with inner product

H ■ L := trace (HLT),

where LT denotes the transpose of L. We denote by adj the unique continuous

function adj: Lin —► Lin that satisfies

(adjH)H = (detH)I,

where det denotes the determinant. The usual Lebesgue measure on R will be

denoted by -S".
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Let A c R be measurable. A function f : A —► R is said to be approximately

differentiable at x G A provided that there is an L e Lin such that for every e > 0

1 = lim
-^({z G Bp(x) n A : |f(x) - f(z) - L(z - x)| < e|z — x|})

p- o+ &(Bp(x))

where B (x) := {z G R : |x - z| < p]. If such an L exists it is unique and it will

be denoted Df(x); the approximate derivative of f at the point x. An important

property of approximately differentiable functions is the Area Formula.

Lemma 2.1. (Federer [5, Theorems 2.10.43, 3.1.8, and 3.2.3]). Let A c R3 be

measurable and suppose that f : A —> R3 is approximately differentiable at every

point of A. Then the set f(A) is measurable, the function y h-» card{f~'(y)} is

measurable, and

[ |detZ)f(x)|tf?x = [ card{f-1(y)}dy. (2.1)
J A Jt(A)

Here card E denotes the cardinality of a set £cl3.

Remark. Formula (2.1) is well-known for Lipschitz functions. Sverak [11, The-

orem 2] observed that a result of Federer implies that, for an approximately differ-

entiable f, A = U~, At where f\A is Lipschitz and hence (2.1) is valid for such

functions.

Let Q. c R be a nonempty, bounded, open region and suppose that <9Q, the

boundary of Q, has measure zero. For 1 < p < oo, Wl,p{Q) will denote the

usual Sobolev space (cf., e.g., Morrey [9]) of functions f G LP(Q., R3) whose weak

derivative Vf is also contained in Lp{fi), while WQ 'P(Q) will denote the closure of

C^°(i2,R3) in W{'P(Q.). Note that each element f 6 Wl'p(Q) is an equivalence
3 r^J

class of functions f: Q —> R and weak derivatives Vf: Q —» Lin. We write fe f

in order to specify one such function and one such weak derivative.
~ 1 V

The following result shows that each f e W (Q) is approximately differentiable

almost everywhere.

Lemma 2.2. (Cf., e.g., Federer [5, Theorem 4.5.9] and Evans and Gariepy [4, Section

6.1.3]). Let f e Wl'p(Q). Then there is a measurable set A cQ with J?(£l-A) = 0

such that every representative f € f is approximately differentiable at each x e A

and the approximate derivative is independent of the representative. Moreover, for

each f g f ,

Vf(x) = £>f(x) at almost every x G A.

3. Linear deformations as global minimizers. Consider a homogeneous body that,

for convenience, will be identified with the region Q that it occupies in a fixed
oo

homogeneous reference configuration. Let 1 < p < 3. An equivalence class f G

Wl'p(Q) will be called a deformation of Q provided that f is one-to-one almost

everywhere, that is, each f G f is one-to-one on a measurable set Df c Q with

_2"(£2 -Df) = 0.
Assume that the body is hyperelastic with continuous stored energy function W :

Lin —► R- U {+cxd} . Thus W(Vf(x)) gives the energy stored per unit volume at
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the point x e Q when the body is deformed by a smooth deformation f. Further,

assume that W(F) = +00 whenever detF < 0.

Theorem. Let

W(F) = g(F, adjF) + A(detF) (3.1)

for all F e Lin with detF > 0, where g : Lin x Lin —+ R- and h e C1(R>, R-)

are convex and

h is monotone decreasing on (0, H) (3.2)

for some H > 0. Suppose that F0 £ Lin satisfies 0 < detF 0< H. Define f0(x) :=

Fqx . Then, for p >2,

[ W{¥0 + Vu(x))dx> [ W(F0)dx (3.3)
Jci Jo.

for every u £ Wq'p(Q) that satisfies

(i) fQ + u is one-to-one almost everywhere;3 and

(ii) f0(x) + u(x) £ f0(Q) for almost every x £ Q..

Moreover, if g is independent of its second argument then this result is valid for

P > 1 •
Thus the linear deformation f0(x) := FQx is the global minimizer of the total

energy whenever det F0 < H.

Remark. Assumption (3.2) is consistent with the usual hypothesis that it would

require an infinite amount of energy to compress a given finite amount of material

to zero volume. See, e.g., Ball [1] for a discussion of this and other constitutive

hypotheses.

Remark. Miiller, Spector, and Tang Qi [10] have recently shown that if f0 + u is

one-to-one and absolutely continuous on almost every line then either (ii) is satisfied

or f0(x) + u(x) 6 R" - f0(fl) for almost every x. Moreover, if p > 2 and det(F0 +

Vu) >0 a.e. then (ii) is in fact satisfied. Thus (ii) is, in some sense, a consequence

of the deformation being of the appropriate orientation.

Proof of the Theorem. Since g and h are convex there exist A £ Lin, B € Lin,

and c £ R such that

JF(F0 + L) > JF(F0) + A • L + B • [adj(F0 + L) - adj F„]

+ c[det(F0 + L) - det F0]

for every L e Lin that satisfies det(F0 + L) > 0.

Let u G u £ Wq'p(Q.) satisfy (i) and (ii). Then

(3.4)

LVu(x)^/x = 0, (3.5)
I

and, if p > 2, (cf., e.g., Ball [1, Lemma 3.3a])

[adj(F0 + Vu(x)) - adj F0]cfx = 0. (3.6)
/1J n

3See the first paragraph in this section.
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Since the product of measurable functions is measurable, Nu := {x e Q :

det(F0 + Vu(x)) < 0} is measurable. If Nu has positive measure then (3.3) fol-

lows since W is bounded below and W{F) = +00 when detF < 0. Otherwise let

L = Vu(x) in (3.4) and integrate over Q. to conclude, with the aid of (3.5) and (3.6),

that

[ W{F0 + Vu(\))d\> [ W(F0)dx + c / [det(F0 + Vu(x)) - detF0]</x.
Jci Jn J a

Since (3.2) implies that c < 0 the desired result will follow from the inequality

[ det(F0 + Vu(x))c/x < f (detF0)rfx, (3.7)

which we will now establish.

Let u e Wq'p(Q.) satisfy (i) and (ii) and define f := f0 + u . Fix f e f . Then

by (i), (ii), Lemma 2.1, and Lemma 2.2 there is a measurable set A c Q with

Jz?(Q-A) = 0 such that fl^ , the restriction of f to A , has the following properties:

(i) f\A is one-to-one;

(ii) f\A(A) c f0(Q);

(iii) f is approximately differentiable at every x e A with Df(x) = Vf(x);

(iv) Ia I detDf(x)|rfx = /f(y4) card{(f|^)_1(y)}rfy.

Thus, by (i)-(iv),

f det V f (x)dx < f | detVf(x)|c/x = f | detZ)f(x)|^x
J CI J A J A

= [ card{{f\A)~\y)}dy= [ 1 dy
Jf(A) Jf(A)

= &{t(A))<&(f0{Q))

= [ (detF0)dx,
JQ.IS1

which establishes (3.7) and hence (3.3) for p >2. Finally, we note that when g is

independent of its second argument (3.6) is not needed and so the restriction p >2

can be dropped. □

Remark. Suppose that instead of (3.1) one assumes that W is polyconvex, i.e.,

W(F) = £(F, adjF, detF)

for all F e Lin with det F > 0, where g : Lin x Lin x 1> —> R- is convex. Then,

for each FQ e Lin with detFQ > 0, there exist A e Lin, B e Lin, and eel such

that (3.4) is satisfied for every L e Lin with det(F0 + L) > 0 . If c = c(FQ) <0 it is

clear from the proof that the Theorem is valid for such an F0 . However, the physics

that yields c(FQ) < 0 for certain F0 is not clear.
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