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Abstract. This paper studies the effective nonlinear electrical conductivity of se-
quentially laminated materials in both two and three dimensions. The exact nonlinear
conductive behavior is obtained through a variational procedure [1] that expresses
the nonlinear properties of the laminate composite in terms of an optimization with
respect to the properties of a series of linear comparison materials. Multiphase lami-
nate composites are discussed and these results are compared with nonlinear Hashin-
Shtrikman (H-S) bounds. It is found that some of the laminates possess extremal
microstructures that attain the nonlinear H-S lower bound while others are very close
to extremal microstructures. The results apply also to the nonlinear thermal conduc-
tivity and dielectric and magnetic behavior of laminated heterogeneous materials.

I. Introduction. Even though the effective physical properties of composite materi-
als have been studied for a long time, their complex microgeometry has made exact
evaluation of these effective properties difficult. While a limited number of microge-
ometries, such as dilute and some periodic structures, have been solved for exactly,
bounds on the properties and approximations to the composite behavior have pro-
vided useful information in the absence of a precise characterization of heterogeneous
materials.

This paper focuses on the nonlinear electrical conductivity of laminated heteroge-
neous materials. The results obtained apply also to the thermal conductivity and the
dielectric and magnetic behavior of heterogeneous media. In each of these physical
problems, when the constituent phases are linear, the vector field gradients and fluxes
are related by a second-rank tensor. The effective elastic response of heterogeneous
materials is characterized by a fourth-rank tensor.

The study of the conductive behavior of composite materials dates back to Maxwell
[2], Notable contributions include work by Hashin and Shtrikman [3], Kerner [4],
Willis [5], and others. Landauer [6] has an extensive list of references in this area.
Broadly speaking, the different methods proposed to predict the effective properties
of linear composite materials can be classified into three categories. The first category
is based on identifying specific microstructures and obtaining the effective properties
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exactly. The solution to periodic microstructures belongs to this category. The second
approach is to determine the range of possible behaviors for a given material class
according to some known microstructural parameters. An important example of this
approach is the Hashin-Shtrikman [3] (H-S) bounds on the electrical conductivity of
composite materials. The third category postulates approximate models that capture
the essential features of the microstructure of a given heterogeneous system. Effective
medium theories [7] are examples of a commonly used method in this category.

It was first recognized by Bruggeman [8, 9] that the linear effective conductivity can
be calculated exactly for a wide class of composites constructed through a laminating
procedure. The "rank" of a laminate denotes the number of times a laminating
process is used to form the composite. A rank-I laminate (see Fig. 1 (a)) is constructed
just by layering two materials in alternate order to form a multilayered sandwich.
Higher-rank laminates have periodic particulate microstructures.

When the thickness of each successive laminate layer used to create the next rank
laminate structure is sufficiently small, the physical properties of the resulting lam-
inate composite material are easy to evaluate since the local fields are piecewise
constant [9, 10]. Even though laminates of high rank are difficult to manufacture,
as pointed out by Milton [10], they are important theoretical tools, which give in-
sight into the properties of composites in general. Milton [10, 11] and Lurie and
Cherkaev [12, 13] found that laminate materials are important not only because the
exact evaluation could be obtained for their physical properties, but also because they
attain many bounds on the complex physical properties (e.g., conductive constants,
elastic moduli) of a general two-phase composite. Also, the rank-I nonlinear lami-
nate (with both phase 1 and phase 2 made of nonlinear materials) has been solved
exactly and this solution attains the nonlinear Reuss and Voigt bounds (see Ponte
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Fig. 1(a). Rank-I laminated material (laminated in the x2 direction)
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Castaneda [14]). Thus, it is hoped that nonlinear laminate composites can be used
as an effective way in which to obtain good estimates on the bounds and effective
properties of composites.

In general, nonlinear heterogeneous materials present extreme difficulties in their
analysis. Consequently, there are fewer approaches available for the study of nonlin-
ear problems than for linear problems. There are, however, many electrical-transport
phenomena in solids in which nonlinearity plays an important role. Such nonlineari-
ties show up in effects such as dielectric breakdown and the burning out of fuses [15].
The design of nonlinear optical materials also presents an interesting application of
nonlinear composite theory.

In the study of nonlinear composite materials, Willis [16] proposed an extension
of the Hashin-Shtrikman variational principles to nonlinear composites. Talbot and
Willis [17] used this method to calculate nonlinear bounds for effective properties of
nonlinear heterogeneous dielectrics. Stroud and Hui [18] and Zeng et al. [15] studied
the weakly nonlinear composite by means of the Taylor expansion. Ponte Castaneda
[ 1 ] has proposed a new variational method in the study of the effective properties of
nonlinear composites from which a strict lower bound and an estimate to the upper
bound can be generated. This variational method is used here to calculate the exact
effective electrical conductivity of nonlinear laminated materials that are isotropic in
two-dimensional space or three-dimensional space.

The variational principle due to Ponte Castaneda [1, 14] is designed to yield the
effective properties of nonlinear heterogeneous systems in terms of the effective prop-
erties of suitably optimized linear heterogeneous systems of the same microstructure.
Thus, in order to make use of this variational procedure to evaluate the effective con-
ductivity of nonlinear laminated materials, the exact evaluation of the effective prop-
erties of linear laminated materials is fully derived in Appendix A. The resulting non-
linear effective properties can then be compared with "nonlinear Hashin-Shtrikman
bounds". These are H-S bounds because they are obtained by introducing the linear
H-S bounds into Ponte Castaneda's variational principle [1, 14], The generation of
these nonlinear H-S bounds is outlined in Appendix B.

In the following sections, the general theory describing electrical conductivity in
multiphase composites is introduced and Ponte Castaneda's nonlinear variational
procedure [1] is reviewed. Application of this variational procedure provides the
exact solutions to sequentially laminated nonlinear composites.

Since most of the known results quantifying the nonlinear response of composite
materials are approximations, exact solutions to a new class (laminated media) of
nonlinear materials is important. On the basis of this work, it is evident that lami-
nated materials can play the same important role in nonlinear composite theory as
they do in linear composite theory.

II. Effective properties and variational principles.
A. Definition of effective properties. Consider an TV-phase composite that has a

volume V and outer boundary d V . The electrical conductivity of the composite
material is described by an energy density function of the form
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N
Mx,E) = ;Cx(r)(x)^(r)(E), (!)

r= 1

where W1-^ is a function that grows faster than the quadratic magnitude of the
vector E (E = |E|), where the vector E represents the electric field, x is the
Cartesian spatial coordinate, and ^(r)(x) is the characteristic function for phase r
that occupies discontinuous volume V{r) and is expressed by

(r) / 1, if x € V(r\
X (x) = S (2)

( 0, otherwise.

If c(r) denotes the volume concentration of phase r, then c(r) is expressed as

c(r) = y jyX(r){x)dV. (3)

Obviously, in an TV-phase body, c<"r) — 1 •
Let 4> denote the electric field potential; then E is defined by

E = -V</>. (4)

The electric current density j, which is a vector, is defined to be the derivative of
the energy density function w with respect to E,

• _ dw
J <9E' ( ^

For linear materials, j = a ■ E, where a is the second-order conductivity tensor,
which, for isotropic materials has a single eigenvalue. Thus a = al (I is the identity
tensor) and j = aE, where a is the isotropic electrical conductivity constant.

The governing equation is derived from the fact that in a steady current, the
spatial distribution of the current density, j, is independent of time, and satisfies the
equation

V-j = 0. (6)
At the interface between any two phases, the potential (f> and the component of j
normal to this interface must be continuous.

A uniform boundary condition on the outer boundary d V is defined, as in Hill
[19], by

(f>(x) = - E-x, xedV, (7)
where E is an arbitrary constant vector. It can easily be shown that the average
electric field over the whole body is exactly E, i.e.,

E = i ^ E(x) dV. (8)

The average electrical current density, j, is defined in a similar way by

J =yJv){*)dV. (9)
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The purpose of this paper is to determine the effective nonlinear conductive prop-
erties of nonlinear laminate composites. This constitutive property is characterized
by the effective energy density function W of the heterogeneous system, see Hill
[19], which relates E and J through

no<9E

The effective nonlinear energy density function of the heterogeneous material, W,
can be obtained directly by using the minimum principle of energy density by means
of

W/(E) = mini [ w(x, E(x)) dV, (11)
E€A y Jy

where A is the set of all admissible electric fields defined by

A = {E | E = -V</>(x) in V, and <j> = -E • x on d V}. (12)

The energy density function, defined by Eq. (1), w(x, E(x)), at each point of the
heterogeneous material is obtained by solving the complete electrical conductivity
problem as defined by Eqs. (4) through (7). However, for most real nonlinear het-
erogeneous systems, it is impractical to solve the electric field problem exactly due
to its microstructural complexity and the nonlinear behavior of the system. The
variational principle (11) is thus difficult to use.

In the following section we briefly review a variational procedure due to Ponte
Castaneda [1], which addresses the effective nonlinear constitutive problem, and use it
to evaluate the effective properties of nonlinear heterogeneous materials with specific
microstructures. Detailed descriptions for linear electrical conductivity problems can
be found in Landau [20].

B. Ponte Castaneda's variational procedure. We restrict our attention to hetero-
geneous materials in which each phase is isotropic. The energy function of the het-
erogeneous material can therefore be written as vu(x., E) = f(x,u) where u = E
(/ has the same dependence on x as has w). We assume that w grows faster than
E2—the function / is therefore convex in the variable u .

Using Ponte Castaneda's variational principle [1, 14], the energy density function
at each point of the heterogeneous material is written

wj(x,E)= max {wJx, E) - v(x, er0)} , (13)
<T0(X)>0

where

io0(x, E) = \o0(x)E2 and v(x, a0(x)) = max{it;0(x, E) - w(x, E)}, (14)

where wQ(x, E) corresponds to the local energy density function of a linear, het-
erogeneous comparison material with an arbitrary nonnegative electrical conductiv-
ity <r0(x). Basically, v(x, a0(x)) is just a Legendre dual of the function /, and
w(x, E) in (13) is nothing more than a second Legendre transformation for /. For
more details, the reader is referred to Ponte Castaneda [1],
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The effective energy function of the composite, W (E), is given by the volume
average of w(x, E) in (13), namely,

W{E)= max \wo(E)-± [ v(x, o0(x)) dv) . (15)<r0(x)>0 ^ V Jv u J

Here WQ(E) denotes the effective energy function of the linear heterogenerous com-
parison material with local electrical conductivity a0(x), and is given by

W0(E) = min -L [ w0(x, E) dV.
LGA V J y (16)

Equation (15) is an alternative way to determine the effective energy function of
nonlinear composites in terms of the effective energy function of a suitably optimized
linear comparison heterogeneous material. It should be emphasized that the electrical
conductivity <r0(x) in Eq. (15) is an arbitrary nonnegative function. In this sense Eq.
(15) leads to an infinite-dimensional optimization over a nonnegative function space.
Thus, in practice, it might seem impossible to obtain the optimal linear comparison
material, i.e., to define er0(x) in V such that (15) is satisfied. However, it follows
from (14) that, if the electric field E is constant within any region, say F(r) e
V, then c0(x) = in F(f), where is the constant conductivity in F(r).
This property of the electric field reduces (15) to an optimization with respect to

(r)a piecewise constant function <Jq . Under this condition, it may be possible to
obtain an evaluation of the effective nonlinear conductivity characterized by W.
The dual version of (15) can also be derived in terms of the minimum principle of
complementary energy as shown by Ponte Castaneda [1].

III. Application of the variational principle to multiphase laminated materials. In
this section, we study a specific type of microstructure—sequentially laminated ma-
terials which, when subjected to the uniform boundary condition defined by Eq. (7),
have a piecewise-constant electric field over the whole material. In this case, the vari-
ational principle (15) makes it possible to obtain an exact solution to the effective
nonlinear energy function W . By choosing the volume concentrations of a sequen-
tially laminated linear material comprised of two isotropic constituents appropriately,
the (linear) composite behaves isotropically in response to an applied electric field
(Lurie and Cherkaev [12, 13]). The effective conductivity of this laminated material
attains the corresponding (linear) H-S bounds (Lurie and Cherkaev [12, 13]). In
this work, we examine the effective conductivity of sequentially laminated materials
that are composed of two nonlinear constituents. The solutions for linear laminated
materials are used as comparison materials for the nonlinear laminated materials.

The construction of a laminated material always begins by slicing the two compo-
nents and layering these slices with each other in an alternate order to form a rank I
laminated material, as shown in Fig. 1(a). The scale of the thickness of each layer is
small compared with the material specimen dimension /. Thus, for the rank-I lam-
inate in Fig. 1(a), the thickness of each layer 3, < I. The direction normal to the
layer plane is defined as the laminate direction. For example, in Fig. 1(a), x2 is the
direction of the rank-I laminate. If this laminate is then sliced on a length scale 3n
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in a different direction from the previous slices, and layered with slices from another
material in an alternate order, a rank-II laminated material is formed, as shown in
Figs. 1(b) and 1(c), where Sj <c Sn < /. This laminating procedure can be repeated
any number of times and in any direction to construct a hierarchical microstructure.

*3

Fig. 1(b). Rank-II laminated material (laminated in the Jt, direction,
Sji > Sj)

Phase 3 or 2

Fig. 1(c). Rank-II laminated material (laminated in the n, direction,
S„ » 6,)
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A key aspect in using the variational procedure (15) to calculate the effective en-
ergy function of nonlinear, sequentially laminated materials is the existence of the
effective energy function WQ of a linear, sequentially laminated material of identical
microstructure. We therefore briefly review the derivation of the effective conduc-
tivity of linear composites with this kind of microstructure.

Consider a laminated material comprised of two linear components. If one com-
ponent has an anisotropic conductivity tensor, er(1), and the other component is
isotropic with conductivity o[02)I, then the laminate composite made by laminating
these two components in direction n has an anisotropic electrical conductivity, given
by [21],

0 0 ( 0 > ffJ2l+^V,-»fl)"]n
where c(1), c(2) (c(1) + c(2) = 1) are the volume fractions of component 1 and
component 2, respectively. This equation can be used repetitively to obtain the
effective properties of higher-rank laminates, as long as one phase is isotropic at
each step in the laminating process. In this paper, a rank-N laminate is composed
of slices cut from a rank-(./V - 1) laminate and an isotropic material. The volume
fraction (which will be called the relative volume fraction later) of the rank-(A? - 1)
laminate is denoted cN in this rank-TV laminated material. For example, c denotes
the relative volume fraction of phase 1 in the rank-I laminate, and c" denotes the
relative volume fraction of the rank-I laminate within a rank-II laminate. It is seen
that, in general, the resulting effective electrical conductivity from (17) is not
isotropic. However, this anisotropic material can be made isotropic by requiring that
the diagonal terms of a0 be identical and that the off-diagonal terms vanish, i.e.,

(<70),.. = 0, if i*j-
i- \ - e ■(ff0)ij = a0 ' lf 1 = J '

where a0 is the effective isotropic conductivity of the linear laminated material.
Equation (18) effectively selects the specific volume fractions for each phase (c , ,
c') of the laminated material, which ensures an effective isotropic response.

The effective energy function of the linear, isotropic comparison material WQ is
then given by

^0(E) = I(<r0E)-E = \a^\ (19)
Based on the fact that the electric field (in these specially constructed laminate com-
posites) is piecewise constant in each phase, an exact solution for the effective energy
function W of a nonlinear, isotropic laminated material can be obtained by using
the variational procedure (15) with WQ defined by (19) as the linear comparison
energy function. Note that, in this case, the maximizing comparison conductivity
function <r0(x) in (15) is constant within each phase. The variational procedure
therefore leads to

W(E) = max I W0(E) - £c(,Vr)(<7<r))} , (20)
"o " CTo I r= 1 J
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where c(r) is the volume fraction of phase r, while vis defined by

v(r)(a<r)) = ma x[{a^E2 - ^(r)(E)} . (21)

The maximum of the difference in (21) is well bounded since fV(r> grows faster than
E2.

The effective energy function obtained from (20) characterizes the overall electri-
cal conductivity of an isotropic laminated material when the individual constituent
materials (or phases) are nonlinear. It is noted that a sequentially laminated material
represents a periodic particulate microstructure.

The rank-II laminate shown in Fig. 1(b) has fibers of rectangular cross section
(which are long in the x3 direction) in a periodic array in the (x,, x2)-plane. Figure
1(c) shows another microstructure that is periodic in the (x,, x2)-plane, but with
parallelogram fibers. The resulting microstructures consist of a continuous phase
(the matrix) in which there is a regular distribution of noncontiguous inclusions. For
example, in Figs. 1(b) and 1(c), both phase 2 and phase 3 are made of the identical
matrix material, whereas phase 1 is made of the inclusion material.

It should be pointed out that, even if two "phases" are comprised of the same
material, if the electric field E is different in each region, then these two layers must
be treated as two different phases when using the variational principle (20), since they
may have different linear comparison conductivities a^ . For example, if phase 2
and phase 3 of the laminate in Fig. 1(b) are made of the same nonlinear material,
the corresponding linear comparison conductivities a^2) and CTq3' may be different.
Hence, the nonlinear material is still treated as a three-phase composite, even though
it is made of two constituents.

IV. The effective properties of nonlinear laminates. From the above analysis we see
that the first step in computing the exact energy function for a nonlinear laminated
material is to evaluate the effective electrical conductivity of the linear comparison
material. Several laminates have been constructed in Appendix A based on the pro-
cedure described in the previous section. They are used as comparison materials to
study the effective nonlinear electric conductivities of two- and three-dimensional
isotropic heterogeneous materials constructed through a sequential laminating pro-
cess.

Consider a nonlinear isotropic rank-TV laminated material consisting of TV + 1
phases, each phase being characterized by a potential function

W(r){V, = \o(r)E2+ -^—^o)(r]En'+X, r=\,...,N+\, (22)

where a[r\ <y(r) are linear and nonlinear isotropic conductivity constants and nr is
the nonlinear order (1 < nr < oo) of phase r. The material characterized by (22) is
the most general form of material behavior considered here. The examples presented
below use either this form or special cases derived from it. If u>(r) = 0, phase r is
linear; if cr(r) = 0, phase r is called a pure power-law material.
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Thus, on substituting the general nonlinear potential function (22) into (21) we
obtain

..(r)/~(rh nr ~ ' t„(r) „(r)\(nr+\)Knr~\) ( , ^(r)\ 2/(« 1 )jj( CIS
^ 0 = 2(n + 1) ° ~ ^ > ( '' ( *

where H(co(r)) is a unit step function defined by

0 if a>(r) = 0,
1 if <y(r) > 0,n(coir)) = { : ~ r) (24)

and
CT<r) = a(r) if co{r) = 0. (25)

The variational principle (20) can thus be used with (23) to yield the effective energy
function of the nonlinear isotropic laminate, W , viz.,

W® = maxk(E) -£

(26)
In the following subsections we study different microstructures using the above proce-
dure: first for two-dimensional laminates and then for three-dimensional laminates.

A. Nonlinear two-dimensional laminates. In this subsection, we consider electri-
cal conduction in the (xx, x2)-plane. We restrict our attention to a nonlinear two-
phase composite comprised of one linear phase and one pure power-law constituent.
The potential functions characterizing these constituents are given respectively by

*F(I)(E) = \oWE2, W(2)(E) = -w{2)En+l , (27)

where er(1), ft/2', n are material constants, and n > 1 . Compared with (22), we
see that a/1' = 0 , cr(2) = 0 , and n2 = n .

Hashin-Shtrikman (H-S) bounds on the effective conductivity of linear heteroge-
neous materials are based only on the volume concentration and properties of the
constituent phases, without any knowledge of the microstructural details of the ma-
terial. These bounds may be used in conjunction with the variational principle (15)
to provide "nonlinear H-S bounds" as outlined briefly in Appendix B (see, Ponte
Castaneda [1] for details).

Consider the two-dimensional nonlinear H-S bounds for the effective nonlinear
energy function W of two-phase composites comprised of two constituents JF(1)
(with concentration c(1)) and W{2) (with concentration c<2)) as obtained from (87)
of Appendix B. Two nonlinear bounds are obtained, one corresponding to the dis-
persed phase having greater conductivity, the other to the dispersed phase having
smaller conductivity than the continuous phase. The two nonlinear bounds obtained
result in bounds on the energy function given by

(FHS(E) = i max
Z <7<2)>0

ir2 «- 1 (2),_(2k(n+l)/(/i-l)/ (2h-2/(»-l)'(ao)iE - ^Tc K ) ) (28)
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where (o0)i is defined either by

2c(2)o
~ clz;)cr(

~ (2) (1)/ (2) (l)v
tg ^ _ 0-(1) _|_ ao (ao go 1 that W — W (29)* 0' i 0 + _(1) (2),n (2)\ (1) SULn lndl ^HSl _ ^HS' >

or by
2c(1)CT(2)(cr(1) - a(2>)

(ffo)l ~ a0 + J2) (1)° n° (1)? (2) SUC^ ^HS2 ~ ^HS- (^0)cwa^ + (2 - r Vo
') _ „(0

Jo(1) — (T(1) (because the phase 1 material is linear), c(1> and c(2) are
the volume fractions of W{V) and W,2>, respectively, and IVHS j and ^§2 are the
two bounds corresponding to whether or not the more conductive material was the
dispersed or continuous phase. The smaller of these two bounds is the strict nonlinear
H-S lower bound (W/HS_), while the larger of these two bounds is an estimate to the
H-S upper bound (we still write this as W/HS+ but should be mindful that this "upper
estimate" is lower than the true upper bound). Thus,

^HS- = m^n(^HSl ' ^HS2) ' ^HS+ = max(^/HSl ' ^HS2)" (^1)

(a) Rank-11 laminates. As the first example, consider a rank-II laminate that is
isotropic in the (x,, x2)-plane. This laminate is composed of linear and pure power-
law phases and has a microstructure in which long (in the x3 direction) rectangular
fibers are periodic in the (xt, x2)-plane (see Fig. 1(b)). The appropriate linear com-
parison material is the linear rank-II laminate discussed in Appendix A. This material
(in three dimensions) is transversely isotropic with respect to the x3 direction. In
the (Xj, x2)-plane, the effective isotropic conductivity alQ' of the linear comparison
material is given by (67) subject to the isotropy condition (68). The effective energy
of this linear comparison laminate is thus given by

W0(E) = i a'0JE2. (32)

Two different nonlinear composites can be constructed in this manner. One has a
nonlinear matrix with linear inclusions, the other has a linear matrix with nonlinear
inclusions. Consider the first of these two laminate composites. Thus the inclusions
(phase 1 only in Fig. 1(b)) are described by Wll), and the matrix (which is composed
of both phase 2 and phase 3 in Fig. 1(b)), is described by the nonlinear potential
W(2). Using the variational principle (26), we can write the optimization equation
that gives the exact effective properties of the isotropic laminate, W, if the isotropy
condition (68) is satisfied. However, it is useful to nondimensionalize the effective
potential, W, with respect to the linear material . Thus

W<»

with F defined by

W( E)
= max

-2/(n — l)

(33)

/ (2)\ ("+')/("-') / (3) \ («+!)/("-1)

fe + <>-<")(>) ■ (34)
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The isotropy condition that constrains this optimization is given by

c (1 - c
(i)

{c')2\ + c"{c" -2)AxA2
o a">

a

(35)
II,. //- , <?n r,

+C (1 - C )A J —^yy - 0,

where c c = r , ' = a (because the inclusions are linear), and

(1) (2) (2) (1)

^ = C'-L + (1 - c'j-fo, (36)
This optimization was carried out using IMSL numerical routines. For this, rank-

II, two-dimensional composite optimization requires variation of the conductivities
of the two linear comparison phases (er^21 for phase 2, for phase 3) which make
up the nonlinear matrix material. However, the isotropy constraint (35) provides
a relationship between and ap3), which is dependent on the microstructure
through the relative concentrations c', c" . It was numerically expedient to optimize
over CTq2' and the concentration c' (since c' is in a specific domain) and then use
(35) to define (Tq3) giving an isotropic response.

The second, rank-II, two-dimensional laminate has a linear matrix and nonlinear
inclusions. Since, in this case, both phase 2 and phase 3 are made of the same
linear material, <7q2) = aq3) = <t(I). The isotropy constraint (35) determines the
concentrations c' (thus c"), and the effective property is given by an optimization
only with respect to , the conductivity of inclusions of the linear comparison
material. This leads to an optimization expression identical to the nonlinear H-S
bound (30), i.e.,

^(E) = WHS2(E). (37)

(b) Rank-Ill two-dimensional laminates. Rank-Ill, two-dimensional laminates con-
sist of layers cut from the rank-II laminate of Fig. 1 (c) and layers from an isotropic
material. (Sheets from the rank-II laminate material are cut along planes with normal
in the (Xj, x2)-plane.) The sheets of these two materials are laminated together in
alternate order, as described in Appendix A. The resulting material has a microstruc-
ture with fibers (long in the x3 direction) of trapezoidal and parallelogram cross
sections arranged in a periodic manner in the (Xj, x2)-plane. Appendix A gives both
the conductivity of the linear, isotropic comparison material, ct"7 in Eq. (78), and
the isotropy conditions, in (77). The effective comparison energy function is thus
given by

W0( E) = i a'^'E2. (38)

There are two ways to construct this rank-Ill laminate microstructure with the two
materials characterized by (27). The first uses linear inclusions (with potential fV{l)
and volume fraction c(l)) in a nonlinear matrix (described by W{2) with volume
concentration c(2)). The application of the variational principle in Eqs. (23) and
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(26) gives o-Q1' = ct(I) , and the effective energy function of the nonlinear material

W( E)
— max

Wyi> oHi)
l>c',c">c1'

with F defined by

III / (2)^1—1 \ —2/(«—i)cr0 - 1 I or 'EF
o■(') n + 1 I cr") (39)

/ (2)\ ("+1)/("-')
„ /// //,. /, \F = c c (1 - c ) 1 u- 1

r(l)

+ (l-c')
(4)\ («+')/("—1)

(40)
The isotropy conditions in (77) that constrain the above optimization are

lis, (3k 2 r~_/ 11,^1 _/ (3) ,, IIs_I _/ n
(1-c )(ct0 ) -[2<t„-c (ffn +ff22)]^o +(!-f )crn<T22 = 0' (41)

,(4)1 („W\2 _L-2(cto ) +
in

- 777 (ct,, - a22) +
1 - c

+ T ^777u ~~ ̂ 22) + (52)2 ~ (5i)21-c

(42)

with
M - r///sl

S2 = 4 (3g,7 f + *£ + 2^i"), (43)

n \/3 _// 1 _ // , . . ,5, - + -(T,2 , (44)

52 = H/ + t^"' (45)
where d[[, are defined in Appendix A by Eq. (69) and c"'c"c' = c(I). An
iterative procedure is used for the above optimization. For a specified applied overall
electric field E, Eqs. (41) and (42) are solved to obtain and a^4) for the initial
estimates of cTq2) , c', and c" . These are substituted into Eq. (39) to optimize for a
new group of <Tq2' , c1, and cu . Equations (41) and (42) are solved again to obtain
a new group of a^ and o{04). This iteration continues until convergence.

The second rank-Ill laminate is composed of a linear matrix described by W7'1'
and nonlinear inclusions described by W{2). Once again, the effective properties
of this two-dimensional laminate coincide identically with the nonlinear H-S bound
^HS2' defined in Eq. (30).

Note that, in two-dimensional space, the rank-II laminate depicted in Fig. 1(b)
is the lowest "rank" that can manifest isotropy in the (x,, x2)-plane. While this
laminate has a simple microstructure, higher-rank laminates have more complex mi-
crostructures.
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B. Nonlinear three-dimensional laminates. The effective properties of the two-
dimensional laminates obtained above illustrate the general manner in which ex-
act properties can be obtained for nonlinear laminate composites. However, three-
dimensional properties (since E may be arbitrarily oriented in space) are of greater
practical significance. Although a very wide range of materials falls within the class
of materials discussed here, we restrict our attention to two composite materials: (a)
composites with linear and linear plus power-law constituents; (b) composites with
both phases being pure power-law materials.

A rank-Ill, three-dimensional, laminate is constructed by layering slices cut from a
rank-II laminate (see Fig. 1 (b)) with slices from another isotropic material in alternate
order. The slices from the rank-II laminate are cut parallel to the (x, , x2)-plane.
These planes are layered with an isotropic phase in the x} direction to create the
rank-Ill, three-dimensional, laminate. Let phase 1 be the inclusion phase and let
the other three phases be made of the same material. The resulting composite has
a microstructure that is characterized by periodic short fiber arrays. Each fiber is
actually a parallelepiped particle.

(a) Rank-Ill laminates with linear and power-law components. The composites con-
sidered here are made of the following two materials:

ljl)p2 u/(2)^_ lJ2)p2 , 1. ,.,(2)^+1
n + 1PF(1)(E) = {oWE2, Wa\E) - \a(1)E2 + zrrTtoi)En+l , (46)

where er(1), ct(2) , co(2), n (> 1) are material constants. Nonlinear H-S bounds
for these two-phase composites can be derived directly by substituting the potentials
H7'1' and W(2) into Eq. (87). This leads to the following optimization procedure:

fW\ ' " - 1 J2)/„(2) „(2Mi+l)/(»»-l),_(2K—2/(«—1)W = 7 maxL(Oo)
Z (7q >0

When (ct0) . is defined by

IFhs(E) = ± max[(&(,).£■ - (47)z <j<2)>0 n + i

(2) (1). (2) _ (Ik
ig \ — CT(l> . o ^ o o > ^en W —W (48)
\ao>i -ao + c(i)a(2) + (3 _ c(2))cr(i) ' tnen hs 1 hs '

and, when
J2), (l) _

(ft ) - +   o ' o o ' then W =W (49)
t<v, - °b + c(2)a(\) + (3 _ ' HS2 HS' [ '

Here — cr(1), and c(l) and c(2) are the volume fractions of the phases character-
ized by H7"' and W121, respectively. The nonlinear H-S lower bound and the H-S
estimate to the upper bound are given by

^Hsl= min(^HS 1 ' ^HS2) ' ^HS + = max(^HS 1 ' ^HS2)"

In order to use (26) to calculate the effective energy function of this rank-Ill,
three-dimensional laminate, we need to first obtain the effective comparison energy
function WQ . The effective conductivity of this linear comparison material has been
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derived in Appendix A, which is o'u" in (82) under the isotropic conditions in (81).
Thus, the linear comparison energy function is

W0(E) = \a^E\ (51)

Two nonlinear laminates are constructed. The first has a nonlinear matrix with
linear inclusions. The second has a linear matrix with nonlinear inclusions.

Consider the laminate with linear inclusions (described by W(1)) and nonlinear
matrix (described by W{1)). This laminate has three phases characterized by the
nonlinear energy function W(2). By substituting and W(2) into (23) and
(26), we obtain = a(1) and the effective energy function in the form of an
optimization, viz.,

W(E)

with F defined by

jy III II,. IsF = c c (1 - c )

max
-III , / (2)-~n-l \ —2/(« —1
ao W I 0J E \
a(» n + l\

(«+!)/(«-!)

(52)

, v-,, t (4) (2) \ ("+')/("-')

(53)
The above optimization is originally with respect to the comparison conductivities
<7q2) , (7q3) , and <Tq4' which correspond to the comparison conductivities of the three
nonlinear phases. The relative volume fractions c1 and cu are determined by the
two isotropic conditions (or constraints) in Eq. (81). However, it is mathematically
convenient to do the optimization with respect to a(,2), c', and c" and use the two
constraints to determine <Tq3) and a\^], since c and c" are limited to a specific
domain.

For the other laminate—which has a linear matrix (i.e., with three phases charac-
terized by W^l)) and nonlinear inclusions (described by W<2')—the effective energy
function can also be obtained by substituting H7'1' and W^2) into (23) and (26).
This leads to ct(<2) = = er(l). The resulting nonlinear energy function is
obtained by an optimization with respect to one variable, (T(')l), and coincides with
the nonlinear H-S bound, WHS2, defined by Eq. (47) when (ct0). is defined by (49).

(b) Laminates with pure power-law components. The composites considered here
are composed of two pure power-law materials, both of which have the same nonlin-
ear order but different nonlinear conductivities:

W(1)(E) = —X—-o)WEn+x, W(2)(E) = —i— (o{2)En+l, (54)
K ' n+1 y ' n+1

where a>(1), oj2> , n (> 1) are material constants. The resulting isotropic effective
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energy functions have the same form as the phase materials and W{2)), namely

W{ E) = ^sr+1, (55)

where cD is the effective nonlinear conductivity [22]). Since this functional form for
the effective energy is known, the effective properties are characterized by w. Blu-
menfeld and Bergman [22] have studied these two-phase composites when co(2)/w(1)
~ 1, and obtained a second-order upper bound for the effective conductivity a>.

Voigt and Reuss bounds can also be derived for this composite. Using the min-
imum energy principle (W < c(X)W(X) + c'2'^2'), the Reuss upper bound can be
obtained directly, viz.,

+ (56)
or ' or ;

where c(2) and c(1) are volume fractions of phases with conductivity characterized
by ^(1) and H7'2' respectively. The Voigt lower bound is derived from minimum
complementary energy and is given by

CO
>

a>(1)

/ (2) \ _1/"
(•) , J2) CO \C + C

co{l) (57)

The nonlinear H-S bounds are again derived using linear H-S bounds as the com-
parison material in Ponte Castaneda's variational principle as outlined in Appendix
B. Substituting the potentials IV(I) and W(2) into Eq. (87) leads to

^hs(E) = \ max ((a0),£2
"o >°0 >° I

n - 1
n+ 1

c(l)(CT(l))("+l)/(«-l)(w(l))-2/(«-l)+c(2)(CT(2))(„+.)/(„-l)(w(2))-2/(n-.)

(58)
where (a0)( is given either by (48) or by (49). The nonlinear H-S lower bound and
estimate to the upper bound are again determined by (50).

Since the microstructure of the rank-Ill laminate studied here is the same as that
in the last subsection, the effective energy of the linear comparison material is again
^0(E) = (1/2)CTq//£1 . Two different isotropic laminates are considered here. Both
are required to meet the isotropy conditions in Eq. (81).

The first laminate (Laminate 1) has inclusions characterized by W(1) and matrix
characterized by W(2). The application of Eqs. (23) and (26) leads to the nonlinear
effective conductivity

cb
max

1 >c',c">cw

in
E' - ^FE'

, -iii -Tl + 1 <7q —1 —n Yl — 1

w(1)
(59)
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with F defined by

c
/ (i) \ ("+1)/("-1) p / ^.(2) \ («+')/(«-1)(1) [ aQ I

w(1)

, III II \+ c (1 - c )
(„+l )/(„-!)-, -2/(n-l)

(60)
where c1"c"c' = c(l), and c(1) is the volume concentration of . This laminate
has nonlinear materials in all of its four phases. Thus, the effective energy function
is an optimization with respect to the properties of the four phases of the linear
comparison material (represented by conductivities , e^2' , cTq3) , and a^). The
relative volume fractions c and c are determined by the two isotropic conditions
in Eq. (81). Again, since c1 and c" are in a specific domain (1 > c1, cu > c(1)), it
is mathematically convenient to optimize with respect to c1 and c" instead.of r^3'
and (Tq4^ . The two isotropic conditions in Eq. (81) are then used to determine
and (Tq4) .

The second laminate (Laminate 2) has matrix and inclusions characterized by
W(1) and W'2'' respectively. The same procedure as that described above leads to
an effective conductivity in a form similar to (59), namely

-in
CO

—nr = max
C0{1) CT<",CT<2»>

n 4- 1 Cq —l —n n — 1 j^—l+n

a>W
E —FE (61)

l>c',c">c(2»

but with F defined by
/ (1) \ ("+1)/("-1) / (2) \ -2/(n-I)

/ (3) \ ("+!)/("-') / (4) \ ("+!)/("— 1)
in,, ii, ( oo \ ' X+ c (1 - c )

toW

( \
+ ('-c')(^11)

where culc11c = c(2), and c(2) is the volume concentration of W(2). The calcula-
tion of the effective conductivity cb of the above two laminates is accomplished
through an iterative procedure. For initial values of the optimization variables
(CTq" , (Tq2) , cl, and c"), the isotropy conditions of Eq. (81) are solved to get ,
CTq4) . They are substituted in the optimization equations to obtain new values of the
optimization variables. This procedure continues to reach a convergent solution for
the effective conductivity parameter a>.

V. Results. The objective of this work is to obtain the effective conductivity of
nonlinear isotropic laminate composite materials. This conductivity, characterized
by the effective energy W, is dependent on the magnitude of the applied electric
field E.
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In Figs. 2 and 3, phase 1 is linear, characterized by the potential in (27)
and has concentration c(1) . Phase 2 is nonlinear, with potential W{2) in (27) and
concentration c(2)(= 1 - c(1)). In order to present the data in the most compact and
general form we will plot the effective energy of the laminate composite nondimen-
sionalized by the effective energy of its linear phase, namely W/W(X), versus the
normalized electric field intensity. The normalization, which appears earlier in Eqs.
(33) and (52), is chosen such that the results hold for all nonlinear materials (W(2))
of a given nonlinear order n. We therefore plot W/W(X) versus ai2)En /cr(1),
where <u(2) and n characterize phase 2 and er(l) is the conductivity of phase 1; see
(27).

(a) Two-dimensional laminates. Figures 2(a), (b), (c), and (d) show results for
two-dimensional laminates with phase 1 linear and phase 2 nonlinear. We confine
ourselves to the discussion of one typical material of moderate nonlinear order (n =
3) and one of high nonlinear order (n = 10). In each of these figures the effective
conductivities of the rank-II and rank-Ill laminates are presented and compared with
the nonlinear H-S bounds. Recall that the nonlinear H-S lower bound is a strict lower
bound while the nonlinear H-S upper bound is an estimate to the true bound. Results
for five discrete concentrations of the linear material c(1) = 0.0, 0.1, 0.5, 0.8, 1.0
are shown.

Figures 2(a) and 2(b) (see p. 452) examine the effective conductivity of a laminate
at a small applied electric field. For an exclusively linear material, c(1) = 1.0 and
W= 1 for all E, while for an exclusively power-law material, c(l) = 0.0 and
W is proportional to a>{2)En as required by the nondimensionalization.

For each concentration c(1), two materials are possible. The first has linear in-
clusions and nonlinear matrix, while the second has nonlinear inclusions in a linear
matrix. Since the applied electric field is small (0.0 < (o^En '/<7(1' < 1.0) the
linear material is more conductive and the composite with linear matrix has higher
effective conductivity.

In both figures the potentials representing the nonlinear H-S bounds, ^HS_ and
IFhs+ , are plotted for each concentration of the linear material. Both the rank-II
and rank-Ill materials in which the matrix material is linear (the more conductive
arrangement in this range of applied field) coincide with the nonlinear H-S estimate
to the upper bound 1^ + defined by (28) with (30). Since these results are identi-
cal, only the estimate for nonlinear H-S upper bound is plotted. Even though linear
counterparts of both these rank-II and rank-Ill laminated microstructures attain the
linear H-S upper bound, we cannot say that they are also extremal nonlinear com-
posite microstructures. This is because we have only an estimate of the upper bound
to which the conductivity of these nonlinear materials corresponds.

For materials with nonlinear matrix material, the effective conductivities for both
the rank-II and rank-Ill laminates are very close to the H-S lower bound, Wm _ .
(The rank-Ill laminate is closer than the rank-II laminate.) The corresponding linear
laminated microstructures (with the more strongly conducting material as inclusions)
attain the linear H-S lower bound and are therefore extremal materials. Although we
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H-S lower bound
— — H-S upper estimate

• Rank 11 laminate
* Rank III laminate
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Fig. 2(a). The effective energy of nonlinear, isotropic, two-dimension-
al, rank-II and rank-Ill laminates as a function of average electric field,
E, and the nonlinear H-S lower-bound and upper-bound estimate.
The two-phase laminates are composed of a power law and a linear
phase, where c(1) denotes the volume fraction of the linear phase.
The laminates with linear inclusions coincide with the H-S bound
H-'hs 2 ; thus, only WHS 2 is plotted. Weak nonlinearity (n = 3) and
small electric field. Here, the rank-// laminates with nonlinear matrix
almost coincide with the H-S nonlinear lower bound W'HS j .

cannot assert that the nonlinear composites constructed here are extremal materials,
the proximity of their effective responses to the nonlinear H-S lower bound indicates
that this bound is very close to the true lower bound.

Figures 2(c) and 2(d) (see pp. 453, 454) examine the same materials in the same
manner as Figs. 2(a) and 2(b), but for a larger range of electric field. The sig-
nificant feature of Figs. 2(c) and 2(d) is that there is a transition region around
w[1)En 1 /a^ ~ 1 where the effective property W for both laminated materials
and both the nonlinear H-S lower-bound and upper-bound estimates are identical to
within five significant figures. This region is smaller when the concentration of linear
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Fig. 2(b). Strong nonlinearity (n = 10) and small electric field. The
rank-// laminates with nonlinear matrix again almost coincide with
nonlinear H-S lower bound W^HS , .

phase is small (c(!) is small) than for high-volume fraction of linear material. In this
region of applied electric field magnitude both nonlinear and linear phases respond
in a similar manner so that all the two-phase composites composed of both linear
and power-law constituents have almost identical conductive behavior. Both the lam-
inates and the H-S bounds provide an accurate estimate for the effective conductive
behavior.

To the right of this region, the electric field intensity is large enough to ensure that
the nonlinear phase is more conductive than the linear phase. Also, the nonlinear
H-S bound (28) with (29) and (30) results in WHS2 < ^Hsi > 'e-' ^hs- = ^HS2 's
a strict lower bound. We have already shown that the laminate with linear matrix
coincides with WHS2 for the entire range of electric field. Thus, at large electric
field (w(2)£"_1 /(7(1) > 1), the sequentially laminated materials provide a series of
extremal microstructures achieving the nonlinear H-S lower bound. This in turn
proves that the nonlinear H-S bound is a true lower bound at large electric field.
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Fig. 2(c). Weak nonlinearity (n = 3) and a large range for the
applied electric field.

Both rank-II and rank-Ill laminates lie above the estimate for the upper H-S bound,
^HS . The rank-Ill laminated material is closer to the estimate than the rank-
II material. This confirms the fact that W/HS+ is not a true upper bound.

In comparing Fig. 2(a) with 2(b), and Fig. 2(c) with 2(d), it is evident that the
range of possible material behavior for a given electric field is larger for the material
with lower nonlinear order n .

(b) Three-dimensional laminates. Figures 3(a) and 3(b) (see pp. 455, 456) show
the effective conductivity for three-dimensional nonlinear laminate composites. In
this case, phase 1 is linear and phase 2 is linear plus power-law (see Eq. (22)) with
the linear coefficient chosen such that cr(2)/ct(I) = 2 > 1, which guarantees that the
nonlinear material is always more conductive, regardless of the electric field intensity.
This also means that the nonlinear H-S lower bound is always given by (47) and (49).
The estimate to the nonlinear upper bound is given by (47) and (48).

Two nonlinear materials, one with moderate nonlinearity (n = 3) and the other
with strong nonlinearity (n = 10) are again studied. Independent of concentration,
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Fig. 2(d). Strong nonlinearity (n = 10) and a large range for the
electric field.

the laminate with linear matrix has an effective conductivity (as mentioned earlier)
given by W = Wm2 = W/HS_ and is therefore an extremal microstructure that
achieves the nonlinear H-S lower bound.

The estimate for the upper bound, ^HS + , is plotted as a dashed line for each con-
centration c(,). The laminates with nonlinear matrix have effective potentials slightly
above these dashed lines when n = 3 . For the strongly nonlinear matrix (n = 10),
the difference between the laminate and the estimate to the nonlinear upper bound
is slightly larger than that for n = 3 as E becomes larger. Although the effective
potentials for the nonlinear upper bound estimate, W/HS+ , and the laminates, W,
are close to each other, we cannot conclude that W/HS+ is a true bound nor that these
laminate composites are extremal materials.

(c) Three-dimensional laminates with two power-law phases. Figures 4(a) and
4(b) (see pp. 457, 458) show the effective electrical conductivities of laminate mate-
rials with the pure power-law constituents discussed earlier (54). We again consider
materials of nonlinear order n - 3 or n = 10. In this case the volume fraction
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Fig. 3(a). The effective electrical conductivity of nonlinear, isotropic,
three-dimensional rank-Ill laminates (composed of linear plus power-
law constituents) as a function of the nondimensionalized applied
electric field. Weak nonlinearity (n = 3).

of the less conductive material, characterized by W12', is c(2). Since the form of
the effective potential W is known, a> characterizes this potential (see (55)). Also,
since both phases of the composite have the same nonlinear order n, the effective
conductivity is independent of the applied electric field magnitude E. We therefore
plot the nondimensionalized effective conductivity, S/<y(I), versus the ratio of the
conductivity of the less conductive phase to the more conductive phase, oj2)/ox1'.

Neither the laminates with the less conductive material as matrix (Laminate 1)
nor as inclusions (Laminate 2) attain the nonlinear H-S bounds. Both these rank-Ill
laminates are plotted as stars in Figs. 4(a) and 4(b) for the concentration c(2) = 0.5.

Although Laminate 1 is not formally an extremal material, the effective nonlinear
conductivity of Laminate 1 (with the more conductive inclusions) is so close to the
H-S lower bound (58) that it effectively shows that the H-S lower bound is a tight
bound and that this material is, for practical purposes, an extremal material.



456 GUOAN LI and ANDREW S. DOUGLAS

=i
%

W<2,£"-'/o(I>

Fig. 3(b). The effective electrical conductivity of nonlinear, isotropic,
three-dimensional rank-Ill laminates (composed of linear plus power-
law constituents) as a function of the nondimensionalized applied
electric field. Strong nonlinearity (n = 10).

Laminate 2 has effective conductivity slightly above the estimate for the nonlinear
upper bound (58). This shows again that the laminate results are closer to the true
upper bound than the H-S upper-bound estimate.

In order to compare the laminate results with other results, the Voigt upper and
Reuss lower bounds are plotted in both Figs. 4(a) and 4(b) as indicated. Also plot-
ted is the Blumenfeld and Bergman (B-B) second-order upper bound [22], which lies
between the Voigt upper bound and the rank-Ill laminate. When the component con-
ductivities are similar, w(2)/w(1) ~ 1 , the B-B upper bound is larger than but very
close to Laminate 2. This shows that the B-B upper bound is a better estimate to
the optimal upper bound than the Voigt bound. Actually, when > 0.8, all
the calculations are so close to each other that each of them well represents the effec-
tive conductivity of a general two-phase composite with pure power-law constituents.
When the constituent conductivities are very different (&/2)/a>(1) is small), the dif-
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0.0 0.1

co(2)/co(l)

Fig. 4(a). The effective electrical conductivities of nonlinear, isotropic,
three-dimensional rank-Ill laminates (which are made of two pure
power-law materials) as a function of the ratio of the nonlinear con-
ductivities of the two different constituent materials. Here c'2' de-
notes the volume fraction of the less conductive material W(2'. Weak
nonlinearity (n = 3).

ference between the B-B upper bound and Laminate 2 increases. But, the laminate
results are still very close to the H-S upper-bound estimate.

When oj{2] = 0 (co(2)/ftJ('! = 0), in Figs. 4(a) and 4(b) the effective conductivity
of laminates with W{2) as matrix is zero (oj = 0), since Wi2) is a perfect insulator;
inclusions are perfect insulators. When c(2) = 1, the entire composite is characterized
by W(2> and all the results (H-S bounds and laminate materials) collapse onto the
diagonal line shown. Also, when ct2) = 0, the entire composite is characterized
by w'[> and all the results (H-S bounds and laminate materials) collapse onto the
horizontal line a> = w(1).
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Fig. 4(b). The effective electrical conductivities of nonlinear, isotropic,
three-dimensional rank-Ill laminates (which are made of two pure
power-law materials) as a function of the ratio of the nonlinear con-
ductivities of the two different constituent materials. Here c1' de-
notes the volume fraction of the less conductive material W[2\ Strong
nonlinearity (n = 10).

VI. Conclusions. Using the solutions for laminate composites made of linear ma-
terials with concentrations chosen to ensure an isotropic material response, the vari-
ational principle due to Ponte Castaneda [1] can be used to find the exact effective
electrical conductivity for isotropic two-phase nonlinear laminated materials. When
the more strongly conducting of the two phases (which may depend on the applied
electric field intensity E) comprises the inclusions, these composites are either ex-
tremal materials (i.e., they attain the nonlinear H-S bounds) or they are very close
to extremal microstructures. On the other hand, when the less conductive material
forms the inclusions, their effective conductivity is closer to the true upper bound
than the H-S estimate of the nonlinear upper bound.

For linear materials, all the two-phase, isotropic, sequentially laminated materials
of any rank attain the corresponding linear H-S bounds. They are therefore all ex-
tremal linear materials. For nonlinear materials, each two-phase, isotropic material
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of different rank (for a given ratio of concentrations) has a slightly different elec-
trical conductivity. When the inclusions are more conductive, the higher the rank,
the closer is the effective conductivity to the H-S lower bound. It is expected that
the sequentially laminated materials may converge to the optimal lower bound as the
rank of the laminates increases.

On the other hand, when the less conductive material forms the inclusions, the low-
est rank, isotropic laminate (i.e., the simplest microstructure) is the material closest
to the true nonlinear upper bound.

The fact that the effective properties for these nonlinear laminated materials are
obtained exactly and that the conductivities are so close to the nonlinear H-S lower
bound also means that this bound is a tight bound. These exact solutions provide
powerful tools in testing other nonlinear bounds as shown in the case of the B-B upper
bound. They also provide an insight to the properties of nonlinear heterogeneous
materials.

These laminates provide a simple way of obtaining effective properties of nonlinear
electrical and thermal conductors and dielectric and magnetic materials over the
entire range of inclusion concentration. In principle, this method could also be used
to determine the effective properties of nonlinear elastic materials. However, since
the elasticity tensor is fourth rank, the construction of an isotropic laminate linear
comparison material is prohibitively complex.
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Appendix A. Linear laminated materials.
(a) Two-dimensional laminates. Consider electrical conductivity in the (x,, x2)-

plane only. A rank-I laminate is shown in Fig. 1(a). Both composite phases are
isotropic with conductivities and a{2) and are laminated in the x2 direction.
The effective conductivity tensor a1 of this laminate, obtained from (17), is

M- "I, 0
a22

with

(63)

°\\ =^/(Ti1) + (1 -cV<S2)> 0I22 = (cI/oj>1)+ (l-cI)/oj?))~l, (64)

where c' is the relative volume fraction of phase 1 in the rank-I laminate, and
and d22 are the electrical conductivities in the x{ and x2 directions, respectively.

We examine two kinds of rank-II laminates, both of which are constructed using
the rank-I laminate in Fig. 1(a) as one component and another isotropic material
(with electrical conductivity (Tq3)) as the other component. Each of the rank-II lam-
inates is laminated in a different direction n. The relative volume fraction of the
rank-I laminate is c" while the isotropic material has volume fraction 1 - c" . Fig-
ure 1(b) shows an orthogonal rank-II laminate composed by laminating in the xt
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direction (n = X[). The effective electric conductivity a" (two-dimensional), as
given by (17), is also diagonal and may be represented by the matrix

r - II ncx I, 0
-ii
°22 J

(65)T - II -I[tf ]

with
-II lis, (3) , II,-I\~l -II II-I , ,, lis (3) ,crs)/°o +c 1° 11 j ' °22 = c o22 + (\-c )a0 , (66)

where a[x and a'22 are the diagonal components of the matrix in (63). If component
(Jq1' occupies overall volume fraction c(1) in this laminate, then c"c1 = c^1'. This
composite can be made isotropic in the (x,, x2)-plane by selecting the appropriate
volume fraction c (thus c. ) through the condition ax x = a22 ; hence the a may
be expressed by

[a"] = Oq\, (67)

where aJ0' is the resultant isotropic conductivity (a" = a[[ = a22) for the rank-II
laminate. The isotropic condition is simply

-l
1 — C" C" \ II _I II. (3) ,,ON

1 = c a22 + (1 - c )a0 . (68)

This equation can be solved to get cu, which together with c( 1) gives c'. It has
been shown by Lurie and Cherkaev [12], Tartar [23] that if this rank-II laminate
is made of two isotropic materials (i.e., a^ = CTq3)) , it attains the corresponding
two-dimensional H-S bounds. Here we define the "inclusion" of a laminate to be the
area occupied by phase 1 (er^1'); all other regions are called matrix. If > o^2)
(= <7q3)) , then the H-S lower bound is attained. If cTq1' < , then the H-S upper
bound is attained.

As a second example, we slice the rank-I laminate in the direction n = [- cos(7t/6),
sin(7t/6), 0], and laminate it with component 3 in this direction n. The resultant
rank-II laminate is shown in Fig. 1(c), and its effective electric conductivity a" ,
derived from Eq. (17), has the matrix form

=//
r -I11[a ] = (Tn °\2

-II -II
°2\ °22

(69)

where a['2 = a[\, and
i "m U\-II Is (3) , II _I 3 C (1-C ) I (3)2an =(1 -c K' + c (j,,-- — (ff„-^ ) =

-ii y/3 C (1 — C ),_/ (i)s,-i [i)s
^12 = ~Z ^ -Kl-^O )(ff22"*0 ).
_II Vic (1-C ),_/ (3)w _/ (3k

with

i I'/1-II /, lis (3) , II-I lc (1-C ) / (3)2
ff22 = (l-c )Cg +c a22 -   — (o22-o0 ) ,

r. // (3) /1 lis /3 _/ 1 _/ \ , s
Dx =c <T0 + (1 — C ) (^4^,1 + 4°"22 J • (71)
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Using the same procedure, a rank-Ill laminate can be constructed by laminating the
above rank-II composite (with relative volume fraction c111) with another isotropic
material (with electrical conductivity <Tq4) and relative volume fraction 1 - cUI) in
the direction n = [cos f , sin f , 0]. By using Eq. (17), the effective conductivity a
is given by

r - III ,[a ] =
r-III -III

°n 12
-III -III
°2\ °22

where a1^' = <72[7 > and

J11,* Jii\-III Ills (4) in _ii c (1-c )<x„ =(1 -c )(Jq + c <t,, y— 
2

III,, JH\-III _ III-II c (1 — c )

1 J4h
2 12 + 2 11 0

(7,2 - C <7,2 p
2

1 -II , \/3 ._// (4),2CTi2 + X(<T" ~ a° ) \/3 =// , 1~2 , *,_// (4).
°"l2 + ^<^22 - CT0 )

-III f, ///^ (4) , ///_// ^'(I-C"')a22 =(1~C K +C ff22 75 
2

\/3 _// 1 ._// (4)>
2 ai2 + 2^22 CT° ̂

(72)

(73)

(74)

(75)

with
/■i w\

„ III (4) , (1-C ).-_//, _// , - AJ-Z/s {nd\d2 = c cr0 + 4 (3(7,,+(J22+ 2V3(712). (76)

Here cI!Ic"c1 = c'1', where c(1) is the overall volume fraction of (Tq1' . This is an
anisotropic composite. To make it isotropic we need the diagonal terms to be equal
(represented by variable a"') and the off-diagonal terms to vanish. Thus, we have
two constraint equations for isotropy:

-in -in -in , -in Aa ii = er22 = (Tq and ct12 = 0. (77)

The solution of the above equations gives the relative volume fractions clu , c11,
and c1. The isotropic conductivity is then given by

[a'"] = a'0" I. (78)

By choosing a'Q2) = a(j3) = , the above rank-Ill isotropic laminate has the same
effective property with that of the rank-II isotropic laminate expressed in Eq. (67), i.e.,
ct" = Oq" . Both of them again attain the linear H-S bounds in the two-dimensional
cases.

(b) Three-dimensional laminates. In the previous subsection, the laminating pro-
cess is confined to the (*,, x2)-plane, resulting in long fiber microstructures. The
properties in the x3 direction are not considered. In fact, the properties in the x}
direction for these laminates are merely the volume averages of the properties in the
jc3 direction of the components. The three-dimensional laminates discussed in this
subsection are constructed based on the two-dimensional laminates by an additional
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laminating in the x3 direction. An orthogonal three-dimensional laminate is com-
posed by slicing the rank-II laminate represented by Eq. (65) in the x3 direction
and then layering it with an isotropic material (with electrical conductivity rr(|4)).
The rank-II component occupies the relative volume fraction c'" and the isotropic
component occupies the relative volume fractions 1 - c"'. The effective electrical
conductivity a"1 can be obtained from (17) in a diagonal matrix form

r _///■,[a ] =

*/7/
a\i

_iii
°22

_Ill°33 J
(79)

where
/ I (1) . ( i '\ (2)\ (3)

_ n _ I'hnw , J" go + il ~ £ H K 
11 )0 (1 + +

_III Ills (4) , III.. II, (3) , III II % a0
CU =(.-C K +c (1-c K + < c c,a„) + {l_c,)4,

_ »ric+c"(c'^"+(i-^)^2i)ia
'■>0 L "o ^ c2"0

If cTg1' occupies volume fraction c(1), c"c11c1 — c(1)
isotropic by choosing appropriate relative volume fractions c , c , and c . This
can be accomplished by equating the diagonal terms of (79), i.e.,

33 (! -c'")[(l-c")aP+c'\c<^ + cW)] + c>"o?y

0 occupies volume fraction c(1), c"c"c' = c(l). This laminate can be made

_/// _iii .iii .in ,01N
ffll — °22 — °33 ~ ao ■ )

Here a'0" is the resultant effective conductivity of the three-dimensional laminate.
If Eq. (81) is satisfied, the resulting isotropic effective conductivity can be written

[a1"] = o"'l. (82)

In the above three-dimensional isotropic laminates, a two-phase composite is con-
structed if the matrix is composed of the same material (i.e., cTq2) = (7q3) = CTq4)) . Its
conductivity coincides with the three-dimensional linear H-S bounds. Again, the up-
per bound is reached when the inclusions (noncontinuous phase) are less conductive
then the matrix (continuous phase) material; the lower bound is attained when the
inclusions are more conductive than the matrix.

Appendix B. Nonlinear H-S bounds. By restricting <x0(x) to be piecewise constant
in each phase (<x0(x) = in phase r) of a general jV-phase isotropic composite, Eq.
(15) becomes an inequality [1], since the maximum is over a smaller class of functions
(functions that are piecewise constant) than the class of nonnegative functions to
which er0(x) actually belongs. Thus, Eq. (15) leads to

W{E) > max { WJE) - £ , (83)
ao)>0 I r— 1 J
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where WQ now represents a linear, isotropic comparison composite with linear con-
ductive constants in volume fractions c(r), and v(r) is given by (21). The ef-
fective conductivity of the linear comparison material, a0 , is bounded by the linear
H-S lower and upper bounds [3], a and a+ respectively; thus,

a_ < a0 < a+. (84)
These H-S bounds are given by (see Lurie and Cherkaev [12] or Kohn and Milton
[21])

(N r(r) \~'
ff_ = (l-</)*_+ £ {r)' n , (85)

\r=i a(0>+ (d-l)a_ J

(N r{r) \~'°* = (i-dK + fe4^K) • m
where d (= 2, 3) is the number of space dimensions, and a_ = minr{a^} and
cj+ = maxr{crQf)} correspond to the conductivity of the least and most conductive
phases respectively.

If an extremal comparison material with minimum linear isotropic conductivity
a_ is introduced into Eq. (83), the linear comparison material is characterized by

W0 — (1 /2)a_E . Since this is the smallest possible comparison energy function
(see Eq. (84)), a strict lower bound (denoted WHS ) for nonlinear composites will

be generated by substituting this W0 into (83). On the other hand, if an extremal
material with maximum linear conductivity a+ is introduced, the largest comparison
energy, W0 — (1 /2)a+E2, is obtained. However, because of the inequality in (83)
only an estimate for the corresponding nonlinear upper bound is obtained. We write
this estimate to the nonlinear upper bound Wm .

It should be noted that the effective properties of nonlinear isotropic composites
depend on the applied electric field intensity E. The properties of the optimal
comparison materials, , must also change with E. Thus the maximum and
minimum conductivities a_ and o+ also change with E. In the case of a two-phase
composite, nonlinear H-S bounds are derived from linear H-S bounds by substituting
either (85) or (86) into (83), to give the effective potential

HC,S(E) = max
HS „o> 2^- 0>i ( 0 )

r= 1
(87)

When (aQ)i is defined by

(90), = (1 -If)<7"'+ n , then Wmi = Wm, (88)V,.i "o +(d~1H J
and when

(2 (r)

23 n m ■ lhen W= <89)
r=l a0 +(« - l>a0 J
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The H-S lower bound and the H-S estimate for the upper bound are then given by
the maximum and minimum of the two nonlinear bounds WHS t and WHS 2, namely

Wjjs- = m^n(^HSl ' ^HS2) an<^ ^HS+ = max(^HSl ' ^HS2)- (^0)

For more details, the reader is referred to [1, 14].
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