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Abstract. Axisymmetric deformations of curved annular elastic membranes sub-
jected to vertical surface loads and radial edge loads or displacements are considered
within Reissner's finite-rotation theory of thin shells of revolution, assuming linear
stress-strain relations. The principal stresses in the membrane are determined by the
solutions of a nonlinear second-order ODE, dependent on a geodesic variable. Ana-
lytical methods are used in order to determine the range of those boundary data for
which the solutions of the differential equation are wrinkle-free in the sense that both
the radial and the circumferential stress components are nonnegative everywhere.

1. Introduction. For many events, a linear theory of elastic membranes and thin
shells of revolution is not applicable, for instance, if the applied load is not small
enough. In these cases a nonlinear theory is required. Of particular interest are
geometrically nonlinear theories where nonlinear strain-displacement relations but a
linear stress-strain relation like Hooke's law are assumed.

A membrane theory of this kind that is widely applied and that covers the special
case of aximembranes, originates from E. Reissner's theory of thin shells of revolution
having negligible bending stiffness (the finite-rotation theory [16]). Aximembranes
are membranes of revolution under axisymmetric loads, and a geometrical configura-
tion of great significance in applications is the curved annular aximembrane, which
will be the subject of the present paper.

Actually, here we shall discuss axisymmetric deformations of annular membranes
subjected to vertical surface loads and to several uniform edge loads such as radial
stresses and radial displacements within the framework of finite-rotation theory. We
are especially interested in the determination of those boundary parameters that al-
low for a stable equilibrium only, in the sense that both the principal stresses are
nonnegative everywhere in the membrane. A stable equilibrium prevents the mem-
brane from buckling. The solutions corresponding to a stable membrane state will
be called wrinkle-free since buckling of a stretched membrane sometimes is termed
"wrinkling" (see, e.g., D. Steigman [19]).
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The mathematical problems of existence and uniqueness of wrinkle-free solutions
for curved circular membranes under variable vertical loads have been solved only
recently by A. Beck and H. Grabmiiller [3], but the corresponding case of curved an-
nular aximembranes has apparently not been investigated as yet. The present results
originate from the doctoral thesis of the first author [2] with a number of consid-
erable improvements obtained by the use of a suitable transformation of variables.
Some work on curved annular aximembranes was also done by J. Arango [1], In
his thesis he studied rotationally symmetric deformations of aximembranes under
uniform normal pressure. His analysis was governed by a shooting method, which
was introduced in membrane theory by A. J. Callegari and E. L. Reiss [4],

In our work a quite different method is employed. The existence of solutions
of the stress boundary-value problem is proved by an integral equation technique
utilizing Schauder's fixed-point theorem, while positivity and uniqueness are obtained
from a generalized maximum principle. Concerning the displacement boundary-
value problems, a mapping argument is used, which was first proposed by R. Pirner
[14] and which has been successfully applied later in a refined version in order to
study stable equilibria of flat annular membranes, not only within a simplified version
of Reissner's finite-rotation theory [7, 10, 11,21] but also within the so-called small-
finite-deflection theory [7, 8, 9, 12]. We refer to [22] for a review. The idea of this
method consists of mapping the set of boundary parameters related to a stable state
of the stress problem into the parameter sets of the displacement problems.

Our work proceeds as follows. The basic equations of finite-rotation theory for
aximembranes are supplied in Sec. 2, following the representation of R. A. Clark
and O. S. Narayanaswamy [5]. Using a composition of a geodesic transformation
and a transformation due to E. Schwerin [ 17] the stress and displacement problems
occur in the form of a nonlinear second-order ODE boundary-value problem. After
having introduced the notation of regular tensile solutions, we determine in Sec. 3 the
nonnegative solutions of the stress problem. The boundary-value problems involving
displacement data are examined in Sec. 4 employing the mapping argument. Here
the sets of physically admissible boundary data are subdivided into complementary
domains of existence and nonexistence of tensile solutions. In Sec. 5 we finally discuss
the totality of boundary parameters related to wrinkle-free solutions of the stress and
displacement problems.

It should be emphasized that the flat annular membrane is incorporated in our
analysis as a special case, p = const (see Sec. 2), and that our considerations are
not restricted to the simplified Reissner model. So the results of the present paper
significantly extend previous work on flat annular aximembranes.

2. Formulation of the problem. In three-dimensional space, the undeformed mem-
brane is generated by a rotating meridian curve whose parametric representation is
taken in cylindrical coordinates (r, 6, Q in the form r — r(a), £ = f(<r). The
parameter n denotes the arclength along a meridian, and we assume that 0 < a <
L < oo. If denotes the angle of inclination measured from the radial axis to the
meridional tangent of the deformed membrane, and if S9 and Sg are pseudo-stress
resultants that measure the tension in the deformed membrane per unit length of the
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undeformed membrane, the state of the deformed membrane is completely described
by the quantities

M = rS<t) cos<D, N = rSq, sin<D, H = rSe\ (2.1)
see R. A. Clark and O. S. Narayanaswamy [5] for details.

If both stresses S^ and Sg are nonnegative, the deformed membrane is called
stably equilibrated in the sense of D. Steigmann [19]. Rotations have to be restricted
to 0 < |0(ct)| < \ , 0 < a < L. Therefore, wrinkling cannot occur in any parts of the
membrane, if both the radial and circumferential stresses M and H are nonnegative
everywhere.

We assume that a vertical surface load q^{o) is distributed per unit undeformed
area. According to [5], the basic equations for the unknowns M, N, and H can
now be written in the form

r^-M = H,
do

r7BN = -?qt> (2-2)

r-^—H = M + Ehr Mdo V \Jm2 + N2 da J c \Zm2 + N'
Here E > 0 denotes Young's modulus of elasticity, // Poisson's ratio (restricted to
0 < v < 0.5) and h > 0 the thickness of the membrane.

The generating meridian should have smoothness r e C1 [0, L]. Assuming an
inner radius 0 < a = r(0) of the annulus and an outer radius b = r(L) > a,
simple geometrical considerations lead to the requirements that a < r{a) < a + a,
a € [0, L], and 0 < r\a) <\, a e [0, L). In view of this it becomes obvious that
the geodesic transformation

(-/:#
a := k{o) , k(o) := exp ( - / ] , <re[0,L], (2.3)

establishes a C -diffeomorphism from the segment [0, L] onto [e, 1], letting e :=
k(0) > 0. For further simplification we shall use E. Schwerin's transformation [17]

<?2 - f2
 , £ e [e, 1], o:= 1-e2, (2.4)

CO

which maps the segment [e, 1 ] homeomorphically onto [0, 1 ].
In the sequel, I0 denotes the segment 0 < t < 1 , and 1 its closure. Generally,

the load function should be bounded such that q0 := max \q^{o)\ > 0 exists.

Letting q{t) := q^(a)/q0, k(t) := Vcot + e2, k(t)p(t) := a>r(a)/L, x(t)/k(t) :=
2 2M(a)/(L q0), y(t) N(a)/(L qQ), C := Eh/(4Lq0), and eliminating the quantity

H in (2.2), one obtains

x'\t) = F{t, x(t)), tel0, (2.5)

y\t) = -^p2{t)W), tel0, (2.6)
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where primes are used to indicate derivatives with respect to t and where

F{t, x) := ( . * - 1)- 2Cp'(t) - Vp2}^l) . 0(0 , (2.7)
k (0 \yjx2 + e2(t) ) Ak{t) \Jx2 + e2(t)

0(0 := k(t)y(t). (2.8)
An integration of Eq. (2.6) yields

1 [' 2 _ 1 fl 2 _
y(t)=yo~2u J0 P ^q^dr = y[ +2co J P Wq^dT> teL

Here and in the sequel it is always assumed that one of the boundary conditions
associated with the system (2.2) has the form y(0) = y0 or y(l) = y{ . Thus, F(t, x)
can be considered as a function depending on the known variable t e I and a single
unknown variable x . Neglecting the iMerm in (2.7), we get the so-called simplified
Reissner model (cf. [13, 18]), which has been the basis of extensive investigations on
flat annular and circular membranes.

Notice that the function p{t) has smoothness p e c'(7) and that

p\t) = -^-r{o){r\o)-\)<Q, tel. (2.9)

Therefore, p is bounded by 0 < p(l) = bco/L < p(t) < p{0) = aa)/(Le). For a flat
membrane, p{t) = 1 + | = 1 + e and p\t) = 0.

The following assumption (Q) is needed to prevent y(t) from vanishing at an
inner point t e 70 and should be valid throughout the whole paper:

  2 2  The load function 0 < q G C(7) satisfies y (t) > 0, t e 70, and Vj + q{j) > 0,

7 = 0, 1.
If the deformed membrane is stably equilibrated, that is, if in particular > 0
holds, then the sign of the quantity rS(p sin <I> = L q0y determines the curvature of
the membrane. A convex membrane state is characterized by y > 0 (this requires a
sufficiently large y0), while a concave membrane state is characterized by y < 0 .

The radial displacement of a membrane point after deformation is given by [5]

>\/m2 + N2^J .
Letting u(t)/k(t) := (2a>C/L)u(o), we obtain

u{t) = k2(t)x\t) - j fx(t) + v\Jx2{t) + 02(O ̂  , tel.

Now, a set of four different boundary-value problems (BVP) is obtained when Eq.
(2.5) is associated with the boundary conditions

x(0) = s or 7?0|>] := £2a:'(0) - y ^jc(O) + v\]x2(0) + e2y2^J = h, (2.10)

x(l) = S or B,[x] ■.= x,(l)-j(x(l) + vy/x2(l) + y2)=H. (2.11)
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Physically, this means prescribing either the radial stresses or the radial displacements
at the inner and outer edges of the annulus.

Subsequently, reference will be made to the above problems as the BVPs (s, S),
(h, S), (s, 77), or (h , 77) with obvious notation. It should be emphasized that the
relation cosO = x I\f7 + 02 permits other classes of boundary conditions. In any
case, these conditions can be reduced to (2.10) or (2.11), if two of the three quantities
x(j), y(j), O(j) are prescribed for j = 0 and j = 1, respectively.

In this paper, only nonnegative solutions x(t) are of interest (the so-called tensile
solutions). It is useful to classify them according to regular tensile solutions (rt-
solutions for short), i.e., functions x e C2(/0) n C'(7) satisfying x(t) >0 for t e I,
and regular nonnegative solutions (rn-solutions) with the same smoothness of an rt-
solution but with a less strict positivity x{t)> 0, t e 70.

3. Tensile solutions under Dirichlet data. In what follows, E denotes the Banach
space C(7) of real-valued continuous functions over 7, equipped with the usual
max-norm || • ||. Using Green's function, one shows by a standard technique that an
rn-solution x(t) of the BVP (s,S) admits an integral representation

x(t) = f(t) - f K(t, x)F(x, x(x))dx, tel, (3.1)
Jo

where f(t)St + s(l - t) and where the kernel function

f (1 - t)x, 0 < t < t < 1,
K(t, t) := \ X ' _ - - > 3 2I (1 -T)t, 0 < t < T < I ,

is nonnegative and bounded above by 1. Conversely, any solution x e E of the in-
2 1tegral equation (3.1) possesses the required regularity x e C (70) n C (7) and solves

the BVP (5, S) being, however, not necessarily positive. Therefore, rn-solutions
constitute a subset of the solution variety x e E of Eq. (3.1). In order to supply a
result on existence of a continuous solution of (3.1), we employ a fixed-point argu-
ment. For this purpose, let s > 0 and S > 0 be fixed. We introduce a nonlinear
operator T: E -* E and a convex set Ms s c E by setting

[Tx](t):= f{t)~ [ K{t,x)F{T,x{x))dx, xeE,teI, (3.3)
Jo

{x e E I 377 e C(70): |77(0| < Ki and x(t) := f{t) - f K(t, x)H(x) dx},
J 0

where K{ := ||2 C(cop/k2 - p) + vp2q/{4k)\\ < 00. Using arguments as in [3,
Lemma 3.1], the operator T is shown to fulfill all requirements of the Schauder
fixed-point theorem (see, e.g., [20, §7, XII]) when acting on the closure of the set
Ms s. Since T{E) C Ms s, there must exist at least one fixed-point x = Tx e
Ms s of the required regularity of an rn-solution. Furthermore, if we let F(t)

ajCp(t)/(k2(t)J7(t) + @2(0) > 0 and if y > 0 is assumed, it follows from condi-
tion (Q) that F(t, x(t))-F(t)x{t) < 0 holds for all teIQ. Thus x"(t)-F{t)x(t) <
0, and the maximum principle of M. H. Protter and H. F. Weinberger (see [15, Thm.
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3]) applies to -x with the result that x cannot attain a local minimum x(t0) < 0
at an interior point t0 e I0. Therefore, x{t) must be an rn-solution of the BVP
(s,S).

If y < 0 holds, solutions x e E of Eq. (3.1) are by no means positive, not even
for s > 0 and S > 0. In order to guarantee positivity, we need a somewhat sharper
condition for q(t), namely:

In addition to (Q) the load function satisfies

q(t)sign{-y(t)) < t e IQ. (Ql)

Observe that condition (Ql) is void, if y > 0 holds or if the simplified Reissner
model is considered. In any other cases, numerical computations show that solutions
x(t) of the BVP (s, S) fail to be nonnegative everywhere, if s > 0 and S > 0 are
small numbers and if condition (Ql) is violated. However, since

ACL d . . 4C (cop(t) . . A

a straightforward calculation again yields F(t, x(t))-F(t)x(t) < 0, t e I0 , provided
that condition (Ql) holds. As before, the maximum principle is applicable and we
obtain the following main result on existence of rn-solutions to the BVP {s, S).

Theorem 3.1. Suppose condition (Ql) holds. Then, for each fixed s > 0, S > 0,
there exists at least one rn-solution x(t) of the BVP (s, S). For 5 > 0, S > 0, x(t)
is an resolution.

The problem of uniqueness of rn-solutions is easily solved if y > 0 occurs or if
the simplified Reissner model is considered. Indeed, let F(t, x) for fixed t e /Q be
interpreted as a function of .x > 0. The quantity

dm := *F(t,x) = -z&- (3.4)
dx 4 k\t) (x + 0(f))

is nonnegative for x > 0. Suppose there exist two rn-solutions jc, and x2 of the
BVP (s, S). Letting d(t) := xx(t) — x2(t), t e /, one has ^(0) = 0 = d(\) as well
as

d"{t) = D(Xll(t))d(t), tel0, (3.5)

where the intermediate variable x > 0 is defined by x(t) := xAt) + n(t)(xM) -
[A [1 I L

x{(t)), 0 < n(t) < 1 . Thus, Eq. (3.5) can be subjected to the maximum principle
(see [15, Thm. 3]), from which we obtain d = 0, and therefore jc, = x2.

In general, if y < 0 is assumed, D(x) may become negative for some values of
x > 0 . Since D(0) > 0 and since D(x) —> 0 as x —» +oo , a calculation of the zeros
of D'(x) proves that a global negative minimum is attained at

|0|xo = ~4~ (^3A 1 + \J 9A~2 + 8 ̂
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where we have used the notation A = X(t) :== vk(t)p(t)q(t)/(4a>C) > 0. If the
continuous and monotone decreasing function g(/l) is introduced by

... V6 V9 + 8A2 - 3gW ■=9 A2(3 + 4A2 + V9 + 8A2)1/2'

it follows that 0 < g(A) < g(0) = 4/27 and g(A) —> 0 as A —► +oo , while

Dix^-^wgMmi0- IG'° (3'6)
(see also [3]). Now, Eq. (3.5) is no longer subordinate to the maximum principle
and we do not know a general solution of the uniqueness problem. However, a
partial solution can be derived from the generalized maximum principle of Protter
and Weinberger [15] provided there exists a function w e C2(I), w > 0, such
that h(t) D(x (t)) - w"(t)/w(t) > 0 holds for all t e /0. In this case, if a new
dependent variable v := d/w is introduced, Eq. (3.5) has to be replaced by

w(t)v" + 2w\t)v = h{t)w(t)v , ?6/0. (3.7)
This equation can again be subjected to the maximum principle, from which we
obtain v = 0, and therefore x, = x2.

In order to determine a sufficient condition for the crucial hypothesis h(t) > 0,
we found it most appropriate to consider the gauge function

w(t) -=Sm{^y\ t e I, (3.8)

to which the following condition for the uniqueness of rn-solutions is related:
If D(x) > 0 holds for all x > 0 then let a = 0. Otherwise assume
there exist two numbers a > 0, /? > 0 with 0 < a + /? < n, such
that for all t e L

l©(0|fc'(0
Now, the result on uniqueness can be stated as follows.

Theorem 3.2. Suppose condition (Qq „) holds and let s > 0, S > 0 be fixed. Then
there exists at most one rn-solution of the BVP (s, S).

Remarks, (a) It should be noticed that the preceding theorem does not make any
use of the assertion (Ql). Furthermore, up to this point the condition y2 + q(j) > 0 >
7 = 0,1, has not influenced any parts of the existence and uniqueness results and
may be cancelled from (Q). However, it becomes important in later considerations on
monotonicity. (b) Condition (Qa ^) with a = 0 holds if y > 0 is assumed or if the
simplified Reissner model is considered. In any other cases it depends decisively on
the magnitude of y0 . It should be realized that it is optimal to choose the parameter
P > 0 as small as possible, (c) Condition (Q„ ^) may be replaced by the stronger
condition

_ 2 4 a)Cp{t))?(t) ^ n _r /rV ,® ^ 0' , P'
27 |©(/)|/c2(0
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which is independent of g(X) and thus easier to check, (d) If in addition (Ql) is
satisfied, then it follows that X(t) < 1 . While X g(A) is monotone increasing for
X > 0, condition (Qq „) may also be replaced by

where g(l) = 0.0917 .

4. Tensile solutions involving displacement data. Throughout this section it is al-
ways assumed that condition (Ql) holds. Theorem 3.1 shows that the quarter plane
Ex(s, S) := {(5, S) | 5 > 0, S > 0} represents the domain of existence of rn-
solutions to the BVP (s, S). If, in addition, condition (Qa is valid, then any
point (s, S) e Ex(s, S) is uniquely related to an rn-solution x(t) and its derivative
x\t). Denoting these relations by At(s, S) := x(t) and DAt(s, S) := x'(t), the
displacement boundary conditions

h = B0[x] = e2DA0(s ,S)-j(s + vyjs2 + e2y£j , (4.1)

H = Bx[x\ = DAx{s,S)-^ (s + v^S2+y2^ (4.2)

may be interpreted as mappings from the set Ex(s, S) onto the set of those boundary
data (h, S), (s, H), and (h , H), where rn-solutions of the corresponding BVPs do
exist.

4.1. Continuous dependence on Dirichlet data. The main purpose of this section
is to show that the mappings At and DAt depend monotonely and continuously on
the boundary data 5 > 0 and S > 0. We begin with a result on monotonicity.

Lemma 4.1. Suppose condition (01) holds. Let Sj > 0, 5. > 0, j — 1, 2, be fixed
and define Xj(t) := At(Sj , Sj) as well as d(t) := xx(t) - x2(t), t e / . Then we have

(a) Monotonicity of the differential equation:

. > 0 for d(t) > 0,
d(t){~ teln,<0 for d(t) < 0,

provided that D{x) > 0 holds for all jc > 0.
(b) Monotonicity of the solutions: If s, > s2 and S^ > S2 then d(t) > 0 for all

t e I, provided that condition (Qa p) holds.
(c) Monotonicity of the derivatives: Suppose condition (Qq p) holds within the

more restricted range of 0 < a + /? < nil. (i) If 5, = s2 and S{ > S2 then d'(t) > 0
for all tel. (ii) If 5, > s2 and 5, = S2 then d'(t) <0 for all tel.

(d) Monotonicity of the displacements: Suppose condition (Qa ^) holds with 0 <
a + /? < n/2. (i) If Sj = s2 and > S2 then BQ[x{] > BQ[x2] and Bx[xx\> Bx[x2\,
where the latter assertion requires the additional condition of

tan(a + /?) = -, (4.3)
// z

if D(x) > 0 is violated, (ii) If s{ > s2 and S{ = S2 then < Bi[x2], / = 0, 1 .

i" /
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Proof. Assertion (a) is an immediate consequence of Eq. (3.5). In order to prove
assertion (b), let us introduce a new dependent variable v := d/w, with w(t) as
defined in (3.8) if D(x) > 0 is violated. Otherwise let w = 1. The function v(t)
solves the differential equation (3.7), which may be written in the form

,/ . 2w\t) j
w(t)

Since v(0) > 0 and v(l) > 0, the maximum principle applies to (4.4) with the result
that v(t) > 0, t e I.

Concerning assertion (c), we observe that a transformation d(t) i-+ d{ 1 -1) reduces
case (ii) to case (i). For a proof of (i), let us first show that the function v(t) defined
in (b) now satisfies v'(t) >0, t e I. Notice that v(0) = 0 is a minimum. Clearly,
the coefficients 2w'(t)/w(t) and —h(t) of Eq. (4.4) are bounded on every closed
subinterval of 70 . Moreover, the quantity

2 w'(t) ,, . 2 w'(t) 2 ...— th(t) = —- ta - tD(x(t))w{t) K ' w(t) v "

is bounded at t = 0. This becomes obvious if 5, > 0 or y0 / 0 holds because it
follows from x*(0) + 02(O) > 0 that

mx < w 4°>c+vkmtmt) ^ o as ̂  o+.
" '4 k\t) +

Likewise, if = 0 = y0 is assumed, we have 0 < x'j{0) = limt_0+Xj(t)/t and
therefore, 0 < x^fy/t < K2 for some finite constant K2. From condition (Q) it

follows that lim(^0+ &{t)/t = -k(0)p2(0)q(0)/(2co) < 0. Thus, the boundedness at
t = 0 becomes obvious from the representation

4k {t) ff^)2+fe^)2Xt

Now, Theorem 4 of [15] applies to —v with the result that v'(0) > 0 . In constructing
a contradiction to the assertion v'(t) > 0, let us assume that there exists a point
0 < t0 < 1 with v'(t0) = 0 and v\t) >0 for 0 < t < tQ. Since (w2(t)v')' =
h(t)w2(t)v > 0 holds by (4.4), we have reached a contradiction

0 < f (w2(t)v'(r))' dx = -w2(0)v'(0) < 0.
Jo

It follows that v\t) > 0, t e I, and consequently

d'(t) = w\t)v(t) + w(t)v'(t) > w(t)v'(t) > 0.

Case (ii) of assertion (d) is easily obtained from (c) because we have 50[Xj] -
B0[x2] < e2d'(0) - jd(0) and 5,[xJ - 5t[x2] = d'( 1). As for a proof of (i), we
notice that - B0[x2] = e2d'{0) > 0 by assertion (c), while Bx[x{] - 5Jx2] >
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d'(l)-fid(l). Using convexity of d(t) as shown in (a), we obtain rf'(l)>rf(l)>0.
Since fi does not exceed 0.75, the asserted monotonicity holds in the case of D(x) >
0. Otherwise we utilize condition (Qa and the relation (4.3) in order to obtain

d'(I) — fid (I) = (u/(l) - fiw( l))v(l) + tu(l)t/(l) = io(l)u'(l) > 0.

So the lemma is proved. □
The next result concerns strong continuity of the mappings Af and DAt with

respect to the boundary data s > 0 and S > 0.

Lemma 4.2. The mappings At(s, S) and DAt(s,S) are strongly continuous at each
point (s, S) € Ex(s, S), provided that the assertions of Lemma 4.1(b) and (c)
hold.

Proof. Let (Sj, Sj) £ Ex(s, S) be fixed for j — 1,2. With the previous notation
d(t) := xx (t) - x2(t) it follows from Lemma 4.1(b) and (c) that the expression A =
11^4,(5,, Sj) - At(s2, 52)|| equals d(0) = s, - s2 or d{\) = Sj - S2 , if we specialize
to parameters 5, > s2, Sx = S2 or 5, = s2, S{> S2, respectively. Thus, the general
case leads to A < |j, - j2| + - 52| by virtue of the triangle inequality.

In order to prove continuity of the mapping DAt{s, S) we again specialize to the
above parameter regime. Since a transformation d(t) d(l -1) reduces the second
case to the first one, it suffices to consider 5, > s2 and = S2 only. Here we have
A12 = ||DAt(Sl ,S{)- DAt{s2, S2)|| = ||rf'|| with "

d'(t) = s2-s{+J dt - (1 - x)DF{i)dz, tel, (4.5)

where the integral representation (3.1) is utilized and where DF(t) F(t, Jt,(?)) -
F(t,x2(t)). Using continuity of At(s, S) as proved before, we obtain lim^ DF(t)
= 0, pointwise for each t e /Q. Since |Z)f(0l is dominated by the constant 2Kx ,
an application of Lebesgue's dominated convergence theorem to (4.5) yields

fJo
limsup A12 < limsup / |£>f(t)| dx = 0,

$i —*s2 sl —>s2

and thus strong continuity is proved. □
By virtue of (4.1), (4.2), and Lemma 4.2, the two-parameter manifolds fit(s, S) :=

B^x], i = 0, 1, are continuous over Ex(s, S), and so must be any projection
^((50, S) or P({s, SQ) for a fixed 50 > 0 or S0 > 0. The following properties are
important for further investigations where we let

y,.(j) :=£•(*, 0), 5 > 0, r,(5):=y9,(0,5), ^>0, / = 0, 1, (4.6)

and K0iOc := 2e2C(P -p(0)), Kx ̂  := 2C{P-p{\)),P := f0'p(T)dz.

Lemma 4.3. Suppose conditions (Ql) and (Qa p) hold with 0 < a + p < n/2 . Then
we have the following.

(a) The continuous projections /?.(•, SQ): K+ -> R, S0 > 0, are strictly decreasing,
and so must be yj. The range of /?.(•, S0) is the segment (-oo, r(.(S0)], and an
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asymptotic form of y. is provided by

y0(5) + (s2 + n)s - ^0,00= °(1)>

y1(5) + 5 + fI/|yi|-/:i ^=0(1),
as 5 —> +00. (4.7)

(b) The continuous projections /?((s0, •): M+ —♦ K, sQ > 0 , are strictly increasing,
and so must be Tj.. The range of Pt(sQ, •) is the segment [y,(s0), +00), and an
asymptotic form of r( is provided by

ro(5) - e2^ + ji/e\y0\ - K0 oo = 0(1)" <is S —* +00. (4*8)

(4.10)

rl(s)-(i-n)s-Kloo = o(i)j
If D(x) > 0 is violated, the assumptions must additionally be restricted by (4.3) for
assuring that ft { {s0, •) is strictly increasing.

Proof. In view of Lemma 4.1 and Lemma 4.2 nothing is needed except for the
asymptotic forms (4.7) and (4.8). A proof of them utilizes the integral representation
(3.1) and

x (t) = S - s - [ dK(t,x)F(x,x(x))dx, tel, (4.9)
J 0

from which it follows that

P0 (S, S) = e2S- (1 - J^js-E2 (1 - x)F{x, x{x))dx - y u\Js2 + e2^,

Px[s, S) = (l - |) 5 - s + J xF(x,x(x)) dx - ~i^S2+y2r

Since |F(t, x)| is uniformly bounded with respect to x, we obtain from (3.1) and
(2.7) that x(t) = At(s, S) —► +cxd and F(t, x(t)) —> -2Cp'(t), pointwise for each
t € /0 as s —» +00 or as S —> +00. An application of Lebesgue's dominated
convergence theorem to (4.10) leads to the asserted asymptotics. □

4.2. Mixed stress and displacement data. In this section we shall prove a result that
supplies existence and nonexistence of rt-solutions of the BVPs (h , S) and {s, H)
in complementary subdomains of the respective parameter ranges. The idea is to
identify the sets

Ex(h,S) := {(h, S) | h < rQ(S),S >0},
Ex(s,H):={(s,H)\s>0,H>yx(s)} j

as the homeomorphic images of the set Ex(s, S) subjected to the mappings (/?0, S)
and (5, /?,), respectively. Indeed, any fixed (s, S) e Ex(s, S) is uniquely related
to an rn-solution x(t) to which there corresponds, by Lemma 4.3, a displacement
h 0o(s, S) < 1^(5") at the inner edge and a displacement H := px(s, S) > y,(s)
at the outer edge of the annulus. Thus, the sets (4.11) must enclose all boundary
data of possible rn-solutions. Conversely, given a fixed (h, S) e Ex(h, S), then h
belongs to the range of /?0(-, S). Since this mapping is one-to-one, a unique 5 > 0
exists such that h = P0{s, S). Consequently, the unique rn-solution x(t) related
to the point (s, S) e Ex(s, S) induces the displacement h . It is equally simple
to show that a displacement h > ro(»S) does not belong to any rn-solution, while a
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displacement h = ro(5") is related to the rn-solution x0{t) of the BVP (s, S) ,s = 0,
and thus x0(0) = 0 holds. In summary, we have

Theorem 4.4. Suppose conditions (Ql) and (Qa p) hold with 0 < a + fi < n/2.
Let x0(t) := ^4,(0, S) and define

r0(5) := e2x>) - f ve\y0\, S> 0. (4.12)

Then the strictly increasing and continuous curve T0 subdivides the parameter range
(h, S) into complementary subsets of existence and nonexistence as follows.

(a) The BVP (h , S) has a unique rt-solution x(t) if and only if h < ^(5) and
S>0.

(b) The BVP (h, S), h = T0(S), S > 0, has a unique rn-solution x(t) that
coincides with the function x0(t) above and thus satisfies x(0) = 0 and x(l) = S.
Finally, the BVP (h, S), h < hQ ro(0), S — 0, has a unique rn-solution x(t)
that satisfies x(0) > 0 and x(l) = 0.

The BVP (s, H) can be treated in a similar way. Here we have the following

Theorem 4.5. Suppose conditions (Ql) and (Qq ^) hold, with 0 < a + /? < n/2
being additionally restricted by (4.3), if D(x) > 0 is violated. Let x,(/) := At(s, 0)
and define

7i(j) :=xj(l) - s>0. (4.13)

Then the strictly decreasing and continuous curve yx subdivides the parameter range
(.s, H) into complementary subsets of existence and nonexistence as follows.

(a) The BVP (5, H) has a unique rt-solution x(t) if and only if 5 > 0 and

(b) The BVP (s, H), s > 0, H = yi(s), has a unique rn-solution x(t) that
coincides with the function x.(£) above and thus satisfies x(0) = s and x(l) = 0.
Finally, the BVP (s, H), s = 0, H > H0 := y{( 0), has a unique rn-solution x{t)
that satisfies x(0) = 0 and x(l) > 0.

4.3. The displacement problem. The finite part of the boundary of Ex(s, S) is
mapped by (/?0, /?,) onto a one-parameter manifold S = Zj U Z2 c R consisting
of the continuous arcs Zj := {(h, H) \ h = y0{s), H = y,(s), s > 0} and X, :=
{(h,H)\h= r0(5), H = Fl(S), S > 0}. Since y,.(0) = T;(0) holds for / = 0, 1,
the set X must be connected.

By construction, any point (h, H) el is related to a unique rn-solution x(t) of
the BVP (.h, H) with the properties x(l) = 0 for (h, H) e X, and x(0) = 0 for
(h, H) £ X2. Thus, X should be expected to mark the boundary of the existence
domain Ex(h, H) of rn-solutions of the BVP (h , H). For a proof, we consider
annular membranes of restricted aperture only. This precisely means a restriction of
the parameter e to the range 0<e<\/3/3. In a preliminary step, we eliminate the
parameters s and S in the representations of the arcs X;. Let

fy):= A)(0 > 0) = y0(0) = ro(0), Hq := (0,0) = y, (0) = T, (0), (4.14)
and define the homeomorphisms px: (-00, h0] -+ (-00, HQ] and p~, \ [hQ, +00) —►
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[H0, +00) by

Px{h)\=yx[y~\h)], h<h0, p2(h) := I^r"1^)], h > h0. (4.15)
This allows X to be written in an explicit form as

I = {{h, H) | H - px(h) for h < h0 and H = p2(h) for h > h0}. (4.16)
The set X represents a continuous strictly increasing curve that subdivides the param-
eter range (h, H) into two simply connected unbounded subsets. As we will show,
one of these subsets is the asserted domain of existence of rn-solutions, namely the
set

Ex(h, H) \= {(h, H) | H > pl(h) for h < h0 and H > p2{h) for h > h0}. (4.17)
We precede the proof by a result on implicit functions.

In view of Lemma 4.3, the ranges of the mappings s >-> 0o(s, S), S > 0 fixed,
and 5" i-» /?0(s, S), s > 0 fixed, enclose the segments (—oo, hQ\ and [h0, +oo),
respectively. Observing the strong monotonicity and continuity of these mappings,
it follows from a standard result on implicit functions (cf. [6, Thm. 51]), that there
exist uniquely defined continuous functions ah l.: K+ —> R+ , / = 0, 1 , such that for
each fixed h £ R

= and P0[s,ohA(s)] = h>h0,s>0.

The following properties are essential.

Lemma 4.6. Suppose conditions (Ql) and (Qa hold with 0 < a + (3 < n/2 . Then
we have the following.

(a) The continuous mappings ah -, / = 0, 1, are strictly increasing.
(b) The continuous mappings S Px[oh 0(S), S], h < hQ, and 5 oh j(5)],

h > hQ , are strictly increasing, provided that a, p are additionally restricted by (4.3)
and

tan p = —2e2 , (4.18)
CO

if D(x) > 0 is violated.
(°) J8iK,o(0)'°]"/'i(/!)' h<h0, and /?,[(), oh ,(0)] - p2(h), h > h0 .
(d) lim5^+oo fil [ah >0(S), S] = +oo = lim^+oo ^ [s, ah l (s)].
Proof. It suffices to restrict consideration to the case h < hQ, since the case h > hQ

can be treated analogously. Thus, let h < hQ be fixed.
(a) Strong monotonicity can be shown as follows. Let S, > S2 > 0 be fixed and

define Sj := ah 0(Sj), j = 1,2. Using previous notation we have, by definition

0 = fiQ(Sl, S{)-p0(s2, S2) = e2d\0)~ (d(0) + i/ (^v/^ + 02(O) - sJs22+G2(0)

(4.19)
and thus the case s{ = s2 is not permitted by Lemma 4.1(b) and (c). Likewise, if

< s2 is assumed, then d\0) < 0 holds by (4.19). We let v(t) := d(t)/(w( 1 - t))
with w = 1 if D(x) > 0 holds and with w defined by (3.8) otherwise. While
v(0) < 0, u(l) > 0 and

</'(0) = -u/(l)v(0) + io(1)t;'(0) < 0,



540 ARMIN BECK and HANS GRABMULLER

it follows that v'(0) < 0. Therefore, a local minimum v(t0) < 0 must exist at an
inner point t0 e /0 . By (4.4) we have v"(t0) = h{t0)v(tQ) < 0. Since this contradicts
the maximum principle it occurs that only > s2 is possible.

(b) For fixed S{ > S2> 0, let

A = , 5.) - px{slt S2) = B,[xx] - B,[x2] > d\ 1) - Ml)-
As was proved in (a), we have s, > s2, and therefore d(t) > 0, tel. Utilizing
(4.19), it follows that

d'(0)~ -^d(0)>0, (4.20)
2e

where the inequality is strict for u > 0. If D(x) > 0 holds, then d(t) is convex by
Lemma 4.1(a). Since this implies d\ 1) > <af(l)-^(0) > d'{0), we obtain from (4.20)
by setting k \= co[ 1 - ^(1 + e2)(l + v)]/(2e2) and observing that 0 < e < V3/3 :

A > (1 - n)d\0) - fid{0) > Kd(0) > 0. (4.21)
Notice that the preceding analysis covers the special case u = 0. The convexity
argument does not apply if D(x) > 0 is violated. In this case we assume v > 0 and
consider v(t) := d(t)/w(t) with w as defined in (3.8). As in the proof of Lemma
4.1(b), we obtain v(t) > 0, tel. Moreover, from (4.18) and (4.20) it follows that

d\0) - -'V(O) = w(0)v'(0) > 0.
2e

Since v(t) cannot attain a positive local maximum at an interior point t e /0, it
follows from i>(0) > 0 and v'(0) > 0 that v'(t) > 0 holds for all tel. Using
(4.3), we have the result

A > d'(l) - nd(\) = iu(l)v'(l) > 0.
(c) In view of h = ^[ah Q(0), 0] = y0[<rA 0(0)], we have ah Q(0) = y^\h), and

the asserted relation is a consequence of (4.15).
(d) Since h = P0[oh 0(5,),5'], it follows from the representation (4.10a) that

2 2lim5^+oo ah Q(S) = +oo with an asymptotic growth like ah 0(S) = e S/(e +n)+0(S)
as S —» +oo . This, together with the representation (4.10b), yields

/?,K o(S) > = T(2 ~ + °(V - +°° asS^+cx).
2(e +/i)

So the lemma is proved. □
Remark. In order to verify the assumptions of the preceding lemma it must be

shown that the relations (4.3) and (4.18) are simultaneously solvable for a > 0 and
P > 0 within the range of 0 < a + /? < n/2. Using inverses of the tan-function,
(4.3) and (4.18) may be written as

a + fi = arctan , (3 = arctan ^Q£ (^+ (4.22)

An elimination of the quantity ft now yields

lia(2n - v) \a = arctan
+ (1+f — 2/i)
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and a unique fixed point a e (0, n/2) exists as long as 2p - u > 0 holds. Since this
is true when e is restricted by 0 < e < \/6/3 , there exists a unique /? > 0 defined
by (4.22) within the required range. A table of values of a and /? dependent on the
parameters e and v is given in Table 1 on p. 542.

Now we are prepared to prove the main result of this section.

Theorem 4.7. Suppose conditions (Ql) and (Qa p) hold, with 0 < a + /? < n/2
being additionally restricted by (4.3) and (4.18) if D(x) >0 is violated. Let ro(S)
and 7j(5) be defined as in (4.12) and (4.13), respectively. In addition, define

y0(s) :=e2x|(0)-y js + vyjs2 + e2y^ J , s>0,
V   ' (4.23)

Y{(S) :=x'0(l)-j\s + vy/s2+y*) , 5>0,

with x0(t) := .4,(0, S") and x{(f) := At(s, 0). Then the set (4.16) represents a
continuous one-parameter manifold I that subdivides the parameter range (h, H)
into complementary subsets of existence and nonexistence as follows.

(a) The BVP (h , H) has a unique rt-solution x(t) if and only if

H> Px{h)-=yx[y0\h)], h<h0:=y0{ 0),
p2(h) := h>h0.

(b) The BVP (h, H), h < hQ, H = pl(h), has a unique rn-solution x(t) that
coincides with the function x, (t) above and thus satisfies jc(0) = s = 1 (h) > 0 and
x(l) = 0. Finally, the BVP (h, H), h > hQ, H = p2(h), has a unique rn-solution
x(t) that coincides with the function x0(t) above and thus satisfies x(0) = 0 and
x{l) = S = Y~\h)>0.

Proof. It suffices to verify that the set Ex{h, H) defined by (4.17) is the home-
omorphic image of the set Ex(s, S) under the mapping (/?0, /?,). In a first step
the image of Ex(s, S) is shown to be a subset of Ex(h, H). Indeed, the two
semi-axes s > 0, S - 0 and s = 0, S > 0 are mapped onto Z,, h < h0 and
Z2, h > h0 , respectively. For s > 0, S > 0, we let x(t) denote the rt-solution
of the corresponding BVP (s, S). If h := 50[x] satisfies h < hQ, we define
H := /?![ah q(S) , S] > pl{h), and thus (h, H) e Ex{h, H). If h > hQ, the same
conclusion holds for H := /fjs, ah ,(5)] > p2(h).

Next assume that (h, H) e Ex(h , H). If h < h0 holds then we have H > px (h).
While the range of the mapping S P{[ah Q(S), 5] is the segment [px(h), +cxo),
there exists a unique S > 0 that satisfies H = Px[oh 0{S), 51]. With 5 ah 0(S) >
0, we obtain (s, S) e Ex(s, S). Finally, if h > hQ holds, an analogous conclusion
can be drawn from H > p2{h). □

5. Tensile solutions without wrinkling. Tensile solutions x(t) as determined in
the preceding sections characterize a membrane state with a nonnegative radial stress
resultant M(a) = L qQx(t)/k(t). In this section we shall discuss the more restricted
subset of those tensile solutions that are associated with a nonnegative circumferential
stress resultant Se , or equivalently, that characterize the state of a stably equilibrated
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membrane. In view of (2.1), (2.2a), (2.3), and (2.4), we have

2where y := e /co > 0 and c, := 2Lq0/y/aj > 0. Since the function

preserves both the regularity and positivity of Sg, an examination of Sg may be
restricted to the discussion of p{t) alone.

5.1. Wrinkle-free solutions of the stress problem. The dependence of rn-solutions
x(t) := At(s, S) on Dirichlet data passes over to p(t) and will be expressed by
writing p(t) in the form

p(t) = pt(s,S)=2{t+J)x {t)~X(t), teI,s>0,S>0. (5.3)
2 {t + yy/2

In a first step we discuss monotonicity with respect to 5 and S. Using previous
notation, we consider

Dp(t) := pt(s{ , S,) - pt(s2, S2) = 2(t\r)/(t)~2d{t) , tel. (5.4)
Z[t + y)

Lemma 5.1. Suppose conditions (Ql) and (Qa hold with 0 < a + /? < n/2. (i)
If 5, > s2 > 0 and = S2 > 0 then Dp{t) <0 for all tel. (ii) If 5, = s2 > 0
and Sl > S2 > 0 then D (t) >0 for all t e I, provided that a, /? are additionally
restricted by (4.3) if D(x) > 0 is violated.

Proof. While (i) is an immediate consequence of Lemma 4.1, a proof of assertion
(ii) is more involved. If D(x) > 0 holds, we refer to [7, p. 788]. Otherwise, we define
wk(t) := sin(a? + p/k), k > 1, and consider a new variable v := d/wk . Notice
that v solves the equation (4.4) with w{t) replaced by wk(t). Since u(0) = 0 and
w(l) > 0, an argument as in the proof of Lemma 4.1(c) shows that v'(t) > 0, tel.
Now,

D„(t)= ™k{t) c(t)v(t) + ^=v\t), tel,
p 2a(t + y) ' y/t + y

where the function c(t) := 2 a(t + y) - tan {at + fl/k) is concave. Choosing k > 1
sufficiently large such that c(0) > 0 holds, we obtain c(t) > 0 and therefore Dp(t) >
0, tel, since c(l) > 0 is valid by condition (4.3). □

From Lemma 4.2 it follows that the mapping (s, S) >-► pt(s, S) is uniformly
continuous with respect to t e I at each point (s, S) e Ex{s, S). Thus, continuity
is preserved by the function

g(s, S) := mmpt(s, S), (5.5)

which is appropriate to measure positivity of p(t). Note that the set W(s, S) :=
{(5, S) | g(s, S) > 0} is the natural domain of existence of wrinkle-free solutions.
For an examination of its boundary the following implicit function result is needed.
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Lemma 5.2. There exists a uniquely defined strictly increasing and continuous func-
tion A: K+ —> R, A (s) = S, satisfying g(s, A (s)) = 0 for all S > 0, provided that
the assertions of Lemma 5.1 hold.

Proof. From Lemma 5.1 it follows that for each s > 0 and Sj > S2 > 0

g(s ,Sx)-g(s, S2) > mm{pt(s, S,) - pt(s, S2)) > 0.

Thus existence, uniqueness, and continuity of A(s) are an immediate consequence of
a known implicit function theorem (see [6, Thm. 51]), provided the range of g(s0, •),
s0 > 0 fixed, contains the point 0. In order to prove the latter, observe first that
the rn-solution x(t) := At(s0, sQ) has C'(/)-regularity. Since x(t) ^ s0, we have
x'(t0) < 0 for at least one point t0 e I. This shows g(sQ, s0) < 0. Next, by virtue
of (3.1) and (4.9), one has

p*(s0,S) := 2(t + y)y2pt{s0, S)

= (t + 2y) (^S ~ (1 - T)ir(r, x(t))a't^

- (t + 2y + 1) - J tF(t, x{x))dx

(5.6)

Using Lebesgue's dominated convergence theorem as in the proof of Lemma 4.3, it
follows that p*(s0, S) —> +oo, uniformly with respect to / e / as S —> +oo. Thus,
the range of ^(50, •) encloses a segment (-S, +oo) for some S = S(sQ) > 0.

In order to prove strict monotonicity of A(s), let s, > s2 > 0 be fixed. An
assumption A(5() < A(s2) is contradictory because of

mm/?,(ji, A(s2)) < min pt(s2, A(j2)) - g(s2, A(s2)) = 0 = g(s,, A(j,))

= minpl(sl , A(5,)) < min^((.y1, A(j2)).

Here, Lemma 5.1 was used. Thus, A(jt) > A(j2) and the lemma is proved. □
Due to monotonicity, we have g(s, S) > 0 for each fixed s > 0 and S > A(.s).

Therefore, the finite part of the boundary of W(s, S) is the curve A(s), and the
following theorem needs no proof.

Theorem 5.3. Suppose conditions (Ql) and (Qa p) hold, with 0 < a + fi < nil
being restricted by (4.3) if D(x) > 0 is violated. Then the domain of existence and
uniqueness of wrinkle-free solutions of the BVP (s, S) is the set

JF(j,S) = {(s,S) |5>0,5>A(5)}. (5.7)

For fixed s > 0 and S > A(s), the circumferential stress Se is strictly positive
everywhere in the membrane while for S = A(s) there exists at least one point where
Se vanishes.

In an earlier paper H. Grabmiiller [7] has studied wrinkle-free solutions in the
special case of a flat annular membrane upon the basis of the simplified Reissner
model. He proved that a maximum principle holds for the circumferential stress
such that the minimum of SJa) is attained at one of the edges a = 0 or a = L.
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In the present approach, an analytic determination of the point t e I where the
minimum of the function (5.3) is attained, seems to be impossible. However, as we
will prove below, the relation g(s, S) = p0(s, S) holds for sufficiently large 5 > 0
and S = A(s). Thus, the minimum is attained at the inner edge of the annulus.

A first step of a proof consists in showing that pQ(0, S) > 0 is valid for all S > 0.
Indeed, we have F(t, x(t)) - F(t)x(t) < 0 by condition (Ql), where x denotes the
rn-solution x(t) — A({0, S), S > 0, and where F(t) was defined in Sec. 3. Thus,
the function z(t) := x{t)/y/t + y satisfies the differential inequality

(-z)" + 7I-(-z)'- (—L-J + f(o)(-z)ao. /s/0.

Using an argument similar to the proof of Lemma 4.1(c), it follows that the above
inequality is subordinate to the maximum principle (see [15, Theorem 4]), and there-
fore z'(0) = p0{0, S) > 0 holds.

Next, we note the following representation of the mapping /)0:R+xl+-tl:

2 y + 1p0(s, S) = -J= \S-fQ (! - *)F(t, x(t))cIt 2 y3/2
-5. (5.8)

For fixed 5" > 0, we have p0(0, S) > 0 as shown above and p0(s, S) —► -oo as
s -* +oo. Since the mapping s >-> pQ(s, S) is strictly decreasing, an implicit function
argument applies.

Lemma 5.4. Suppose conditions (Ql) and (Qq ^) hold, with 0 < a + ft < n/2 being
restricted by (4.3) if D(x) > 0 is violated. Then there exists a uniquely defined
strictly increasing and continuous function A(~' satisfying p0(A^ (S), S) = 0 for
all 5 > 0, which maps the set R+ homeomorphically onto the segment [5*, +oo),
s* := Aq1(0) >0.

Proof. It remains to show that A^ 1 is strictly increasing with A"1 (5) —> +oo
as 5" —► +oo. In fact, for fixed S, > S2 > 0 an assumption A"1^) < Aq1^) is
contradictory to the assertions of Lemma 5.1. Furthermore, from p0(A^'(5"), S) = 0
and from (5.8) it follows that

A-\S) = -±L-S + 0(S) -,+ocasS^ +°o. (5.9)

In order to complete the proof, observe that /?0(0, 0) > 0 implies Aq'(0) > 0. □
Now we are prepared to show that the curves A0: [5*, +00) —> [0, +00) and A(s)

coincide for sufficiently large s > s*. A proof makes use of the representation

Aq(s) = _+ - ̂  + f (1 - t)F(r, x(r))dr, s>s*, (5.10)2 y
which follows from (5.8). Observe that the defining equation g(s, A(s)) = 0 of the
curve A(s) can also be written as min(f / p*(s, A(s)) = 0. Calculating (d/dt)p*(s, S)
from (5.6) and using (5.10), one obtains

^-tp*{s, A0(s)) = ~x{i))dT+2{t+y)F{t, x(t)) > ^-(3+2y)Kx iel0.
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We see that for s > sk:- 2y(3 + 2y)Kx,

min/)*(s,A0(i)) = p*(s,A0(s)) = 2yy2p0(s, \(s)) = 0,

and therefore, A(s) = A0(s). This result leads via (5.10) to the following asymptotic
form of the boundary arc A(s):

Lemma 5.5. e2A(s) - (1 - j)s + KQ ̂  = o(l) as 5 -+ +oo .
5.2. Wrinkle-free solutions of the displacement problems. Using a mapping argu-

ment as in Sec. 4, it becomes obvious that the subdomain W(s, S) c Ex(s, S)
of wrinkle-free solutions can be mapped onto a corresponding subdomain in the
boundary-parameter ranges of the BVPs (h, S), (s, H), and (h, H). Of prior inter-
est is the behaviour of the boundary curve A(s) under the mappings (4.1) and (4.2).
We notice that, by Lemma 5.2, the mapping A(s) constitutes a homeomorphism
from the set ®+ onto the segment [5*, +oo), where S* := A(0). We have S* > 0
because of g(0, 0) < 0. Thus, the inverse mapping A"1: [S*, +oo) —► [0, +oo)
exists as a strictly increasing continuous function. Now, the continuous curves

A(S) := e2DA0(A~\S), S) - j (a~\S) + vyj(*~l(S))2 + e2y2^j , S > S*, (5.11)

H(s) := DAx{s, A{s)) - j ^A(s) + vyjA2(s) + yfj , 5>0, (5.12)

are properly defined and they characterize the subsets of wrinkle-free solutions of the
BVPs (h, S) and {s, H) as follows.

Theorem 5.6. Suppose the hypotheses of Thm. 4.5 hold. Then we have the following.
(a) The domain of existence and uniqueness of wrinkle-free solutions of the BVP

(h , S) is the set

W(h, S) := {(h, S) | r0(S) > h > h{S) ,S>S*}c Ex{h, S). (5.13)
For S > Sk := A(sk), the representation of the boundary curve h(S) simplifies to

h(S) = -juy/(A-\S))2 + s2y20,

and therefore an asymptotic form of h(S) is provided by h(S) + b0(S + K0 ^/e ) =
2 2o(l) as S —* +00, letting b0 := e coi>/(l + e ).

(b) The domain of existence and uniqueness of wrinkle-free solutions of the BVP
(s, H) is the set

W(s,H) :={{s,H)\s>0,H> H{s)} C Ex{s, H). (5.14)

For s > sk, the function A(j) defining the boundary curve H(s) may be replaced
by A0(s) and therefore an asymptotic form of H(s) is provided by H{s) - aQs +

-V)ko,oJe2-ki,oo = 0(J) as 5 —> +oo, letting a0 := a>[l — ̂ (1 + e2)(l + v)]

/(2e2).
It remains to consider the BVP (h, H). In the case of v — 0, the boundary of the

subdomain of wrinkle-free solutions partially coincides with the semi-axis h — 0. In
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the case of v > 0, the boundary curve is most appropriately represented in parameter
form h = h{s), H = H(s), s >0, where

h{s) := e2DA0{s, A(s)) - j + vsjs2 + e2}^ , s > 0. (5.15)

Theorem 5.7. Suppose the hypotheses of Thm. 4.7 hold. Then the domain of exis-
tence and uniqueness of wrinkle-free solutions of the BVP (h , H) is the set

W(h, H) := {{h, H) | h > h(s), H > H(s), s > 0} n Ex(h, H). (5.16)

For s > sk, the representation of the function h{s) simplifies to

h(s) = y<r

and therefore an asymptotic form of H(h) := H(s{h)) is provided by H(h) + c0h -
{I - n)K0 oo/e2 + Kl oo = o(l) as h-oo, letting cQ := 2aJ(wv).

5.3. Concluding remarks. The assertions of the preceding theorems provide asymp-
totic forms of the wrinkling set boundaries. The slope parameters a0, b0, c0 occur-
ring in Thms. 5.6 and 5.7 are independent of the particular shape function p(t) of
the membrane. As previously indicated, a flat annular membrane with inner and
outer radii r = a, r = b is associated with a shape function p(t) = 1 + g and
thus leads us to consider K0 ^ — 0 — K{ oo. Asymptotic forms of the same kind
have been derived in [7] where the analysis was governed by the nonlinear membrane
equations of the simplified Reissner model.

An analytic determination of the separatrices between the domains of existence
and nonexistence of rn-solutions is apparently impossible. The same holds true for
the subsets of wrinkle-free solutions. However, a computational calculation of the
boundary curves is a standard problem of solving some boundary-value problems
numerically. For example, a calculation of T0 as defined in (4.12) requires the
numerical integration of the boundary-value problem

x'\t) = F(t, x(/)), t e I0,x{0) = 0, x(l) = 5, 5 > 0.

Having determined the numerical solution x0(t) = At(0, S) and its first derivative,
an approximation of T0 is obtained in the form ro(5') = e2Xg(0) - jve\y0\. For
sufficiently large S » 0 the asymptotic form (4.8) can be utilized.

Some computational results are documented in Figs. 1 to 4 where a uniform surface
load = q0 = 1 and an aperture a = 0.1 are assumed and where we let C = 0.25 ,
u = 0.33, and L = 1. The following examples are considered for a restricted
arclength 0 < a < 1 :

r(a)

r{a)

r{a)

r{a)

= a + cr, y{a) = y0- {aa + \a ), y0

= a + ff, y(o) = y0-{aa + {a2), y0

= a + ^sin^, y(o)=y0-(ao + {±)2{ 1 -cos^)),^0

= a + ^sin^, y{<r)=y0-(aa + (l)2(l - cos*§■)),y0

= 0, (£",)
= 1, (E2)

= 1, (E3)

= 1. (E4)
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'A,
Nonexistence

   I i I

5 5

Existence

Nonexistence
'A,

H i I   
1.0 s 0 .2 .4 .6 .8 1.0 s

Fig. 1. The domains of wrinkle-free solutions of the BVP (5, S) for
flat (left) and curved (right) annular membranes. The load is uniform
and Poisson's ratio is v = 0.33 .

The first two examples describe a flat annular membrane of outer radius b - 1.1
having a shape function p(t) = 1 +e with e = 1/11. Examples (E3) and (E4)
are curved annular membranes (spherical caps) of outer radii b = 0.1 + Is/l/n
and b = 0.1 + 2/rc, respectively. An analytic determination of the parameter e
and the shape function p(t) is possible but rather tedious. We restrict ourselves to
a communication of the numerical values e = 0.07655 (example (E3)) and e =
0.08747 (example (E4)). The condition y > 0 apparently holds for (E2)-(E4)
and therefore, all requirements of the preceding analysis are fulfilled. Concerning
example (Ej), it is easily checked that condition (Ql) is valid while (Qn fails
to hold for any a > 0. Nevertheless, numerical computations show that positive
solutions do exist admitting the correct determination of the separatrices as in the
other examples.

Fig. 2. The domains of wrinkle-free solutions of the BVP (h , S)
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Fig. 3. The domains of wrinkle-free solutions of the BVP (5, H)

Fig. 4. The domains of wrinkle-free solutions of the BVP (h , H)

Notations are as follows. Separatrices between the domains of existence and
nonexistence of rn-solutions are denoted by r while wrinkling set boundaries are
denoted by A.. An index i corresponds to example (E(). The curves A0j are taken
from (5.10).
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