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1. Introduction. This paper derives a boundary value problem for a nonlinear, de-
generate elliptic system of partial differential equations modeling the deformation of an
anisotropic plate. The principal result is that stress and displacement for the three-
dimensional object can be approximately reconstructed from the solutions of a two-
dimensional problem that approximates the three-dimensional problem with error of the
order of the thickness of the plate. The derivation is based on that for the von Karman
plate model by Ciarlet in [2], The classical von Karman equations are a bidimensional
model for the deflection of isotropic plates dating back to von Karman's work [15] in
1910. Ciarlet's derivation for the isotropic case is the most convincing justification to
date for the validity of these equations based on the equations of three-dimensional
elasticity. The derivation hinges on the assumption that the Young's modulus of the
plate is large with respect to the thickness. Young's modulus is a constitutive constant
measuring the stiffness of the plate. For isotropic plates, and plates with only "mild"
anisotropy (with slightly different stiffnesses in different directions), the assumption that
the Young's modulus is adequately large is not an imposition. If the Young's modulus is
unacceptably small, then the "plate" should be thought of as a membrane. On the other
hand, consider the case of a "strongly" anisotropic plate, that is, a plate whose stiffness
in one direction is very small in comparison with that in the perpendicular direction.
A common example is a sheet of corrugated cardboard, which bends much more easily
with the corrugations than across them. In this case it may be that the stiffness in one
direction is of sufficient magnitude to demand a plate model, while that in the other is
more appropriate to a membrane model. This is the situation treated here.

The resulting model includes a fourth-order partial differential operator with positive
semi-definite characteristic form. This badly degenerate form of ellipticity we call here
elliptic-parabolic, after Fichera's second-order equations, presented in [5], and widely
known. Such operators have appeared in linear models for plates that lose stiffness in
Weinacht's work [17], and the author's [12]. Greenlee in [7] has examined the related case
of a plate/membrane system. To the author's knowledge, this paper is the first derivation
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of a nonlinear model of this form. The companion article, Boundary value problems for
degenerate von Karman equations, by the author, presents regularity results that permit
a weak formulation of the problem amenable to the application of monotone operator
theory like that presented in [1].

In our derivation, we begin with the equations of three-dimensional elastic equilibrium.
Readers unfamiliar with these equations might read an introduction to finite elasticity.
Stoker's book [14] has attained the stature and longevity of a classic. Marsden and
Hughes provide a superb introduction in [9], although with a more geometric flavor than
the work at hand. More succinct is Gurtin's monograph [6]. Finally, one should not
overlook Ciarlet and Rabier's French exposition in [4]. The first two sections of the first
chapter are an admirable introduction to this paper, since the work here is inspired by the
derivation that completes the chapter. The work done there is generalized and extended
in the important monograph [3].

2. Notation. The region € R'! is the volume occupied by the plate in its reference
state. It can be decomposed as := u x (—e, e) where w 6 R2 is the outline of the
plate: a bounded, open, simply connected set that we assume has a piecewise smooth
boundary, and 2e is the uniform thickness of the plate (assumed to be small). We denote
the boundary of uj by du =: 7, and decompose the boundary of by:

r+:=wx {e},
To := 7 x (—e, e),
ri :=« {-e},

:= r^_ un,
rjur^ un = dfi€.

On the boundary of any region (two- or three-dimensional) we denote the unit outer
normal by n with individual components rii. The corresponding directional derivative
is The tangential derivative in the counterclockwise direction around 7 is ^ :=

The three-dimensional vector field 11(2:1, X2, £3) := («i, 1/2,1(3) is the displacement
function describing the deformed plate. The component Ui(x\, 2:2, £3) is the displacement
of the point (£1,22, £3) in the xr direction in the deformed state. The domain of u is Qe.
We use tensor notation for differentiation: Uij := ^i.

The Cauchy stress tensor associated with the deformation u is denoted by a. We rep-
resent it in the given coordinates by the symmetric three by three matrix with entries atj.
The symbol e denotes the strain; the exact definition is given below in the constitutive
assumptions in Sec. 4. Note that e and e are not equivalent in our notation.

We indicate the range of an index by the alphabet from which it comes. Greek
letters range over 1 and 2, while Latin letters range over 1,2, and 3. The convention is
particularly useful when we employ the summation convention; terms with a repeated
index should be summed over the range of that index. We assume this convention
below, except where specifically noted. When working with Greek indices we will find it-
convenient to adopt the notation ~a for the index not represented by a, e.g., if a = 1,
then = 2.
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3. Statement of the model, and outline of the derivation. The model pre-
sented here is based on the classical von Karman equations for an isotropic plate; they
are

A2u—[u,w]=f in w, (1)3(l-i/2)

E
A2w + — [tt, u] = 0 in w. (2)

The bilinear form is defined by

[u,u/] := (-l)a+/yaj9U>,~a~/3, (3)

while A2 represents the biharmonic operator

A 2u = 14,1111 + W,2222 + 2lt,i212-

The boundary conditions, assuming a clamped plate, are

du d d
u = —— = 0 and — w \ = h2, —w 2 = hi on oli. (4)

on ds ' ds "
Here, u is the vertical deflection of the centerplane of the plate under the load / with the
forces hi and h2 being applied in the Xi and X2 directions respectively, along the edge
of the plate. The function w is the accompanying Airy stress function, from which the
in-plane (meaning in the centerplane) stress tensor may be deduced. The constants E
and v are the Young's modulus and Poisson's ratio (another constitutive constant; see
the constitutive assumptions in the next section), respectively, and e is half the thickness
of the plate.

In this paper we assume that the Young's modulus in the x\ direction is less than that
in the X2 direction by a factor e, half the plate's thickness; we refer to this as an order of
magnitude. We derive a two-dimensional problem similar to the von Karman problem
above. The model constructed here is:

e2
— (Eu 2222 + 4G\ 1212) - [u, w\= f in u, (5)

1 I - —
+ W2222) H £7^-^,1212 = —(u, 1^,22), 1 in to, (6)

under the boundary conditions:

u = 0 on duj,
du
— =0 on where ^ 0, (7)
on

—rw 1 = ^21 and — w 2 = hi on 8lo.
ds ' ds '

Here we use the same notation as in the von Karman equations above, but E is the
Young's modulus in the x2 direction, and G is the in-plane shear modulus. The first
equation above is an elliptic-parabolic fourth-order equation in the deflection (u here,
referred to as u3 in the derivation) with second-order coefficients given by the Airy stress
function. The second equation equates a uniformly elliptic fourth-order operator of the
stress function to a degenerate quadratic form acting on u. This form omits exactly
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those derivatives over which the elliptic-parabolic equation in the deflection does not
give us control. This lends credence to the possibility of solving the derived problem
under appropriate conditions; a weak formulation is given in [13].

The three-dimensional problem is carefully described in Sec. 4. The derivation of the
two-dimensional problem consists of three steps. We begin in Sec. 5 with a change of
variables that maps the plate onto a body with the same outline but with thickness two.
In making this change of variables we place weights on the solutions of the problem in
the new domain. These weights carry implicit assumptions about the relative sizes of the
various components of the solutions. Because of the anisotropy, we cannot simply apply
the same weights Ciarlet used for the isotropic von Karman case.

There are two changes of weights that seem fruitful. One is to assume that the ten-
sile stress in the X\ direction, an, is larger than the other in-plane components of the
stress tensor by a factor of the square root of the thickness. It is possible to derive a
two-dimensional model with this assumption, but it leaves us with an untenable diffi-
culty. Either we are faced with a doubly degenerate system of equations, for which it is
doubtful that a suitable existence theorem can be found, or we must perform a change
of variables elongating the plate's outline by a factor of e. Since the model is founded
on the assumption that e grows small asymptotically, the change of variables is unde-
sireable. Instead, we assume that the displacement in the x\ direction, u\, is an order
of magnitude larger than in the X2 direction, U2• Physically, this is reasonable, since a
strongly anisotropic plate undergoes more stretching in the X\ direction than an isotropic
plate under the same load, in order to generate sufficient tension to support the load. At
first this seems fruitless, since the von Karman and related two-dimensional plate mod-
els rely on the ability to approximate the deformation with a so-called Kirchhoff-Love
displacement. This generally follows from an assumption that the in-plane components
of the displacement are an order of magnitude smaller than the deflection, U3. However,
we find that even with u\ and 113 being of the same magnitude, the anisotropy allows us
to approximate the displacement with a degenerate sort of Kirchhoff-Love displacement
(see Eq. (21)), resulting in a robust bidimensional model.

In the anisotropic problem asymptotic expansions are not useful, since the resulting
problem is over simplified. By isolating the terms in which different powers of e appear,
the expansions obscure the dependence of the deflection of the plate, U3, upon x\. So,
rather than introduce asymptotic expansions, we construct functions that asymptotically
approximate the solutions to the given problem, i.e., an approximate stress a° and ap-
proximate displacement u° that solve the three-dimensional problem up to an error of
order e.

After the introduction of the approximate solutions, in Sec. 6 we reduce to two dimen-
sions by considering the restriction of the approximating functions to the centerplane of
the plate. The approximate displacement is shown to have degenerate Kirchhoff-Love
form, and the approximate displacement u? is found to be independent of £2• Finally,
the approximating functions are constructed from their restrictions to the centerplane.
The approximating nature of the construction is stated in a theorem at the end of the
section; it is stated in terms of classical rather than weak solutions since the appropriate
spaces for weak solutions are not clear. The boundary conditions for the deflection differ



DEGENERATE VON KARMAN EQUATIONS 23

from the isotropic case (compare (4) with (7)) because of the degeneracy of the model,
but these follow naturally from the three-dimensional conditions in this case. The con-
struction of the degenerate boundary value problem described above is carried out in
Sec. 7. The independence of U® from X2 permits the construction of the equation for the
Airy stress function that is uniformly elliptic under a mild restriction on the coefficients
of the constitutive equations (see Eq. (15)).

The paper closes with some remarks on the model in Sec. 8. In particular, conditions
that must be imposed in order to assure existence of solutions to the derived problem
are presented. Further, difficulties in obtaining regularity results for boundary value
problems of this type are mentioned, along with some modifications that may circumvent
these obstacles.

4. Assumptions. We break our assumptions into three categories: the basic equi-
librium assumptions of finite elasticity, the boundary conditions we impose on our defor-
mation, and the constitutive assumptions that describe the "strong" anisotropy under
consideration.

1. Equilibrium assumptions. We assume that the deformed state of the plate is in
equilibrium with the forces described here. We assume the deformation does not alter
the force densities given (dead loads). The only body force assumed to be acting on the
plate is gravity (this could be generalized without difficulty). Its force density per unit
volume will be denoted by Ge : = (0,0, -ge) defined on Qe. We assume the boundary
forces acting on the faces of the plate are normal to the reference plane: their density
per unit area vector is Fe := (0,0, fe) on r±. The boundary forces on Tq are assumed to
act only in the plane of the undeformed plate, and are uniformly distributed in height.
Thus they can be given as a force density per unit length on 7 by Hf := (/if, /i|, 0).

We use the standard equilibrium condition for nonlinear elasticity: The forces acting
on the body are in equilibrium with the elastic forces described by the Piola-Kirchhoff
stress tensor. The mathematical formulation consists of the following two conditions.

a) In the interior of fle the elastic forces are given by the divergence of the Piola-
Kirchhoff stress tensor:

G\ + (<rij + akjui)k)j =0 in f2€. (8)

b) On the boundary, the resultant force across the boundary is given by the dot
product of the Piola-Kirchhoff stress tensor with the unit outer normal of the
boundary. On r± the equilibrium condition is:

(f"i3 + o-fc3«i,fc)«3 = F- on r±. (9)

On Tq the condition can be written

J (ai0 + ajPui,j)dx3 np = H■ on Tq. (10)

2. Assumptions on the deformation/boundary conditions. The only assumptions we
make on the nature of the deformation are the necessary boundary conditions on Pq. We
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use Ciarlet's conditions for a clamped plate:

ua independent of 23 for a — 1,2 and U3 = 0 on Tq. (11)

We assume the plate will not undergo any translation as a result of the forces imposed.
Movement of the plate as a whole in the 23 direction is prohibited by the boundary con-
ditions above, but to avoid in-plane translation or rotation, we must impose constraints
on the boundary forces:

/ htads = 0 for a = 1,2, and /
J "V J -y

h\x2 — h\x\ ds = 0. (12)
'7 J 7

These conditions arise only in the introduction of the Airy stress function.
3. Constitutive assumptions. We use the usual Almansi strain tensor to describe the

strain associated with the deformation u:

£. (ll) .— 2 ) ■ (1*^)

We assume a linear elastic constitutive law; however, we assume the material is "strongly"
anisotropic, that is, the stiffness in one of the in-plane directions is "much less" than in
the other principal directions. The simplest anisotropy (commonly called "transversely
isotropic", see, e.g., [8]) that permits this phenomenon has the following generalized
Hooke's laws:

£11 = - v<l<j22 - ^033), £12 = ^cr12i

£22 = ||(-!A711 + °"22 - ^r33), £13 = ^Jai3, (14)

1 t - \ 1 4"£33 = -g; ( —- va22 + 033)5 £23 = —gr_<723-
Ej Fj

The unbarred constants of the previous section are replaced by "constants" depending on
e: E (1 /e3)E is the Young's modulus in a plane of isotropy (parallel to the (22,23)-
plane); eE is the Young's modulus in the x\ direction; G := (l/e3)G is the shear modulus
across a plane of isotropy; and v and v are the Poisson ratios, in and across a plane of
isotropy, respectively. In the corrugated cardboard example suggested in the Introduc-
tion, this loss of stiffness in the X\ direction corresponds to the corrugations running
parallel to the 22-axis. The introduction of the factor e-3 formalizes a physical notion
arrived at by comparing plates of various thicknesses under identical loads. A thinner
plate must be stiffer than a thicker one to undergo a deformation of the same magnitude.
So, we introduce the heuristically chosen weight here, as we do not wish the solution to
our problem to change magnitude as e grows small.

The laws given assume a hyperelastic material; the coefficients of the equations are
symmetric. Notice that the contributions of 022 and 033 to the strain en are of the
order 0(e_1), while the contribution of an to the strains £22 and £33 is of the order
0(1). It is possible for hyperelastic constitutive relations to have the strong anisotropy
stipulated here, but with Poisson ratios of different magnitudes. The relations above
can be modified by replacing v with ve~r. For 0 < r < 1, the treatment below obtains,
with modifications. A similar statement can be made about the magnitude of the shear
modulus G.
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For technical reasons we require that

v < AG2 + E. (15)

This condition assures the ellipticity of the equation governing the Airy stress function.
We will abbreviate Eq. (14) by £tj = (Aa)ij, where A can be thought of as the fourth-
order tensor of coefficients (e^ = Aljkl(Jki)- We also assume that all data is square
integrable on its domain of definition, that is,

gf- e hi e L\7), Ft 6 i2(P±).

5. Formulation of the three-dimensional problem. We translate the problem
Eqs. (8), (9), (10), (11), and (14) into a weak problem on a domain independent of epsilon.
We begin the weak formulation by introducing the following spaces of test functions. The
test space for tensors is

:= {£20m3yXm3m,

that is, the space of all symmetric three by three matrices with square integrable entries.
For deformations we use the space

Ve {v G {VF'1,4^(fie)}3: v satisfies (11)},

in other words, the space of W711'4' vector fields on DJ satisfying the boundary conditions
(11), in the sense of trace.

If u and the stress a solve Eq. (14), then

/jQe
(iiij + \uk,iUk,j) Tij - (Aa)ijTij dV = 0 for all r e Se, (16)

and solutions u and a of this equation need only belong to VL and Ee, respectively. By
integrating Eq. (8) against v € Ve, applying the divergence theorem, and using Eqs. (9)
and (10) to substitute for boundary values, we arrive at

J {(Tij + <JkjUi,k)Vi,j dV

= -jaJ-vtdV + j fv,dA + ML va dx3^j dx for all veV,

and this formulation also makes sense for u £ Ve, a € Ee.
We convert the weak formulation of the problem (16), (17), with boundary conditions

(11), into a problem on := fi1 = w x (—1,1), with boundary components Tq := Tq,
r+ := T+, r_ := rl, and r± := We introduce the spaces V := V1, X) := E1, and
the linear bijection between Cl and JT given by associating any x := (x\,x2,x) € fl to
xf- = (.xi, X2, ex) E 0£. This correspondence induces the following transformations of
vector fields and symmetric tensors from the domain fle to fi. For any vector field v
defined on iV we can construct a ve defined on fi so that

V2(xe) = e2vl(x)\ Vi(xe) = ev*(x) fori = 1,3.
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Similarly, any symmetric tensor r with domain can be expressed in terms of a corre-
sponding tensor re on fl using the weights

Tap{xe) = -T^pix) for a, (3= 1,2; ra3(xe) = rea3(x) for a = 1,2;

T33(xe) = er3e3 (x).

These weights are based on those used in [2], as mentioned in Sec. 3. We assume that
the various components of the solutions of the transformed problem, ue and cre are of
comparable magnitudes. Notice, this is an implicit assumption about the relative magni-
tudes of the original displacement's and stress's components. For instance, assuming that
u\ = is comparable in size to = ^1x3 is an assertion that U2 is smaller than U3
by a factor of e. Under the change in variables, integrals in fle are equal to the integrals
of the corresponding functions in Q provided we use the appropriate differentials.

We now apply this change of coordinates to Eq. (16). Recall E — E/e3 and G = G/e3.
Dividing through by e2, we arrive at

1
in EJJn

T11 (-ell- ™22 ) + ^22^22 ~ "*ll)

/Jn

^q(ti2012 + ^21^21) - e2^2(t£, (Te) - eSVIs dV (18)

1 1 e2
+ 2 (uhui,j + uhu3 ,j) + iyu2,iu2,j

for all re S, where the bilinear form is

dV

c) — -g(Tii(J33 + (T11T33) + — (T22CT33 + ^22^"33)

and e| is defined by

- 2G^Tl3Cri3 ^l^l) (r23&23 + T32C32),

e1 = J6 ifi = 1>
I 1 otherwise.

We now treat Eq. (17) in the same way; first defining analogues of ge, fe, and h'a on
Q by

ge(xe)=g{x), /e(xe) = e/(x), /^(xe) = i/iQ(x).

The new functions ha will satisfy the conditions (12), since hea did. Converting the
equilibrium equation (17) into its corresponding equation on S7, we arrive at

/■Jn
ah ( + ui ,ivlj + uhvlj + e2uhvii) dV

= - fQ9v3dV + Jr MdA (19)

+Bh,L d\ + /12 J v2 dX ds for all v £ V.
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The weak formulation and change of variables just completed places all dependence of
the problem upon e in the solutions, cre 6 E and ue 6 V. We now introduce a two-
dimensional problem from whose solutions we can reconstruct approximations to the
solutions of this three-dimensional problem. The asymptotic nature of this approximate
solution to the given problem is: the approximating functions solve the three-dimensional
problem up to an error 0(e). The approximations will be denoted u° and a".

6. Derivation of the two-dimensional problem. From the three-dimensional
problem Eqs. (18), (19), with boundary conditions (11) imposed on ue, we wish to con-
struct the two-dimensional problem, which we can then convert to the system of equations
presented in Sec. 3. We begin by introducing the restrictions of the three-dimensional
approximations to the center-plane of the plate:

Ui(xi,x2) ■■= u°i(xi,x2,0) and ai:j (xx, x2) ■= cr°(xi, x2, 0).

Now we express the three-dimensional approximations in terms of the two-dimensional
functions, and find an appropriate bidimensional problem that these new functions solve.
Notice that Eq. (18), by considering test functions for which t\3 = 731 are the only
nonzero entries, implies

«1,3 + e(uh + U1,3U1,1 + u3,lUh) = °(e3) a-e- in °>

after multiplying through by e. Solving for u\ 3, and applying the expansion
.. OO

(which holds formally for e sufficiently small) we find

<3 = + °^ = ~eUh(l + «3l3) + 0(62). (20)
1 T~ cCXf-j^ j

In short, it must be that u\ 3 = 0(e). If we return to Eq. (18), inserting test functions
for which only 733 is nonzero gives

«!,3(2 + «|,3) = -K,3)2 + 0(e2) = 0(e2)

by (20). Thus we require of our approximating function, U33 = 0 or u® 3 = — 2 a.e. in f2.
Assuming 3 is continuous (and not merely in L4(fl)), the boundary conditions (11)
imply that it must vanish in Cl (since it is zero on To). So, is constant in the a:3
direction, or u3(xi, x2, £3) = u^(x\,x2). Using the fact that u| 3 = 0(e2) in Eq. (20)
we have 3 = — eu3>1 + 0(e2), which permits us to assume that u? 3 = —eu3j 1. By
inserting test functions with only T23 = T32 nonzero in (18), we find that u2 3 = —u3j2 by
analogous reasoning. So, the three-dimensional displacement ue can be asymptotically
approximated with error 0(e2) by a "degenerate" Kirchhoff-Love displacement satisfying

U°(x 1,X2,X3) = Ui(xi,x2) - CX3U3ti(xi,X2),

u2(x1,x2,x3) = u2(xi,x2) - x3U3t2(xi,x2), (21)

U°(X1,X2,X3) = U3(xi,X 2).
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We will eventually take u^(x 1,2:2, £3) = "1(^1,^2) as our approximating function, since
we regard e as asymptotically small. We use the form in Eq. (21) through the derivation
of the in-plane stress components (where an 2 term appears). Thus, we have in
the end approximated u\ only up to order e.

Further, applying the boundary conditions (11) to the approximate displacement, we
have ii" 3 = 0 on To (in the sense of trace); so u32 = ^3,2 = 0, as well as w" = U3 = 0
on To or 7 as appropriate. Since e is considered asymptotically small, the boundary
conditions give us no control over ii3il on 7. Instead, knowing that % e 0 on 7 we use
that its tangential derivative, du3/ds, vanishes there also. Thus we have

n du3 _
0 = — = —n2w3,1 + n\u32 = -n2U3,i,

as
since u3$ = 0 on 7. So, u3)i =0 on portions of the boundary where n2 ^ 0. Our
boundary conditions on u3 can be written:

u3 = 0 on all of 7,

dU3 n h ^ n ^—— =0 on 7 where n2 i=- 0.
on

These are precisely the boundary conditions necessary for a well-posed problem in the
linear case for an equation of the form (5).

Now, we use the cases where all entries but a fixed rap in (18) vanish to express the
approximate in-plane stress, cr^o, in terms of u. Direct substitution yields weak forms of

1-<
e
-CTij - IAT22 = E ^"U + ^(«l,l)2 + («3,l)2)

-uah + (T22 = E

r12 = G

uh + \(ul,2)2 + (W3,2)2)

\ul,2 + w2,l + ul.\u\,2 + u3,lu3,2

+ 0(e2),

0(e2),

+ 0(e2).

So that we may substitute u° for ue as defined in (21) into these equations, we must
assume more regularity on u3: namely u3 G H2(u). Making this assumption and substi-
tution will lower the order of the error in the first and third of these equations to O(e).
Solving the third equation above (after substitution) for u(j 2, we find that it is O(e).
Since this is the order of Uj's approximation to u\, we assume that 0 = u\ 2(xi, x2, x3) =
Wi,2(^1,^2), i.e., u\ depends only on X\. Using this fact, and Eq. (21), we find that the
stresses are approximated up to order e by linear functions of £3. We are led to
define cr''i3 = aap + x3Zmap with the coefficients

an := Euiti, mu := 0,
1

022 := E u2,2 + ^1,1 + 2
E

ITT,22 := — g"%22, (^)

2 G
a 12 := G(u2ji + w3,1^3,2), WI12 := —^"^3,12-

Notice that these equations make sense for u satisfying ua G i?1(w), u3 G W^1,4'(o;), and
u3,2 G H1^). Further, the boundary conditions (22) hold in the sense of trace for all u3
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in the closure of Cq°(uj) under the norm IMIw*1.4)^) + call this Banach space
U, and define

U — {u: ua € Hx(w) for a = 1,2, and u3 £ U}.

We will see that this is the appropriate space for solutions of the two-dimensional problem.
Now consider r e E, a test function; decompose it into its even and odd parts

Taff{x 1,X2,X3) := \{Tap{xi,X2,X3) +Ta0{Xi,X2,-X3)),

Taf}(xl,X2,X3) := l(Tap(x1,X2,X3) - Tap(xi,x2,-x3)),

with average values defined by

1 fl
Ta0(Xl,X2) ~ 2 J Ta0{Xl,X2,X3)dx3,

3 fl
l(xi,X2) := 2 / X3Ta0(Xi,X2,X3)dx3.

JJQ.

1 a/3\

Using this decomposition, and the linearity of the in-plane stress tensor in x3, yields

rap(x 1, x2,x3)al0(xi,x2,x3) dV

2 / f*p(xi,x2)aap(xi,x2)dA + 2 / f°0(xi,x2)ma0(x1,x2) dA.
J U) J U)

Thus, Eq. (18), with the approximate stress and displacement substituted, has an equiv-
alent statement in two dimensions, and the given approximations satisfy it up to 0(e).

To determine equilibrium conditions imposed on the bidimensional functions, u, aap,
and map, insert a test function whose only nonzero entry is vi(xi,x2,x3) = v(x\,x2)
into (19), to find

J a\\ 0^,1 + + ai2 + ui,i^,2^ dV = 2 J vds.

Here v can be any H1(lo) function. Multiplying through by e, and substituting the
approximating functions for ue and <re, we arrive at

/ aiav,adV = 2 / h\vds + O(e).
Jo. J-,

We require this equality to hold exactly, that is, without the order e error. Using the
form for a0 given by Eq. (23), integrate out the x3 variable to arrive at

/ G/3av,adA= / hpvds (24)
J UJ J 7

for [3 = 1. The proof for /? = 2 is analogous. Notice that this equation makes sense not
only for v e W^'4\u)), as v e V would imply, but for v in the larger space v € Hl{u).
This is the space of test functions that we will use in formulating our two-dimensional
problem. Notice that it follows from the definitions (23) that this equation makes sense
even if ua £ H1(uj) so long as u3 E W^1'4^).

Define a space of test functions on lj by

V = {v € W^2'4S>(uj): (22) holds for M3 = v}.
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Inserting into (19) those test functions with the only nonzero entry Vi(xi,x2,x3) =
~x3vji(xi,x2) for some v € V, we have

J -X3(<7llV,ll + ^12^,12) Q + «l,l^ - 013®,1 Q + Wl,l^ dV = 0.

Multiplying through by e, and replacing the afng with their approximations we find that

[ <r{3vtidV = f -x3a°avtladV + 0(e).
Jn J n

We require this equation to hold exactly for the approximation cr^, and by integrating13
out the x3 on the right-hand side find

/ a03v-,0 dV — ~2 / dA for all v £ V
J Cl J UJ

(25)

for (3 = 1, but again the equation follows in a similar fashion for (3 = 2.
We now substitute v£ = (0, 0,f;(a:i,X2)), and u° and a0 for ue and er£ in Eq. (19),

with v from V. Defining

f{xi,x2) - I g{xi,x2,x3)dx3 + f(xi,x2,l) + f{xi,x2,-l) J ,

and using (25) to eliminate the cr3a terms, we have that, up to an error of order e,

/ -ma/3v,a0 + aa0U3iavtl3dA= / fvdA, (26)
J LO J UJ

for all v € V; but we require this equation to hold exactly for our two-dimensional
approximating functions.

We require: Eq. (23) to define a and m; Eq. (24) to hold for any v € H1{uj)\ and
Eq. (26) to hold for any v e U for some u 6 U. This is the two-dimensional problem
approximating the original three-dimensional problem given by Eqs. (18), (19), with
boundary conditions (11). It is clear that we can construct the approximating functions
u° and cr^p from the solutions u, <7, and to, using Eq. (21) and the definitions of a and
to (just before Eq. (23)). To complete the approximation, it remains to construct of3
(for i = 1,2,3) in terms of u. To accomplish this, we must assume more regularity on
u3. We specify the further assumptions in the statement of the theorem following the
constructions.

To construct the <t®3, we substitute into Eq. (19) v from V with only V\ = v nonzero.
Decomposing v into ve and v° as we did with r above, we note that (11) implies

ve(xi, x2) = ve{x\, x2, x3) = v and
v°(xltx2) = v°(x1,x2,x3) = 0

on 7 or Tq as appropriate. (27)

Thus (19) yields

f a\3»,3 dV = - [ crfavta dV + f hi f
J Q, J fi, J J — 1

vdx 3 ds + 0(e).

If we require this equation to hold without the order e error for the approximating
r°rij'functions ctJ ■, then we can integrate out the x3 variable on the right-hand side to arrive
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at:

/ ct?3w,3 dV = -2 / + miav°a dA + 2 hive ds.
J Q, J uj J 7

By Eq. (24), the area integral against ve and the boundary integral cancel, and assuming
m is sufficiently regular we can apply the divergence theorem to show

/ ^in
°3v3dV = -3 / x3mla(xi,x2)±(vt0l(x1,x2,x3) -vta(xx,x2,-x3))dV

Jn

= 3 / x3miata(xi,x2)v(x1,x2,x3)dv.
Jn

(28)

A similar result can be derived for a23. Since this is true for all v e Cq°(f2) (this is a
subset of V), we have that 0^33(2:1,2:2,0:3) = — ̂[x3mpata{xi, 2:2)] on Applying the
divergence theorem to the left side of (28) for test functions that include F± in their
support, we see that a^3 = 0 on T±. Thus, we have

/%3
Xm0a,a(xl,x2) dx = 1(1 - xl)mf3a,a(xi,x2). (29)

This leaves only a33 to be computed. We begin by inserting a test function v e V
into Eq. (19) whose only nonzero entry is v3 = v satisfying w|r0 = 0. Isolating the a33
term, we have

/ ^33^,3 dv= v3av,a + - gvdV + fvdA + 0(e).
Jn Jn Jr±

Using <r° and u° in place of the solutions on the right-hand side does not increase the
order of the error; so we require that the approximating function a33 satisfies

/ ff33« 3 dV = f [c3a a + (cr°aju°3ta)j - g\vdV + [ fvdA,
Jn Jn Jr+r±

i v* iv + V* -4- ^ -
a3which follows from the substitution via the divergence theorem, using that cr°3 e 0 on

r±. So,

^33,3 = -[°3«,« + ^3,3^3,a + K/3«3,J,f> ' 9] in
a33 = ±f on r+ and T_, respectively.

Substitute into the first equation above Eq. (29) and the definition of a and m to find

^33,3 [2 ^c*/3,a/3 (1 ^3) + (<7a/3^3,a),/3] •

By substituting this into the trivial identity

1 ( fX3
0-33(2:1,2:2,2:3) = - ^o-33(xi,2:2,-1) +<733(2:1,x2,l) + J <T°3t3(xux2,x)dx

J X3
°33,3(xUx2,X) dX
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we arrive at the expression

033 fai ,x2,x3) = ^ f(xi,x2,1) - f(xux2,-1) + g(x i,x2,x) dx

+ (x® - 3x3)map,ap + 3(1 - xl)ma0u3M3 - 2x3{aapu3,a),0

This used the desired boundary values: 033(2:1, x2, ±1) = ±f(xi, x2, ±1), for substitution
into the identity. However, it is not immediately evident that the given expression satisfies
these conditions. By evaluating at x3 — 1, we find

<733(0:1, x2, 1) = f(xi,X2, 1) - f(x 1,X2) - [ma0tag + (oq/3U3,a),/3]-

Now, from Eq. (26), by an application of the divergence theorem, we find that the
bracketed term above is —/; so 0-33(2:1,x2,1) = f(x\,x2,l). The boundary condition
at £3 = — 1 follows in the same way, and we have consistent constructions for all of the
three-dimensional approximating functions.

Using the identities (23) we can write all these functions in terms of the displacement
u. The following theorem summarizes our result.

Theorem. Let u be a vector field in U with u\ independent of x2, and suppose that u
solves Eqs. (24) for any v 6 and (26) for any v eU, using the identities (23) to
define aap and mag. Then the following functions on fl can be constructed:

"? = "i, u2 = u2 - x3u3:2, = u3,

cr'h = £"1,1, Oj2 = G(u2.1 + "3,i"3,2 - 2a:3u3,i2),

0°2 = E (u2,2 + vuUi + \{u3,2)2 - x3u3a2) .

If further u has the following regularity: ua E VF^'4^(w) for a = 1,2; "1,11, "2.12! "2,221
and -u3,n G L4(lo); and V", Vv2 G L2(u>) for both v = "3,i2 and "3,22, then the missing
approximate stresses are given by

013 = —G(l — x\)u3,122, 023 = —(1 — x\) ^~^~"3,222 + £"3,112^ ,

033 = ^ j f(xi,x2,1) — f{xi,x2, — 1) + ^ J - J ^ g(xi,x2,x)dx

+ X3
/n 2 \ I E _
(3 - £3) ( — "3,2222 + — "3,1122

-2 IE j("l,l"3,l),l + [("2,2 + ""1,1 + ^("3,2)2) "3,2] j2}

+ G{[(w2,1 + "3,1 "3,2) "3,l], 2 + [("2,1 + "3,1 "3,2 ) "3,2] ,1}

(f x%) (E(u3)22) 2 + 4G(u3ti2)2)
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These are approximate solutions to (18), (19), and (11) in that <r° G E and u° G V
satisfy the boundary data exactly, and they satisfy the variational equations up to an
error of the order of e.

7. Construction of the degenerate von Karman problem. We now simplify the
two-dimensional problem, reducing the number of unknowns. This is a "one way"proce-
dure in that we will lose the fact that U\ is independent of x2 along the way. We introduce
the notation ~1 = 2 and ~2 = 1. Our principal tool is the Airy stress function, which we
use to eliminate a and ua, replacing these with a scalar function. To begin, note that,
assuming u is sufficiently regular, applying the divergence theorem to Eq. (24) yields

<Jagj) = 0 inw and (Tapnp = ha on 7. (30)

It is well known that, so long as the ha satisfy Eq. (12), there exists a so-called Airy
stress function, w{x 1,2:2) for which

O-q/3 = (-l)(a+/3)«j,-va~J9 (31)

and satisfying boundary conditions:

(-1)Q-7"W) a = h^a on 7.
as

These conditions do not specify the function uniquely, but, by distinguishing a point on
7 (making it the origin of our coordinate system), these boundary conditions and the
assumption w)(0) = £^w(0) = 0 give Dirichlet conditions:

w{y)= <p(y) -3/1 / h2ds + y2 hids
(y) •'t(v)

+ / (xih.2 - x2hi) ds

q- p Ji(y)
-^-(y)= *l>(y) '■= ~ni(y) / h2ds + n2(y) hids

J'y(y) J'y(y)

> for all y G 7, (32)

h (y) Jf(y)
where 7(y) is the contour of 7 connecting 0 to y in a counterclockwise fashion. Notice
that Eq. (12) must hold for tp and ip to be well-defined. For a discussion of the existence
of the Airy stress function, the reader is referred to Zeidler [18, §65.7] for a classical
approach, or the discussion in [4, §1.5], where the development is done in the greater
generality of Sobolev spaces. Using w and the expressions for m in terms of U3 in (23),
we can rewrite Eq. (26) as

E _ 4 G _ _
^3,12^,12

(33)
/J U) ^■""3,22^,22 + -^-W3ji2W,12

+ (—l)(a+®,wt*,QnJpU3tavi0 dA = J fvdA for all v G U.
J CO

This equation is analogous to the first of the von Karman equations, in that it is, in vari-
ational form, a fourth-order elliptic-parabolic operator acting on the vertical deflection
of the centerplane of the plate, and a bilinear form acting on the deflection and the stress
function (exactly the form [w, w] defined in Eq. (3)).

To eliminate the ua, we begin by noticing that by substituting the definition (31)
into Eq. (23), all the components of D2w can be written in terms of u. Motivated by
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the second von Karman equation (2), we seek a fourth-order, symmetric, and uniformly
elliptic operator whose action on w can be described by a quadratic form acting on U3.
Here we use that wt22 = = Eu\^ is a function of x\ only; so to 222 = 0. It is easy to
see that the identity

+ W,2222) + Ewt 1212 — 2211 = EG [5(^3,2)^1 — (^3,1^3,2)42]

has the appropriate properties, provided the technical condition (15) is satisfied by the
engineering constants of Hooke's Law (so that the left-hand side will be a uniformly
elliptic operator). Multiplying this equation by some v £ H^{u>) and integrating by
parts leaves the weak formulation

J ^aat)!aa H ~wti2v,12 dA = J u3,\u3t22V,i dA for all v <E H$(uj) (34)

with boundary conditions
du)

w = and — tp on 7. (35)

The equations (33), (34), and (35) are consistent for U3 6 U, and w € H2(u). They
are nothing more than weak formulations of the equations announced in Sec. 3, Eqs. (5)
and (6). To demonstrate the equivalence we need only apply the divergence theorem
in the usual way to apply all derivatives to the solutions, U3 and id, and remove the
weighting applied in the original change of variables (H3 = e~1u, w — ew, and / = e~l f
for an appropriately defined /). Recall that the E and G used here are smaller by a
factor of e3 than the Young's modulus and shear modulus denoted by the same letters
in the summary. Thus we have completed our derivation.

When the in-plane displacement functions are reconstructed from W3 and w, they are
determined only up to a rigid motion, just as in the isotropic case; solve Eq. (23) for the
ua,j3 in terms of U3 and cra3- Recall the assumption u 1,2 = 0, even though we have no
assurance that W222 = 0. Using (31) we have the gradients of the ua in terms of the
solutions. The displacement in the plane of any point in the simply connected Hi (say the
point 0 on 7), in conjunction with these gradients, completely defines the displacement

8. Conclusion. We are left with the question of existence of solutions to the problem
we have derived. Based on the existence theory for the linear case, which has been
examined in some detail in the works of Weinacht [16], and the author [10, 11, 12], and
on physical considerations, there are reasonable conditions that must be met before this
boundary value problem can be assured of solutions. In the linear case, all existence
results for elliptic-parabolic equations of any order rely on the appearance of a uniformly
elliptic lower-order operator. For the problem at hand, the appearance of a second-order
uniformly elliptic operator in Eq. (5) (the elliptic-parabolic equation) can be assured by
imposing appropriate restrictions on the boundary conditions for w. Writing Eq. (6) as
E[w] = (u iw 22),l) we can decompose w into w = wq + u>i in the usual way (see [4] or
[18]). We will require wq to solve E\w$] = 0 with the boundary conditions (7), while
w\ solves the inhomogeneous equation E[w 1] = (u,i«,22),i with homogeneous boundary
conditions. Notice that this decouples wq from the nonlinear system; so it is determined
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by the boundary data alone. For suitable data, we can be assured that the bilinear
form [u, wo] will be a uniformly elliptic operator acting on u. It is easy to see that a
necessary and sufficient condition is simply that too, 11^0,22 _ wo 12 > c > 0 on all of
ui. Physically this corresponds to a requirement that the force being applied along the
boundary generate tension in the interior of the plate, so as to support the load, despite
the lack of stiffness. With this restriction on the boundary data in place, it may be
possible to demonstrate existence of solutions to the given problem. The proof in the
isotropic case, first demonstrated by Berger in [1] (for ui of unspecified shape), uses the
theory of monotone operators. In particular, the von Karman problem is restated as a
fixed point problem for a pseudomonotone operator in an appropriate Hilbert space. Such
an approach may be fruitful here; however, because of the degeneracy, the proper space
is not obvious. This is the topic of the companion article [13]. The author expects that,
once existence is demonstrated, uniqueness will follow for sufficiently small loads and
large tension by the inverse function theorem. The bifurcation theory for this boundary
value problem should also be analogous to that of the classical von Karman problem,
but, as [16] indicates, the spectral theory for these degenerate operators is fundamentally
different from that for uniformly elliptic operators.
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