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Abstract. Two relaxation limits of the hydrodynamic model for semiconductors
are investigated. Using the compensated compactness tools we show the convergence
of (scaled) entropy solutions of the hydrodynamic model to the solutions of the energy
transport and the drift-diffusion equations, according respectively to different time scales.

1. Introduction. We consider an Euler-Poisson hydrodynamic model for semicon-
ductors (HD) in one space dimension. Denoting by n, j, p, and E the charge density,
current density, pressure, and electric field (n,p > 0), the (non-dimensional) equations
of the HD model for semiconductors are given by a hydrodynamic part

n-t + jx = 0,

jt+(—+p\ = nE — —,
\n J X TP (!)

&: + ZLTp) ' (IL ' . " =jE-^(^ + -K(p-nTl)
^2n 7—1 )t \2n2 7 — In, Jx tw \2n

supplemented by the Poisson equation for the electric field

Ex = n — b(x). (2)

The positive constants tp, tw, 7 (7 > 1) denote respectively the momentum relax-
ation time, the energy relaxation time, and the ratio of specific heats of the system.
The functions Ti(x) and b(x) are the lattice temperature and the doping profile of the
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semiconductor. Here we are assuming that the equation of state of the polytropic ideal
gas is given by

P = (7- l)rae,

where e is the specific internal energy of the electron fluid.
As is well known, see [MRS], the time evolution of a distribution of electrons in a

semiconductor device is well described by the semiclassical Boltzmann-Poisson Transport
Equations. Unfortunately, dealing with this kinetic model remains for the moment too
expensive from a computational point of view. Nevertheless, it is possible to derive
from transport equations simpler fluid dynamical equations for macroscopic (integral)
quantities like particle, current or energy densities, which could represent a compromise
between physical accuracy and reduction of computational cost. A standard approach
for this derivation is the classical moments method. According to different ansatzes for
the phase space densities, we recover different limit models and in particular the popular
drift-diffusion equations (DD) and the hydrodynamic Euler-Poisson system (HD) (see
[An] or again the reference book [MRS] and the literature quoted therein).

The (rigorous) derivation of the DD model from the Boltzmann-Poisson equations can
be found in [P] and [GP]. The dominant collision mechanism in the derivation is the
electron-phonon scattering. This model works very well under the assumptions of low
carrier densities and small electric fields. By contrast, hydrodynamic models are usually
considered to describe high field phenomena or submicronic devices, because they take
into account the transport of energy in the semiconductor. The particular hydrodynamic
model (l)-(2) under consideration in this paper, was introduced in [B] and [BW] (see
again [MRS]) and intensively studied in recent years.

However, it turns out that also the qualitative study and the numerical approximation
of the hydrodynamic models is far from trivial. Since the equations form a quasilinear
hyperbolic-elliptic system of balance laws (to be supplemented by some suitable initial-
boundary conditions), the solutions can become discontinuous in finite time; see for
example [L], [GR], [S] for general references on various shock waves phenomena.

A possible way to overcome this difficulty is given by the energy transport models
(ET). Actually, under a suitable relaxation limit, the hydrodynamic models can be well-
approximated by a simpler class of diffusive evolution equations that still describe with
some accuracy the basic energy transport mechanism.

In the present work we assume that the relevant scattering mechanisms can be de-
scribed by the relaxation time approximation on the macroscopic HD level. Observe that
Monte Carlo simulations of the Boltzmann-Poisson equations show that the momentum
relaxation time rp is much smaller than the energy relaxation time tw [An]. Therefore
we define the small parameter

t2 := Tf. (3)
Tin
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In order to perform the relaxation limits we introduce the new time scale s = rpt,
tp = rm (m = 1,2) and denote the scaled quantities by

MT{x, s) = n (a:, -y , JT(x, s) = (x, ,

PT(a:,s)=p(x,^), fr(x,S) = E(x,^).

In the case m = 1 the (formal) limits A/", ̂ 7, V, £ of AT1", J7T, 'PT, <fT as r —> 0 satisfy
(formally) the following energy transport equations (ET):

A/*s = (Vx - M£)x,

(tV) _ + (ttt ^ - v->£ ~ ^ <5>
£x = M - b(x).

In the case m = 2 the limits A/", V, £ satisfy the well-known drift diffusion equations

(DD):
Ms = {{NTl)x- Af£)x,
£x=Af~b(x).

Both limiting systems describe asymptotic regions of the solutions of the HD equations.
On the ET time scale, variations of the temperature (or pressure) are not neglected as in
the DD model, where the temperature is approximated by the lattice temperature. The
above (formal) limits from HD to ET and DD have first been obtained in [AMN] and [Al],
where more general hydrodynamic models, arising from the extended thermodynamic
framework [An], were considered. A somewhat related idea, a vanishing effective mass
limit, was mentioned in [BDG].

A different approach in order to derive general ET models can be found in [BD] (see
also [De], [BDG]). In this derivation they start directly from the Boltzmann equation.
The dominant scattering mechanisms are assumed to be both electron-electron and elastic
electron-phonon scattering.

Let us also observe that for the (time-dependent) ET model (5) no rigorous analytic
results are known. In the stationary case existence and uniqueness results for general
ET models can be found in [DGJ].

We investigate the limits as r —» 0 in both cases m = 1 and m = 2. The resulting
limit models are the ET model (5) and the standard DD model (6). The present ET
model is just a particular case, due to the choice of the HD model, of the ET models
already derived both in [BDG] and [Al].

Let us recall that the existence of the entropy solutions and the rigorous relaxation
analysis in the case of the isentropic hydrodynamic equations was first done in [MN1,
MN2]. In that case the pressure depends only on the density and the hydrodynamic
system consists of a continuity and a momentum equation. The limits of the density
and the current satisfy the drift-diffusion equations with the pressure depending in a
nonlinear way on the density. Analogous results, but in the bipolar case, can be found
in [N]. The limiting behavior as t —> 00 of global smooth solutions to the unipolar case
was recently studied in [LNX],
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In the case of the general non-isentropic model (1)—(2), a first and hard open problem
is to establish the global existence of entropy solutions, even for some special classes of
initial data. Let us observe that a local (in time) existence theorem for system (1)—(2),
for initial data having small total variation and in the class of weak entropy BV solutions,
could be proved by a straightforward extension of the arguments in [DHJ, where a simple
fractional step version of the Glimm scheme [Gl] was used (see also the recent semigroup
version of this result in [CP]). Actually in [DH] the authors also obtained global solutions
under some complete dissipative assumptions on the source term, which however are not
verified in the present case, even in the isentropic case. By contrast the source terms in
system (l)-(2) have a linear growth in their arguments. Then, in principle, it is not clear
whether the solutions stay for all time in a fixed (small) bounded set of the BV space,
as required by the interaction estimates of the Glimm proof.

On the other hand, we observe that the arguments used in [MN1] to establish the
global existence of entropy solutions in the isentropic case, namely L°° estimates and
entropy inequalities, seem to not be expedient in this case, since the essential tool in
that analysis was given by the methods of compensated compactness and the analysis of
the Young measure of approximating sequences [T], [Di], which do not work, in general,
in dealing with N x N systems, for N > 3. Actually, even in the 2x2 case, a major
problem is given by the uniform control of the BV norm of the solutions for all time,
apart from the special isothermal case (e.g.: 7 = 1) where "big" solutions are allowed,
[PRV] and [JR.],

Therefore in the following we are just assuming the existence of global entropy solu-
tions to the Cauchy problem for (1)—(2), which verify a uniform bound in the L°° norm
for the density, velocity and temperature respectively. Some motivations for considering
this assumption will be given at the end of Sec. 3.

To give the relaxation limits, the main tool we use is the "div-curl" lemma, again from
the theory of compensated compactness [T], which we combine with energy estimates,
given by the entropy inequalities, to yield the required strong convergence of the pressure
term. This kind of technique was first introduced in [MMS] and [MM] and then success-
fully adapted to investigate many other hyperbolic-parabolic relaxation limits, [MN2],
[MR], [Rl], [R2],

Finally, let us briefly outline the organization of the paper. In Sec. 2 we present some
preliminaries and discuss the entropy conditions. Section 3 is devoted to proving the
rigorous relaxation limit from the HD model to the ET model. In Sec. 4 we shortly prove
the convergence of the HD model to the DD model.

2. Preliminaries. Let us recall some basic notions that will be used in the following.
We assume the (phenomenological) relation (3) between the relaxation times. The doping
profile is assumed to be b e L1(R) (b > 0) and the lattice temperature 7] £ L°°(K)
(Ti > 0). We assume locally bounded initial conditions

n(x,0) = n0(x), j(x, 0) = j0(x), p{x,0) = p0{x),

(7)
/

Eq{x)= / (n0(y)-b(y))dy +E-
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where no, po are nonnegative functions and E- is a given constant. A locally bounded
measurable function (n,j,p, E) is called a weak solution of the Cauchy problem (l)-(2)-
(7) if and only if for every smooth test function $ with a compact support in K x [0, +00)
we have

J J (n$t + j$x) dxdt + J no $ dx = 0,

/ ■Jt=0
-—I-p^j ^nE — —^ <3? dxdt + / j0$dx = 0,

+ iE-^k + ̂ h(p~nT,) $}dxdt+j + ^ \ ^0 ) = 0,

//
[EQX + (n — 6)$] dx dt = 0.

Let us give the definition of (weak) entropy solutions for problem (l)-(2). Set

U = (n,j, ( + —— p
2 n 7 — 1

F(U,= (i-{^+P)-{i? + 7^nP

GT{U,E)=U,nE-3-,jE-T(3— + -^—(p-nTl)
\ t \2n 7 — 1

The system (1) now reads

dtU + dxF(U) = GT(U,E). (8)
Recall that, in general, quasilinear systems of conservation laws do not possess global
smooth solutions, for the presence of discontinuities (shock waves) in the solutions. More-
over, the weak solutions defined above are in general not unique and further admissibility
conditions are needed to select stable and physically significant solutions.

Following [L] we say that an entropy-entropy flux pair (r),q) for (1) is a couple of
smooth functions of U such that

Vg = V77 ■ VFt,

where V denotes the gradient with respect to U. A classical example of a strictly convex
entropy pair for the homogeneous part of system (1) is given by:

v(U) = —n\n~^, q(U) = -j ln^. (9)

It can be shown that the physical entropy in (9) is strictly convex (see for instance
[GR], [S]). Furthermore, the entropy pair (9) is the unique nontrivial entropy pair of the
system [S] (up to addition of conserved quantities and constants).

We say that a weak solution (U, E) to the Cauchy problem (l)-(2)-(7) is an entropy
solution if and only if for any entropy pair (r],q), with 77 convex, one has

dtV(U) + dxq(U) < (V?7)t • GT(U, E) in V.
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Let us give a first result concerning the entropy solutions, which will be useful in the
following.

Lemma 2.1. Let (77,(7) be the entropy pair for the HD system given by (9). Then, for
any to > 0 and any r > 0, the following inequality holds:

"!^wTMdxda (10)

<t0 J n0(x)dx + J rj(U0(x)) dx - J 77 (u fx, dx

for any entropy solution (U, E) of the HD system, with U having a compact support.

Proof. Integration of the entropy inequality

dtV(U) + dxq{U) < -(7 - 1) J (l - y) + t (n - jT^j (11)

in the x-variable gives

| (7<x, 0, it) < - i)l (1 _ 1.) / dx

+ t [ n(x,t) dx — t [ (n(a:' Ti(x) dx.
J J P{x,t)

Denoting by

f(t) = J v(U(x,t))dx, v(t)= /<%?> dx, 4>(t) = J ~ Ti{x) dx

and changing the time scale s = rt we obtain

d_
dt (/ (^)) < -(7 - 1) (l - y) 4^ (J) + Jno(x) dx-4> (?)

(the total density is a conserved quantity). Integration yields

+ t0 J no(x)dx — J ^ ds-

and the lemma follows. □

3. Relaxation to an energy transport model. In this section we investigate the
relaxation of the HD model to the ET model. Changing the time scale s = rt and using
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the new quantities MT, Jr, VT, ET defined in (4) for m = 1 we obtain the equations

K + j; = o,

t2j;+ (t2JF + VT) =NT£T-JT'

' 3T* 1 , f 2 Jt3 , 7 J7
T + ^~VT + r2^- + —— VT\ (12)1MT 7 — 1 / \ 2Mt2 7 — 1 MT i

2

s:=MT-b{x).
Formally, as r —> 0, the solutions of the above equations relax to the solutions of the ET
model

Ms + Jx = 0,

Vx = ME - J,

1 ~v) =jz-—av~.(13)
.7-1 )s \7-l N Jx 7-1

Ex = M -b(x).

Using the second equation J = ME — Vx we recover the equations (5). Let us state the
main result of this section.

Theorem 3.1. Assume b € Ll{R), T; € L°°(R), b > 0, T; > 0. For any fixed r > 0, let
(nT,jT,pT, ET) E (L°°(R x R+))4 be a global entropy solution of the HD system (l)-(2)
that satisfies the following uniform bound:

< C, (14)
L°°( RxR+)

If IIl~(RxR+) +
 L°°(ExIk+;

where C is a positive constant independent of r.
Then there exist some functions M,V £ L°°(R x R+), J € -^i2oc(® x ®+)> £ e

Liploc(R x R+) that are a (weak) solution of the ET equations (13) and such that,
as t —> 0,

MT —>■ M in L°° weak-*,

JT J weakly in ifoc,

VT —> V in L\oc, V 1 < p < oo,
ET —> E uniformly in C.

In the proof of Theorem 3.1 the following results are needed.

Lemma 3.1. Under the assumptions of Theorem 3.1, for any (scaled) solution MT, JT,
VT, ET of (12) with compact support we have

for all tg > 0 (and r <C 1), where the constant Co depends only on to-
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Proof. The proof of the lemma is based on the entropy considerations of the previous
section. We use the entropy pair given by (9) in order to obtain

—J r] ̂ UT fx, ~ ^ dx = J AfT(x, t0) \nVT(x, to) dx — 7 J J\fT(x, to) InAfT(x, to) dx

< max{0,ln||PT||L^(RxRt)} Jn0(x) dx + 7^0,

(17)
where Rq is the measure of the support of the (scaled) solutions for t G. [0,£q)- Since

ll^1" II L°°(RxRt) — l|pT II L°°(RxlRt) < l|^T||L°<=(KxRt)i (18)
Z/°° (lxRe)

the result follows easily from inequality (10). □
Let us recall now the second result we use in the proof of the main theorem, namely

the "div-curl" lemma from the theory of compensated compactness [T].

Lemma 3.2. Given two sequences {Ze} and {Ve}, uniformly bounded in L2oc, assume
that {div Ze} and {div V(} belong to a bounded set of L2oc. Then Ze ■ Ve —> Z ■ V in V,
where Z and V are the weak-* limits of {Ze} and {Ve}.

Proof (of Theorem 3.1). By the assumed uniform bound (14) and the finite speed of
propagation, we can consider initial data with compact support. Define the vectors

ZT = {MT,JT),

WT = (-T2— r2^ 1 —
^ 2AT-2 7 — 1 AfT ' 2AfT 7-1 )'

XT = (t2— I - VT t2 — I ^——VT\2J\fT 7-1 ' 2 7 - 1 Mt ) '

According to (14) the density AfT and the pressure VT are bounded in Loc(E x [0,<o])
uniformly in r, for any fixed to > 0. We denote their weak-* limits as r —> 0 by JV and
V, respectively. In the following fl C R x [0, £0] denotes a relatively compact open region.
The entropy inequality in Lemma 3.1 gives the following uniform estimates:

ll^r||L2(n) -

JTV

T

Mt
Therefore, as r —> 0, we have

<
L2(fi)

•pr

V
Nt

||7?T|U°°(Rx[0,to])>
Ll(") (20)

\\Jt\\l2(q.)-
L°°(Rx [0,to])

JT —*■ J weakly in L2(fl),
TT (21)

-@ weakly in L2(Q).
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In addition, we have that, as r —> 0,

llr2^T||.L2(n) = t2\\Jt\\L2^ -> 0,

tJ
T2^—-

AfT
< r

L2(n)

Mt < T

L2(ii)

N'
Tjr

\\JT\\L2(n) —> 0,
L°°(Kx[0,t0])

A/*T
lpr||L-(Rx[0,i0])ll^T|U2(O)

L°°(Rx[0,t0])

(22)

JT3
r2J -> 0.

l2( n)
Nt

The last convergence readily follows from the uniform estimates

JT
Mt

JT
Mt

<
L2(Q)

< T

rjT 2
Nt

tJ

Ilv7r||t2(n),
L°°(Rx[0,to])

A/"T
JT

LHfi)

(23)

lx[0,i0])L°°(Rx[0,t0])

Therefore, as r —> 0, we have the following convergence in the weak topology of (L2)2:

ZT Z = (AT, J),
vT-v = (-v,0),

WT-W=( g,-L-p), (24)
v 7-1 7-1 /

\7 - 1 7-1 /
Then we make use of the vectors ZT, VT, WT, JTT, to rewrite the HD equations (setting
div = (ds,dx) and rot = (dx, —ds)) and conclude that the following functions

div ZT = 0,

rot VT = -(AfT£T -JT),

rot WT = - - _1_(^ , (25)

divXT = -rotWT

belong to a bounded set of L2(Q.). Now we can apply three times the "div-curl" Lemma
3.2 in order to obtain, as r —> 0, the following weak (distributional) convergence:

XTVT = -ZT ■ VT — -Z ■ V = MV, (26)

JtVt = -Zt -Wt - -Z W = l-—JV + (27)
7—1 7-I

t2(4J^Vt l—{Vr)2=XT-VT-X-V = — V2. (28)2 MT 7 — 1 7-1 v '
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The Poisson equation and the weak convergence of the density NT imply strong conver-
gence of the electric field

£T —* £ in Lfoc as r —> 0 (29)

and the following weak L2 convergences as r —► 0:

JT£T - J£,

MT£T - M£. (30)

This means that, as r —> 0, we can pass to the limit in all terms in the HD equations but
the nonlinear term j^'PT, which we know only to converge (weakly) to Q. On the other
hand, the weak convergence of the pressure term VT and the convergence of its square
VT to V2 in (28) give the strong convergence

VT —> V in Lfoc, 1 < p < oo as t —> 0. (31)

This yields

JTVT —>■ JV weakly in L\oc as r —+ 0 (32)

and from (27) we obtain

Therefore

JV = l--JV + (33)
7—I 7 — 1

Q = jfV, (34)
and we can conclude that the limits Af, JV, and £ are a weak solution of the ET
equations (13) and (5). □

Remark 3.3. Let us conclude this section by some remarks concerning the assumed
uniform bound (14). As mentioned in the Introduction, it is far beyond the aim of this
note to consider the problem of the global existence and uniform boundedness of entropy
solutions to the Cauchy problem for (1)—(2), even for small BV initial data. Anyway,
it is possible to give some motivations to explain why we believe that this conjecture is
reasonable.

First of all, the global L°° bounds on the density, velocity, and temperature seem to
be the natural generalization of the isentropic case, where the eigenvalues were shown to
be controlled by the L°° bounds on the density and the velocity [MN2]. In the case of
the full HD model, the bounds (14) control again the three eigenvalues j/n,j/n± VT of
the system.

Another point is given by many numerical investigations (see for instance [Ga], [FJO]
and references therein) with special choices of the relaxation times and with additional
heat flux terms. In all of these cases the solutions look globally well bounded and the
solutions of the stationary model are obtained by transient (long-time) simulations.

Also, the results concerning the stationary solutions (and moreover in the a priori
more difficult non-dissipative collisionless case) given in [MP] seem to show at least a
possible stability for large time of our system.
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Finally, it is worth considering spatially homogeneous solutions, namely the solutions
of the associated ODE system:

n' = 0,

j' = nE~r' (35)
j2 1 \' (j2 1

> + ^Tp) 'lE-T\^ + ^i[r-nT^

where all the functions depend only on the t variable and E is any given bounded func-
tion. It is easy to show that system (35) has only global solutions that are bounded
independently on t and r (for small values of r). Therefore, the dynamics driven by the
source term on the right-hand side seems to be nice and the difficulties could be more in
the coupling with the nonlinear effects due to the hyperbolic part of system (1). Actually,
it is known that these effects are sometimes quite hard to control, as shown in [Da2] for
the motion of a one-dimensional elastic continua with frictional damping. Nevertheless
some suitable techniques of redistribution of damping [Dal], [Da2] could still be effective
in the present case.

4. Relaxation to the drift diffusion model. This section is devoted to the relax-
ation of the HD model to the DD model. On the long DD time scale s = r2t we use the
quantities AfT, JT, VT, and £T defined in (4) for m = 2 in order to obtain

Nt + Jx = 0,

4

(36)

2A- 7-l- ^
e; A" - M:r)

(note that the quantities are not the same as in the previous section, since we are on a
different time scale). Formally, the solutions of the above equations relax to the solutions
of the DD model:

A/"s + Jx = 0,

VX=NE- J,
V =AfTt, (37^
£x = A/" - b(x).

The equations (37) can be written as in (6) by substituting the current and the pressure
given in the second and third equation of (37). Let us state our result in this case.

Theorem 4.1. Assume b e Ll{R), Tt G L°°(R), b > 0, T, > 0. Let {nT,jT,pr, ET) e
(L°°(E x R+))4 be a global weak solution of the HD system (l)-(2) that satisfies the
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following uniform bound:

\\n' IIlp(Q) + + \\ptIIl^s)) < C (38)
L»(n)

where p > 1, s > Q > 2p+T' ^ 's a positive constant independent of r, and
fl G (R x [0, to]) is a relatively compact open region.

Then the weak-* limits W, J, V of the sequences {A/"T}, {JT}, {PT}, and the strong
limit £ of {£T} satisfy the DD equations (37) in P'(R x [0,£o]) for every to > 0.

Proof. The scaled current is uniformly bounded from the assumptions, since

J
Nt 11-^' llip(rj)- (39)

Ls(n)

The uniform bounds of the electric field follow from the Poisson Equation (and the
uniform bound on J\TT). Thus, as r —» 0, it follows that

AtT-M in Lfoc,

in

in Ltc,

£^£ in Llc.
Also, using ^>l,^>l,^>lwe obtain

J
2 p+s — ' 3 p+s — ' q+s

T4' Mt

JT3
T

<T4
I2p + s (O)

AfT
<T6

l^p+i (n)

AfT

JT

.2 ^r T7-V7
AfT

< T2

AfT

JT
AfT

L2(n) 1 j

\\JT\\ -«a- , (4°)
L 2 (O)

WPT\\LUp.)-
L"(i1)Li+« (O)

Thus, using the strong convergence of the electric field, we can easily pass to the limit in
the scaled HD equations (36). □

Acknowledgments. The first author acknowledges support from the Istituto per
le Applicazioni del Calcolo IAC-CNR Rome (Italy), from EC-Network #ERB CHRXCT
930413 and from the project entitled "Kinetische Quantentransport Gleichungen", funded
by the Deutsche Forschungsgemeinschaft. The second author acknowledges support from
the Progetto St.rategico CNR 1995: Applicazioni della Matematica per la Tecnologia e la
Societa.

References
[Al] G. Ali', Asymptotic fluid dynamic models for semiconductors, Quaderno n. 25/1995 IAC-CNR,

Roma, 1995
[An] A. M. Anile, An extended thermodynamic framework for the hydrodynamic modeling of semi-

conductors, in Mathematical Problems in Semiconductor Physics, P. Marcati et al. eds., Pitman
Research Notes in Mathematics Series 340, Longman, 1995, pp. 3-41



RELAXATION LIMITS OF THE HYDRODYNAMIC MODEL FOR SEMICONDUCTORS 281

[AMN] G. Ali', P. Marcati, and R. Natalini, Hydrodynamic models for semiconductors, Proceedings of
the ICIAM 95, Hamburg, 1995, Zeitschrift fur angewandte Mathematik und Mechanics 76, supp
2, 1996, pp. 301-304

[B] K. Bl0tekjaer, Transport equations for electrons in two-valley semiconductors, IEEE Trans. Elec-
tron. Devices ED-17, 1970, pp. 38-47

[BD] N. Ben Abdallah and P. Degond, On a hierarchy of macroscopic models for semiconductors, J.
Math. Phys. 37, 7, 3306-3333 (1996)

[BDG] N. Ben Abdallah, P. Degond, and S. Genieys, An energy-transport model for semiconductors
derived from the Boltzmann equation, J. Statist. Phys. 84, 205-231 (1996)

[BW] G. Baccarani and M. R. Wordeman, An investigation of steady-state velocity overshoot effects
in Si and GaAs devices, Solid State Electr. 28, 407-416 (1985)

[CP] G. Crasta and B. Piccoli, Viscosity solutions and uniqueness for systems of inhomogeneous
balance laws, Discrete Continuous Dynamical Systems 3 (1997), 477-502

[Dal] C. M. Dafermos, Hyperbolic conservation laws with memory, Differential Equations (Xanthi,
1987), Lecture Notes in Pure and Appl. Math. 118, Dekker, New York, 1989, pp. 157-166

[Da2] C. M. Dafermos, A system of hyperbolic conservation laws with frictional damping, Z. Angew.
Math. Phys. (ZAMP) 46, Special Issue, 1995, pp. 294—307

[DH] C. M. Dafermos and L. Hsiao, Hyperbolic systems of balance laws with inhomogeneity and dis-
sipation, Indiana Univ. Math. J. 31, 471-491 (1982)

[De] P. Degond, Macroscopic models of charged particle transport derived from kinetic theory, ICIAM
95 (Hamburg, 1995), Math. Res. 87, Akademie Verlag, Berlin, 1996, pp. 39—53

[Di] R. Di Perna, Convergence of approximate solutions of conservation laws, Arch. Rat. Mech. Anal.
82, 27-70 (1983)

[DGJ] P. Degond, S. Genieys, and A. Jiingel, An existence and uniqueness result for the stationary
energy-transport model in semiconductor theory, C. R. Acad. Sci. Paris Ser. I Math. 325 (1997),
363-368

[FJO] E. Fatemi, J. Jerome, and S. Osher, Solution of the hydrodynamic device model using high-order
non-oscillatory shock capturing algorithms, IEEE Trans. Computer-Aided Design of Integrated
Circuits and Systems 10, 1991

[Ga] C. L. Gardner, Numerical simulation of a steady-state electron shock wave in a submicrometer
semiconductor device, IEEE Trans. Electron. Devices 38, 392-398 (1991)

[Gl] J. Glimm, Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure
Appl. Math. 18, 697-715 (1965)

[GR] E. Godlewski and P. A. Raviart, Numerical approximation of hyperbolic systems of conservation
laws, Applied Mathematical Sciences 118, Springer-Verlag, New York, 1996

[GP] F. Poupaud and F. Golse, Limite fluide des equations de Boltzmann des semiconducteurs pour
une statistique de Fermi-Dirac, Asymptotic Analysis 6, 135-160 (1992)

[L] P. D. Lax, Shock waves and entropy, in: Contributions to nonlinear functional analysis, ed. E.
Zarantonello, Academic Press, New York, 1971, pp. 603—634

[LNX] T. Luo, R. Natalini, and Z. Xin, Large time behavior of the solutions to a hydrodynamic model
for semiconductors, SIAM J. Appl. Math., in press

[JR] S. Junca and M. Rascle, Relaxation du systeme d'Euler-Poisson isotherme vers les equations de
derive-diffusion, preprint, Univ. Nice, 1996

[MM] P. A. Marcati and A. Milani, The one-dimensional Darcy's law as the limit of a compressible
Euler flow, J. Diff. Eq. 84, 129-147 (1990)

[MMS] P. A. Marcati, A. J. Milani, and P. Secchi, Singular convergence of weak solutions for a quasi-
linear nonhomogeneous hyperbolic system, Manuscripta Math. 60, 49-69 (1988)

[MN1] P. A. Marcati and R. Natalini, Weak solutions to a hydrodynamic model for semiconductors:
the Cauchy problem, Proc. Royal Soc. Edinburgh 28, 115-131 (1995)

[MN2] P. A. Marcati and R. Natalini, Weak solutions to a hydrodynamic model for semiconductors and
relaxation to the drift-diffusion equation, Arch. Rational Mech. Anal. 129, 129-145 (1995)

[MR] P. Marcati and B. Rubino, Hyperbolic-parabolic relaxation theory, in preparation
[MP] P. A. Markowich and P. Pietra, A non-isentropic Euler-Poisson model for a collisionless plasma,

Math. Methods Appl. Sci. 16, 409-442 (1993)
[MRS] P. A. Markowich, C. Ringhofer, and C. Schmeiser, Semiconductors equations, Springer-Verlag,

Wien, New York, 1990



282 INGENUIN GASSER and ROBERTO NATALINI

[N] R. Natalini, The bipolar hydrodynamic model for semiconductors and the drift-diffusion equa-
tions, J. Math. Anal. Appl. 198, 262-281 (1996)

[P] F. Poupaud, Diffusion approximation of the linear semiconductor equation: Analysis of boundary
layers, Asymptotic Analysis 4, 293-317 (1991)

[PRV] F. Poupaud, M. Rascle, and J.-P. Vila, Global solutions to the isothermal Euler-Poisson system
with arbitrarily large data, J. Differential Equations 123, 93-121 (1995)

[Rl] B. Rubino, Porous media flow as the limit of a nonstrictly hyperbolic system of conservation
laws, Comm. Partial Differential Equations 21, 1-21 (1996)

[R2] B. Rubino, Weak solutions to quasilinear wave equations of Klein-Gordon or sine-Gordon type
and relaxation to reaction-diffusion equations, NoDEA Nonlinear Differential Equations Appl.
4, 439-457 (1997)

[S] D. Serre, Systemes de lois de conservation, I, Diderot, Paris, 1996
[T] L. Tartar, Compensated compactness and applications to partial differential equations, Research

Notes in Mathematics, Nonlinear Analysis and Mechanics: Heriot-Watt Symposium, Vol. 4, ed.
R. J. Knops, New York, Pitman Press, 1979, pp. 136-212


