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THE SINGULAR WEDGE PROBLEM
IN THE NONLINEAR ELASTOSTATIC PLANE STRESS THEORY
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Abstract. A finite elastostatic analysis of the singular equilibrium field in the prox-
imity of the apex of a wedge, with clamped-free radial edges and general far-field loading
conditions, is performed. The problem is formulated for compressible hyperelastic sheets
under a plane stress condition. An asymptotic procedure is proposed to compute the
deformation and stress singular fields. Emphasis is placed on the investigation of the
dependence of the order of singularity in the asymptotic Piola-Kirchhoff and Cauchy
stresses on the wedge angles. The case of a half-plane bounded to a rigid substrate is
studied in detail.

1. Introduction. In linear elastostatic theory, several methods of singularity anal-
ysis are available for wedge problems. Williams [1] employed the Airy stress function
and separation of variables to study the single-material wedge under different boundary
conditions, proposing a method of analysis that appeals in its simplicity and immediacy.
Tranter [2] used the Mellin transform in conjunction with the real polar form of the Airy
stress function representation of the plane elasticity solution. This method appears to be
particularly suitable for asymptotic analyses of the stress field at the wedge apex (see,
for example, the works of Sternberg and Koiter [3], Bogy and Sternberg [4], and Bogy [5],
[6]). Green and Zerna [7] employed the complex function representation of the solution,
conformally mapped the wedge into an infinite strip, and applied Fourier transforms to
solve the strip problem. Hetenyi [8] generated a series solutions for the wedge by over-
lapping known half-plane solutions. Babuska, et al. [9], used a variance of this technique
to reduce the wedge problem to an integral equation. The Mellin transform was also
employed by Bogy [10] to study bi-material isotropic wedges, providing conditions for a
logarithmic stress singularity. For this class of problems further contributions are due
to Dundurs [11], Bogy and Wang [12], Hein and Erdogan [13], Dundurs and Lee [14],
Gdoutos and Theocaris [15], Theocaris and Gdoutos [16], and Rao [17]. The case of
an TV-material composite wedge was treated by Dempsey and Sinclair [18], [19]. The
solution of an anisotropic wedge was proposed by Bogy [20].
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In his analysis for isotropic single-material wedges subjected to extension in their
plane, Williams [1] investigated the influence of three sets of boundary conditions on the
radial edges: free-free, clamped-clamped, and clamped-free. Provided that the wedge
angle 4> (see Fig. 2) is less than n (case of a standard wedge), he found that unbounded
stresses occur at the vertex only in the case of the mixed boundary condition. On the
other hand, for wedge angles between tt and 2n (case of a reentrant wedge), all the cases
considered may have stress singularities.

The preceding referenced investigations, within the scope of the classical linear theory
of elasticity, typically retain the kinematic assumption of infinitesimal deformations. Nev-
ertheless, these studies often yield strain fields that are locally unbounded and therefore
in evident conflict with the underlying assumption that justifies the kinematic lineariza-
tion. With reference to the specific case of crack problems, in the past two decades,
some analyses have been performed to compute the singular elastostatic fields near the
crack-tip by removing the requirement of infinitesimal deformations and only recently
a similar analysis has been developed for the notch problem (namely, for the case of
a reentrant wedge with traction-free radial edges) [21]. Within the framework of fully
nonlinear elastostatics, early investigations seem to be due to Wong and Shield [22],
who carried out an approximate global plane-stress analysis for an infinite neo-Hookean
sheet, with a finite crack embedded and subjected to bi-axial tension at the infinite. The
approximation of their approach involves the assumption (which allows the convergence
of their method of the "successive substitutions") that the deformations are very large
throughout the whole sheet. Such a requirement however is well-satisfied in proximity
of the crack-tip only. Without any doubt, the most important paper, within the context
of the plane stress theory, is that written by Knowles and Sternberg [23]. In [23], the
asymptotic crack problem for a traction-free interface-crack between two dissimilar semi-
infinite incompressible neo-Hookean sheets is fully explained. In particular, it is shown
how the results provided by the nonlinear theory are free of oscillatory singularities of
the kind predicted by the linear theory, which involve repeated interpenetration of the
deformed crack-faces in vicinity of the crack-tip. Recently, the problem treated in [23]
has been extended to a generalized neo-Hookean incompressible material by Geubelle
and Knauss [24], [25], and [26] and to a compressible material by Tarantino [27].

The purpose of the present work is closely related to that of the aforementioned
papers in nonlinear theory. Perhaps for the first time, the wedge problem is formulated
and solved in a fully nonlinear context. The possibility of the wedge faces coalescing until
they form an interface is admitted. The special wedge geometries of the quarter-plane,
half-plane and cracked full-plane are hence included in our model. Section 2 of this paper
gives the equations of the equilibrium t heory of thin hyperelastic sheets under generalized
plane stress conditions, whose stored energy function has the compressible neo-Hookean
form. The analysis developed in Sec. 2 is then employed in Sec. 3 to formulate a local
wedge problem with traction-free and clamped radial edges and general far-field loading
conditions. An asymptotic analysis is carried out in Sec. 4 to compute the deformation
fields near the apex of the wedge. In Sec. 5, the asymptotic Piola-Kirchhoff and Cauchy
stress fields are obtained and emphasis is placed on the investigation of the dependence
of the order of stress singularities on the wedge angles. In the last section, a further
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analysis is developed to study the particular case of a half-plane, in that this permits a
comparison with results known in the literature.

Note. In the sequel, the Greek subscripts a, (3, etc. take the value 1 or 2 and bold-face
letters are used to denote vectors and tensors. Differentiation with respect to a coordinate
Xj is shown by an index i preceded by a comma. We also adopt the summation convention
over repeated indices.

2. Nonlinear elastostatic plane stress theory. Within the framework of fully
nonlinear elastostatics, the theory of plane stress for isotropic materials was developed
by Adkins, Green, and Nicholas [28]. Further contributions have appeared in [29], [30]
and in [31], where Yang stated the axial-symmetric case.

The theory of plane stress is based on the assumption that, for a thin plane sheet with
traction-free faces and stretched by forces in its own plane (so that it remains plane after
deformation), deformation and stress fields can be evaluated, with sufficient accuracy,
by the deformation of the middle plane of the sheet. In other words, the solution of a
three-dimensional elasticity problem is sought by reducing the original problem to a two-
dimensional structure which still partially depends on transversal deformation. In Love's
terminology, the problem mentioned is that of generalized plane stress (cf. §146 of [32]).
The theory of plane stress (contrary to that of plane strain) is of course approximated and
the smaller the sheet-thickness with respect to any characteristic in-plane dimensions,
the more valid it becomes.

Let (xi,x2,x3) be rectangular Cartesian material coordinates of a body that, in the
undeformed configuration, occupies the closure of the regular cylindrical region 1Z (of the
three-dimensional Euclidean space) described by

H = {x [ (xi,x2) G and — \t < x3 < \t},

where denotes the cross section of 1Z in the mid-plane £3 = 0 and t denotes the
thickness (Fig. 1).

The deformed configuration is given by the vector field

t (const.)

Fig. 1. Cylindrical slab
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where the mapping y>(x), known as a deformation, is smooth enough, injective and
orientation-preserving, in the sense that detD<^(x) > 0 for all x € 7Z (Dy> =: F: TZ —>
Lin+ denotes the deformation gradient1).

We shall use the Piola transform Tr: TZ —> Lin of a tensor field T: <p(1Z) —> Sym by
letting

Tr(x) := T(<p(x)) Cof(D<p(x)), (2.1)

where Tr and T are the so-called Piola-Kirchhoff and Cauchy stress tensors and Cof F =
(det F)F~r.

For the stored energy function W: TZ x Lin+ —> R of a hyperelastic, frame-indifferent
and isotropic material, the following property holds:

W(x,F) = W(x, tFTF) = W(x,tFFx), for all F e Lin+,

where C := F1 F and B := FF1 are the right and left Cauchy-Green deformation tensors,
while l represents, equivalently, the triple formed by the three principal invariants of the
tensor C or B:

Li = l|F||2 = A2 + A2 + A3,

<•2 = l|CofF||2 = AjA| + A^A2 + A2A2,

l3 = (detF)2 = A2A|A2 = <52,

with 11A112 = trA'A. Ai, A2, and A3 are the principal stretches. By dropping the
dependence on x e TZ, in that the material is supposed to be homogeneous, the associated
response function to the stored energy function is given by (Tr(F) = ^pr(F))

1 - dVV dW 19W ,r
-Th(F) = —F+—M-B)F+-—^F-, (2.2)

where I is the identity tensor.
The discussion will, on the whole, be confined to a material that has the compressible

neo-Hookean form for the stored energy function [33]

VV(F) := «||F||2 + r(detF), for all F e Lin+, (2.3)

with a > 0 and T: ]0, oo[^ R being a convex function that satisfies the additional
assumption limg_0+ T(<5) —> +00. The last requirement reflects the intuitive idea that
"an infinite stored energy is needed to annihilate a volume" [34], [35], and [36]. The
expression proposed by Ciarlet and Geymonat [37] is assumed for the function T(5):

r(6) := c62 -dLog<5, (2.4)

with c > 0, d > 0.
Once the form of the function W(F) has been assigned, from (2.2) it follows that

Tr(F) = 2aF + r'(<5)<5F~T, (2.5)

where T' =

:Lin+ is the set of all the (second-order) tensors with positive determinant and Sym is the set of
those symmetries. R denotes the set of real numbers.
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To maintain a state of plane stress, the components of the deformation gradient F are
found to be [28]2

Fap = Fa 3 = -F37 = 0, F33 = (£>3^3 = A^!,^).

The last quantity denotes the principal stretch with the o^-axis as the associated principal
axis. To compute A we can use two positive invariants defined on the mid-plane domain
fi, i.e.,

h := tr(Ba0) = A2 + A2, j := det(FQ/3) = AiA2,

which are linked to those of the three-dimensional problem by the following relations:

ii=h + A2, 12 = J2 + /1A2, 6 = j\, (2.6a,b,c)

and successively impose the approximate assumption Tr33 = 0 (dictated by the plane
stress condition), obtaining

d
• <2J)

Equations (2.4), (2.5), and (2.6c) can be employed to express the non-vanishing com-
ponents of the Piola-Kirchhoff stress tensor (Trq3 = Tr3„ = Tr33 = 0)

Tmap = 2aFap ■

n-T

„ > o d2cjX2 - -
3.

fli/Fin*, (2.8)

where F~p = j~x(CoiF)ap = (the symbol eafl indicates the two-dimen-
sional alternator, i.e., en = £22 = 0, £12 = —£21 = 1)- By substituting this expression
into the equation of equilibrium in the absence of body forces, i.e.,

Div Tjr = 0,

the following equations in terms of spatial coordinates </?Q(x 1,2:2) are derived:

— 2aA</>i = *0,1^2,2 -
(2.9a,b)

—2aA<f2 = + VaV 1,1,

where

^ = Vl,l + f\,2 + ^2,1 + ^2,2) 3 = ^l,lV2,2 — ^1,2^2.1,

\ 9 d ,, 9 dX ~~ 0( _L -2V 0 = 2cjA
2(a + c?2) j

and A denotes the two-dimensional Laplace operator. The elastostatic finite plane stress
problem for a compressible neo-Hookean material is governed by the above nonlinear
system of coupled partial differential equations.

-Under the plane stress condition, the functions, initially defined on the region 7Z, must be considered
as their restriction to the plane Q.
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3. Mathematical formulation of the wedge problem. With a view to formulat-
ing wedge analyses, it is convenient to express field equations and boundary conditions
by means of the complex spatial coordinate

ip(r,0) = ipi(r,0) + itp2(r,d), r > 0, -n < 8 < ir,

which depends on the material polar coordinates (r, 9). The equilibrium equations
(2.9a,b) thus transform into

-2aA<p = £(V,0¥>,r - ^rV.e), (3-1)

where Aip = (prr + r + -pi^p.eg and the invariants h and j become

-l.V./;!2 and J = -f.

Here |a|2 = a a denotes the Hermitian product, the bar denotes the complex conjugate
and Im denotes the imaginary part. Whereas, the constitutive equations lead to the
following relations:

Trn + «Tr21 = <pr (2a cos 9 — iipsinO) — ~<p 0 (2a sin 9 + iipcosd),

7r12 + iTR22 = tp r(2asin0 + iipcosO) + ff(2acosd — vipsind),

from which the (non-vanishing) polar components of the Piola-Kirchhoff stress tensor
can be deduced:

TRrr + iTRgr = (2cup ,, - iip±tp g)e-ie,
, -a (3.4a.b)

Tr7.9 + iTugg = (2a\ip e + iiptp<r)e 1 .

We are now in position to define a wedge problem. The infinitely extended slab
illustrated by Fig. 1 is considered as the body in its undeformed configuration. In the
case of a standard wedge, the mid-plane domain of this slab is described by

SI = {(r, 9) | 0 < r < oo, 6 < 8 < n, and 0 < 8 < 7T},

where (r, 8) are the material polar coordinates of any point in the mid-plane of the wedge
with respect to the origin 0 at the wedge vertex (Fig. 2). The wedge angle is designated
by <f> = 7r — 8. By increasing this angle, the possibility of the wedge faces coalescing until
they form an interface is admitted. This situation is depicted by the reentrant wedge
model shown in Fig. 3, where

Q = {(r, 9) j 0 < r < oo, 0 < 9 < t: together with — 9 < —6 < 0 and — tt < — 8 < 0}.

Commonly, the wedge problem is formulated locally. This can be stated as follows.
Find a suitably regular deformation <p(r,8), with (r, 9) € fI, that satisfies the field equa-
tions (3.1) and that is consistent with the following two kinds of boundary conditions.

• At least in proximity of the vertex, the displacement3 of points lying along the radial
clamped edge (9 = ±9) vanishes, viz.,

ip(r, ±8) = id(r, ±8). (3.5)

3The displacement is the vector field u: f! —» R2 defined by the relation u = <~p — id, where id denotes
the (restriction to Q of the) identity map from R2 onto R2.
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Fig. 2. The standard wedge model

Fig. 3. The reentrant wedge model
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• Through (2.8), such a deformation generates a Piola-Kirchhoff stress field satisfying
the condition that the free radial edge (0 = n) be (at least in proximity of the vertex)
traction-free.

It is important to note that the Piola-Kirchhoff stress tensor possesses the following
fundamental property. Let C be a regular arc in and C* its image in the deformed
configuration, and let n. n* be the orienting unit normal vectors of C and C*, respectively.
The Piola transform implies that

Tn* = 0 on C* if and only if T^n = 0 on C.

It is hence possible to impose the traction-free boundary condition without a priori
knowledge of the deformation.

Equation (3.4b) can therefore be used to impose this latter condition:

{T%.„ + ^R8«)le=w = 0

or, equivalently in terms of the deformation,

(2ai<p0 + iip<p.r)\e=n = 0. (3.6)

At the infinite edge, the deformation must be compatible with kinematic loading
conditions that, in the local formulation, are left unspecified.1 We only demand that
these far-field loading conditions can induce, for certain vertex angles, singular solutions
at the wedge-apex.

Note that, without corresponding requirements on the deformation field at infinity the
above formulation is not a complete statement. However, the significance of the fields
admitted by the local formulation lies in their characterisation of the singular elastostatic
field behaviour in the corner region, namely, as r —> 0.

4. Asymptotic deformation field. In this section an asymptotic procedure will be
developed in order to solve the local problem stated in Sec. 3.

Supposing that the global wedge problem admits a solution, to investigate the singular
behaviour at the apex, we assume that such a solution has the following asymptotic
representation form:

ipa(r,6) = rmava(6) + o(rma)5 as r —» 0 (no sum on a), (4.1)

where ma denote two unknown real-valued constants0 obeying the inequality

0 < ma < 1.

The exponents ma are positive; they must in fact not be less than zero or the displace-
ment would become infinite as r —> 0. While the assumption ma < 1 ensures that the
deformation gradient does not remain bounded as r —> 0. The functions va{9) are twice
continuously differentiable real-valued unknown functions that fail to vanish identically
on [±$, 7T].

Consequently, in the solution a number of undetermined constants will appear.
5o( ) and O(-) are the Landau order symbols.
''Given the kind of boundary condition (3.5), the exponents ma are supposed to be different in the

formulation. This is contrary to nonlinear crack analyses or to notch problems (see, for example, [23],
[38], and [21]), where, without loss of generality, it is possible to assume directly that the two constants
coincide (as observed by Stephenson [39]).
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The asymptotic analysis can hence be performed by determining the smallest expo-
nents ma G]0,1[ and the angular functions va(0) consistent with the equilibrium equa-
tions (3.1) and the boundary conditions (3.5) and (3.6). Demanding the validity of the
asymptotic equalities resulting from differentiations of (4.1) with respect to the polar
coordinates r and 9 and inserting these into (3.2b) and (2.7), we obtain

j(r,0) = Hvi,r¥>2,e - elfi<p2,r) = r^+m^M{9) + (4.2a,b)

X2(r 9) =    , 0fr.2(2-m1-m2)N
[,) 2(a + cr2(mi+m2_2)M2(0))

where M{9) = miVi(9)i)2{0) — m2vi(9)v2(9) (the dot denotes differentiation with respect
to 9). Operating in the same way, the field equations (3.1) transform into

- 2a[m21vl{9) + vi(0)]r(mi"2) + o(r(mi"2))

= [v2(0)Wv - m2V2{9)ip,e}r<'rn2^2\
(4.3a, b)

- 2a[m2v2{9) + v2(9)]r^~^ + o(r^~2))

= [mivi{9)ipj - iii{9)rip>r\rimi~2),

where

cd{mi + m2 - 2)r(mi+m2~2^M(9) 2c2d(mi +m2- 2)r3^+rn^-^Ms{9)
rip,r = (a + cr2(mi+m2-2)M2(0)) (a + Cr2(mi+m2-2)M2(6>))2

d(mi + m2 - 2) 2_mi
r(mi+m2-2) M(9)

Cdr(mi+m2~2^ M (6) 2c2dr3(mi+7U2~2^ M2(9)M(6)
9 ~ (a + cr2(mi+m2-2)Af2(0)) ~ (a + cr2(mi+m2-2)M2(6/))2

-I dM{9) ^ 2_mi_
r(mi+m2-^)M2(9)

Dividing Eq. (4.3a) by and Eq. (4.3b) by Arn2^2'1 and proceeding to the limit as
r —> 0, one readily arrives at

mava{9) + va(9) = 0 (no sum on a). (4-4)

In fact, rijj,r and behave like 0(r2~mi~m2) as r —> 0 and ma e]0,1[.
Analogously, for the boundary condition (3.6) we have

2ar(mi 1't>1 (7r) — m2^(r, 7r)r^m2 l^v2^r) + o(r'mi :') = 0,

2ar^m2_1^v2(-k) + m\\p(r, 7r)r^mi_1^i(7r) + o(r^m2~^) = 0,

where

(4.5a,b)

1p(r,Q)
r(m1+m2-2)

CM(9)
ar-2(mi+m2-2) + CM2(6>) M{9)_

+ o(r 2 —mi —7712 >
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Dividing Eq. (4.5a) by and Eq. (4.5b) by and proceeding to the limit as
r —> 0, we obtain

i>Q(7r) = 0, (4.6)

because ip behaves like 0(r2~rni~"?2) as r —y 0 and mQ s]0,1[.
With the use of (4.1), the boundary condition (3.5) can be expressed as

rmi v\ (9) + o(rmi) = r cos 9,
(4.7a,b)

rm2V2(0) + o(rm2) = rsin#.

Dividing Eq. (4.7a) by rmi and Eq. (4.7b) by r"12 and proceeding to the limit as r —> 0,
we obtain

va(0)= 0, (4.8)

since ma e]0,1[.
The eigenvalue problem, described by (4.4), (4.6), and (4.8), constitutes two uncoupled

boundary-value problems for the determination of the two scalar components of the
asymptotic deformation field. The solutions of (4.4) assume the form

va{0) = Aa sin ma6 + Ca cos ma9 (no sum on a), (4-9)

and the boundary conditions can then be used to determine the eigenvalues ma. In fact,
by introducing (4.9) into (4.6) and (4.8) we obtain

Aama cos maTr — Cama sin maTr = 0, (4.10a,b)

Aa sin ma6 + Ca cos ma9 = 0 (no sum on a).

Since ma ^ 0 and Aa = Ca = 0 are ruled out by the condition va(0) ^ 0 on [±(2,7r], the
homogeneous system (4.10a,b) admits solutions different from the trivial solution if and
only if

cos ma{ tt — 9) = 0.

It follows that the smallest positive eigenvalue for both the boundary-value problems is
m = 2(n_0) anc^ associate(l eigenfunctions are

va(9) = —_ sinm(^ — 9), (4-11)
cos m9

where Aa denote two arbitrary real constants. However, the inequality m < 1 implies
9 < 7j. Namely, the first asymptotic analysis provides unbounded deformation gradients
for wedges with a vertex angle 0 larger than |.

Therefore, the first asymptotic solution is

Va{r,8) = -^7-—=| +o(r^rr7>)
c»(iF^) 2(1 ~0)

— IX —
as r —> 0, 0 < 9 < — and 9 < 9 < tt (standard wedge) or

— 7T < — 9 < 0 and 0 < 9 < n together with — 9 < — 9 < 0 (reentrant wedge).
(4.12)
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Nevertheless, such a solution implies M(9) = 0, providing the following weak estimate:
26-it

j{r,0) =* o(r t-» ),

which is inadequate. Since 6 = jA = o(r^20_7r^^7r_0^), the lowest-order approximation to
the local deformation in the vicinity of the vertex of the wedge does not constitute an
invertible mapping. Consequently, we should refine (4.1) by seeking at least a two-term
approximation:

tpa(r,9) = rmva(9) + rmawa(9) + o(rm<*) as r —> 0 (no sum on a), (4-13)

where m'a > m and wa(9) are as yet undetermined, whereas the functions va(0) and
the exponent m are known from the above computations. Like the first asymptotic
analysis, wa(9) are twice continuously differentiate real-valued functions that fail to
vanish identically on [±0,7r].

By using (4.13), the foregoing asymptotic procedure can be parallelly repeated. Eq.
(4.2a) is then replaced by

j(r, 9) = Q1(d)rim+rn'^ + Q2{9)r^m+rn^-2) + M'{9)r^+m'^-2) +o(r(-m^+m^-2)),

(4.14)
where

Qi{9) = m/1v2(9)w1(9) - mv2(9)wi(9),

Q2(9) = mvi(9)w2(9) - m!2v\(9)w2(9),

M'(8) = m\wi(0)w2(6) — m'2w\(9)w2{9),

and functions A2(r,9) and ip(r,9) can be re-evaluated. Bearing in mind that functions
va{9) already satisfy the asymptotic equilibrium conditions, (3.1) can be expressed as

- 2a[m'2Wl(9) + wa(0)]r<mi-2> + o{Am'^2))

= V^,rW2{9) - m'2ip,gw2(9)\Am^~2\
, i (4.15a,b)

- 2a[m?w2(9) + w2(9)}r^~2) + o(r^~2))

= [m'lip,gwi(9) — rip:rwi(9)]r<-rni~2\

We now divide Eq. (4.15a) by r^mi~2) and Eq. (4.15b) by r'm2_2' and proceed to the limit
as r —> 0. Supposing temporarily that m'a < 2 — m, the system (4.15a,b) is asymptotically
balanced if

m'2wa{9) + wa(9) = 0 (no sum on a). (4-16)

In fact as r —► 0, ri/v and ipj behave like 0(r'2_m_m^) if m2 > m[ and like
0^r(2-m-m2)) j£ m/ > m^ an(j }n situations, however, the nonlinear terms, which
appear on the right-hand sides of (3.1), once again fail to enter the asymptotic analysis
explicitly.

Likewise, substituting (4.13) in the boundary condition (3.6), this is asymptotically
balanced if

wq(7t) = 0. (4.17)
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To satisfy the boundary condition (3.5) regarding the clamped edge, i.e.,

rmvi (9) + rmiwi (9) + o(rmi) = r cos 9,
, , _ (4.18a,b)

rmv2(0) +rm=u;2(6l) + o(rm*) = rsin<9,

two possibilities exist. Considering Eq. (4.8), we divide Eq. (4.18a) by rmi and Eq.
(4.18b) by r7™2 and proceed to the limit as r —> 0. Thus, if m'a < 1, we obtain

wa(6) = 0. (4.19)

On the other hand, setting m'a = 1, relations (4.18a,b) are asymptotically satisfied when

w i (0) = cos 9, u>2 (9) = sin#. (4.20a,b)

Note that uncoupled eigenvalue problems are again derived. The two boundary-value
problems, described by (4.16), (4.17), and (4.19), admit the solutions

K(9)= Ba-smm'{9 + 9), m! = 3*_ (4.21a, b)
cos m'9 2(7t + 9)

which, given the limitations m'a < 1, hold only in the interval —7r < —6 < — |. In (4.21a),
Ba denote two arbitrary real constants. The two boundary-value problems, described by
(4.16), (4.17), and (4.20a,b), yield

w"(9)=c°s9, u>2 (9) = t&ii9cos9. (4.22a,b)

The requirement m < m'a = 1 implies, for the angle 9 in (4.22b), the same limitations
of the solution (4.12). Both solutions (4.21a) and (4.22a,b) satisfy the inequalities m'a <
2 — ?n, which lead to Eqs. (4.16) and (4.17).

We are now in position to write, for the intervals 0 < 9 < -| and — § < —9 < 0, a
two-term asymptotic solution

<Pa{r,9) = rmva{9) + r-w"(9) + o(r),

as r —> 0, 9 <9 <tt (standard wedge) or (4.23)

0 < 9 < n together with — 9 < — 9 < 0 (reentrant wedge),

and, for the interval — ir < — 8 < — f, a three-term asymptotic solution

<Pa(r, 9) = rmva(9) + rm'w'a(9) + rw'^{9) + o(r),

as r —> 0, 0 < 9 < tt together with — 9 < —9 < 0. (4.24)

To perform a three-term asymptotic analysis, the inequality m! < m" = 1, in addition to
the foregoing restrictions, must be imposed. Such a further condition is however satisfied
when the angle {—9) belongs to the interval — tt < — 9 < —

Solution (4.23) implies

M'{9) = 0, (4.25a, b,c)

j(r, 9) = =(Ao — A\ tan#) cos[(to — 1)9 — m9]r^m~^ + o(r^m_1^),
cos m9
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\{v,e)=(-r   ^+o(r^).
y 2 (a + Cc™ md(A2 — Ai tan$)2 cos2[(m — 1)9 — TO#]r2(m~1)J J

Prom the last two equations we can evaluate the determinant of the deformation gradient
at the wedge-apex, viz.,

>»■ (4-26)

showing how the deformation (4.23) now constitutes an invertible and orientation-pre-
serving mapping.

Solution (4.24) provides

j(r,9) = ™m' _(A2J?i - A1B2) sin[(m/ - m)(9 + fl)]r("+"'-2)
cos m6 cos m 6

H + A\ tan#) cos[(m - 1)9 + m9]r^m~1^ (4.27)
cos m,9

 m ~{B2 + B\ tan#) cos[(m' — 1)9 + m'9}r^m + o(r^m _1^),
cos m'9

and the same expression (4.26) for the determinant of the deformation gradient at the
apex.

In conclusion, when the wedge angle <j> varies from (quarter-plane) to 2n (full-
plane with a straight crack), solutions (4.23) and (4.24)' provide the deformation fields
in proximity of the wedge-apex. From these solutions, unbounded deformation gradients
can be derived. In fact, the exponent of the dominant term in (4.23) and (4.24), as the
wedge angle <j> varies from to 2n, correspondingly assumes the numerical values (less
than one) belonging to the interval ] 1, |]. It is also evident how the order of singularity
of the components of the deformation gradient (cf. Eq. 5.3) increases as the wedge angle
increases. Thus, the more severe situation occurs for the case of the full-plane with a
straight crack. In the solution (4.24), two singular eigenvalues may coexist.

The foregoing asymptotic procedures can be repeated in order to add other higher-
order terms to the solutions. Nevertheless, these terms (with eigenvalues larger than
m" = 1) are inessential to describe the singular behaviour at the wedge apex.

The asymptotic deformation fields obtained are employed, in the next section, to
compute the singular stress fields.

5. Asymptotic Piola-Kirchhoff and Cauchy stress fields. Taking into account
that the function ip(r, 9) behaves like an infinitesimal quantity as r —» 0, asymptotic
results for polar components of the Piola-Kirchhoff stress tensor are readily obtainable

'These solutions, however, deteriorate as 9 approaches ±?.
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from (4.24) and (3.4a,b). Thus,

— mr(m cos6 + V2(0) sin#]

+ m'r'm "^[u/^#) cos9 + w'2(9) sin#] + ]w"(d) cos# + w2{9) sin#] + o(l),

= mr(m_1'[f2(^) cos# — v\{6) sin#]

+ mVm ~l\w'2{d) cos# - w\(6) sin#] + \w'2{6) cos # - w"(9) sin#] + o(l),

~~~~ = r^m_1'[i)i(0) cos# + v2{9) sin#]

+ r^m {0) cos0 + w2(0) sin9} + \w'{{6) cos9 + w2{9) sin#] + o(l),

T^sl = r(™-^M#) cos9-v^O) sin9}
2 a

+ r^m ~l^[w'2(9) cos 9 — w[(9) sin#] + [w'2 {9) cos9 — w'{(9) sin#] + o(l).
(5.1a,b,c,d)

In the same way, Eqs. (3.3a,b) provide the cartesian components

= r^m ^ [mv 1 (9) cos 6 - v\ (9) sin 9}

+ r(~m _1) [m'w\ (9) cosff — w[(9) sin#] + W{{9) cos 9 — w"(#) sin#] + o(l),

Z®2i = r(-m"1^[mv2{9) cos9 - v2(9) sin#]

+ ~l\m'w'2(9) cos9 — w2{9) sin#] + [w'^O) cos9 — w2(9) sin#] + o(l),

"^'2 = {mv\ {9) sin 9 + t>i (9) cos#]

+ r^m (9) sin# + w[(8) cos#] + \w"(#) sin# + w"(#) cos#] + o(l),

r^R'22 — r'm_1)[mv2(#) sin # + ih(9) cos#]
2 a

_l_ r(m -!)[m'w'2(9) sin# + w'2(9) cos#] + [w2 (#) sin# + w2{9) cos#] + o(l).
(5.2a,b,c,d)

Prom (5.1c) and (5.Id) it can be noted that, as required by the boundary condition (3.6),
the free radial edge of the wedge (# = n) is traction-free.

Expressing the deformation gradient in terms of polar coordinates, i.e.,

[FU =
cos 6V?i,rcos# - ¥1,8^ ¥>i,rsin# +

y?2.rCOS# - f2.e^~ f2tr sill 9 + 1^2,0"—
(5.3)
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the components of the asymptotic Cauchy stress tensor can be obtained by the inverse
Piola transform. This computation yields

—= r2(m_1)[m2?;2(0) + i)j(O)] + 2r(m+m ~2)[mm'v\ (9)w[(9) + vi(9)w'1(9)]

_l_ 2Am~^[mvi(6)w"(6) + (9)w"(0)]

+ r2'm _1) [m'2w'2{9) + w'2(9)] + 2r^m -1^ [m'w'l (9)w"(9)

+ w'1(9)w'{(9)] + \w"2{9) + w'{2{6)\ + o(l),

6T12 = STn = r2(m—i)[TO2Wi (0^2(0) + v1(9)v2{9)}
la la

+ r^m+m ~2\mm V2{9)w'x(9) + mm'v±{0)w'2{Q) + v\{9)w'2(9) + v2(9)w'1(6)\

+ r^m~l\mv\{9)w2{9) + mv2{9)w'{(9) + vi(0)w2(6) + v2 {9)w"{6)]

+ r2(m'-x) [m'2w'1 (10)w'2{9) + w[ (9)w'2{9)]

+ r^m ~[^[m'w'1(9)w2(9) + m!w"(6)w'2(6) + w[(9)w2(9) + w"(0)w'2(6)]

+ lw';(9)w'm + ™"(9)wZ(9)} + o(l),

^ = r2(m-J) [m2vl{9) + v%{9)] + 2 Am+m'-^[mm'v2{9)w'2{9) + v2{6)w '2{0)}

+ 2r<-m~1^ [mv2(9)w2 (9) + i'2(9)u>2(9)]

+ r2^m ~l\m'2w2(9) + w'2{9)] + 2r^m "1^[m'w'2(9)w2 (9) + w'2(9)w2(9)]

+ [■w22(9) + W22{0)] + o(l)>
(5.4a,b,c)

where 6 is specified by (4.26).
The above stress fields hold for — it < —9 < —7r/2. By vanishing in Eqs. (5.1a,b,c,d),

(5.2a,b,c,d), and (5.4a,b,c) the terms that contain the functions w'a(9) and w'a(0), the
expressions of the stress fields due to solution (4.23), which are valid for 0 < 9 < 7r/2
and — it/2 < —9 < 0, are obtained.

For both solutions (4.23) and (4.24), the most singular term in the expressions of the
Piola-Kirchhoff stresses has the order 0(r(m_1'), where m — 1 = (n — 2<(>) / (2<j>), and
becomes progressively more severe with increasing values of the wedge angle <fr, to reach
the order 0(r~3/4) for (f> = 2n (case of the full-plane with a straight crack).

The most singular terms in the components of the Cauchy stress tensor are

J_r^H (5.5ajb;C)
2a [ cos2 m9 J

6Tl2 _ f>T2\ ̂  r2(m-l) f m2AiA2
2a 2a \ cos2 m9

„ rKr -i) J" m2A\\
I cos2 m9 J2 a

To investigate the dominant character of the Cauchy stresses, when these are referred to
the spatial coordinates, we introduce the spatial radius

p(r, 9) = 9) + ipl(r, 9))1/2.
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Therefore, by considering only the most important terms in the deformation field, for
9^0, one obtains

p(r, 9) ^rrn\ sin m{9 -9)\, with A = (Aj +
cos mO

The order of singularity of the in-plane asymptotic components of the Caucliy stress
tensor, which is stronger than that of the components of the Piola-Kirchhoff stress tensor,
can then be expressed in the following two ways:

Ta3~0(rE^i)=0(pi^-2'»).

6. The particular case of a half-plane. The wedge model studied in the foregoing
sections reproduces for 6 = 0 an interfacial crack problem between a sheet of compressible
neo-Hookean material and a rigid substrate (Fig. 4). This case does not constitute a spe-
cial limit case of a bimaterial crack problem, primarily because the matching conditions
along the interface do not revert to the boundary conditions for this special problem.

Solution (4.23), specialized to the case 9 = 0, provides

Q
6) = r1/'2 Ai sin —h rcos9 + o(r),

I (6.1a,b)
</>2(r, 9) = rl/2A2 sin - + o(r).

To better understand the structure of the asymptotic deformation field (6.1a,b), we profit
by a beautiful idea of Stephenson [39]. By introducing a special rigid-body rotation

Fig. 4. Interface crack model
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Q1 € OrthJ such that

V* = QV (6.2)
where Q 1 has the following components:

[Q1]^
' Az  Ai"

A A
dzLa .4

that correspond to a rotation angle given by tan ( = — ̂, we obtain the canonical field

Ao
(Pi(r,9) = — r cos 6 + o(r),

, » 4, <6-3a'b)
<P2(r> 6) = Ar1'2 sin - + —-r cos 6 + o(r).

A ./i

The importance of (6.2) resides in the fact that, if only the dominant-order terms are
taken into account, the rotation Q1 permits obtaining the particular deformation field
that satisfies the symmetry properties due to a mode I loading. This leads to the surpris-
ing result that, for arbitrarily given loading conditions at the infinite edge, the asymptotic
deformation field is obtained by a mere rigid rotation of the canonical asymptotic field,
or, likewise, of the solution of the mode I crack problem. Consequently, the nonlin-
ear interface crack problem considered in this section cannot admit an antisymmetric
solution.8

Equations (6.3a,b) coincide formally with the solution recently proposed by Geubelle
and Knauss for an incompressible generalized neo-Hookean material (cf. Eqs. (4.6) and
(4.19) of [25], setting n = 1).

The components of the Piola-Kirchhoff and Cauchy stress tensors, associated to the
canonical deformation field (6.3a,b), are

7r,, A'2 Tk

Ta

2 a A+o(yl^ Ha^0^' (6.4a,b,c,d)

= — -ylr-1/2 sin - + ~ + o(l), 1^21 — cos ^ _|_ o(l),2 a 2 2 A 2a 2 2 w'
and

^ = (t) +o(1)' (6"5a'b'c)

8TV2 6T2l 1 „ _1/2 . 6 _ AiA2 ,
~~2a~ = ~~2a~ = _2 7 -n - +-^ + o(l),

6T22 1 ,2 -1 „ -1/2 • 0 , fAA2"aT=4Ar -A'r Sm2 + (Tj +<,(1)'

With the use of (6.3a,b), the spatial radial coordinate, evaluated along the line 0 = 0,
becomes (0 = 8)

p{r, 0) = r.

It follows that the most singular component of the Cauchy stress tensor, T22, has the
asymptotic order 0(p_1), which is stronger than the inverse square root singularity
predicted by linear fracture mechanics.

8A similar result holds in many other contexts (see, for example, [23], [21], and [40]).
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