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Abstract. The structural stability of relativistic magnetohydrodynamic shock waves
is studied. Stability results are obtained for the special case of fast parallel shock waves.
It is proved that the instability and linear stability domains coincide with those of shock
waves in relativistic gas dynamics. The domain of structural (nonlinear) stability, where
the uniform Lopatinski condition is fulfilled for the stability problem, is found. It is shown
that the structural stability domain is smaller than that of relativistic gas dynamic shock
waves.

1. Introduction. The question of the stability of shock waves in relativistic magne-
tohydrodynamics (MHD) is of great importance in connection with various applications
in astrophysics, cosmology, and plasma physics.

A first rigorous study of relativistic MHD shock waves was given in [21], [22], and [23],
where the following are proved: the timelike character of the shock waves fronts; the main
thermodynamic inequalities (compressibility conditions); some existence and uniqueness
theorems for nontrivial solutions of the jump conditions satisfying the entropy inequality.
Moreover, in these works, the relative location of the speeds of the shock waves with
respect to the magnetosonic and Alven speeds is found, and the classification of shock
waves as fast and slow is given.

It is shown in [27] that the system of conservation laws of relativistic MHD can be
rewritten in the form of a symmetric £-hyperbolic (in the sense of Friedrichs [12]) system.
This fact allows us to obtain some results from [21], [22], [23] in a different (easier) way
and to conclude the local (short-time) well-posedness of the Cauchy problem in a Sobolev
space W2 (s > 3 for 3-D; see [30], [20], [17]).

The main aim of the present paper is to investigate the structural stability of shock
waves in relativistic MHD. Here the term "structural stability" means that a surface
of strong discontinuity preserves its structure under small perturbations. But, as will
be noted below, the linear stability of a strong discontinuity with respect to small per-
turbations does not always guarantee the local existence of shock front solutions of a
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quasilinear system of conservation laws. In this connection, the concept of structural
stability must be defined more exactly.

Following [2], [3], [4], [24], [25], [26] we will say that a strong discontinuity is struc-
turally stable if the boundary conditions of the corresponding linear stability problem
satisfy the uniform Lopatinski condition [18] (in [24], [25], [26] the term "uniform sta-
bility" is also used). Actually, the whole domain of parameters of the linear stability
problem consists of the following subdomains:

I. The domain, where the Lopatinski condition is violated (instability);
II. The domain of fulfilment of the uniform Lopatinski condition (structural stability);

III. The domain, where only the Lopatinski condition holds, and the uniform Lopatin-
ski condition is not fulfilled.

In domain II, a priori estimates without loss of smoothness (see, for example, [5] and
Remark 7.1 of the present article) for solutions of the linear stability problem for gas
dynamic shock waves are obtained (see other variants of such estimates in [24]), and the
theorem of local existence and uniqueness of the classical solution in a Sobolev space

where s > 3 as for the Cauchy problem (see [17]), to the quasilinear gas dynamics
system behind the curvilinear shock wave is proved in [2], [3] (see also [4]) with the help
of the dissipative energy integrals method [16]. In [4] it is discussed how these results
can be generalized to the hyperbolic systems of a so-called acoustic type. Some general
results are obtained also in [25], where the theorem on local existence of discontinuous
shock fronts of a quasilinear system of conservation laws, which satisfies some structural
conditions, in a Sobolev space (s > 10 for 3-D) is proved for the case of shock waves
(fc-shocks, see [16]).

Note that the local existence and uniqueness theorems in [25], [4] do not cover all
the stability problems for strong discontinuities in hyperbolic models of continuum me-
chanics. For example, the strong discontinuities for systems of conservation laws, which
are supplemented by a set of stationary conservation laws (MHD is an example of such
systems), need individual consideration. There are also evolutionary (see Sec. 4) strong
discontinuities that are not fc-shocks (for instance, rotational discontinuities in MHD).
But, on the other hand, in domain II, an ill-posedness example of Hadamard type cannot
be constructed for the stability problem and as well as for all close problems that are ob-
tained by a perturbation of the system and the boundary conditions. So, with a certain
degree of strictness we can say that domain II is the domain of structural—nonlinear—
stability.

It should also be noted that the presence of an a priori estimate with loss of smoothness
(it is the case of domain III) does not allow the main results obtained for the case of
constant coefficients to be carried over to the quasilinear case. In such a case, we cannot
judge the existence of a strong discontinuity (as a physical structure) on the linear level
of investigation. For example, it is shown in [4] that for the linear stability problem for
gas dynamic shock waves one can so perturb the system and the boundary conditions
that an ill-posedness example of Hadamard type can be constructed in domain III for
the perturbed stability problem (in fact, this perturbed problem is a variable coefficients
stability problem with "frozen" coefficients, see [4]).
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Thus, in view of the above reasoning, we concentrate the main attention in this pa-
per to the finding of domain II, i.e., the domain of structural—nonlinear—stability of
relativistic MHD shock waves.

By virtue of a big complication of relativistic MHD, we begin our investigation of
structural stability of shock waves with the special case of fast parallel shock waves.
Only the stability of this kind of fast shock waves, when the magnetic field is parallel to
the normal to the shock wave front, is studied in the framework of this paper.

It is proved that the instability (domain I) and linear stability (domains II and III)
domains for fast parallel shocks do not depend on the magnetic field, and, so, they
coincide with the corresponding domains in relativistic gas dynamics [1], [29]. This
result is analogous to that obtained in [13] for the usual MHD. On the other hand, it
is shown that the magnetic field reduces the structural stability domain (domain II) in
comparison with that of relativistic gas dynamic shocks [6].

Finally, we note that the results in [21], [22], [23], [27] are necessary but not sufficient
for the 3-D stability of relativistic MHD shock waves. It should also be noted that the
solving of the stability problem is the first and necessary step to investigate discontinuous
flows in relativistic MHD. In particular, structural stability is a necessary condition to
proving the convergence of the numerical solution to the weak solution of a hyperbolic
system.

The paper is organized as follows. In Sec. 2 we write out the system of relativistic
MHD equations and, in Sec. 3, the problem of their symmetrization and finding of the
hyperbolicity domain is discussed. In Sec. 4 the stability problem for fast parallel shock
waves is presented. Applying technical ideas of [13], we give in Sec. 5 an equivalent
definition of the uniform Lopatinski condition for the case when, ahead of the plane
shock front, all the characteristics of the system are arriving and, behind the plane shock
front, only one characteristic is arriving, and the others are leaving. Section 6 is devoted
to finding the instability domain for fast parallel shock waves, and in Sec. 7 conditions
for structural stability are presented.

We will use the symbol * to denote matrix transposition. Repeated indices are con-
sidered to be summed, the Greek indices run from 0 to 3, and the Latin ones from 1 to
3, except where stated otherwise.

2. The equations of relativistic magnetohydrodynamics. Following [21], [22],
[23], [27], the equations of relativistic MHD for an ideal medium are written as follows:

Va(pua) = 0, (2.1)

VaTa0 = 0, (2.2)

Va(uab0 -u0ba) = 0, (2.3)

where Va is the covariant derivative with respect to the metric gap = diag(l, —1, —1, —1)
of the space-time; p is the rest frame density; ua the unit 4-velocity, oriented towards
the future; Ta13 is the total energy momentum tensor with the components

T* = U +±B') - L + i-J - jW;
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p is the pressure; h the index of the fluid,

h = 1 + e0 + pV, V = 1/p;

eo is the specific internal energy; ba the magnetic field 4-vector, which satisfies

uaba = 0;

B2 = —baba is strictly positive, and the speed of light is equal to unity.
Let (t, xl) be inertial coordinates (we restrict ourselves to the case of special relativity).

Then

u« = (M°,u*) = r(ix), ua = r(i,-V),

ba = (b°,bi) J((b,v),6i)=r((v,H), ^ + w<(v,H)V ba = (b°:-b>),

where F = (1 — |v|2)-1'2 is the Lorenz factor; v = (v1, v2, v3)* is the medium velocity
vector-column, with |v|2 = (v, v) = vlvi\ H = , H2, H3)* is the magnetic field vector-
column, with |H|2 = (H, H) = H'Hi, (v,H) = viHi; b = {b\b2,b3)*, (b,v) = b*Vi.
Furthermore,

B2 = —b"ba = + (v,H)2 > 0,

uaua = F2(l — | v |2) = 1, u = (u\u2,u3y = IV, r2 = 1 + |u|2.

System (2.1)—(2.3) can now be rewritten in the form of the following system of con-
servation laws:

Pt + div(pu) = 0 (matter conservation), (2-4)

<911,fc(AP)t H—Tr^f- = 0 (momentum conservation), (2.5)
oxK

H( — rot(v x H) = 0 (Maxwell equations), (2-6)

(£o)t + div£ = 0 (energy conservation). (2.7)

Moreover, system (2.4)-(2.7) should be supplemented by the first equation from system

(2.3):
div H = 0 (stationary conservation law), (2-8)

which is, as a matter of fact, an additional requirement on the initial data for system
(2.4)—(2.7). Here

MJ = Vv> - V = phV2 + ^-,
47r 47r

nlt = Wvl + (p - U ) ^ + (v,H)(^H* + H'v- j

fb = P - (p + U) , £ = = Pv - <^H.
The proper temperature T of the fluid and its specific entropy s satisfy, as in classical

gas dynamics, the Gibbs relation

T ds = deo + p dV. (2-9)
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Thus, with a state equation of medium

Go = eo (p, s),

in view of (2.9), we have

T = (e0)s(p, s), p = -(e0)v(p, s) = p2(e0)p(p, s),

and we can consider system (2.4)-(2.7) as a system for deriving the components of the
unknown variables vector

U =
( P\

s
u

\H/
Finally, system (2.4)-(2.7) implies the additional conservation law (see [21], [22], [23],

[27])
(pTs)t + div(/?su) = 0 (entropy conservation). (2-10)

Note that law (2.10) was used in [27] for symmetrization of the equations of relativistic
MHD.

3. Symmetric form and hyperbolicity conditions. In view of the fact that sys-
tem (2.4)-(2.7) is supplemented by the stationary conservation law (2.8), the system of
relativistic MHD cannot be symmetrized with the help of the well-known symmetriza-
tion scheme first suggested in [14] (see also [11], [12], [10]). But this system can be
symmetrized with the help of another scheme that was first used in [15] for the sym-
metrization of classical MHD (see also [28], [4], [8]). In fact, this was performed in
[27], where the vector of canonic variables Q is found. In terms of this vector system,
(2.4)-(2.7) is rewritten in the symmetric form

,4.0Qt + AkQxk = 0, (3.1)

where Aa = ^4Q(Q) are symmetric matrices.
The components of the vector Q, qj, j — 1,2,..., 8, are found from the relations

d(pTs) = qid(pT) + qi+1 dMl + qi+i dH' + qs d€0,

and Q has the form

/sT - h\

Q = -^ T
—u

 b_
4ir
r /

(in [27] the components of Q are ordered in a different way and have the opposite sign).
Following [15], [8], let us introduce the so-called productive functions

L = L( Q) = qipT + qi+iM' + qi+±Hl + q$£o — P^s,

Mh = Mk(Q) = qlPuk + ql+1Ulk + ql+4(vkH' - vlHk) + qs£k + RHk - psuk,
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where the function R = R(Q) is determined from the relation

d(psuk) = qid(puk) + ql+i dU,k + ql+4d(vkHl - vlHh) + q$ d£k + RdHk.

As a result, we have

and, on smooth solutions of system (2.4)-(2.7), these can be rewritten as (see [8])

d_
dt

where M = (M1, M2, M3)*. Finally, system (3.2) is written in the symmetric form (3.1)
with

— Lqj + div(M?j. - HRqj) + Rqj divH = 0, j = 1,2,..., 8, (3.2)

A° = {Lqiqj), Ak = {Mk.q. - HkRqtqj), i,j = 1,2,...,8.

We can find the explicit form of the symmetric matrices Aa using the following pro-
cedure (see [8], [9]). Let

L, = (Lqi ,...,Lqs)*, Mkq = {Mqi,..., MkJ.

Then

dQ = J dU, dLq = 7° riU, dMk = Ik dV, (3.3)

where J, Ia are quadratic matrices. In view of (3.3),

A° = I°J-1, Ak = IkJ~l - HkIR.

Here IR = {Rqiqj), i,j = 1,2,... ,8.
Note that det J ^ 0 on smooth solutions of system (2.4)-(2.7), and the equations of

relativistic MHD can also be rewritten as the symmetric system

^oUt + Ak\Jxk = 0 (3.4)

in terms of the initial vector of unknowns U. Here A0 = J*I° and Ak = J*Ik — Hk J*IrJ
are symmetric matrices.

Let us discuss now the hyperbolicity conditions for system (2.4)-(2.7). As is known,
if the condition

A0 > 0 (or A" < 0)

holds, then system (3.1) is symmetric i-hyperbolic. It is proved in [27] that the last
condition is fulfilled (to be exact, in our case it is the condition ^4° < 0) if, as in classical
gas dynamics, the state equation eo = eo(p, s) satisfies the following convexity conditions:

(eo)v < 0, (eo)s > 0, (eo)vv > 0, (eo)vv(eo)Ss — (eo)ys > 0 (3.5)

(they are presented in [27] in a different way).
Furthermore, we will also assume relativistic causality, which means that the speed of

sound is less than that of light (see also, for example, [27], [1]):

c2s = j< 1, (3.6)

where c2 = (p2(e0)p)p.
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4. Shock waves in relativistic MHD: the stability problem. We consider piece-
wise smooth solutions to system (2.4)-(2.7) with smooth parts separated by the surface
of strong discontinuity with the equation

/(*,x) = - x1 = 0

(x = (a:1,x'),x' = (x2,x3)). From the usual reasons (see, for example, [19], [16], [26])
we conclude the following jump conditions on the surface of strong discontinuity in rela-
tivistic MHD:

ftlpT] - [pu1] + fx2 [pu2] + fx3 [pu3] = 0, (4.1)

ft [M°] - p3jX] + fx2 [Uj2] + fx3 [E[j3] = 0, (4.2)

[Hi)-fAH2]-fAH3]= 0, (4.3)
ft[H2} - [,vlH2 - Hlv2] + fx3[v3H2 - H:iv2} = 0, (4.4)

ft[H3} - [vlH3 - Hlv3] + fx2 [v2H3 - H2v3] = 0, (4.5)

ft[£o] ~ [£i] + fx2[£2] + fx3[£3] = 0. (4.6)

Here [F] = F+ — F~ for every regularly discontinuous function F, the subscripts +, —
denote the value of the function ahead (/ —> +0) and behind (/ —> —0) the discontinuity
front. Below we will write F instead of F+, and F^ instead of F~.

Furthermore, according to [23] we will assume without loss of generality that the
additional compressibility conditions

P Pooi P Poo > ^ ^ ^OO? ^ ^ hoo (4-7)

hold for the case of shock waves, with j ^ 0, [p] ^ 0. Here

j = pT(vN - Dn), vn = (v,N);

N = (1/1 V/|)(—1, fX2, fX3)* is the normal to the shock front, Djy = —/t/|V/| is the
speed of the shock front in the normal direction, |V/| = (1 + fX2 + /23)^2- Conditions
(3.5), (3.6) are also supposed to be valid.

Let us consider a plane stepshock with the equation x1 = 0 and the piecewise constant
solution to system (2.4)-(2.7)

U(t x\ = /®oo = (Poo,«oo,«io,««.«». Hi,, x\ < 0;
|U = (p, s, u1, u2, u3, H1, H2, H3)*, xi > 0,

which satisfies the jump conditions (4.1)-(4.6) on the plane x1 = 0 and conditions (3.5),
(3.6), (4.7). Here p, px, p, poo,---, vk,v%, are constants; F = (1 - |v|2)-1/2, = (1 -
l^oo |2) 1/2? etc.

We will assume the stepshock to be parallel, i.e.,

H2 = H2x = H3 = Hi = 0. (4.9)

Then from system (4.1)-(4.6), the following can be obtained:

[t>2] = \u2/P] = 0, [f>3] = [u3/f] = 0.
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Hence, as in relativistic gas dynamics [1], [6], we can choose a reference frame in which

u2 = = ui = u^ = 0. (4-10)

Finally, from the jump conditions (4.1)—(4.6), we have the following relations on the
stationary shock front x1 = 0:

pu1 = PocUlc {=j=£ 0), (4.11)

phiu1)2 +p = Pooh^iu1^)2 +Poo, (4.12)

hf = haofoo, (4.13)
Hx = Hi. (4.14)

Equations (4.11)—(4.13) coincide with the stationary jump conditions in relativistic gas
dynamics [6]. Without loss of generality, it is possible to suppose that H] > 0.

Linearizing system (2.4)-(2.7) with respect to solution (4.8) in the half-space xl > 0,
and accounting for (4.9), (4.10), we obtain the following linear equations of relativistic
MHD:

dp dp duk
dt +a°dxI + <lkdxk

ds , j ds
dt + V dx" ~ '

du1 dp , duk
~df+ °d^+ kd^ = '

dui dp du-> f 1 dll' dHl\ n
01 +C°dxi +Cxdxl +°2 (f2 dx1 dxJ ) ~ ' 3 ~ ' '

dH1 .jdH[ H1 / du2 <9u3\
dt dx1 f \<9x2 dx3 J '

dH-i , | dH ' H1 du-'
~df + V IhJ ' J = ' '

which can be written in the form of the linear system

Uf + Bk\Jxk =0, x1 > 0. (4-15)

Here U is the vector of small perturbations with the components p,s,u ,Hk; Bk =
Bfc(U) constant matrices that can easily be found;

«1(1 —c?) .9 c2 - /-i-n2 Phc2 pc2
ao = ~ , cs = T, A = 1 - (v ■ ) , ai = ^-^r, o2 = a3 = ^,

A h TJA TA
i /N 7/1 ^

bo= r2 = l+(w1)2, v1 = -^r, bi=ai, 62 = 63 = --^,
pftrA r A

1 .. Hl vl(l-q2) "2

Co Mr(i + ?2)' 9 Cl 1 + 92 ' C2
TjAirph (1 + q2)\l 4nph
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the coefficients aa, ba of matrices Bk coincide with corresponding ones in relativistic gas
dynamics [6]. Analogously we obtain, ahead of the plane stepshock, the linear system

Ut + BkooVxk = 0, x1 < 0, (4.16)

where Bkoc = _Bfe(Uoo).
Linearizing Eqs. (4.1)-(4.6) with respect to the piecewise constant solution (4.8), and

accounting for (4.9)-(4.14), we obtain the boundary conditions

M
Ujx1 —>+0

Ft
Fx2

V Fx 3 /

= 0 (4.17)

at x1 = 0 (f > 0,x' G R") for systems (4.15), (4.16). We do not yet give the concrete
form of (4.17). Here M is a constant rectangular matrix of order 8 x 19, and xl = F(t, x')
is a small displacement of the shock front. Thus, with the initial data

U|i=0 = U0(x), x e R±, F\t=0 = Fo(x'), x' e R2 (4.18)

under t = 0 we have the linear stability problem (4.15)-(4.18) for parallel shock waves
in relativistic MHD.

Before the investigation of well-posedness of the stability problem (4.15)—(4.18), one
should be sure that the geometrical Lax condition [16] is fulfilled, i.e., in our case 8 =
n+(i?i) + n~(i?i3C) + l, where n+ (n~~) is the number of positive (negative) eigenvalues of
a matrix. Note that the Lax condition is a necessary condition for the well-posedness of
the stability problem, i.e., as well as for the structural stability of strong discontinuities,
which are said to be evolutionary if the Lax condition is fulfilled.

To find evolutionary conditions for parallel shock waves we seek the eigenvalues of the
matrices B\, The matrix B\ has the eigenvalues A, = A., (U), i = 1,2,..., 8, where

\ .1 , vl + cs V1 - cs
Ai,2 = V , A3 = ————, A4 =   r—,1 + 1 — vlcs

__ t)1 + q\Jl - (v1)2 + q2 vx - qyj 1 - (v1)2 + q2
^5,6 — , . -2 ' ^7'8 =  1 , "9 •

1 + <r 1 + q

The eigenvalues of the matrix Bioc are A(oc = A^U^), i = 1,2,..., 8. Moreover, Aj. 6 >
0 if cs < v1 < 1, and Aij2,3,5,6 > 0, A4 < 0 if vl < cs < 1; A7.8 > 0 if q < v1 < 1, and
A7.8 < 0 if v1 < q.

Therefore, one has evolutionary shocks when

<?oo < csoo < < 1, q < v1 < cs < 1, (4.19)

or when

csoc < vie < qoc, v1 <cs <q. (4.20)

Following [23] we refer to types (4.19), (4.20) of shock waves as fast and slow ones
respectively. It is easy to show that there are no more other types of evolutionary
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shocks. Note that evolutionary shock waves can also be selected according to the k-
shocks criterion (see, for example, [16], [26]), where k = 1 for fast shocks, and k = 3 for
slow ones (here we do not give detailed reasoning).

In the framework of the present paper we are interested in fast shocks. By virtue of
the first inequalities from (4.19), all the eigenvalues of the matrix B\oo are positive in
this case. Consequently, system (4.16) does not need boundary conditions at xl = 0, and
without loss of generality, we can presume that U(t,x) = 0 under x\ < 0. By virtue of
the second inequalities from (4.19), which can be rewritten in the form

q ^<M2< 1,
1 + q2c2

system (4.15) needs seven boundary conditions, and one boundary condition is necessary
to determine the function F. Here M = v1 /cs is the relativistic Mach number, q =
H1 /(cy/4np) = qTh1/2/cs.

Finally, applying the symmetric form (3.4), we obtain from the mixed problem (4.15)-
(4.18) the following linear stability problem for fast parallel shock waves in relativistic
MHD.

Stability problem. In the domain x e R\, t > 0 we seek a solution to the system

A0Vt + Ak Uxk = 0 (4.21)

satisfying the boundary conditions

u1 = dip, Ft = d,2P, uk = d'AFxk, k = 2,3,
Tj\

s = dip, Hk = — uk, k = 2,3, Hi = 0
111

(4.22)

?2\at x1 = 0 (t > 0,x' e R2) and the initial data

U(0,x) = U0(x), x € R%, F(0,x') = F„(x'), x' € R2 (4.23)

for t = 0.

Here Aa symmetric matrices,

(JL 0 v1 o o ooo\pcz

0 1 0 0 0 0 0 0

Ao

0 f 0 0 0 0 0
0 0 0 phf + 0 0 0 0

4-rrr _
0 0 0 0 phT + 0 0 0
000 0 o £oo
000 0 0 0 ^-0

47rr
\000 0 0 00 -ip/\ 47r r /
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01 o o o o o \pcz

0 i>[ o o o ooo
1 0 0 0 0 0 0
0 0 0 (phf-^-)v1 0 0 0K - if)«' <>_, , 0
0 0 0 0 (ph? - v1 0 0

000 0^ 0 0 0

0 0 0 -A <L 0 £r 0

H1
47rf 2

V 0 0 0 0 00

/o 0 0 1 0 0 o o\
0000 0 0 00

471T

A 2 =

oooo o oo

A-? =

0000 0 0 00
1 0 0 0 0 I 0 0
0000 0 0 00

Ml
4-7T

0000 0 0 00
\0 0 0 0 0 0 0 0/

/o o o o i o o o\
0000 0 0 00
0000 0 0 00
0000 0 0 00
1 0 0 0 0 0 0 0
OOOOjO f^oo
oooof^ 0 00
0000 0 0 00

\0 0 0 0 0 0 0 0/

f (a — P2) vlcP2 rjt)1]^1)2
phVa ' 2 phfra^vW]' 3 {v'Y-r

Z?2^1] „ 0-2 ^[t)1] {~2 , (e0 )vs(p,s)\ A2 -2 /,h2d4 = ^~~, a = 2ci--^[ci+" 1 , P' = ci- (vLy,
pTv1ac\ ci V Tp J

ci = 1 - T= (e0)s(p,s), [v1] = v1 - < 0.

By virtue of (4.19), the matrix Aq is positive definite.
While solving the stability problem (4.21)-(4.23), we also determine the function F =

F(t,x'). For this purpose, one of the boundary conditions (4.22) must be the equation
for determination of the function F. On the other hand, excluding the function F from
(4.22) we obtain the following boundary conditions at x1 — 0 for system (4.22):

i-J k o [tX

u1=d1p, ~^f=d5 Hk =-^v,kr fc = 2>3> s = d4p, #1=0, (4.24)

where d$ = <^3-
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5. Uniform Lopatinski condition. Applying technical ideas from [13], we give in
this section an equivalent definition of the uniform Lopatinski condition for linear mixed
problems in the form of the stability problem (4.21)-(4.23) when only one eigenvalue of
the matrix A^1 A\ (or B\) is negative, and the others are positive.

Applying the Fourier-Laplace transform to system (4.21) and the boundary condi-
tions (4.24), we obtain the following boundary-value problem for the system of ordinary
differential equations:

-•7-7 = ,M(s,w)U, xl > 0, (5.1)
dx[
,A4o(s> w)U = 0, xl = 0. (5.2)

Here

U = U(x!) = (27r)-3/2 JJJ exp(—st — i(uJ, x'))U(f, xl, x') dt dx'

is the Fourier-Laplace transform of the vector function U(f,x);

s = rj + i^, r] > 0, (£, u;) <E u> = (w2,w3),

|u)|" = u>2 "F ̂ 3j Ml = M(s,u>) = — Ai 1 (sj4o + iu2A2 + ^3^3);

the matrix Mo has in our case the following form:

/ d{ 0 -1 0 000 0 \
di -1 0 0 0 0 0 0

LUodr, 0 0 — s 0 0 0 0
UJ3 c?5 0 0 0 — s 0 0 0

0 0 0 0 0 1 0 0
0 0 04^00 -10

UL

\ 0 OOOfi^OO-l/
While applying the Fourier-Laplace transform, we assume as usual that

U(£, x) = 0 for t < 0.

In view of (4.19), seven eigenvalues of the matrix B\, as well as of the matrix A()1Ai,
are positive, and one eigenvalue is negative. From this fact it follows that for all ui £ B1
and 77 > 0, seven eigenvalues A of the matrix M. lie in the left half-plane (Re A < 0),
and one eigenvalue lies in the right half-plane (Re A > 0). Indeed, this property of the
eigenvalues A is valid for 0^2,3 = 0 and r/ > 0. On the other hand, since system (4.21)
is symmetric i-hyperbolic and det/li ^ 0, then the assumption Re A = 0 follows from
77 = 0. Hence, the location of the eigenvalues A relative to the imaginary axis of the
complex A-plane is independent of u> and, so, coincides with that for 1^2,3 = 0. Note also
that the proved property of eigenvalues of the matrix M. is a general fact for matrices in
the form of M which is in particular proved (in other terms) in [13].

Thus, we reduce the matrix M. to the form

Mq = M0(s,uj) =

M = A b 0
0 Q
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where A is a nonsingular matrix; b is a number with Re b > 0; all the eigenvalues A of the
matrix Q lie in the left half-plane (Re A < 0). We seek the bounded solution of problem
(5.1), (5.2) in the form:

U = A 0
exp(Qx1)C

where C is a constant vector that is found from the system

M„a(T) =C(V,S,u)C = 0.
VC,

If det C(r], £, lj) = 0 for some r) > 0, (£, u>) G R3, then the sequence of vector functions

U„(t,x) + W + + (Kp{t(J(,#tu)l,(c)

(k = 1,2,3,...), which are all the solutions of the mixed problem (4.21), (4.42) with
special initial data, is the ill-posedness example of Hadamard type.

Thus, following [18] we say that the boundary conditions (4.24) satisfy the Lopatinski
condition if det£(77,£,u>) ^ 0 for all rj > 0, (£,u>) G R3. Moreover, the boundary
conditions (4.24) satisfy the uniform Lopatinski condition if det £(77, £,u;) 7^ 0 for all
77 > 0, (£,u>) G R3 {rj2 + £2 + |w|2 ^ 0).

On the other hand, according to [13] we can also present the solution of problem (5.1),
(5.2) in the form

U(x:) = —(p (sAo + XAi + i^Ao + iu3A3)'1 AiVoexTpiXx1) dX, (5.3)2m JG

where C is a contour large enough to enclose all the singularities of the integrand; Uo is
a constant vector satisfying the boundary conditions (5.2), i.e., A^qUo = A4oU(0) = 0.
The singularities of the integrand are the eigenvalues of the matrix M and satisfy the
equation

det(sA0 + Aj4i -f- ^3-^3) ~ 0. (5*4)

It follows from (5.3) that U(.t1) is a sum of residues at the poles of the integrand.
As is noted above, there is one eigenvalue A with Re A > 0, i.e., for this A we have:
exp(Axx) —» +00 as x1 —> +00. Hence the residue at this value of A must be zero. As
is shown in [13], this is the same as the statement that for given u G R2 there exist
complex numbers s and A with

Re s = t) > 0, Re A > 0,

such that the homogeneous system

(sAo + A A\ + iu>2A2 + iW3^43)X = 0, (5-5)

XMiUo = 0 (5.6)

has a nonzero solution X. We recall that these values of s, A, and W2.3 must satisfy (5.4).
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Since A with Re A > 0 is a simple eigenvalue, then we can choose seven linearly
independent equations from system (5.5). Adding (5.6) to these equations we rewrite
system (5.5), (5.6) in the form

G(t),£,uj, A)X = 0,

where G = G(r;,^,w, A) is a quadratic matrix. If detG = 0, then the sequence of vector
functions

Ufc(£, x) = exp{ — Vk + k(r]t + i£t + i(u), x')}U(a:1)

(k = 1,2,3,...) is the ill-posedness example of Hadamard type for the mixed problem
(4.21), (4.24) with special initial data.

So, we can now formulate an equivalent definition of the uniform Lopatinski condition.
The boundary conditions (4.24) satisfy the Lopatinski condition if det G(r], £, u>, A) ^ 0
for all 7] > 0, (£,w) G i?3 and under A with Re A > 0, where A is the solution of (5.4).

Note that the requirement r] = 0 implies Re A = 0 (system (4.21) is symmetric). Let
A = A(?7, £,<*>) with Re A > 0 for r/ > 0 be a solution of (5.4), and Ao = A(0, £, w). Thus,
the boundary conditions (4.24) satisfy the uniform Lopatinski condition if det G(r], u>, A)
7^ 0 for all rj > 0, (£,u>) € i?3 (rj2 + £2 + \u>\2 0) and under A with Re A > 0, where A
is the solution of (5.4), and A = Ao for r\ = 0.

6. Instability domain for fast parallel relativistic MHD shock waves. In
this section we find the domain where the Lopatinski condition for the stability problem
(4.21)-(4.23) is violated. It is the domain of instability of fast parallel relativistic MHD
shock waves.

For system (4.21), Eq. (5.4) can be rewritten explicitly as follows:

(<f(s2 - A2 + |u;|2) + n2) ( ^'(1~C;)Q2 + s2- A2) + = 0, (6.1)

where = s + i)1A. Since fast parallel relativistic MHD shock waves are evolutionary,
then an ill-posedness example of Hadamard type in 1-D form (0)2.3 = 0) cannot be
constructed for the stability problem. Thus, we can assume that |w| ^ 0. Moreover,
without loss of generality, we will presume that |u>| = 1.

Introducing the new values v and \i by the formulae

v = A/fi, /x = —i/n,

we present Eq. (6.1) in the form

Equation (6.2) has two roots n = .2 (m2 = — Mi)- We choose the root /z of (6.2) in the
following form:

H = Hi = J(*-*)(«-*3)(« + * 4)(^5)|1/2 / V2 , (6.3)
2 (z-zi)(z + z6) J lA«72+c2/r2
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where

2 = 1/!/, (6.4)

and

° i<v/l~ (0')2+

In view of (4.19), we have

zi < z2 < q < v1 < cs < z3, x4,5i6 > 0. (6.5)

Since

77 > 0, Re A > 0, (6.6)

then

Im(l/ju) > 0, Im(i///i) > 0. (6.7)

By virtue of (6.3)-(6.5), conditions (6.7) imply that the domain of z is the right half
(Re 2 > 0) of the 2-plane with two segments of the real axis removed: the segment from
Z\ to Z2 and the segment from 23 to +00. Note that conditions (6.6) are not fulfilled for

M = P 2-
Prom system (5.5) we obtain the relations

_n 1 _ l + vlf2z rrl H1A(z-z3){z-z5)
»m-°. ^ "<»■ ^

k AT(z - z3)(z - z5)ujk , &{z - z2,){z - z5)uk
Ull) —  ~~^2 P( l)' -"(1) ~  -2 P( 1)

; pC2Zfl y y ' pC2Z2p y '

(k = 2,3) for components of the vector X = (P(i)> S(i), um, u(i)> u(i)' ^(i)> Hfi)> H(i)Y-
In view of (4.24), the components of the vector

Uo = (P(0) j s(0), u(0) 1 u(0)> u(o) > 4»' HW' H'to)) *

are connected by the following relations:

s(o) = diP{o), U(o) = dip(0), u{0) = -d5 _ „1p(0),

=-~ds^jpm, k = 2,3, = 0.

Substituting these relations into (5.6) and applying (6.8), we obtain the following condi-
tion for existence of a nonzero solution X to system (5.5), (5.6):

h(z)p(o) = 0, (6.9)
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where

h(z) = ^ — 5(2), (6-10)
phi az\z — vL)

(c'\ — aT2 \ . w^Ar2
g{z) = 2 - 1 (z - V ) + —  (2 - z3)(z + Z5).

\ V Cs I CsC 1

Since p(o) must not be equal to zero, then (6.9), (6.10) become the equality g(z) = 0,
which can be rewritten as follows:

where

1 + S7f"^fr +(i) l"l(1 + ̂ fJz+Tr-°' (IU1)

eP = = -7 ^ -x, e = e(p,p), e = e0.
op (eo)vs(p,s)

We recall that, in view of (4.7), (4.11), [-01] = 61 — < 0.
Equation (6.11) does not depend on the magnetic field and coincides totally with

a corresponding one in relativistic gas dynamics [1]. Thus, the domains of instability
(domain I) and linear stability (domains II and III) coincide with those of shock waves
in relativistic gas dynamics [1], [6].

Indeed, since v1 < 23 (see (6.5)), then g(v1) < 0. If <7(23) > 0, i.e.,

^=1-(i,.)2 + ^-2!l!& + yy <0, (6.i2)
cs cs pepcs

then (6.11) admits a real solution 2 such that £>' < z < 23. So, in domain (6.12),
the Lopatinski condition is violated, and fast parallel relativistic MHD shock waves are
unstable. At the same time, it is easy to show (see [1]) that in the domain T > 0, roots
of Eq. (6.11) either are with negative real parts or lie to the right of 23. In addition, the
assumption of positive thermal coefficient (ep > 0) is made here as in [13], [1]. Note that
the domains of linear stability and, as well, structural stability (domain II) are found in
[6] without this assumption. But here we will keep it for simplicity of reasoning.

Thus, the Lopatinski condition is fulfilled in the domain T > 0 (linear stability) and
violated in the domain T < 0 (instability). To separate the domain of fulfillment of the
uniform Lopatinski condition (structural stability) it is necessary to find a subdomain of
the domain T > 0 where g(z) ^ 0 as well as for such 2 that correspond to the case rj = 0,
A = Aq (Re Aq = 0).

7. Structural stability of fast parallel relativistic MHD shock waves. At the
beginning we consider for simplicity the case corresponding to relativistic gas dynamic
shocks (the structural stability domain for this case is found in [6] in a different way).
So, we set formally q — 0. Then

y/(z-z3)(z + z5) f f A1/2 \



Pa1/2/ y/(z-z3)(z + 25)

Z — V1

fA1/2/ \/(2 - 23)(2 + Z5)

C2
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It is clear that only roots 2 > 23 of Eq. (6.11) can correspond to the case 77 = 0, A =
A() = 16, 6 e R (see Sec. 6). In the domain 2 > 23 the function

6 = 6(z) = ( ^ 1

decreases, and the function

£ = £(*) =

(s = ?'£) decreases up to its minimum

r2u1(l — c2)

(2* > 23) and increases under 2 > 2*.
Solving (6.1) under <7 = 0 we find

t)1 (1 — c2)s ± cs(l — (v1)2)\/s2 + AT2
A = A1 o =   .

a2
It, is easy to see that Ao = Ai|?;=o = iS. Then we have

^ _ {^(l - c2)^ + cs(l - (i)1)2)^2 ~ Af2~ J-2 ' ( ' '

The graph of the function £ = £(2) has two points of intersection 2 = r 1,2 (23 < r 1 <
•z* < r2) with the line £ = £ = const under 2 > 23, 2 ^ 2* (the constant £ is supposed to
lie in the range of values of the function £ = £(2) under 2 > 23). One of these points of
intersection corresponds to the case r/ = 0, A = Ao = i6, where <5 is determined by formula
(7.1). In view of (7.1), <5'(£) > 0. On the other hand, £>'(£) = 6'(z)/^'(z). Since 5'{z) < 0
under 2 > 23, then the interval 2 > 2*, which contains the point of intersection 2 =
(£'(r2) > 0), determines a part of the domain of fulfillment of the uniform Lopatinski
condition. The other part is determined by roots 2 of Eq. (6.11) with negative real parts.
Both roots have such a property if the coefficient of 22 in (6.11) is nonpositive, i.e.,

F> ^■(l~t)1cs)(l+t)^cs). (7.2)
C

At the same time, omitting detailed calculations, we find that Eq. (6.11) in the domain
T > 0 has a real root 2 lying to the right of 2* (the other root is negative) if

y (l~ T < ^2 (! - vlcs)(l + v^Cs). (7.3)
cs V Cs J cj

Thus, combining domains (7.2), (7.3) we present the domain of fulfillment of the
uniform Lopatinski condition:

f.i / L-.11
(74)

Requirement (7.4) on the state equation eo = eo(p,s), which is additional to (3.5),
(3.6) and determines the domain of structural stability of relativistic gas dynamic shock
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waves, coincides totally with corresponding conditions in [6]. Finally, we conclude that
inequalities (6.12), (7.4), and

(7-5)

present domains I, II, III (see Sec. 1) for the relativistic gas dynamic case q = 0.
Now we proceed to the more complicated case q > 0. In the first place, it is clear

that (7.2) determines a part of the whole domain II as well as for fast parallel relativistic
MHD shock waves.

Prom (6.3) we have

£ = = £(z)v(z,q)

where the function £(z) is described above, and

(z - zi)(z + ze) ) 1/2
v y(z,g) y(z_z,2j(z + z4y

It is not difficult to check that the function r] (as a function of z) decreases on the interval
z > Z3. Hence the function £ under z > z3 decreases up to its minimum z* (z* > z*) and
increases under z > z,.

In view of the continuous dependence of rj on the parameter q, the point of intersection
of the graph of the function r/ = rj(z,q) with the line £ = £ = const, which corresponds
to the case of no roots with r) = 0, A = Ao = iS, lies to the right of z* under sufficiently
small q (z» is close to z*) and cannot jump over the interval Z3 < z < z* while q increases
up to v .

Therefore, the domain determined by the condition z > z*, where z is a positive root
of (6.11), with domain (7.2) presents domain II of fulfillment of the uniform Lopatinski
condition. Moreover, since z* > z*, the structural stability domain for fast parallel
relativistic MHD shock waves is smaller than that of relativistic gas dynamic shocks (see

(7.4)).
Now we obtain the exact requirement on the state equation eo = e0(p, s) which is

determined by the condition z > z*. To find z* we have to solve the equation £'z = 0
(z > Z3) that is equivalent to the following, unfortunately, too complicated equation:

Hz) = J" (j- - i) - q2hi(z) = 0, (7.6)

where

hi(z) = ^~(z " w1) (V + ^ ((2 - v1)2 - 1) + zh2(z)(z - f,2v1h2(z)) + q2Y2h22{z),

L , x w x A 2 2vl 1
h2(z) = ^(z- zs)(z + Zh) = T|Z - -^-z -

The coefficient of z5 in (7.6), which has the form

</2f2(i - £2)
Y2z

+
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is positive. Equation (7.6) has one root lying to the right of zt, and other roots are either
less than z3 (2:3 < z*) or complex. Hence the polynomial h(z) of order 5 is positive on the
interval z > z* and negative under z < z*. Consequently, the condition z > £*, where z
is the positive root of (6.11), is equivalent to the inequality

h(z) > 0. (7.7)

Here

2 V V pePc2J J / \ c2s pepc2s

V PePcsJ r2 v cs PePcs

and it is required that the coefficient of z2 in (6.11) be positive, i.e.,

v1
0 < T < tj(1 - w1cs)(l + v^Cs). (7.8)

cs

So, the union of domains (7.2) and (7.7), (7.8) presents the domain of structural
stability of fast parallel shock waves in relativistic MHD. Unfortunately, condition (7.7)
is too complicated to be analyzed. We note only that, for example, for q <C 1 (it is
the case of a weak magnetic field g « 1, i.e., Hl -C c^/Anp) conditions (7.7), (7.8) are
reduced to (7.3) and give with (7.2) inequality (7.4). On the other hand, we can always
say that in the domain determined by inequality (7.2), which can be rewritten as

v*1)*1 — H  —- > 0
cj pepcj

fast parallel relativistic MHD shock waves are structurally stable.
Remark 7.1. Using, as in [6], the method of dissipative energy integrals and applying

ideas from [7], where the structural stability of fast shocks in the usual MHD in the case
of a weak magnetic field is proved, it is possible to construct an expanded system of
second order (a system for the vector U and its derivatives up to the second order,
see [6]) with dissipative boundary conditions for system (4.21) in domain (7.4) for the
asymptotic case of a weak magnetic field (q <C 1). Writing the energy integral for this
expanded system with dissipative boundary conditions we obtain in domain (7.4) and
under q<^\ the following a priori estimates without loss of smoothness for the stability
problem (4.21)-(4.23):

l|U(£)lliv22(ft3) < K\||Uo||iy|(fl3 >, 0 < t < T < 00,

where A'1.2 > 0 are constants depending on T.

Remark 7.2. In the domain III, where T > 0 and h(z) < 0, the question of shock
waves stability can be solved only for the quasilinear formulation of the stability problem,
i.e., we have to consider the initial quasilinear system (2.4)-(2.7) and relations (4.1)-(4.6).
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