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EXISTENCE AND NONEXISTENCE OF GLOBAL SOLUTIONS
OF THE WAVE EQUATION

WITH A NONLINEAR BOUNDARY CONDITION

By

AZMY S. ACKLEH and KENG DENG

Department of Mathematics, University of Louisiana at Lafayette, Lafayette, Louisiana

Abstract. We study the initial-boundary value problem

utj = uxx, 0 < x < oo, t > 0,

- ux(0,t) = h(u(0,t)), t> 0,

u(x, 0) = f(x), ut(x, 0) = g(x), 0 < x < oo.

We establish criteria for existence and nonexistence of global solutions, and we present
the growth rate at blow-up.

1. Introduction. In this paper, we consider the following initial-boundary value
problem:

Utt = uxx, 0 < x < oo, t > 0,

- ux(0,t) = h(u(0,t)), t> 0, (1.1)
u(x, 0) = f(x), ut(x, 0) = g(x), 0 < x < oo.

Here, h(u) and the initial values are continuous. The wave equation with similar bound-
ary condition as in (1.1) arises in applied sciences. In order to motivate the main results
for problem (1.1), we recall some old results for two related problems. On the one hand,
several authors have studied the initial value problem

utt = uxx + \u\p, — oo < x < oo, t > 0, (1.2)

u(x, 0) = f(x), ut(x, 0) = g{x), — oo < x < oo.
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They showed that if 1 < p < oo, every nontrivial solution of (1.2) blows up in finite time
(see [4, 5, 8]). On the other hand, for the initial-boundary value problem

ut = uxx, 0 < x < oo, t > 0,

- ux(0,t) = up(0, t), t > 0, (1.3)
u(x, 0) = uq(x), 0 < x < oo,

it was shown [3] that if 1 < p < 2, all nonnegative solutions of (1.3) blow up in finite time
while if p > 2, there are nontrivial global solutions. Motivated by these results, in this
paper we will establish criteria for global existence and finite time blow-up of solutions
of problem (1.1) in Section 2. We will also present growth rates at blow-up for certain
nonlinearities in Section 3.

2. Existence and nonexistence of global solutions. We begin this section with
the definition of a solution of problem (1.1). Let u(x,t) be a continuous function on
[0, oo) x [0,T) for some T (0 < T < oo). Then u is said to be a solution of (1.1) if it
satisfies the following: For t < x,

1 1 fx+t
u(x,t) = -[/(:r + t) +f(x-t)\ + - J g(s) ds, (2.1a)

and for t > x,
1 1 T rt—x ~| ni—x

/ g(s)ds + / g(s)ds + / /i(u(0, r))rfr.
J 0 Jo J Jo

(2.1b)

We first introduce the local existence of a solution of (1.1).

Theorem 2.1. There exists at least one solution of (1.1) on [0, oo) x [0,To) for some
To > 0. Moreover, if h(u) is Lipschitz continuous, then the solution is unique.

Proof. In view of (2.1), it suffices to show that there is a function u(x,t) satisfying

u(0, t) = f(t) + [ g{s)ds+ [ h{u(0,T))dT. (2.2)
Jo Jo

The above equation is a Volterra integral equation. By Theorem 3.1.1 of [2], there exists
at least one solution of (2.2). Furthermore, if h(u) is Lipschitz continuous, by Theorem
1.3.1 of [2], the solution is unique. □

We then present the criteria for the global existence and finite time blow-up of solutions
of (1.1).

Theorem 2.2. Suppose that |/i(u)| < p(|w|) with p(r) > 0 continuous, nondecreasing on
[0, oo), and such that

dr

pt+X ft — X

u(x,t) = ^[f(t + x) + f(t-x)]+ ^

I —— = oo.
p{r)

Then all solutions of (1.1) are global.
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Proof. Recalling Theorem 3.1.4 of [2] and setting k(t,s,u) = h(u), one can see that k
satisfies the following condition:

|fc(t,s,u)| < \(t)p(\u\)

with A(t) = 1. Then by Remark 1, page 108 in [2], the result follows. □

Theorem 2.3. Suppose that f(t) + f('' g(s)ds > 0 (^ 0) on [0, oo) and that h{u) > c(|u|)
with a(r) > 0 continuous, nondecreasing on [0, oo), and such that

/

00 dr
< oo.

r(r)

Then every solution of (1.1) blows up in finite time.

Proof. Since f(t) + f' g(s)ds > 0 0), there is an interval [to,ti] over which f(t) +
fo g(s)ds > d > 0. Then for to < t < t\, u(0,t) > d and h(u(0, r))dr > a(d)(ti—to) =
Co > 0. Therefore for t > t\, u(0,t) > f* h(u(0, r))dr > Co, and by comparison,
u(0,t) > 4>{t), where 4>{t) satisfies

4>(t) = lc°+l Jt °(<l>(T))dT.

Since fx < oo, must blow up in finite time, and so does u(0,t). □
For a certain class of nonlinearities, we can further weaken the condition on the initial

data to show finite time blow-up.

Theorem 2.4. Suppose that f(t)dt + J~* g(s) ds dt > 0 and h{u) > c\u\v (p >
l,c > 0). Then the solution of (1.1) blows up in finite time.

Proof. Since f(t)dt + f* g(s) ds dt > 0, for t > t with sufficiently large t,
fo f{r)dr + J* fj g(s) ds dr > c\ > 0. Thus, by Jensen's inequality we have that for
t > 2t,

[ \u(0,T)\dr > a + c [ f |u(0, s)|p ds dr
Jo Jt J 0

|u(0.s)\ds^j dr (2.3)

> ci + cf~pcj(i — t)
> c2t,

where a = ct1~pc^/2.
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We now choose a positive constant 5 such that 1 < d < min{2,p}. For t > 21, by (2.3)
we find

f |u(0, t)\<It > c\ + c f ( |u(0, s)|p ds dr
J 0 J2i Jo

> C\ + c J t[~p |u(0, s)|ds^ dr

> ci + cj t1~p(c2t)p~5 (J |u(0, s)|ds^ dr.

Thus by comparison, for t > 21, f(* |u(0,r)|dr > ip(t). where v(t) satisfies

i/j(2t) = C\

with C3 = cc%~d. Integration of (2.4) over (2t,t) then yields

„l-i r-x. rxi'(t) 1
•! :(t2~d - (2i)2 ),

(2.4)

5—1 JCl z" JCi z° 2 — 5

which shows that ip(t) cannot exist globally. Therefore. f(' |u(0, r)\dr, and hence u(0,t)
must, blow up in finite time. □

Remark. Taking note of (2.1b), clearly, blow-up can occur only on the boundary.

3. Growth rate at blow-up. In this section, we are limiting ourselves to the situ-
ation where blow-up does occur in finite time, that is,

u(0, t) —> oo as t —> i < oo. (3.1)

Based on this assumption, we will develop a self-consistent asymptotic analysis of (2.2).
This asymptotic technique will describe the blow-up behavior of the solution. Our argu-
ments parallel those of [6, 7], and therefore we only present some technical differences.
Under the assumption (3.1), we introduce the transformation

v = (i-ty1 -rjo, n0 = (t)~1, w(r}) = u{ 0,t). (3.2)

Thus, (3.1) is equivalent to

w(rj) —> oo as r/ —> oo. (3-3)

The transformation (3.2) converts (2.2) to the form

w(V) = k(V) + f H(()d(, r) > 0, (3.4)
J o

where fc(r?) = f(t) + /„ g{s)ds and //(C) = (C + n0)~'2h(w(Q).
The advantage of this transformation is that certain techniques developed in [1] can

be utilized for the asymptotic evaluation, as 77 —» 00, of integrals like that in (3.4).
Following the methods of [1], let ( = rj£, so that (3.4) becomes

w(r}) = fc(ry) + t? [ H{r}t)d£. (3.5)
J 0



BLOW-UP AND GLOBAL SOLUTIONS OF THE WAVE EQUATION 157

To investigate the asymptotic behavior of w(rj) as rj —> oo, the technique of [1] suggests
employment of the Parseval formula for Mellin transforms to change the integral in (3.5)
to one defined in the complex plane. Thus, as 77 —» oo, (3.5) is equivalent to

rb+ioc -z

- M[H{Z)\z\dz, 77-> oo, (3.6)
27T2 Jb—ioe 1 Z

where the Mellin transform is given by

M[ff(0;z]E (3.7)
Jo

In order to carry out the asymptotic analysis of (3.6), we need more information about
M[H; z]. To this end, we first let h(w) ~ wp (p > 1) and assume that

w{rj) Aiix as rj —> oo, (3-8)

where A and A are positive constants to be determined. We then have

H(i7) ~ Apr]Xp~2 as 77 —> 00. (3.9)

Since M[H; z] has a simple pole

Ap
M[H; z] ~ — —— as 2 —> 2 — Ap, (3.10)

z — (2 — A p)

if Ap > 1 and the vertical path of integration in the complex 2-plane lies between the two
poles, the leading asymptotic contribution of the integral in (3.6) comes from the Mellin
transform. Equation (3.6) takes the form

AprtXp~l
Ajj   as 77 —> 00. (3-11)\p — 1

Matching the two sides of (3.11) then yields

1 / 1 \P
A =   and A=[   . (3.12)

p-l \p-lj
We next let h(w) ~ ew and assume that

w{r]) ~ log(v4^) ~ log 77 + log A as 77 —> 00. (3.13)

We then have

H{r)) ~ Ar7_1 as 77 —» 00. (3.14)

Thus, M[H;z] ~ —7^ as 2 —> 1. To compute the leading asymptotic contribution from
the integral in (3.6), the vertical path is displaced to the right. In this case, z = 1 is a
double pole, and hence (3.6) takes the form

log 77 ~/I log 77 as 77 —> 00, (3.15)

which gives A = 1.
In summary, we have the following.
If h(u) ~ up, then u(0,t) ~ (^rx)^71 (t — t)~^ as t —>
If h(u) ~ eu, then u(0,t) ~ log(J^) as t —> t.
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