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Abstract. A method for constructing time-domain asymptotic solutions of hyperbolic
partial differential equations with delay, with singular memory kernels, is presented. The
asymptotic solutions are expressed in terms of basis functions that are regularizations of
a sequence of distributions related by fractional integration.

It is demonstrated that the signal builds up gradually from a zero value after the
passage at the wavefront, resulting in signal delay. Attenuation splits into two parts:
a frequency-independent amplitude modulating factor and a frequency-dependent part
implicit in the basis functions.

Explicit basis functions are obtained for the £-1/2 and t~n/3 singularities. Asymptotic
solutions are derived for systems of PDEs with the t-1/2 singularity and for scalar equa-
tions with the t~n/3 singularities. Asymptotic fundamental solutions are constructed for
scalar equations with singular kernels. For two families of scalar equations with singular
kernels, asymptotic fundamental solutions are shown to be exact.

1. Introduction. For many hyperbolic pseudo-differential operators, including Max-
wellian viscosity, ray asymptotic solutions provide accurate amplitudes of discontinuities
propagating at the wavefronts. In the time domain, the solutions can be constructed in
terms of wavefront expansions involving a superposition of a sequence of distributions
supported by the wavefronts and scaled by the amplitudes provided by the ray theory [9].
The superposition principle implies that the amplitude of a localized signal propagating
with the wavefront is correctly estimated by ray asymptotics.

The situation changes radically when the solutions of the hyperbolic system are infin-
itely smooth, as is the case for hereditary models of viscoelasticity with weakly singular
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memory kernels [6, 31, 32, 35, 44, 45, 11], and for poroelasticity [20, 23]. In this case an
initial discontinuity is immediately smoothed out and delayed with respect to the wave-
front. The resulting time-domain asymptotic series is a superposition of an infinite series
of basis functions that are regularized distributions and that vanish at the wavefront
with all their derivatives. Since the basis functions replace the distributions appearing
in wavefront expansions, the corresponding asymptotic expansions are called generalized
wavefront expansions [22].

Wavefront smoothing for a class of scalar equations with singular convolution kernels
applied to the time derivatives was studied in some detail by [31, 30] and the results were
later reported in [32, 11]. In these papers, closed-form solutions were obtained in integral
form. For two selected cases we have obtained explicit solutions in analytic form. Explicit
asymptotic solutions for equations with constant coefficients in one spatial dimension
were derived in the paper [6]. Wavefront smoothing for hereditary viscoelasticity with
singular kernels is demonstrated in the papers [44, 35].

On the physico-experimental side, kernels with the t~1^2 singularity have been linked
to diffusion relaxation [25] and Biot's theory of poroelasticity [36, 20]. More general
weakly singular kernels appeared in the theory of viscoelasticity developed by the school
of Rabotnov [42, 43] and Rzhanitsyn [49] as well as in polymer rheology [51, 46, 3,
26, 27, 10, 52], Additional cases involve acoustic one-dimensional problems with the
lateral boundary conditions incorporated in the differential equations [54, 41] and bubbly
liquids (cf. references in the paper [38]). Relevant experimental results in creep tests are
discussed in [37, 42, 43].

Pipkin [39, 40, 29] studied problems of a quasi-parabolic type defined in terms of
non-analytic creep functions and demonstrated the agreement of the large-time pulse
asymptotics with the experiments of Kolsky [28]. His asymptotic solutions are expressed
in terms of a basis function defined in our paper without the delay effect associated with
finite propagation speed. Universality of pulse shapes for varying propagation times and
materials, observed by Kolsky, is related to the representation of the pulse in terms of a
single basis function.

This paper extends the time-domain asymptotic solutions of [6] to 3D problems with
variable coefficients. An advantage of the method developed in [6] is an explicit analytic
representation of the pulse. For the 3D problems with variable coefficients, the amplitude
of a signal is not constant and it has to be determined by ray asymptotic methods. The
amplitudes are calculated by integrating an infinite sequence of transport equations. It
is demonstrated below that transport equations can be put in recurrence form in two
cases: for systems of equations with the t-1/2 singularity and for scalar equations with
the t~n/3 singularity with n = 1 or 2. The explicit form of basis functions for the t~1'2
singularity was found in [6]. In this paper we determine an explicit form of the basis
function in the t~n/3 case that is more appropriate for numerical applications than the
Wright function of [6].

Finally, exact analytic fundamental solutions of scalar equations considered in [31, 30]
are found. This is an improvement over the integral solutions of the last references. In
addition, the exact fundamental solutions coincide exactly with the asymptotic solutions
of the same problems.
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A rigorous formulation of the problem is given in Sec. 2. Basic facts about basis
functions are collected in Sec. 3. In Sees. 4-5, basis functions and asymptotic solutions are
constructed for the t~1'2 singularity. Explicit fundamental solutions for a one-parameter
family of scalar equations with such a singularity are constructed in Sec. 6.

Explicit basis functions for the f-1/3 and t~2/3 singularities are constructed in Sec.
7. In this case, transport equations are not in recurrence form (Sec. 8) except for the
scalar case (Sec. 9). Fundamental solutions in an explicit closed form are constructed for
a two-parameter family of scalar equations.

Both families of exact fundamental solutions mentioned above are superpositions of
basis functions with constant coefficients. In these cases, the attenuation is totally con-
tained in the basis functions. In the more general cases, amplitudes of the basis functions
involve exponential factors modifying the total attenuation.

Asymptotic solutions involve a sequence of free parameters that can be determined
from the initial and boundary-value conditions using the results of Appendices E and F.
Regularity of the higher-order derivatives at t = 0 completes the set of conditions for
determination of the free parameters.

2. Formulation of the problems. We consider here asymptotic solutions of a sym-
metric hyperbolic system of partial differential equations with time delay

(GQ/gui(g))Q + Haua = 0, (2-1)
pOO

(Gajgw)(£) := / GQ/3(T,£)w(i-r,x)dT, (2.2)
Jo

with a, /? = 0,..., 3, £o = t, = Xk for k = 1, 2,3, and

Gq/3(t,£) = G(a0^)S(T) + G M(t,£). (2.3)

The coefficient matrix HQ is also a convolution operator with the N x N matrix-valued
kernel Hq(t, £).

For simplicity of the exposition it is assumed that Gofc = G^o = 0. The assumption
of symmetric hyperbolicity amounts to

is positive definite; (2-4)

G$ = Gj£f. (2.5)
In particular, we shall consider the scalar equation

(1 + K*)uttt — V ■ (n(x)2Vu) = 0. (2.6)

In applications to continuum mechanics the coefficients G^j represent the elastic

response of the medium while the integral kernels G^ account for viscous effects. The

coefficients G-^ account for the viscous effects in the stress-strain relations while Gq^1'
accounts for the effect of viscosity on effective inertia, e.g., the viscodynamic operator
of Biot's poroelasticity. In many viscoelastic models, the stress-strain relation involves a
singular kernel. A good example is the well-established Bagley-Torvik model of uniaxial
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extension of a polymer [46, 3] with the Young modulus in the frequency domain given
by the formula

^ = ER + Ec{~lU,/^)a , 0 < a < 1, Eg > ER > 0, u,c > 0, (2.7)
1 + \—lLO/LiJc)a

which implies that in the time domain, the Young modulus E is a time convolution
operator with a singular kernel E(t) ~ for r —> 0. The coefficients Eq and Er
are known as the glassy and rubbery moduli while the characteristic frequency cuc defines
the transition region. The formula (2.7) covers a very wide range of frequencies.

In Biot's poroelasticity [5],

G0o(t, x) = pi pfI
pfl N(r, x) (2.8)

where I denotes the 3x3 unit matrix and the viscodynamic operator N(r, x), explicitly
known for some idealized pore geometries, has a singularity ~ r-1'2 [5, 36, 4, 53, 7, 2, 56].
The singularity of the viscodynamic operator is important for frequencies w > wb ~
10r,Hz, where wb denotes Biot's frequency.

Biot's theory is not adequate for rocks and hydrocarbon reservoir models in view of
microinhomogeneity leading to scattering and fast-to-slow wave conversion [19, 16]. In
this case an effective dispersion relation for the fast longitudinal wave accounting for the
fast-to-slow conversion has been derived for the fast P wave for frequencies in the range
between a characteristic frequency lu0 and wb [19]. The resulting dispersion law can be
closely matched by a causal power law [21] leading to the memory singularity t~oe6 if
the Biot frequency ui-q can be considered infinite for the problem at hand.

It is therefore assumed here that the convolution kernels G^'(r, £) have an int.egrable
singularity r~7 at r —> 0 with 0 < 7 < 1. A singularity r~7, 0 < 7 < 1, in the convolution
kernels has important qualitative effects on wave propagation:

• wavefronts do not carry any discontinuities [20]; this property extends to nonlinear
equations [22];

• the wavefield is C°°-smooth at the wavefront [6, 32, 22] (cf. also [48]);
• the signal gradually builds up after the passage of the wavefront and the peak

arrives with a delay with respect to the wavefront [22, 23].
In the extreme cases, the signal is detached from the wavefront and exhibits a nearly
diffusive behavior.

For scalar linear equations (2.6), a precise criterion for wavefront smoothing is given
in [32]: the solutions are smooth at the wavefronts if A"(r)/lnr —> —00 for r —> 0+. By
a Tauberian theorem ([12], Thin. 16.1.3), this is equivalent to the Laplace image K(s)
decreasing for s —> 00 slower than s_1 Ins.

The limiting case 7 —■> 0+ is the logarithmic singularity in the kernel K{r), studied
in detail in [32]. An example of such a kernel can be found in [45]. At the opposite
end, for non-integrable kernels (7 > 1), the solutions of Eq. (2.6) are analytic [44] and,
consequently, Eq. (2.6) is not hyperbolic.
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The fundamental solution of Eq. (2.1) is a matrix-valued solution of Eq. (2.1) satisfying
the initial condition

u(0, x) = 0,
u,o(0, x) = <S(x)I,

where I denotes the unit matrix.
Exact fundamental solutions will be constructed in analytic form for two classes of the

scalar equations (2.6) in 1 + 3 dimensions, where the convolution kernel K(t,£) has the
singularity t_1//2 (Sec. 6), t~2/3 or r~1/'3 (Sec. 9, Appendix D) for r —> 0. Some exact
solutions in integral form were constructed in [31] (cf. also [11], vol. 5, 16.5).

Asymptotic solutions are sought in the form of generalized wavefront expansions
OO

u(£,x) = - S(0)(x),S'(x))u(^(x), (2.10)
/j,=0

where the functions F^ are defined on R x R+, vanish on R_ x R^ and satisfy a set of
recurrence equations (Sec. 3). The sequence can be chosen in such a way that Fo(t, a) —>
6(t) for a —» 0 in the distributions sense. The symbol S"(x) stands for a collection of
functions S'^(x), v = 1,..., N, with > 0.

For 7 = 1/2 and 7 = 1/3, 2/3, the basis functions can be expressed in terms of the
complementary error function (Sec. 4) and the Airy function (Sec. 7). For 7 = 1/2, the
amplitudes can be calculated by integrating a sequence of ordinary differential equations
in recurrence form (Sec. 5). For 7 = 1/3, 2/3, this is true for a scalar equation (Sec. 9).

3. Basis functions: General results. We consider asymptotic solutions of equa-
tions (2.1) of the form

OO

u(S,x) = e-jS(0,W-^'1rsWW^^uW(x), (3.1)
r=0

where u(s,x) denotes the Laplace transform of u(x, t) and the variable s is identified
with —iui,

70 = 1, 0 < 7r < 71 < 1 for r > 1,

0 < ar < ar+\ for r > 0,

S(1)(x) > 0.

Asymptotic expansions with a similar phase function were introduced for the first time
in [6] in a study of one-dimensional wave motion in a homogeneous viscoelastic medium.
The right-hand side of (3.1) can be regarded as the result of expanding the exponential
in the apparently more general expression

u(s,x) = e"ss(0,(x)~^"-«s1rs,< r>(x)w(s,x), 7r < 0 for r > 0

with respect to the negative powers of s.
The inverse Laplace transform of Eq. (3.1) has the form

OO

u(^x) ='52far(t-S<'0){x):S'(x.))uir\x), (3.2)
r=0
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where S"(x) stands for r = 1,..., N, collectively, and the basis functions fa are
defined by the formula

fa(t, A) = ^ J ests~aexp ^~^Ars7rJ ds> (3-3)

where B denotes the Bromwich contour Res = e > 0. Since Res71 > 0 on B, the
functions fr are defined for Ai > 0.

For t — 0, the Bromwich contour can be closed in the right half of the complex plane,
where the integrand of

Ndnfg
dtn 2ni

— [ estsn a exp ( — V Ars7r | ds
m \ J (3.4)

does not have singularities. Consequently,

dnfa
^n(°'A') = 0 for n = 0,1,..., (3.5)

where A' = {Ai,..., A at}.
From the definition of the functions fa, it follows immediately that

fJ 0
fo(t, A') dt = 1 (3.6)

and

fo(t, A') —» S(t) (3.7)
in the sense of distributions for —> 0, v = 1,..., N, Ai >0.

A rigorous proof of Eq. (3.7) is given in Appendices B and C.
We now assume that A„ >0, v = 1,..., N. Let

0(t)~|£?= iA"r(i-7„) for t > 0,
[0 for t < 0.

The Laplace transform <j>(s) of satisfies the equation

N

scp(s) = ^ A. (3.9)
v-\

Applying Bernstein's theorem [55], it can be proved that for \v > 0, v = 0,..., N,

fa{t, A') > 0 (3.10)

(Appendix A). Thermodynamics (and existence of inverse Laplace transforms) requires
that Ai > 0 but places no restrictions on A„, v > 1. For sufficiently large negative values
A„, 1 < v < N, the signal exhibits some initial oscillations and then tends to a positive
signal.

For A„ >0, v — 1,... ,N, the function /o is an infinitely divisible probability density
function and a convolution of N stable probability density functions [15, 17], as noted
in [29, 33]. This implies that the signal can be viewed as the result of N successive
fractional diffusion processes [14, 17]. The asymmetry of the signal is due to the total

(3.8)
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skewness of the probability density functions. In particular, for N = 1 and 71 = 1/2, the
function /o is the Levy probability density function [15].

In general, the rate of decay of the pulse at the wavefront can be estimated from the
following upper bound [32]:

fQ{t,\')<t-le~ce~^ (3.11)

for 0 < t < tm, where tm is the unique solution of the equation

N

and C = T'(l) = 0.577216 ... is the Euler-Mascheroni constant. Similarly,

/1 (i,A')<e-*W (3.12)

for arbitrary t > 0. Much sharper local estimates for the functions fa for t —► 0+ can
be obtained in specific cases from asymptotic expansions of the basis functions. The
estimates (3.12) can be used to estimate higher-order terms for which the basis functions
cannot be evaluated explicitly.

The following recurrence relations can be used to calculate the basis functions:

§£ - <3 is>

and
N

A') = a/Q+i(t, A') 4- ̂ 2 X)- (3-14)
l/=l

Equation (3.14) is a generalization of a recurrence relation from [6]. It can be proved by
applying integration by parts to Eq. (3.3).

In the following sections it is assumed that 7^ = v/m, v = 0,... ,m — 1, for m =
2,3,...; a = v/m, v = 0,1,  Accordingly, we shall use the notation A') :=

A')-

4. Basis time-domain functions for half-integer power expansions. For mem-
ory kernels given by half-integer power expansions,

Ga/3(s,x) = ]Ts r/2G^(x),
r=0

00

H0(S,x) = ^s-r/2HW(x),
(4.1)

r=0

the asymptotic solution is assumed in the form

u = exp(-sS(0) (x) - s1/2S(1) (x)) J2 s~r/Vr) (x). (4.2)
r=0
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The basis functions fr (t,\) can be expressed in terms of elementary functions and
the complementary error function

= (4.3)
Zy/7r

= (4.4)
V71"

f¥\t. A) = erfc(A/(2\/i)), (4.5)

/J2)(t, A) = -^t1/2e"A2/(4t) + Aerfc(A/(2\/t)) (4.6)
V7r

for t > 0, with fr2\t, A) = 0 for £ < 0 (see Figures 4.1, 4.2) [1, 12].
The functions (4.3)-(4.6) can be calculated from the recurrence relations

^™=-/r/2(U). (4.7)

The functions f^\t, A), f[2\t, A), /^(i, A) are regularizations of the distributions
<5(i)i t^.1^2/y/n,9(t) (Appendix B). 0(i) denotes the Heaviside step function. fg2\t,X)
peaks at t = X2/6,f[2\t, X) has a less pronounced peak and fr2\t, A) are monotonically
increasing.

0.01 0.02 0.03

Fig. 4.1. The basis functions /q2', /j2' and Z^2'; A = 0.1

m t  If25. Transport equations for memory kernels with the r+ singularity. In
this section the eikonal equation, auxiliary eikonal equation, and transport equations are

 i /o
constructed for memory functions with r+ singularities. To this effect the expansion
(4.2) is substituted into the Laplace transform of Eq. (2.1), namely,

Goo[s2u - <5(x)I] + dj[Gjidiu] + sH0u + H jd3u = 0, (5.1)

taking into account the initial data (2.9). The initial conditions (2.9) will be satisfied
a posteriori by adjusting a set of free constants appearing in the general asymptotic
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0.02 0.04

Fig. 4.2. Functions f^ and /g2' for s1/2-power expansions;
A = 0.1

solution of the differential equations (2.1). Consequently, the <S(x) term in (5.1) will be
ignored and the solution u will be considered a vector.

The amplitudes satisfy the following system of linear equations in recurrence
form:

= 0 (5.2r)
H+v=r

for r = 0,1,..., where

A(0

= 2kfk\1)Gfl) + C(1\ (5.4)A(1

C(1
A(r

B(2

C(2

= G$ +k?)kl0)G§\ (5.3)

= G<10)+Affc<0)G£\ (5.5)
= B(r) + C(r) for r > 2, (5.6)

= -2kf G^d, - S^G™ - fcf" [^Gj], (5.7)
= G$ + fc<0)*{0)Gff + k^k^G? + 2kf)k\1)G§) + h(0) - fc;(0)H(°\ (5.8)

B(3) = _2[fcf)Gg) + kf Ggjja, - 2fcf)Gg)a; - 2fcj0)Gg|))ft (5.9)
_ c(°)/-<(1) _ qW(i{Q)bjl JI JI '

C<3> = G<3) + kf] fcj0) G f + 2 kf k^Gf + 2 kf] fc|2) Gj}} + fcj1' fcj1} G^ (5.10)
with

k(r) = V5(r) (5.11)

and G^g(x) defined by Eq. (4.1). While A^1), and are matrix operators,
are differential operators.
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Equation (5.2o) has a nontrivial solution provided that

detA(o)=0. (5.12)

Equation (5.12) has several solutions corresponding to different wave species. The
wave species can be defined in terms of the solutions of the eigenvalue problem

Bp = HGqqP, pTG<00}p = l (5.13)

with a symmetric matrix

B(x,k) = -fc,fciGj°)(x). (5.14)
For simplicity, it is assumed that the eigenvalue H of (5.13) is simple. In this case,
H(x.. k) are homogeneous functions of second order of the second argument.

For every solution {H(x, k), p(x, k)) of Eq. (5.13),

u(°> = a<°>p(x ,k(0)), (5.15)

tf(x,k(0>) = l (5.16)

provides a solution of Eq. (5.20).
The Hamilton-Jacobi equation (5.16) can be solved by the method of bicharacteristics:

rix dH
da dk /r i7i
dk = _m <517)
da 9x

In view of the homogeneity of the function ff(x, •), Eqs. (5.11), (5.17), and (5.16) yield

dS{0)— = 2. (5.18)

Equation (5.2r) has a nontrivial solution provided the compatibility condition

pT A(,i)uM=0 (5.19)
fj.-\-v=r,fj,>0

is satisfied.
Assuming that the compatibility condition (5.19) is satisfied, Eq. (5.2r) has a solution

depending on a parameter a(r\
1 1

u« = /3(l/)v(r'1/) + a(r)p(x, k(0)), (5.20)
v=0

where is the unique solution of

A(0)w = pTw = 0 (5.21)

for a multi-index v = {fi,..., vs}, is the unique solution of

A(0)v = -A(/i)p, pTv = 0, (5.22)

and is a linear combination of lower-order scalar amplitudes.
A differential equation for the amplitude is provided by the compatibility con-

dition for Eq. (5.2r+2). More generally, the rth compatibility condition is obtained by
taking the scalar product of Eq. (5.2r) with the polarization vector p and noting that
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pTA(°) = 0. The compatibility condition for r = 0 is the eikonal equation (5.16). The
compatibility condition for r = 1 provides an equation for the function S,'1'(x):

= pTC(1)p := /i(x,k(0)). (5.23)
da

The function S^ can be determined by integrating Eq. (5.23) along the rays of the
eikonal S^°\ with appropriate initial conditions at the source. For a source emitting a
sharp signal such as S(t), the initial condition for Eq. (5.23) is = 0.

It is vital for the consistency of the construction that Sis nonnegative. This con-
dition is satisfied if the inequality

h{x, k(o))>0 (5.24)

holds for arbitrary vectors k'0'. Inequality (5.24) follows directly from the assumption
of nonnegative time-averaged dissipation rate (the generalized GrafR inequality, Eq. (31)
in [24]).

In the following we shall also need the gradient k^1) and the second-order derivatives
Sjf} of SW.

The vector k^1) can be determined by integrating the equation

dkiP dh dh
" = d^3Qjl + Wj ( 5)

where

fcW = kf]Qh (5.26)
and the matrices Qj-y, Kj.y are determined by the 1-jet prolongation of the bicharacteristic
equations

dQjy _ d2H d2H
da dkjdxi ll dkjdkiQli + nu Kl~y>

(5.27)dKj7 d'2H ^ d2H
da dxjdxi '7 dxjdki

with appropriate initial conditions at the source. The Greek indices denote partial deriva-
tives with respect to the ray field parameters /i7, where U\ — a and U2,U3 parametrize
the initial manifold for the ray field.

For a point source, the variables 112,113 denote the colatitude and longitude specifying
the initial direction of the vector k^0^ = kn(v,2, U3), where

n(«2, U3) = [cos U2 cos U3, cos «2 sin 113, sin 112]

and the parameter k is given by the equation kn) = 1. The initial conditions for
a point source xo emitting a sharp signal (^'(xo) = 0) are

dH(n{0),kn),0,0 ,

K(0) =

Q(o) =
1

<9k (5.28)

dH dn dn
dx 1 du2' du3 (5.29)

S111U2

k^ = h for 7 = 1; =0 for 7 > 1. (5.30)
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The vector k'1' is then given by the inverse of (5.26),

kf]=k^Q-l (5.31)
except at the caustics det Q = 0.

Calculation of the second-order derivatives of S^ is discussed in Appendix G.
Higher-order compatibility conditions turn out to be transport equations for the am-

plitudes. The differential operator of each transport equation is contained in the term
pTB(2)(Cp):

ptb(2)(Cp)

= S " 2pTG{%kJ0)dlpC " pTfci(0) - P ' Gji I* (5.32)
_ d( Id In,/

da ^ 2 da
where

d( dH d(
(5.33)da Qkf) dxJ'

and J is the ray spreading J = det Q. The proof of Eq. (5.32) is literally identical with
the complex ray case considered in [20]. Transport equations are obtained by substituting
(5.32) as well as Eqs. (5.20) into Eq. (5.19). The first two transport equations are

— + - ^JZ!a<0> + [pTC<2)p + pTAWvWla'0' = 0, (5.34)
da 2 da

do^_ + 1 dlnjj[a(1) + TC(2) (1) + PTC(2)V(1)Q(0) + pTC(3)pa(0)
da 2 da

+ + aW(v(2) + v*1-11)] (5-35)

+ pTB(2'(a(°)VW) + pTB(3»(a(0)p) = 0.

Equation (5.35) also involves partial derivatives of a^°K These can be calculated by a
1-jet prolongation of Eq. (5.34). Calculation of Sjp requires a 1-jet prolongation of Eqs.
(5.17) and (5.23) (Appendix G).

. . . .  i /9 . .6. An explicit solution for memory kernels with a r, ' singularity. A closed-
form fundamental solution of Eq. (2.6) with the kernel

K(t) = (2a/y/n)T^1^2 + a20(r) (6.1)

is derived in Appendix D. It has the form of a truncated generalized wavefront expansion.
We shall present here an asymptotic solution of Eq. (2.6) for a somewhat more general
kernel K with the fading memory property:

K{t) = 2a0(r) + 5<^>(r) * 4>(t) = [2a</>(r) + 60(r)]e_^T, (6-2)

where (j>{r) = (l/y/7r)r^1/'2e_/3r. The Laplace image of K(t) is

K(s) = 2 a(s + (3)~1//2 + b(s + /3)_1 = 2 as~1^2 + bs_1 — a/3s~3/<2 + • • ■ . (6.3)
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We consider a point source at the origin of the coordinate system. The functions
and 5^ can be calculated from the equations IVS1'0^ = 1, dS^/dr = a with zero initial
conditions at the source x = 0 : 5^°^(x) = r, S^(x) = ar. The ray spreading is now
J = (47rr)_1 and the amplitudes are given by the formula

a(°) = C0e-(b-a2)r/2/(47rr), (6.4)

= [|C0a(fe — a2 + /3)r + Ci] e~(b~a ^r^2/(Airr), (6.5)

a(2) = {[C0(6 - a2)2/4 - C0b/3 + C0a2(/3 + b - a2) - Cia(/3 + b - a2)}r (6.6)

- C0a2(p + b - a2)2r2/4 + C2}e~{b-a2)r/2/{4irr),

where Co, C\, C2, ■ ■ ■ are arbitrary constants. The first three terms of the expansion give

u(t,x) = a'0)(x)/g2)(£ — r, ar) + a^(x)f[2\t — r, ar)

+ a^2\x)f22\t — r, ar) + less pronounced signals (6.7)

for t > r. The peak of f^\t — r, ar) lies at t = r(l + a2r/6).
The constants Co, Ci, C2,... can be determined from initial or boundary-value data

using the results of Appendix F. In particular, the fundamental solution corresponds to
Co = 1, Cl = 2a, C2 = a2; Ck = 0 for k > 2. For b = a2, (3 = 0, the asymptotic
fundamental solution is exact (Appendix D).

The rate of decrease of the signal at the wavefront depends on the coefficient a while
signal attenuation along the ray path is additionally controlled by the coefficient b (the
Darcy coefficient in a porous medium). The exponential factor exp[—(b — a2)r/2] repre-
sents a correction to the attenuation already implicit in the basis functions.

The coefficient (3 responsible for memory fading plays a secondary role at the wave-
front. It, however, controls the gradual decay of the signal at the source [47].

7. Basis time functions for expansions in inverse powers of s1/3. For memory
kernels with r-1/3 and r~2/'3 singularities,

OO

G(s,x) ~ ^V"/3G^(x) (7.1)
fi=0

A(s,x) ~ ^V^3A'W(x), (7.2)
(1=0

the solution is constructed in the form of the asymptotic expansion (3.2) with

43)(i, AX, A2) = ~ J a-M/3eate-AiaV3_Aa8l/3 ̂ (7 3)
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The functions /q3), f[3\ f23) can be calculated in an explicit form. Substituting fi = 2,
r = s1/3 — Ai/(31) in Eq. (7.3), we have

/f (t,A1,A2) = -^ [ s-2'3este-x^/3-x^/3 ds
27n JB

2nt1^3

with the contour F shown in Fig. 7.1:

32/3 6_0 I e'(r3/3+7r) dr

1 A?\ \\ a2 + 9̂t
The contour F is equivalent to the real axis, whence

v2
AS)(tX x)-3VSJ2 Qt, Ai, a2; — 7T73"

Furthermore,

Ai((3t)-"» (*a + I)) exp (r| (. Ai / 2\\exP 1 ( A2 + —

\. — _^2
V,
A3)

Fig. 7.1. Contour r in the complex plane

(7.4)

(7.5)

r(3)
Ai,A2) =, (7.6)

J£\

A2) = "^- (7-7)

The function X\, A2) can be calculated asymptotically for Af/(3i)4/3+A2/(3£)1/3
> e > 0 by applying the same variable transformations followed by the steepest descent
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evaluation:

/g \t, Ai, A2) — 3 Ais ^(3i) ^A2 + l))exp('s(A2 + ̂

-1/3(a2 + A^ 1 Al
-1

, (7-8)31J (31)2/3

where Ais denotes the asymptotic expression for the Airy function for large positive
arguments [1], The basis functions for r > 3 can be calculated from the identity

m/S3 = 3t/<3) - 2A2/<;1 - Ai/^2, (7.9)

which can be derived by integrating Eq. (7.3) by parts.
/o\

The functions (t, 0.1, 0.1) are shown in Figs. 7.2 and 7.3. The error associated with
the asymptotic evaluation of the function is visible for t > 0.05. Functions /g3\ fi'V>

(■3) t ^ /o\
and $2 have a single maximum, while the functions for fi > 2 are monotonically
increasing.

/

I 2

3_ - "
4

t0.05 0.1

Fig. 7.2. The functions 0.1, 0.1) for 0 < t < 0.1, fi = 0,1, 2, 3,4

(o\

The functions fr (t, Ai, A2) are nonnegative for A2 > 0. For sufficiently large negative
A2, the signal exhibits initial oscillations (see Fig. 7.4).

In Appendix C it is shown that

fo3\t, Xi, X2) —> S(t),

Al5A2)^<;1/3/r(2/3),

/i3)(t,Ai,A2)-t;2/3/r(i/3), (7.10)

/i3)Mi,A2)-0(t),

Ai, A2) —> £+3/T(4/3),
etc., for Ai, A2 —> 0, Ai > 0, in the sense of distributions.
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15

10

0.02 0.04 0.06

Fig. 7.3. The basis function /q3' (f, A, /x) (A = n = 0.1)

Equations (7.10) establish a relation between generalized wavefront expansions and
ordinary wavefront expansions. The limits of basis functions t —» 0 obtained in Appendix
F can be used to verify the initial conditions.

Fig. 7.4. The basis function for A = 0.1, n = —5.0

The asymptotic behavior of /g3' for t —> 0 can be obtained from the asymptotic
properties of the Airy function [1]: if A2 > 0, then /g3^(t, Ai, A2) = 0[e Cl/f2] for some
constant c\ > 0, while for A2 = 0 the estimate is fo3\t, Ai, A2) = 0[e_C2/t] for some
constant C2 > 0.
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8. Limitations of asymptotic expansions in inverse powers of s1/3. We now
consider Eqs. (2.1) with the memory kernels

Ga/?(s,x) = J2 s "/3gS(x)>
fi=0

(8.1)oo

Ha(S,x)^S-"/3HW(x).
n=o

It will be shown that the resulting transport equations are not in recurrence form except
for a scalar equation. The asymptotic expansion in the frequency domain is assumed in
the form

u = exp[-(s5(0) + s2/3S(1) + (8.2)
OO

w = £s-"/3uH (8.3)
fi=0

We define

A(°) = G$ + kfk\0) G{°\ (8.4)
A(1) = G$ + kfkl0)G$> + 2kf (8.5)
A<2> = G$ + fcf fc;(0) Gf + 2fcf fc^Gg]) + kfh^G^ + 2*j0)fcl(2)Gg!), (8.6)
A(3) = B(3) + C(3), (8.7)

C<3> = G$ + fcf0) G<? + 2fcf)fei(1)Gg) + fc^fc^Ggj) + 2kfh^G^
+ 2fcj2)fc|1)Gy|) + H<0) - fc|0)H[0), (8.8)

B(3) = -2kfGgJjft - sfGf - [3,-Gj]. (8.9)
Following the method of Sec. 5, one obtains Eq. (5.12). Equation (5.13) defines the

polarization vector p and the associated Hamiltonian H(x, k). The function SW satisfies
Eq. (5.23). This ensures existence of the vector amplitude a^1' = a^p + The
next compatibility condition provides the differential equation for the function S

—j— = pTA^V1^ + pTC'2)p (8.10)
da

and ensures the existence of a vector amplitude a^2' = a'2,p + +
qC'v'i,1), with v(1), v^1,1) defined by Eqs. (5.22) and (5.21). The next compatibility
conditions yields an equation

Q(°)+ 1 dtaJJ!a(0) + pTc(3)pa(0) + pTA(2)v(l)
da 2 da

+ pTA WfaWv'2) + a^M1) + ^v'1'1'] = 0. (8.11)

Equation (8.11) involves Consequently, the transport equations are not in recur-
rence form unless pTA'1)v(1^ = 0. The last condition is certainly satisfied in the scalar
case where p = 1, the matrix A^1^ reduces to a scalar /l'1' and the second compatibility
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condition reduces to = 0. In the next section, a generalized wavefront expansion for
the i-2/3 singularity is constructed for a special scalar model.

9. s1//3-asymptotic expansions for a scalar equation. We now apply generalized
wavefront asymptotics to the solution of the initial value problem,

[1 + K(t, x))*]u,« - V • [n(x)2V«] = 0, (9.1)
u(0,x) = 0, (9.2)

u,t(0,x) = S(x), (9.3)

with a kernel K(t,x) whose Laplace transform can be asymptotically expressed in the
following form:

K(a, x) = A(x)s~1/3 + B{x)s~2/3 + C{x)s~1 + D{x)s~4/3 + • • • . (9.4)

It is additionally assumed that the higher-order time derivatives d™u(t,x) are bounded
functions of t for t —> 0 in a sense made precise later.

The function K(t, x) has the form

K(t,x) = At~2/3/T(l/3) + Bt~1/3/T{2/3) + C9{t) + Dt1/3/T(4/3)+t2_/3Kx(t,x).
(9.5)

For A = 2a2, B = 2b + a2, C = 2ab, D = 62, a > 0, b > 0, n(x) - 1 and Kx = 0, the
equation has closed-form solutions (Appendix D).

Eikonal and transport equations are obtained by substituting the expansion

u = [«0 + s"1/3mi + s-2/3w2 + s-'us + s~4/3ua + ■■■ (9.6)

into the Laplace-transformed equation

[1 + A'(s,x)][s2u - 5(x)] - V • [n(x)2Vu] = 0 (9.7)

and assuming that uq ^ 0. The eikonal equation assumes the form

1 -n2(VS(0))2 = 0. (9.8)

Taking Eq. (9.8) into account, the next two equations reduce to the equations for the
rates of S1'1) and S^ along the rays

dS(1)
= A/2, (9.9)da

dSW
da

where

d
da

[S-n2(VS(1))2]/2, (9.10)

= n2k(0)-V (9.11)
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denotes the derivative along the rays associated with Eq. (9.8). The remaining equations
yield the transport equations for uq, u\, u2, ...:

^ + i[n2V2S(0>+k(°>.Vn>o +d(j z

^l + I[n2V25(°)+k(°)-Vn2]Wl +
da 2

j -n2VS(1) ■ VS(2)

j - n2VS(1) ■ VS(2)

u0 = 0, (9.12)

ui (9.13)

~[n2V2S(1) +D- n2(VS^)2 + Vn2 • VS(1)]uo + n2VS(1) • Vtt0 = 0,

du2
da

+ ^[n2V2S(0) + k<°) • Vn2]u2 + u2 (9.14)j - n2VS(1) ■ VS(2)

+ ^[E + n2V2S(2) + Vn2 • VS(2)]uo + n2VS(2) • Vu0

+ \lD~ n2(VS{2))2 + n2V2S(1) + Vn2 • V5(1)]ui + n2VS(1) • V«i = 0.

Applying the Smirnoff lemma dJ/dt = Jtr[(c?Q/dt)Q^1], the first equation can be ex-
plicitly integrated:

wo = wr1/2 exp -[ (C/2 - n2VS(1) • VS{2))da'
Jo (9.15)

The definition of the basis functions imposes the constraint that the function is
nonnegative. In view of Eq. (9.9), the inequality A > 0 ensures this property at every
point of the ray if it is satisfied at its origin. The inequality is derived from the principle
of nonnegative time-averaged dissipation in Appendix H.

Equation (9.13) involves the first- and second-order gradients of and S^2\ The
gradients of S1-1"1 and S^ can be calculated by integrating a 2-jet prolongation of Eqs.
(9.9) and (9.10). This can be done along the lines of Appendix G. The gradient of uq in
(9.13) can be calculated by integrating a 1-jet prolongation of Eq. (9.12).

Summarizing, the solution of the initial value problem has been obtained in the form
OO

u{t,x) = ^um(x)43}(«-5(0)(x),5(1)(x),5(2)(x)). (9.16)
fi=0

For a point source in a homogeneous medium (constant coefficients A,B,C,...),

S(0) = r/nj (9.17)

S(1) = Ar/(2n), (9.18)

S(2) = (B-A2/4)r/(2n). (9.19)

Since d/da — nd/dr and V2r = 2/r, the first three transport equations assume the
following form:

dui Mi 1 i H in dr r 2 n

dun Un 1—- + — H 
dr r 2 n 2 V 4 J

An 1
u i +  j A2

r 4

u0 = 0, (9.20)

r\

u0 + An-^-=0, (9.21)
or
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dUn Uo 1—1 + — H 
dr r 2 n

c-4(b-a*
1

2 n

1
2 n

E+-IB-
r \ 4

2 V 4
A2

u2 (9.22)

1 / A2\ du0
2 V 4/ ~dr

D-\(B~T) +rA
1 4 dui

ui + = 0.
2 or

The last two terms in Eq. (9.21) add up to —{A2/2 + A\C — A(B — A2/A)/2\\uq/2.
Integration of the transport equations results in the closed-form expression

u = ^e-{C-A(B-A>l4)l2]rl(2n)t = _0> j 3^ (g 33)
47rr

with

Co = const, (9.24)

ci = c° + c\r,

/l2 \ 2 AT A / /|2\ll
(9.25)

(9.26)

+ ^c{r + IP
where Cq,Cj,c°,... are arbitrary constants to be determined from initial or boundary-
value data using the identities of Appendix F.

Expression (9.16) must also satisfy the initial conditions (9.2)^(9.3). The infinite
sequence of free parameters c° is determined by Eqs. (9.2)-(9.3) and the condition that
the time derivatives of u(£,x) of order > 2 should converge to t —* 0 to expressions
w(t)6(x), where w(t) is bounded for t —> 0. Taking into account the results of Appendix
F, the last condition provides a sequence of equations that allow expressing c°,/i > 0, in
terms of co:

c? = 2ac0, (9.27)

4 = (a2 + 2 b)co, (9.28)

c°3 = 2 abc0, (9.29)

c° = b2c0, (9.30)

with a = A/(2n), b = (B — A2/4)/2.
In the special case of a two-parameter kernel (D.7), Eq. (2.6) has an exact fundamental

solution (D.9) in the form of a generalized wavefront expansion (Appendix D). O11 the
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other hand, for the same case we have

C-|(s-^)=0, (9 31)

d = \{b't)'- (932)

cj, = 0, (9.33)

and, consequently, = c° for fj, = 0,1,2,..., which yields (D.9).
The attenuation of the exact fundamental solution (D.9) is totally included in the basis

functions. For C — A(B — A2/4)/2 ^ 0, an additional frequency-independent attenuation
factor appears in the asymptotic solution.

The point source problem can also be solved by applying the identities proved in
Appendix E.

Comparison with linear creep theory [39] shows that the kernel (9.5) corresponds to
the creep function

J{t) = ~ [6{t) + At1/3/r(4/3) + Bt2_/3/T{5/3) + Abt+ + b2t4f /r(7/3) + •••],

(9.34)
which has a dominant singularity fairly closely matching experimental data for some
materials.

10. Conclusions. Equations (2.1) with singular memory kernels do not support dis-
continuities at wavefronts. The signal vanishes at the wavefront with all its derivatives
and its peak arrives with some delay after the wavefront. As shown in [23], this behavior
radically differs from equations with other models of attenuation.

The singular part of the memory kernel has a significant effect on the pulse shape and
propagation, in contrast to the regular part, which has a minor influence on the tail and
total attenuation. In fact, the low frequency effects of the memory can be represented
by a single additional parameter, as shown for some poroelastic models [2, 56].

Wavefront behavior of waves in singular hereditary models is expressed in terms of
basis functions. Basis functions can be derived in explicit form for the singularities f-1'2,
£-1/3, £~2/3. For other singularities they can be expressed in terms of functions of two or
more arguments (such as more exotic versions of the Pearcey function for the singularities
£~r/4). Asymptotic expressions for a class of basis functions for t —> 0+, t —> oo and the
transition between elastic and fractional viscoelastic creep compliance functions can be
found in [29].

Transport equations in recurrence form have been obtained for arbitrary systems of
equations in the r-1/2 case and for scalar equations in the t-1/3, t-2/3 case. In the
other cases, transport equations are no longer in recurrence form.

Generalized wavefront expansions fail at caustics due to vanishing ray spreading and to
divergence of gradients of the functions S^r>{x.), r > 0. Uniformly asymptotic generalized
wavefront expansions for a simple caustic are derived in a separate paper.

For two important classes of scalar equations, exact fundamental solutions are obtained
in the form of linear combinations of basis functions.
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A singular hereditary model cannot be approximated by a superposition of a finite
number of elementary relaxation mechanisms. Indeed, the relaxation spectrum [8] of the
function r,T7/r(l — 7), 0 < 7 < 1, has a singularity at 0:

L-^e-r/* d0 = _L  (1(U)
/0 7rCSC(7T7j r(l — 7)

for r > 0, as can be deduced from Eq. 3.3.81.4 in [18]. As a result, standard numerical FD
schemes for viscoelasticity based on relaxation of "hidden variables" are not applicable
to singular hereditary models. On the other hand, discarding the regular part of the
memory and applying the methods of fractional calculus and the Griinwald-Letnikow
derivatives [34, 50] leads to rigorous FD schemes.

Notation. G(j() = (Gji + Gii)/2.
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Appendix A. Nonnegativity of the functions fa(t, A') for A„ > 0; v = 0,..., N.
We prove by recursion that

(_1)tqwMS0 tort = 0>1  (A1)

For k — 0 we have
rOO

(s0(s))'= — / t4>'(t)e~si dt > 0. (A.2)
Jo

Indeed, integrating by parts,
poo r roc

scf>(s) = lim s / <fi(t)e~st dt = lim <p(e)e~S£ + / cfi'(t)e~st dt
£^° Je £-° L Je

Differentiating with respect to s and noting that £(j){e) = o[l] we get (A.2). Equation
(A.l) follows trivially.

If we prove that for A„ > 0, v = 1,..., N,
, r]kp~s4>(s)

h:=(-l)k dgk >0 for A: = 0,1,..., (A.3)

then the inequalities fi(t, A') > 0 and /o = dfi/dt > 0 follow from Bernstein's theorem,
[55]. Hence, for arbitrary a > 0,

r (a)
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For k — 0, Eq. (A.3) is obvious. The fcth derivative of e~s^s^ has the form e~s^s^Xk,
where X^ is the sum of products of derivatives of — stfi(s) whose orders add up to k.
Equation (A.l) implies Eq. (A.3).

Appendix B. fo2\t, A) —> 6(t) for A —> 0+, We shall prove that for A —> 0+,

/2(2)(*,A)->0(t) (B.l)

in the distribution sense, whence /o2'(i, A) —> S(t) follows by differentiation.
In order to prove Eq. (B.l), it is enough to show that

I [,-'r!c{^7;)]v{t)dts I ei!{^)v{t)dt^° (B'2)

for an arbitrary smooth test function <p £ L1(R).
The definition of erf implies the following upper bound:

erf
/ A \ 2 , A[■A/yzsfi) ,

/ e_r dr < -= (B.3)
Jo Virt

The integral can be split into two parts. The first part is bounded by

I ert(i>jf7fdt^0 (R4)
for A —> 0, while the second part is

I eT'{in)"{t)dt = Vi0)l ert(^) dt +I MO-<0(0)1 erf dt. (B.5)
In view of (B.3), the first term in Eq. (B.5) is bounded by 2A/v/7r, while the integrand
of the second term is nonsingular at t = 0 and 0[A]. Consequently, both terms tend to
0.

Appendix C. /q3^(£, Ai, A2) —* S(t) for Ai, A2 —> 0, Ai > 0. The proof will be based
on a different idea than in the previous appendix. Let ip(t) be a smooth test function in
the Schwartz space. We shall show that

fJo
/o3)(* - r> A1> A2)^(r)dr -» <p(t) (C.l)

for Ai, A2 —> 0, Ai > 0. In the Laplace domain this is equivalent to the statement

— [ (p(s)este-^s2/3-^sU3 ds -f <p(t). (C.2)
27Tl JB

The integral in (C.2) is absolutely convergent for Ai = A2 = 0. Since Res2/3 > 0 on the
contour B, the Lebesgue dominated convergence theorem implies Eq. (C.2).

The Laplace convolution theorem implies Eqs. (7.10).
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Appendix D. Exact fundamental solutions for scalar equations. Explicit fun-
damental solutions of Eqs. (2.6) for odd spatial dimensions can be constructed provided
the coefficients of the convolution kernel satisfy appropriate constraints.

The solution is constructed with the following ansatz:

u(s,x) = w(s)U(s,r), (D.l)

where

U(s,r) = esrip(s)/(4nr). (D.2)

Substituting (D.l) in the Laplace-transformed equation (2.6) and noting that

V2U = -S(x) + s2<p(s)2U (D.3)

yields the equation

s2[l + K — ip(s)2]u + [w(s) — 1 — A'(s)]<5(x) = 0 (D.4)

whence

^(s)2 = 1 + K(s) =w(s). (D.5)

The following ansatze lead to explicitly computable original functions:

ip(s) = 1 + as-1/2, K{s) = 2as~1/l2 + a2s~1, (D.6)

tp(s) = 1 + as~1/3 + bs~2/3, K(s) = 2 as~1/3 + (2b + a2)s~2/3 + 2 abs~x + b2s~4/3.

(D.7)

Substitution of Eqs. (D.6) or (D.7) into Eq. (D.l) followed by an inverse Laplace
transformation yields the fundamental solution [23]:

'x) = [/o2) (* ~ r>ar) + 2a/i2) (* - r' ar) + fl2/22) (t - r, ar)] (D.8)

for the convolution kernel (D.6) and

u(t, x) = - r, ar, br) + 2af[3\t - r, ar, br) + (2b + a2)f^\t - r, ar, br)

+ 2abf^ (t — r, ar, br) + b2f[3^ (t — r, ar, br)] (D.9)

for the kernel (D.7). A snapshot of the fundamental solution for a = b = 0.1 at time
t = 0.1 is shown in Fig. D.l. The evolution of the wavefront signal for t = 0.1, 1.0, and
10.0 is shown in Fig. D.2 in terms of the scaled coordinate x = r/t.

Remarkably, the exact solutions (D.8) and (D.9) are identical with asymptotic solu-
tions of the same problem.
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g

I0.05 0.1

Fig. D.l. A snapshot of the fundamental solution (D.9) at t = 0.1;
a, b = 0.1

0.8 0.85 0.9 0.95

Fig. D.2. A snapshot of the wavefront signal (D.9) at t = 0.1 (solid
line), 1.0 (dotted line), 10.0 (dash-dotted line) in terms of the variable
x = r/t; cijb = 0.1

Appendix E. Behavior of the solution at the point source. We prove that

1™ fo3\f - r,ar,br) = 5(t), (E.l)
r—> 0

lim/i(3)(t - r,ar,br) = £~1/3/r(2/3), (E.2)
r—>0

etc. For analogous relations for fr , see [23].
Indeed,

f^\t - r, ar, br) * <p(t) = — [ (p{s)este-[s+asV3+bsl/3]r ds. (E.3)

By the Lebesgue theorem, the limit r —» 0 exists and equals which proves (E.l).
The remaining equations follow trivially.

The above results can be used to solve signaling problems (point source problems).
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Appendix F. Initial values of flm\t — r, ar,br) and their time derivatives. In
[23] it is proved that in 3D,

lim ~r~—fo2\t — ri ar) — 0, lim -"-^o \t~^ar) = j(x) (F.l)
t^o+ 4nr v ' ' t-o+47rr dt y ' K '

V 1 AVn \ r 1 df[2\t-r,ar)lim  fI '{t — r,ar)= lim   = 0, (F.2)t^o+47rr 1 v ' t^o+4-n-r dt v '

V 1 f(2)u ^ r 1 df¥](t - r,ar)lim  to \t — r,ar)= lim     = 0, F.3t^o+ 4?r r 2 v ' ; t-o+ 4tt r <9i ' v ;

Um (F4)
t^o+ 4nr dt2

The method applied in [23] does not extend to the s1/3 case. We shall show here that

i a;!"(t-,,»r»
t-o+ 4tit dt K J y '

while the limits of f^3\t — r,ar,br)/(4irr) for fi > 0 and (df^/dt)(t — r, ar, 6r)/(47rr)
for fi > 0 vanish.

/ o \

In all the cases, we consider the integrals of fp{t — r,ar,br)/(4nr) and their time
derivatives multiplied by a spherically symmetric smooth test function ip(r). In the
special case (F.5),

roo df(3)
1= / drr—(t — r, ar,br)<p(r)

Jo ot
= ~ [ ds sest [ drre-(s+bsl/3+as2/^r<p(r)

2TTJ Jl3 Jo

= ^~. f dss1/3est [
Jb Jo

dyye -(6+as1/3+s2/3)2/ y>(0) + ys VV(0)

+\y2s~2/3<p"{ 0) + ■

= -f27Tl JB
ds es

db J b + as1/3 + s2/3 \<%2 J b + as1/3 + s2/3
1 „ / d3 \ s-1/3+y(o)
2 \ <%3 / 6 + as1/3 + s2/3

3
2 nil dae°3t h0) (-|)6 + aa + a2+^(0) (^) 6 + I + .2

+ ^"(0) (-^3) 6 + aa + a2+"
(F.6)

where £> denotes the imaginary axis, C is shown in Fig. F.l and y = r/s1/3, a = s1/3.
For a, b > 0 the integrand has poles in the left half of the complex plane. The integrals
of the coefficients of y'(0), <p"(0) and higher-order derivatives of tp converge for t = 0.
The Lebesgue dominated convergence theorem is applicable. After substituting t = 0,
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the contour C can be closed yielding 0. (The same argument can be used to prove that
the limits of /M/(47rr) and (<9/M/di)/(47rr), n > 0 vanish.)

Fig. F.l. Contour C

Fig. F.2. Deformation C' of contour C

Similarly, differentiating the coefficient of y?(0) with respect to a, b and setting t = 0
yields convergent integrals with algebraic integrands and, as a result, both derivatives
vanish. Consequently, the coefficient of tp(0) does not depend on a, b provided it is finite.
For a = b = 0, the coefficient of </?(0),

J = J eG V-1 dcr,
2ni
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does not depend on t for t > 0. We set t = 1 and deform the contour C to run along
the steepest descent path a = /j,1/3e±l7r/3 while avoiding the pole at 0 (Fig. F.2). The
contributions from the straight line parts of the contour cancel, while the arc of the circle
gives J = 1. This proves Eq. (F.5).

The time derivatives of (t — r, ar, br)/(47Tr) of second and higher order are singular
at t = 0. These singularities can be expressed in terms of a fractional-order expansion
of (d2fl3\t - r, ar, br)/dt2)/(4nr) for /i = 0,1,2,... with respect to t. Such expansions
can be obtained by deforming the contour C to the steepest descent path argr = ±27r/3,
substituting r = crt1/3, expanding the algebraic functions in the integrand in fractional
powers of t and evaluating the coefficients of the expansion with the help of the integral
formulae

hj/T'iT^ (F-7)

<R8>

A [ eT3 dT = ^r(l/3), (F.9)
2ni Js 2n

[ eT\-ldr = 1, (F.10)
ic

3
27ri

27li

fOO POO

3
2ni

C poo roo
: / eT t~2 dr = — 34^3 / dz Ai(y)dy, (F.ll)
i Js Jo Jz

r- pOO pOO pOO

- / eT t~2 dr = 34^3 / dw dz Ai(y)dy, (F.12)
i' JS Jo Jw J z

where the contour S consists of two lines r = /?e±tTr'3 and C' is shown in Fig. F.2. We
list here the leading terms of the small time expansions:

g°2 (t ~ r,ar, br) = -V3 -ar(2/3)t^2/3 + -(3a2 - 2b)T(l/3)t~1/3

+ 2a(36 - 2a2) - (362 - l'2a2b + 5a4)Vt1'3 (F.13)

+ ( —12a62 + 7a3b - 6b4)Wt2_/3 + <5(x),

i^Hi_r'ar'6r) = ^F(2/3)t+2/3 - ar(l/3)t+1/3

+ 3a2 - 2b - 2a(2>b - 2 a2)Vt]/3 + (3 b2 - 12 a2b + 5 a4)Wt2_/3 + ■■■
(F.14)

<5(x),



ASYMPTOTIC AND EXACT FUNDAMENTAL SOLUTIONS IN HEREDITARY MEDIA 241

(3)
^ ^ —r(1/3)^_j_ — j)v{t - r, ar, br) = -V3 ir(l/3)t+1/3 -2a- (3a2 - 2b)Vt+3 H 

47rr atz 7r
<5(x),

(F.15)

1 52/; (3)
3

47IT <9i2
■ (t — r, ar, fer) =

2
1 + -VSaVt1/3 + (3a2 - 2b)Wt2_/3 + ■■■ <J(x), (F.16)

where

i q2 ^(3) i
(f - r, ar, 6r) = -\/3[-yf+'3 - 2aVF£2/3 4 ]£(x), (F.17)

pOO nOO

V := 35^67t J dz J Ai(y)dy, (F.18)
f oo /»oo /»oo

W := 3j/,67r / dw / <iz / Ai(y)dy. (F-19)
J 0 «/ u; «/ z

Appendix G. 2-jet prolongation of Eqs. (5.17) and (5.23). The transport equa-
tions involve second-order gradients of the function S^\ v > 1, as well as third-order
gradients of the eikonal. These can be obtained by integration of the suitable prolonga-
tions of the ray equations and the equations for the auxiliary functions S^.

The 2-jet prolongation of Eqs. (5.17) consists of Eqs. (5.17), (5.27), and the additional
equations

dQryX=_^H_n , d2H &H
^7 £17 tylyA ' o 7 Ol -*M7A I r\j r\ r\ 771Ada okjoxi okjOki okjoxioxm

()■' H ^ jr d3H /1 (fill
^ Bk r)rif)k f)l, .f)b,f)T ^hQmX + au.au au(Jr\*j L/iL>IL/C/Avj \JIxilKJJbyyi Olx-j Or\,l Oi\/jyi

^ = -^LQl^--pLKw--^QhQ^ (Gda ox j ox i oxjUki oxjoxidxm

d3H (fill (fin
o r\ ai V/7AmA q a; a Ij^mX 0 n, nl7nmA-
OX j OX i Okm OXjOkiOXm OXjOkiOkm

Similarly, the 2-jet prolongation of Eq. (5.23) consists of Eqs. (5.23), (5.25), and

dSl1} d2h d2h d2h
-Zr = + + (G-2)

with the initial condition

(1) _ d2h d2H d2H d2h
dk^dx2 dk^dx2 ^

and (0) = 0 for 7 ^ 1 or A ^ 1, where the Greek indices refer to the derivatives with
respect to the ray field parameters.

The tensor sjf' is now given by the formula:

s? = (SS - ^]Q31x)Q-}Q-xl. (G.4)
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Appendix H. A thermodynamic inequality for Eq. (2.6). The energy balance
for Eq. (2.6) with K(t) = Ko{t) +C0(t) is obtained by multiplying both sides by utt and
rearranging the resulting identity

1
--[u2t + n2(Vu)2} + D + FjJ=0, (H.l)

where Fj := —n2UjUj represents the energy flux and

D = u,tK0 * u)tt + Cu2t (H.2)

can be interpreted as the energy dissipation rate.
Equation (2.6) admits asymptotic time-periodic solutions

u(£,x) = C/(x) cos[w(t — T(x)) + q(x)]. (H.3)

For such solutions we define the time average

,2 7T/W

(D) = ^Z D{t)dt. (H.4)
271" 

We now deduce some constitutive inequalities from the constraint

(D) > 0 (H.5)
for an arbitrary frequency w. The constraint (H.5) replaces the usual assumption about
the energy dissipation in a closed cycle [13].

Denoting by Kq(uj) the Fourier transform of K0(t) we have

(D) = \U2[u*ImK0{w) + Cuj2]. (H.6)

For the kernel (6.1),

K0 = 2aM-1/2eisgna"r/4, C = b, (H.7)

and the dissipation inequality (H.4) implies the inequalities

a,b> 0. (H.8)

The second of these inequalities coincides with the Graffi inequality [13].
For Eq. (9.1),

K0{u) = A\Lo\~2/3eissnuj*/3 + B|w|1/3eissna,7r/6 (H.9)

and the dissipation inequality (H.4) implies the inequalities

C> 0, A > 0, B2 < 4AC/3. (H.10)
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