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Abstract. In rimming flow, a thin film of viscous liquid coats the inside of a cylinder
whose axis is horizontal and which is rotating with constant angular velocity. It has
been established experimentally that such flows are often unstable with a variety of
secondary flow regimes having been observed experimentally [15]. We use a lubrication
approximation extended to the first order in the dimensionless film thickness (including
the small effects of the variation of the film pressure across its thickness and the surface
tension) and study the stability of the steady solutions to two-dimensional disturbances.
The modified evolution equation is found to have both asymptotically stable and unstable
solutions arising from the pressure terms. Surface tension effects place a restriction on
the critical wave number when instability occurs: in many cases, surface tension prevents
instability.

1. The physical problem. The occurrence of instabilities in the flow of a thin film
of viscous liquid placed in a cylindrical tube of radius R whose axis is horizontal and
which is rotating with constant angular velocity u> (Fig. 1) has attracted considerable
interest in the scientific literature [1]—[4]. Such flows are sometimes referred to as rimming
flows. The liquid is entrained on the cylinder wall and, given suitable wetting properties,
a continuous film can be obtained. Previous authors have investigated this problem both
experimentally and theoretically and some progress has been made. In many cases, it
is found experimentally that the flow appears to be unstable to both two- and three-
dimensional disturbances [15]. One well-known example of instability arises when the
liquid, instead of settling into a configuration that is uniform in the axial direction,
settles into a number of wet and (relatively) dry areas (or rings) along the length of the
cylinder. So striking are these features that the term "hygrocysts" [1] has been coined
to describe this apparently stable secondary state. Visually, the effect vaguely resembles
the well-known results obtained by G. I. Taylor for the flow of a viscous liquid in the
annular region between two rotating cylinders (see, e.g., [3]).

Flows of this type obviously have industrial applications, a typical example being the
process of coating the inside of cylindrical fluorescent light bulbs. Such a bulb consists of
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Fig. 1. Rotating cylinder in cross section

a hollow cylindrical glass tube coated with a thin layer of submicron phosphor particles,
which give the light from the tube its characteristic colour. To obtain a uniform coating
of this type, the particles are suspended in an inert liquid (e.g., water) and the resulting
liquid suspension is used to coat the inside of the tube. If a suitably uniform suspension
coating is attained, the excess liquid is encouraged to evaporate off (for example, by
the strategic location of heating elements), the end result being a (uniform) coating of
phosphor particles. From a practical point of view, if flow instabilities occur during the
coating process, the resulting phosphor coating will be useless. A stability analysis is
thus required in order to understand how instabilities might arise and, if possible, to
deduce the critical values of the physical parameters at which the flow becomes unstable.

Despite the considerable theoretical attention [9], [4] that has been paid to this prob-
lem, no instability mechanisms have yet been pinpointed. In a recent paper [10], we took
a useful step forward in realizing that the steady solutions could be written in closed
form. The discovery of such closed-form solutions makes a stability analysis much more
amenable from a mathematical point of view, and this omission by previous authors is ap-
parently the reason why this sort of study has not previously been carried out. The other
advantage of our approach to the problem lies in the non-dimensionalisation adopted,
which we introduced previously [11] and which is more instructive than that used by
previous authors, e.g., [9], [4], Nevertheless, the work of Moffat [9] and Johnson [4] in
identifying the main features of rimming flow must be acknowledged and, in particular,
the work of Johnson in noticing the relevance of the discontinuous solutions. Johnson
did not address the stability of these flows, which is the main point of this paper. For
convenience we will follow here the development of [11], which classified the steady solu-
tions according to the value of a single dimensionless parameter (the dimensionless film
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thickness). With this approach, when the dimensionless film thickness Hq < 0.7071, the
steady solutions are smooth and the flux q < 2/3. If Hq > 0.7071, shocks form and the
solution can be obtained from a single master curve [10]. In [16], the evolution equation
governing the flow was solved numerically, including the effects of surface tension, and
the smoothing effects of such terms near shocks was nicely illustrated.

In [12], we considered the linear stability of the steady solution resulting from a
leading-order lubrication analysis. Attention was restricted to two-dimensional flows.
In particular, steady solutions that were smooth were found to be only neutrally stable.
Solutions with shocks in the first quadrant (which have been observed experimentally
[15]) were also investigated, and it was suggested that such solutions should not give
rise to flow instabilities. In order to further emphasize this point, we mathematically
demonstrate the asymptotic stability of these physically relevant shock solutions (for all
parameter values), concluding that the search for an instability mechanism must take a
different direction. This is an obvious motivation to sharpen the approximation in search
of "small" effects that might cause instability. In addition, it has been observed experi-
mentally that instabilities often take a while to develop and occur for parameter values
not consistent with shock solutions. Though somewhat imprecise, this suggests that the
instabilities might arise as the result of small effects accumulating over a relatively long
time period. To this end, we consider here a higher-order version of the lubrication ap-
proximation [13], [14] where the next order of "small" terms is included in a search for the
instability mechanism. Since the leading-order shock solutions are asymptotically stable,
we can restrict attention to smooth steady solutions. We should comment that having
failed [12] to find a mechanism for instability at leading order, one might be inclined
instead to immediately extend the search and include three-dimensional disturbances.
Some of the instabilities observed (e.g., the aforementioned "rings") are clearly three-
dimensional effects. However, as the present paper suggests, it is the higher-order "small"
terms that provide a mechanism for instability and it is sensible to restrict attention to
two-dimensional disturbances in the first instance. We are also motivated to initially
restrict attention to two-dimensional disturbances by the following factors. First, as we
have already observed above, in many instances the leading-order approximation yields
only a result of neutral stability, i.e., the solutions are not asymptotically stable. Second,
we are motivated by consideration of Kuramoto-Sivashinsky type equations [7] discussed
in §5.3. The introduction of higher-order terms in thin film flow [11] is known to intro-
duce third- and fourth-order derivative terms and, as we shall see in the development,
the second derivative terms can have a destabilizing effect. We will thus investigate the
stability of this axially independent steady state film thickness to small two-dimensional
disturbances using a first-order lubrication approximation to the equations of motion.

We will consider the linear stability (subject to two-dimensional disturbances) of the
flow of a viscous liquid with kinematic viscosity v, (dynamic viscosity y), density pi, in
a long cylindrical tube of radius R, rotating at constant angular velocity ui. The liquid
volume fraction (assumed small) will be denoted by V and the acceleration due to gravity
by g. As a base steady state (see Fig. 1), we will use the closed-form steady solutions
previously obtained [10] but extended to a higher order by using a regular perturbation
procedure.
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2. The mathematical problem. We formulate the problem using polar coordinates
r* and 6 with origin on the cylinder's axis (see Fig. 1). It is more convenient to fix the
coordinate axes rather than allow the axes to rotate with the cylinder. The dimensional
film thickness is then given by R — h*(9, t*). The relevant flow equations are the Stokes
equations:

0 = —Vp* + /j.V2u* + pig, (1)

where p*(r*,6,t*) is the pressure, u*(r*,6,t*) is the liquid velocity vector, and g is the
gravity vector. In addition, we assume the liquid is incompressible and hence the velocity
vector must satisfy V • u* = 0. We impose the following boundary conditions:

u* = (■u*,v*) = (0,uR) on r* = R (2)

while on the liquid free surface, r* = h*(6,t*), we assume that the air exerts zero tan-
gential and normal stress on the liquid while the surface tension gives rise to a jump in
pressure across the interface, i.e.,

n* • T • n* = 7K, (3)

t* • T • n* = 0, (4)

where n* and t* are unit normal and tangent vectors to the liquid free surface, T is the
liquid stress tensor, and k is twice the mean curvature. We note that the free surface
is defined parametrically by the vector-valued function r* = h*(6)er, where er is the
unit vector in the radial direction. If s is the arclength, then = \/h*2 + h*e2 and the
curvature k is easily found to be

— (h*2 + 1h*Q2) + h*h*ee
(,h*2 + h*2)3/2 ' 1 '

In addition, we apply the kinematic condition on the unknown free surface, i.e.,

— h*) = 0 on r* = h* (6)Dt* w

or, equivalently,

h*h*. = q*9, (7)

where q* is the dimensional liquid flux

/•r* — R
/ v*dr*.

J r*=h*

The average film thickness is given by

Ho = ^ f\R-h*{0))d6. (8)
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2.1. The scaled problem. We non-dimensionalize as follows:

u* = sUu, v* = u>R + Uv, h* = R — h.H, r* = R- pH, p* = p, t* = tT, (9)Hz

where

u-ea*, t = ->do
H pigH2

and H is a typical film thickness, discussed below. In addition, we define e = Hq/R and
we will assume that Hq <C R while noting that the volume fraction

V=2RHj-H°2=2e-e-R~

so the assumption of a small volume fraction V <C 1 is approximately equivalent to
the assumption that e <C 1. In real coating applications, like those referred to in the
introduction, V will typically be quite small; so we will use £ as a small parameter in a
perturbation expansion.

There are two possible choices for the characteristic film thickness H. The "natural"
choice in a thin film approximation [11] is to use the average film thickness, i.e., to let
H = Hq. The alternative is discussed below. With this choice, the average dimensionless
film thickness becomes Hq ml. We also define a related parameter

f = in)

where 8 is a dimensionless rotation rate. For the asymptotic development that follows,
we require Hi to be an 0(1) dimensionless parameter.

The scaled problem to 0(e) takes the form:

—£u2R/g = Pp — £sm6, (12)

0 = vpp — HfcosO — £Vp — H^pg, (13)
0 = -up( 1 + ep) + £U + Vg (14)

with boundary conditions:

(u,v) = 0 on p = 0, (15)

p = —£a{h + hgg) on p = h, (16)

dq* pgH3
89 n

-(—1 + £h)ht on p — h, (17)

where we have introduced a Bond number a = 7/{pigR2). Following [12], and extending
to the next order u — uo + £U\, v — vq + £V\, etc., the following solutions are obtained
to 0(e) (if we recall that H1 is an O(l) constant):

Po = 0, pi = £(sin# - u)2R/g)(p - h) - £cr(h + hgg), (18)
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v0 = Hi (co$6 fy - hp) V (19)

vi = Hi + Qp3 + \h^P - P2hJ cos0 (20)

+ yip - i/92^ fhg ^sin 9 - + a(he + heee)

uo = (^~sin9 ~~Y^j ~ YCOsdh^j ■ (21)

An alternative choice for the non-dimensionalization is to let H = i^-^)1^2 [10], in
which case the dimensionless film thickness becomes

1 /'271
H0 = — h{0)d0 = e6~1 (22)

2tt Jo
and H\ = 1. Equation (22) thus suggests that 8 = 0(e). Furthermore, in this instance
the effective small parameter is = 5 and the asymptotic development is dependent
on S <C 1 as was already suggested after (11).

From this point on, we will use the second non-dimensionalization with H = (^i^£)s
and so T = 1/lo. The dimensionless liquid flux is now [4]:

,-h
q — h + v dpfJo

= h — cos6 + $ ( ~^h2 + \hzhg{sin# — G) + -h4 cos0 + l-ah3(hg +

(23)
where G = uj2R/g (a Froude number) is a measure of the relative importance of gravity
and centrifugal effects. The kinematic free surface condition is equivalent to

(1 - 5h)ht + qe = 0. (24)
On putting h = ho + Shi, (24) becomes

hot + (h0 - i/io cos + <5 hie + hit + h^hi sin 0 — 2 cos Ohohoghi — cos Ohohig

- Mot - hohoe + 2h%hoo cos 9 - -Kq sin 9 + h2ohl0(sin 9 - G) + ^hlh0ee(sm 9 - G)

+ 5a ( -ho{hoee + h0eee) + h^hQg(hoe + hoeee) ) = 0.+\hlhoe cos 9

(25)
At this point we note, in particular, the occurrence of terms like ^hohoe$(sm 9 — G + a) in
(25). In the top half of the cylinder, i.e., 6 G (0,7r), sin 9 > 0, and such a term can give rise
to negative or backward diffusion effects, which are an obvious source of instability (cf.
ht = —hxx). Negative diffusion has the effect of reinforcing any disturbances that may
occur. In the absence of any opposing effects, this will certainly give rise to instability.
However, (25) does have two opposing effects. First, the parameter G (— u2R/g) will
reduce the negative diffusion effects (and would remove them entirely if G > 1). Second,
there are surface tension induced diffusion effects (i.e., fourth derivative terms) that are
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stabilizing. In practice the surface tension effects are more important since G tends to
be very small.

In order to quantify this discussion, we first need to consider time-independent solu-
tions of (25).

3. Time-independent solutions. Steady solutions to the leading-order version of
(25) (i.e., putting 5 = 0 in (25)) have been derived in [9], [4], and [10]. We will follow the
latter development, where it is shown that the solutions are classified by the value of the
dimensionless parameter Hq. If Hq > Hc ss 0.7071, the liquid flux q attains its maximum
value of | and shock-like solutions can occur in the quadrant ( — f,0]. If Hq < Hc, the
film profile is smooth, without any jumps. In industrial applications, the film of liquid
is usually as thin as possible [8] and typically Ho < Hc and the base state is smooth.
Nevertheless, we demonstrate the asymptotic stability of the physically relevant solutions
with shocks at leading order, suggesting that the shocks are apparently not a mechanism
for instability.

We define

, _ / 3<? / 9q2 1 3g 9^ 1 \a
a ^ 2 cos 9 V 4 cos2 6 cos3 6 J y 2 cos 0 V 4 cos2 6 cos3 9 J

and
2 f (b\ , 2 (6 2n\

ftl = ^C0SU)' ftc = vsros(.5-ir)> (27)

where 4> = arccos(— ^ \Jcos 9). Note that when cos 9 < 0, we can reproduce ha from hc if
we use the complex definition of the inverse cosine, arccos z = —i \n(z + Vz2 — 1), choose
the principal value of the square root and the principal value of the log. So for cos 9 < 0,
we can rename ha as hc [10].

If Hq < Hc, then q < 2/3 [10], h{9) is smooth, even and periodic and given by

h0{9) = q if cos# = 0,

= hc if cos# ^ 0. ^ ^

If Hq > Hc, then q = | and shocks can occur. In this case, the most relevant shock
solution starts on the branch hc at 9 =■ —n, jumps vertically to the branch hb at 9 = 9j,
and then moves (smoothly) back onto the branch hc at 9 = 0. The location of the shock
is determined by demanding that (22) be satisfied [10]. We thus define:

hsh{6) = hc, -7T < 9 < 9j,

= hb, 9j <9 < 0, (29)
= hc, 0 < 9 < ir.

In addition, when q = 2/3, there is a special case solution with a corner at 9 = 0
(corresponding to a shock of zero height) defined by

hcor = h0 (30)

as defined in (28) with q = 2/3.
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Other shock solutions are theoretically possible but apparently do not occur in practice
[6]. The most obvious is the reflection of (29) in the h-axis. In addition, there is a possible
double shock solution with the structure:

hah 2(0) - hc, —7T < 9 < 9j,

= hb, 6j <6 <61, (31)
= hc, 9i < 9 < 7r,

where — n/2 < 9j < 0, 7t/2 > 61 > 0. We will show in the next section that solutions
such as (31) are unstable at leading order and this is consistent with the fact that such
solutions are not observed in practice [6].

In order to proceed to higher order, let us thus consider the higher-order version of
(25). We wish to examine the stability of steady solutions to this equation. Since we
are assuming that e « 1 and Ho = 0(1), then J < 1 and it is clear that we can seek
a steady solution to O(S) by treating the problem as a regular perturbation. Thus we
assume that the flux q is a given parameter and in the expression for the flux, we set

hs = h0 + Shi + 0(62), (32)

where hs is a steady solution to 0(5) and ho is as given in (28). It easily follows that

\h20- §(sin 0- G)hlh'o- \h% cos 9- \ahl(ti0 + ti£) /ooN
kl = l-fcgcosfl ' (33)

where primes denote derivatives with respect to 9. A similar result was given in [4], We
note that, since we assume that the lower-order solution ho is smooth with well-behaved
derivatives, the perturbation is a regular one.

4. Asymptotic stability of shock solutions. In order to emphasize the need to
proceed to higher order, we note that the neutral stability of the zero-order smooth
solutions has previously been addressed [12]. Here we first demonstrate the asymptotic
stability of the zero-order solutions in the case where Hq > Hc and a physically relevant
stationary shock occurs in the quadrant (—7r/2,0] [15]. At leading order the relevant
evolution equation is (25) with (5 = 0 and as a base steady solution we use hsh(9) as
defined in (29), which is a solution with shock in the quadrant (—7r/2, 0]. Away from the
shock we set

h = hsh(8) + TRe[f(9)est}: (34)

where r -C 1. We substitute into the leading-order version of (25) and, omitting terms
of 0(t2) or smaller, we obtain the following ordinary differential equation for f(9)\

fe(l - h2h cos 9) + f(s- 2hsh cos 9 + /ii?hsin^ = 0 (35)

with solution

(-/W/(I ~ ^sh cos 9) = A exp ( —s I   ^ de 1 ■ (36)
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From (29) we note that hsh(0) = 1. However, near 9 = 0 we find that 1 — h^hcos(6) ~
—29h'sh(0) and so

(-/'
/(-2^sh(0)) ~ ^exp ( -s I _2Bh,^ dd I (37)

and we conclude that

<38>

We require that / be finite at 0 — 0; so we must have
s

2^(0) (39>

From (29), we find that h'sh(0) = —1/\/6; so we require s < -\/2/\/3- There is a
continuous spectrum of strictly negative eigenvalues and the solutions are asymptotically
stable. Physically, the shock absorbs any disturbances in its vicinity. It is thus necessary
to proceed to a higher order to search for an instability mechanism. The perturbed shock
speed to O(r) satisfies the relationship

cW = f - _ 1+ = ̂ TexP(^)> (40)
where A is defined by q~,q+,h~,h+, the values of the flux, and the film thickness on
either side of the shock. We note in passing that solutions with a single shock in the
quadrant [0,7r/2] are unstable since in that case h'sh(0) = 1/V6 and s > 0.

The solution with a corner at the origin (30) is a special case. The analysis is similar
to that given above in that the corresponding version of (36) still holds with hsh replaced
by hCOT. In this instance, near 0 = 0 it is clear that h'cor(0) is not defined. However,

hc°T ~ 1 - i-e., 1 - ^cor COS 9 ~ -J|0| (41)

and we find that

and we conclude that

^1 er^-1 (42)

• < -f3 (43)
with consequent asymptotic stability.

For completeness, we briefly show that the other shock solutions are unstable at leading
order and apparently do not occur in nature. The analysis of the stability of (31) is similar
since (36) still holds with hsh replaced by hsh2- In this case fosh2 has a corner at 6 = 0
as in (31). However, near 9 = 0,

hsh2 ~ 1 + i-e., 1 - hsh2cos9 -Jp (44)
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whence we deduce that

and we conclude that

(46)

and the double shock solution is unstable at leading order.
Theoretical shock solutions are mathematically possible in the case where q < 2/3 or

H0 Hc as suggested by ^4j. In this case only multiple shocks can occur. Foi example,
suppose a double shock occurs as in (31) when q < 2/3 with 0j < 0i e (—7t/2, 7t/2).
Then hb and hc do not touch at 9 = 0, hc < 1 everywhere and, in addition, there is no
corner at 9 = 0; so an even number of shocks is required in (— tt/2, n/2). On the basis of
kinematic wave theory, the kinematic wave speed (at leading order, see (25) with (5 = 0)
is given by |^ = 1 — h2cos6. If the shocks are located at 9j and 9i, then h — hb in
[6j,8i). Now consider

1 — hi cos 9 — 0^9 — arccos ; (47)

so there are no solutions for q < 2/3. Thus the kinematic wave speed is

1 — ft;; cos#>0, [-n,0j),

1 — hi cosd <0, 9 6 [6j,6i),
1 - hi cos 9 > 0, 9 G [9i, 7r].

Consider the shock at 9j. The kinematic wave speed on each side of the shock is towards
the shock and we would expect disturbances to be swept up into it. However, the shock
at 9i has a kinematic wave speed that is away from the shock on both sides and small
disturbances would tend to break up this shock with subsequent instability.

5. Linear stability analysis of smooth base solutions. Since none of the phys-
ically relevant solutions with shocks is neutrally stable, it is reasonable to restrict the
investigation of the higher-order solutions to the smooth case, i.e., to test the stability
of hs(0) as given in (32) as a steady solution of (25). We thus set

h = hs(9) + rf(9)est, (48)

where r <C 1 and f(9) is periodic with period 27r. Omitting terms of 0(t2) or smaller,
we obtain the following equation for f(9):

a4(9)f(ro) + a3(9)f" + a2{0)f" + ax (0)f + ao(0)f + sf = 0, (49)
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where s are the (unknown) eigenvalues and the a,(0) are known functions with period
2tt defined as

ao = tiQ sin 9 — 2hoh'0 cos 9 + 6[2hohi sin 8 — 2h'0hi cos 9 — 2hoh[ cos 9 — h'0

+ 5/iq/iq cos0 — hi sin 6 + 2hohQ(sin9 ~ G) + h^h'^smO — G)]

+ S(T(2hoh'0h'Q + /iq/iq" + 2hoh'Q + /iq/iq), (50)

4,
a\ = 1 — /iq cos 9 + S —2hohi cos9 + ^/iqCOS# + 2hlh'0(sm9 — G)

O

+ 8ah20W + 2ti0), (51)

a2 — 6^ho(sm6 — G + cr), (52)

a3 = SahQh'0, (53)

<24 = Sa^tiQ. (54)

To attain the above expressions, we set hs = ho + 5h\ and expand while omitting terms
of 0(62) or smaller. To test for instability, we need to see if any solutions of (49) exist
for f(9) with Re(s) > 0.

5.1. The numerical technique. We consider (49) where the known coefficients a,k{6)
are of period 2ir (as is hs(9)). We write dk(9) and f(9) as Fourier series:

OO OO

ak{9) = £ f(9) = £ (55)
j — — oo j=—00

where the a]k are known constants given by

i>2tt

2lT
ak{9)e l-*e d9 (56)

with akJ = {aJk)*. The constants C3 in (55) are unknown as are the eigenvalues s in (49).
Noting that

OO OO

ajeije J2 &eiW = E eime E arn-nPn, (57)
j——oo l=—oo m=—oo n=—oo

(49) becomes

k=4 m=oo oo
E E e'm6 E <~n(iri)kCn = s Y, C™elme (58)
k=0m=—oc n=—oo m= — oo

and so it follows that
k=4 oo

E E a™-n(in)kCn = -sCm (59)
k=0 n=—oo

for all values —oo < m < oo. On defining

f = (."C_1,C0,Ci"-)T (60)
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and
k=4

Mmn = y. a™~n{in)k (—oo < m, n < oo), (61)
k=0

we can write (59) in the form
OO

Y. MmnCn = -sCm, i.e., Mf = -sf, (62)
n= — oo

where M is a square matrix of infinite order. Equation (62) is a matrix eigenvalue
problem. In practice we truncate at some arbitrary integer value N so that — N <
m,n < N and (62) is approximated as a (2N + 1) x (27V + 1) matrix eigenvalue problem.

The numerical algorithm was successfully tested by considering the stability of (63),
which is a type of Kuramoto-Sivashinsky equation [7] for which exact answers are avail-
able.

5.2. Numerical results. The most obvious conclusion from numerical investigations is
that the current theory (unlike zero-order lubrication theory [12]) contains a mechanism
for instability via negative diffusion. We note that there are four dimensionless parame-
ters: S, G, a, Hq: the first three of which correspond roughly to negative diffusion effects,
centrifugal/gravity effects, and surface tension (Bond number) while Ho parametrizes
the steady solution being examined. Computations seem to indicate that if S > 0 and
a = G = 0, then solutions are always unstable since there are insufficient smoothing
effects to neutralize the negative diffusion in (25). However, setting a = 0 makes the
problem singularly perturbed in the sense that the highest derivative terms disappear.

Since diffusion effects are only destabilizing on a part of the domain, one might spec-
ulate on the existence of solutions with a = 0 that are stabilized by virtue of their being
converted from the "dangerous" region of negative diffusion around to an interval where
ordinary diffusion can stabilize (where sin# — G < 0). However, no such solutions were
identified although our numerical search was certainly not exhaustive, but we suggest
that such solutions cannot occur for the following reason. If negative diffusion occurs
on any part of the domain, let us suppose that a disturbance occurs on that part of
the domain with a very small wavelength. No matter how small the amplitude may be,
in the absence of any smoothing, such a disturbance will always grow catastrophically
before it is convected into the part of the domain where smoothing effects can occur if
its wavelength is small enough.

If G > 1 + <t, then sin# — G + a < 0, no negative diffusion can occur (see the term
/lose(sin# — G + a) in (25)) and all solutions examined are found to be stable. More

generally, if S > 0, surface tension seems to have an overall stabilizing effect as illustrated
in Fig. 2, at least in the realistic part of parameter space shown in the figure. Note that
the surface tension contribution consists of two parts: a fourth-derivative term that
is stabilizing (and that tends to make the free surface conformal with the underlying
cylinder) and a second-derivative term that is destabilizing (and tends to make the free
surface flat). In hte parameter region shown in Fig. 2, the marginal stability curves
illustrate how surface tension effects can help neutralize the instability. Computations
show that increasing G also has a stabilizing effect. In practice, G is small, and for this
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Fig. 2. Marginal stability curves for the cases Ho = 0.2,0.3,0.4, G = 0

reason most of the computations recorded here are for the case G = 0. In Fig. 3, we
show how nonzero G lowers the stability threshold for fixed Hq. In Fig. 2, the marginal
stability curve passes through the origin, which follows from the fact that zero-order
lubrication theory (<$, a = 0) yields solutions that are always neutrally stable [12]. While
performing the computations necessary to draw the marginal stability curve in Fig. 2,
we examined the associated eigenfunction when the eigenvalues were small in absolute
value, making it difficult to decide whether the situation was stable or unstable. In
clearly unstable situations, the eigenfunctions in all cases examined were found to take
a form resembling that shown in Fig. 4, and this was used to make the decision in the
borderline cases.

The effect of varying Ho is illustrated in Fig. 2. We did not find any overall new trends
in comparison to the results given here.

5.3. Comparison with the Kuramoto-Sivashinsky equation. It is worthwhile to com-
pare the results in the present paper with a stability analysis of a Kuramoto-Sivashinsky
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Fig. 3. Marginal stability curves for the cases Hq — 0.4, G = 0,0.25,0.5

type equation. For example, consider

Ut ~t~ fiUxxxx ~t~ — 0, (63)

where a,/3 are positive constants. On a finite domain with x G [0, Z], the solution u =
0 has a stability threshold based on a competition between the destabilizing negative
diffusion effects of the second-derivative term and the stabilizing effects of the fourth
derivative. The stability of u — 0 can be tested by putting u = exp(st) exp(ikx), and
we find that u = 0 is a stable solution provided that I < 2ir^//3/a, i.e., provided the
domain is "short enough". If we consider a periodic version of (63) on a fixed domain
[0,27r], u = 0 is stable provided 1 < \J(3/a. Generally speaking, the most dangerous
disturbances are those with smaller wavenumbers. In terms of the wavenumber k, the
unstable modes are in the interval k < y/a/(3, i.e., the flow is unstable if \Ja//3 >1. In
particular, if /3 <C a, there will be a range of unstable wavenumbers. The fastest-growing
mode occurs when s — ak2 — /3k4 attains a maximum, i.e., when k = -^=. which can
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Fig. 4. The real part of the fastest-growing eigenfunction for the
case H = 0.4, G = 0, a = 0.0004, 8 = 0.31

be large if (3 <C a. If a ~ (3 and instability occurs, the unstable modes will all have 0(1)
wavenumbers.

There are apparent similarities between (63) and (25), and a stability analysis of both
equations displays similar trends. For example, the amplitude spectrum of an unstable
mode for a typical realistic situation with a <C 1 is quite similar to that discussed above
in the framework of (63) with (3 a. The fastest-growing mode has a considerable
high frequency (wavenumber) content because the stabilizing terms are so small. For
stable solutions we find that 0(1) wavenumbers predominate in the corresponding am-
plitude spectrum. In Fig. 4 we show computations for the eigenfunction corresponding
to the fastest-growing mode for the case where cr <C 1 and the oscillatory nature of this
eigenfunction is an obvious result of the high-frequency components. We note also that
oscillations originate in the region [0,7r] and are damped in [7r, 0] as we might expect:
instability originates in the top of the cylinder and is diffused away in the lower half.

6. Flow on the outside of a rotating cylinder. It is worth noting that the de-
velopment in the current paper is very similar to that required for a consideration of
the flow on the outside of a rotating cylinder, which is the problem originally consid-
ered by Moffatt [9]. At lowest order the two problems are identical. At the next order,
the most important difference will arise in the pressure gradient term. In the external
problem, gravity will be stabilizing in [0,7r] and destablizing in [—7T,0]. Spin effects will
be destabilizing everywhere rather than stabilizing everywhere in the internal (rimming)
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problem. Surface tension can play a stabilizing role, and presumably both stable and
unstable cases will arise. Although the numerical results will be quantitatively different,
we might expect the trends to be similar to those given here.

7. Conclusions and discussion. Using a leading-order lubrication theory, we pre-
viously showed [12] that the smooth steady solutions that occur when the dimensionless
flux q < §(.ffo < 0.7071) are neutrally stable. As pointed out in the introduction, it
has been established experimentally that films of this type can become unstable. Since
neutrally stable solutions are on the borderline between instability and asymptotic sta-
bility, an obvious progression was to try a higher-order lubrication approximation to see
if the extra terms could push the steady solutions off the marginal stability curve, thus
becoming either stable or unstable. This proved to indeed be the case: the higher-order
lubrication approximation yields solutions of both types: (asymptotically) stable and
unstable.

Generally speaking, the higher-order lubrication approximation gives rise to unstable
solutions in the absence of other smoothing effects (G = a = 0). This is physically easy to
understand if we refer to (18): the higher-order lubrication approximation introduces the
possibility of variations in pressure across the film thickness (leading-order lubrication
theory assumes a constant pressure across the film thickness). In the top half of the
cylinder where 8 £ (0,7r) (see Fig. 1), there is thus an obvious mechanism for instability
and, in fact, this mechanism is similar to the mechanism by which droplets form in
a thin film clinging to the underside of a horizontal plate. Small local increases in
the film thickness give rise to a pressure gradient, which forces more liquid towards
the disturbance and so it continues growing. The present problem is, however, more
complicated in that there are also dynamic (convective) effects.

Mathematically, the destabilizing effects are traceable to the term sin 6 - G + a in the
evolution equation (25). If G = 0, negative or backward diffusion effects (via the sin#
term, typically of size 8) always arise in the top half of the cylinder (although these effects
are always stabilizing in the lower half) and can cause instability in the absence of any
opposing stabilizing effects. If the parameter G > 1 + a, no negative diffusion can occur
and the numerical results suggest that no instability arises. In the case of rimming flow,
there are two stabilizing influences as measured by the parameters G = u>2R/g and the
Bond number a = i/{pigR2). Increasing G is clearly stabilizing and this is physically
easy to understand. This can be achieved by increasing the spin rate, which has the
effect of raising the local centrifugal effects (which oppose the destabilizing second-order
gravity effects in the liquid pressure). Surface tension effects are more complicated since
they give rise to stabilizing fourth-derivative terms and destabilizing second-derivative
terms, but in the physically relevant parameter regime, the stabilizing effects appear to
dominate. Note that, since the flow is occurring on a finite domain (0 < 0 < 2n), not all
wave numbers can occur as distinct from the case of a thin film clinging to the underside
of an infinite horizontal plate, for example, where instability will always occur.

The model developed here is predictive and can be used to deduce whether or not a
particular situation (with corresponding dimensionless parameters 8, Hq, G, a) is stable
or not at least in-so-far as the lubrication theory approximates the flow. A nonlinear
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stability analysis would now be considerably simplified by the fact that the regions in
parameter space that correspond to unstable solutions can be identified using the present
linear stability theory. The present theory cannot be expected to predict the "hygrocysts"
alluded to in the introduction since this is clearly a three-dimensional instability with
axial (z) variation. However, it is not impossible that the flow has a lower stability
threshold to two-dimensional disturbances and this certainly makes the present study
worthwhile. The three-dimensional analogue with axial variation thus require analysis,
but at this point it is already clear that, on adding in z-dependent effects, there will
at the very least exist a similar mechanism to that described in this paper which can
lead to three-dimensional disturbances, i.e., there will be an analogous (small) instability
mechanism arising as a result of pressure gradients, which will be liable to surface tension
stabilizing effects.
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