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Abstract. This note deals with a nonlinear system of PDEs describing some irre-
versible phase change phenomena that account for a bounded limit velocity of the phase
transition process. An existence result is established by using time discretization, com-
pactness arguments, and techniques of subdifferential operators.

1. Introduction. The present analysis is concerned with a nonlinear system of par-
tial differential equations describing irreversible phase change phenomena with bounded
velocity of phase transition. Such a system comes from a recent model, proposed by
Fremond, which relies on the consideration that the movements of the microscopic par-
ticles may affect the macroscopic phase transition process as well. In particular, our
system is to be regarded in the more general framework of phase field models. The liter-
ature concerning this kind of model is rather wide and the reader is referred, e.g., to [6],
[7] and the references therein for a detailed analysis.

Here we want to recall the main features of this model, whose derivation was first given
in [3]. Let us consider a two-phase substance contained in a domain S7 C R3 and a given
final time T > 0. We choose the volume fraction of one of the phases as a state quantity
and denote it by x = x(x^)> for x e and t € [0, T\. Hence, x satisfies the relation
0 < x < 1 and, assuming that no voids appear in the mixture, the volume fraction of the
other phase is simply given by 1 — x- The absolute temperature 9 = 9(x,t) is the other
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state variable for the thermodynamical system and it has to be nonnegative. Taking
into account the power of the microscopic movements, we address the following energy
balance equation:

dte + div q = Bdt\ + H • S7dtx, (1.1)
where e denotes the internal energy, q = —k\79 stands for the heat flux vector (i.e., the
Fourier law is assumed with constant conductivity k), and B and H are, respectively,
a scalar quantity and a vector resulting from the microscopic interior forces. A primer
relation between the quantities B and H comes from an application of the virtual power
principle. Namely, in the absence of external actions we readily get

-divH + £ = 0. (1.2)

Now, we choose the free energy "I* as

*(x.Vx,0) = -cseiog9 ^(0 ec)x + /[„.,](x) + ||vx|2, (i.3)

where L > 0 stands for the latent heat at the critical transition temperature 9C > 0,
cs > 0 represents the specific heat, the parameter v > 0 is the factor of the interfacial
energy term, and /[0,i] (i.e., the indicator function of [0,1]) plays the role of the constraint
for the phase proportion Let us point out that (1.3) is the standard choice for the
phase field models with constraint on Moreover, we set

$(dtx) = ~(dtx)2 + I[o,+oo)(dtx) (1-4)

for the pseudo-potential of dissipation, where /i is a positive coefficient. Note that the
above position accounts for the irreversibility of the phase change because of the presence
of the term /[0,+Oo)(^tX)-

Our choices for the constitutive laws for B and H are provided by

„ d* <9$ d*
~ ^ 7u7t—v — a(Y7 \' ^ )dx d(dtx) d(V\)

while the internal energy e is related to the free energy and to the entropy s = — <9vl>/88
by the rather classical relationship

dVe = <S> + s8 =■* -6 —. (1.6)
oO

Actually, it is not difficult to show [8] that in this setting the Second Principle of Ther-
modynamics is satisfied in the form of the Clausius-Duhem inequality. The balance and
constitutive laws—together with (1.3) and (1.4)—yield the following system:

csdt9 + Ldtx ~ kA8 = -^-(d- 9c)dtx + n{dtX)2 + C#tX, (1-7)
Vc

lidtx-v&X + ( + il= tt(0-Oc), (1-8)
Vc

where

V£dl[0,i](x) and C e dl[0t+oo)(dtx) (1.9)

almost everywhere in the space-time domain. We have denoted by <9^0,1] (resp. <9/[o,+oo))
the subdifferential of jT[0,i] (resp. /[0,+oo)).



GLOBAL SOLUTION TO A PHASE FIELD MODEL 303

As one can see at once, the full model (1.7)-(1.9) looks very difficult to handle, even
after noticing that C<9fX vanishes in (1.7), thanks to the definition of d/[0,+oo)((?tx)-
As far as we know, no existence result has yet been obtained for any initial-boundary
problem related to the whole system (1.7)—(1.9). Indeed, we are able to mention only
investigations devoted to some—more or less—modified versions of such a full model.

First, the paper [3] addresses the case when the right-hand side of (1.7) is negligi-
ble if compared with the left-hand side quantities (i.e., within the small perturbation
assumption: 9 close to 9C and n(dtx)2 ~ 0). Actually, in [3], the relation

csdt9 + Ldtx - kA6 = 0 (1-10)

is considered. The latter is the standard expression of the energy balance equation in
phase transition phenomena with Fourier heat flux law (see, e.g., [6]). An existence
result is established for a Cauchy-Neumann problem by introducing a suitable regular-
ization procedure together with a time discretization and deriving some careful a priori
estimates. Such a result also holds in the limit case // = 0.

In [4], the same authors consider the fully nonlinear energy balance equation (1.7),
coupling it with an inclusion similar to (1.8), where anyway a dissipation term is added
and only the reversible case is considered. A local existence theorem is then established
for the resulting system, by using first a regularization procedure and then a fixed point
technique that exploits the dissipation effects through the gain of regularity on dt\- The
problem addressed in [4] turns out to admit a global solution in the one-dimensional
setting [13].

In [12] a further step is done in the direction of dealing with the whole system (1.7)-
(1.9), considering only n(dtx)2 ~ 0 and allowing the temperature 9 to be far from the
critical value 9C. An existence result is obtained via a regularization—a priori estimates—
passage to the limit procedure; it must be noted that the role of the irreversibility is
crucial in the proofs, since it allows the use of maximum principle arguments.

On the other hand, in [9], these authors, together with Pierluigi Colli, are able to show
an existence result for a system consisting of (1.7) and a modification of (1.8), where
the term —A\ is missing (it corresponds to setting v = 0 in (1-8)). The latter is the
typical inclusion of the phase relaxation model with irreversible evolution (introduced in
[10]). The proof is performed by introducing a regularization procedure combined with a
truncation. The derivation of some bounds of the unknowns is a key step and is obtained
via the maximum principle and monotonicity arguments.

Unfortunately, we are still not able to give a direct answer to the analytical problems
arising from (1.7)-(1.9). However, we remark that, from the experimental point of view,
it is reasonable to assume that the phase change velocity dtX cannot exceed some finite
natural limit A. In this concern, we are led to consider a different class of constraints
on dtX accounting for the limit velocity A. A straightforward choice would be to replace
I[o,+oo) by in (1.4). Clearly, this approach provides a good approximation of the
above full model, when A is large enough. Moreover, we are aware of some strictly related
situations where an L°° a priori bound on dtX may be achieved ([9], [13]). Let us point
out that the choice of the constraint /[0,a] is still consistent with the Second Principle of
Thermodynamics.
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Now, we follow the same: steps of the derivation of the model and, taking into account
the different constraint on dtX> we obtain

csdt6 + Ldtx ~ kAO = -^-(9 - 0c)dtx + M(dtX)2 + (1-11)
"c

Hdtx - vAx + i + V = j-- 0c), (1-12)
Vc

where

r]edl{0,i](x) and £ e dl[0^]{dtx) (1-13)

almost everywhere in the space-time domain. In this setting the boundedness of dtX is
straightforward and turns out to be a very useful feature for the sake of an analytical
investigation. On the other hand, the term £<9tx does not vanish in (1.11), whence one
has to deal with the further presence of a maximal monotone graph in the energy balance
equation. Anyway, if we rewrite (1.11) as

csdt0 - kA9 = dtX + vdtx + , (1-14)

a simple comparison in (1.12) leads to

csdt6 - kAO = dtx{vAx~ r/ - L). (1.15)

Thus, we can deal either with (1.14)—(1.12) or with the equivalent system (1.15)—(1.12).
Let us also point out that more general classes of constraints could be admissible for the
phase variable than those provided by (1.13). In particular, from a mathematical point
of view, in this analysis we are able to deal with a general maximal monotone graph /3
in place of the 9J[0,i]-

Clearly, for the purpose of a rigorous study, (1.12)—(1.14) have to be complemented
with some initial and boundary conditions. We prescribe

6»(-,0) = 6»o, x(-,0)= xo a.e. in fi, (1.16)
dn9 = dnx = 0 a.e. on dtt x (0, T), (1-17)

where n stands for the outer unit normal vector to the boundary dfl. Actually, the
boundary condition on x seems to be natural and may be rigorously motivated in the
framework of the derivation of the model. As for 9, we point out that other choices are
admissible. Our existence result still holds, with minor changes in the proof, for suit-
able Dirichlet, Robin, and nonhomogeneous Neumann boundary conditions, while the
positivity of the (absolute) temperature should require some further compatibility prop-
erties. We finally remark that, for simplicity, most of the physical constants appearing
in (1.12) (1.14) will be set equal to 1 in the sequel.

The remainder of the paper is organized as follows. The next section deals with the
notation, the assumptions, and the statement of the main result. In Sec. 3 we introduce a
family of approximating problems through discretization and regularization procedures
and prove their well-posedness. Next, Sec. 4 is devoted to the derivation of a rather
unusual a priori estimate (independent of the approximation parameters) where the
boundedness of dtX is a key point. In Sec. 5, we pass to the limit by using compactness
and semicontinuity tools, recovering a solution of the original problem. Finally, Sec. 6 is
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concerned with the proof of the essential normegativity of the (absolute) temperature 9,
which is based on a standard maximum principle argument.

2. Main results. First of all, let us introduce some notation. Let SI be a smooth
and bounded domain of Rd (d > 1) and T > 0 an assigned final time. We denote by F
the boundary of Q and set E:=Fx (0, T), Qt '■= x (0, t), for t G (0, T], and Q := Qr-
We also denote by n the outer normal unit vector to SI at the points of F. Moreover, in
the following we shall write H := V := H1(Cl) and identify H with H\ in order
that the compact inclusions chain V C H C V' holds. The symbol | • | will stand for both
the norms in H and in Hd, and the notation (•, •) will be used for the scalar product of
H. Finally, we can set

W {v G H2(fl) such that dnv = 0 on T}; (2-1)

clearly, we have that W C V with compact inclusion.
We now start by listing the main mathematical hypotheses of our work. First, we

introduce two convex, lower semicontinuous, and proper functions

cj>, if) : R —> [0,+oo), (2-2)

satisfying the following properties:

0 e D{<j>) n D(ip), int(D(0)) = (0, A), 0(0) = ^(0) = 0, (2.3)

where A > 0 is an assigned constant accounting for the limit velocity of the phase
transition process, and D(<j>) (resp. D(ip)) denotes the effective domain of <j> (resp. ijj).
We can now set a := d4> and /? := dtp\ then, a and /3 can be seen as maximal monotone
graphs in R x R (we refer to [5] for more details).

Moreover, we assume

9C > 0 assigned constant, (2-4)

#o £ V, 0 < 80 a.e. in SI, (2.5)
Xo e W, xo € D(0) a.e. in 0, (2.6)
there exists r/o G H, such that rjo G @(xo) a-e- i11 (2-7)

Clearly, in the above positions, D(/3) denotes the domain of the graph /?, i.e., D({3) =
{r G R : /3(r) ^ 0}; we recall that D((3) C D(ip).

We are now able to state the main result of this paper.

THEOREM 2.1. There exists a quadruple (^XiC;7?) of functions satisfying

9 G H\0,T; H) nC°([0,T]-V) D L2{0,T-W), (2.8)
X G W1'00 (0,T; H) f~) H1 (0,T',V) L°°(0, T\W), (2.9)

£ G L°°(0,T;H), -q G L°°(0,T; H), (2.10)
0 <6 and 0 < dtx < A a.e. in Q, (2-11)
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and such that the following equations hold a.e. in Q:

dt9-A6 = dtX(dtX + Z-0), (2.12)
dtx + (-A X + V = 0~0c, (2.13)
£ G a(dtx) and 77 e /3(x)- (2-14)

Moreover, the following initial conditions hold:

0(x, 0) = 9q(x) and 0) = Xo{%) a.e. hi f2. (2-15)

The proof of the above theorem will be carried out throughout all the remainder of
the paper; for the present, we just give some further remarks about the structure of our
system. Actually, as we already mentioned in the Introduction, the right-hand side of
(2.12) can be rewritten by exploiting the structure of (2.13). Namely,

dt6 -A0 = dtX(AX - 77 - 0C). (2.16)

Clearly, the couple (2.12)—(2.13) is absolutely equivalent to (2.16)—(2.13); hence, either
structure of the energy balance equation will be indifferently used in the sequel.

Moreover, we point out that the highly nonlinear character of the system (2.12)-
(2.13) does not allow us to prove any uniqueness result, even in the case of (3 Lipschitz
continuous [3, 9]. Indeed, although the global boundedness of dtX is guaranteed by the
constraint a, we are not able to estimate the product dtx£, on the right-hand side of
(2.12), which involves a multivalued operator. Even if the equivalent structure provided
by (2.16) is chosen for the energy equation, a similar problem arises when one considers
the term dtxAx-

3. Time discretization. We now introduce an approximate formulation of the sys-
tem (2.12)-(2.15) and prove an existence result for such a regularized problem. Our
method is essentially based on a backward time discretization. However, some prelim-
inary work is needed. First of all, we have to substitute the graph j3 in (2.13) by its
Yosida regularization f3e, where e is the approximation parameter. Referring to [5] for
more details, we just recall here that (3e is a Lipschitz continuous graph. In addition, we
denote by A the realization in H of the elliptic operator —A with Neumann boundary
conditions simply given by

A:W -> H, Av:= -Av Vv £ W. (3.1)

At this point, for any N £ N+, we subdivide the interval [0, T] into N subintervals
of equal length, by letting r := T/N; furthermore, we set 0° 0q, and X° := xo> and
consider the following scheme:

Qi _ Qi— 1 V1 — y® — *
 +AP = ± —(-AXl-ps(xz)-0c), (3.2)

r r

x' ~TX' + (' + Ax' + A(x') = 9'-' - e„ (3.3)

e Q . (3.4)

We are in the position of proving an existence result for the above scheme.
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Lemma 3.1. Under the above assumptions, there exists a triplet {(01, xl> C)}£Li in (W7 x
W x H)n fulfilling relations (3.2)-(3.4) for i = 1,..., N.

Proof. We are going to proceed by induction on i. Indeed, we assume to know
(0t-1,X1-1) e W2 (see (2.5)-(2.6)) and we look for (0z,xl,C) e (W x W x H). Our
argument consists of the following two steps:

1. We consider the system (3.3)-(3.4) and observe that the right-hand side of (3.3) is
known at level i. Then, we find a solution (x\ C) €.WxH to (3.3)-(3.4).

2. Inserting the component xl °f this solution into (3.2) and owing to the second
condition of (2.3) and to the Lipschitz continuity of /3e, we verify that the right-hand
side of (3.2) is a known function of H. Thus, if we find 9l satisfying (3.2), then it is
immediate to check that the triplet (0®,xl>£1) solves (3.2)-(3.4).

Indeed, while the second step can be carried out by using the standard techniques
for elliptic equations, the key point is 1., i.e., the resolution of (3.3)-(3.4) for any given
(0*~\xt_1) € W2. To this end, let us rewrite that system as the equivalent inclusion

r6»'_1 - t6c + x1-1 ex'+™ (~  —1 + t(Ax1 + Pe(xl), (3-5)

where all the known terms have been collected on the left-hand side.
Actually, we would like to exploit the well-known results on the maximality of sums

of monotone operators, holding under particular regularity conditions. Unfortunately,
in order to fit the latter, also the graph a in (3.5) has to be regularized by its Yosida
approximation a.a. Now, since xl_1 ls a datum, the operator

B£i<t : H —> H, jB£,ct(v) := raa ^^ + t/3£(v), for v £ H, (3.6)

is maximal monotone and Lipschitz continuous; in particular, its effective domain is the
whole space H. Since A is maximal monotone with domain D(A) = W. the hypotheses of,
e.g., [5, Cor. 2.7, p. 36] are fulfilled; hence, we find one solution xl, to the aCT-regularized
version of (3.5).

Now, in order to remove the cr-approximation, we just test the cv-regularized version
of (3.5) by (Id +A)(xJr — Xl_1)i where Id stands for the identity in H. Denoting by /l_1
the left-hand side of (3.5) and using the monotonicity of aa and the property 0 = 0^(0),
which is a consequence of (2.3), we easily infer

(Xi + rAxi + T&(xt), (H +A)(xi ~ Xi"1)) < (.f~\ (Id +^)(xt - X^1))- (3.7)

Then, performing standard integrations by parts, using the monotonicity and Lipschitz
continuity of (3£, and denoting by C, a positive constant depending on r, £, but not on
(j, we deduce

IXct|2 + (1 + r)|Vxt|2 + r\AXU2\xU2 < Ci(llx'"111^ + l/i_1|2)- (3-8)

From the above relation it immediately follows that, for some x' £

X^ —>• x1 weakly in W and strongly in V. (3.9)
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Proceeding by comparison in the <7-regularization of (3.5), we also derive that, for some
CeH,

aa ( — — ^ ~* C weakly in H. (3.10)

Then, (3.4) is a consequence of the usual monotonicity argument of [2, Prop. 1.1, p. 42],
and this completes the proof that {0l,x%,C) solves (3.2)-(3.4). □

Remark 3.2. We observe that it is essential to remove the <j-approximation at the
discretized level. Indeed, in the subsequent passage to the limit with respect to the
approximation parameters e and r, we shall strongly exploit the global boundedness of
(X1 ~ Xt-1)/T' which is ensured by the presence of the constraining original graph a.

4. A priori estimates. In this section we aim to establish some a priori estimates
on the time-discrete solutions whose existence has been proved above. For the sake of
clarity, we introduce some notation. Let {«,}, i — 0,1,..., N, be a vector. Then, we
denote by uT and uT two functions of the time interval [0, T] that interpolate the values
of the vector piecewise linearly and backward constantly, respectively. That is,

uT(0) := u0, uT(t) := a,i{t)ui + (1 - a,i(t))ui-1,

uT(0):=uo, uT(t) := u,i, for t G ((i — 1)t,it\, i=l,...,N, (4.1)

where a,i{t) := (t — (i — 1 )t)/t for t G ((z — l)r,it], i = 1 Moreover, let us
introduce the translation operator Tt related to the time step r by setting

(Tru)(t) := u(0) Vte[0,r) and (Tru)(t) := u(t — t) Vf G [t,T],

Vu : [0, T\ R.

Owing to the position (4.1), the scheme (3.2)-(3.4) can be restated as

dt0T + A0T = dTXr(-AXr ~Vt ~ °c), (4.2)

dtXr + ir + A-Xt + It = Tt6 T — 0C, (4-3)

€ a(dtXr), rjT = PeiXr)- (4-4)

Let us point out the introduction in (4.3)-(4.4) of the auxiliary vector

if := PM for i = 0,1,... ,N, (4.5)
and observe that, from the basic properties of the Yosida approximation of (3, it easily
follows that

|t?°| < lvo\ Ve > 0. (4.6)
The above notation (4.1) refers only to r and not to e as one would expect. This

apparently misleading choice causes no confusion and is motivated by the sake of clarity.
Indeed, as will be evident in the next section, we will pass to the limit simultaneously in
both r and e. Namely, we aim to consider some £ = e{t) vanishing indeed as t —> 0. In
this concern, relations (4.2)-(4.4) represent an approximation scheme also for the original
problem (2.12)-(2.14) (not only for the regularized problem with f3e in place of (3).
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We are now in the position of proving our estimates. First of all, note that we obviously
have dtXr G D(a) a.e. in Q; thus

0 < dtXr < A a.e. in Q. (4-7)

Actually, this bound turns out to be critical for the sequel.
We begin by multiplying Eq. (3.2) by t591 where 59l := (9l — 91~1)/t and integrating

on fi. Letting also 6\l '■= (X1 ~ Xl~1)/T we obtain

t\591\2 +T{A9i,58i) = -t [ SXl(AXl+r]i)59l-r f 5XlBc58l. (4.8)
J !T2 >/ Q

It is now straightforward to deduce that

t{A9\691) = !(|V6H2 + IV^ - 9i~1)\2 - iVf1"1!2)-
Moreover, the right-hand side of (4.8) may easily be controlled by virtue of (4.7) as
follows:

-r f 5xi{Axi + r]i)89i < r\\Axi + rf\ |50*|
J o

< T-\Ser + rX^+rjf-rJ 5X%

<^f+ tA20c2m,
where |f2| stands for the Lebesgue measure of Q,. Now, by taking the sum of relation
(4.8) for i = 1,..., m (m < N), we get

S9l

m 1 m

2Erl^|2+2|Wm|2+2^|rW|2
1=1 i= 1

m

< -\\/90\2 + X^^Ax' + v'\2 + mr\292c\n\. (4.9)
i=l

On the other hand, we can multiply relation (3.3) by t(A5x1 + <^1), where 5rf : =
[if — rf~1)/T, and integrate on ft, obtaining

t\VSx1\2 + t(Sx\ 5rf) + TiAXl + v\ ASXl + W)

+ r(f, SAx*) + r(C, 6^) < r(0l~1 - 0C, ASx' + Srf). (4.10)
As before, we readily infer that

t(Ax1 + rf, ASx' + Srf)
= ±(|AX* + vf + I{AXl + rf) ~ (Ax1'1 + V'-1)? ~ I^T1 + T). (4-11)

Moreover, the relation

t{5x\H) > 0
is ensured by (4.5) and the monotonicity of /3e, while

t(C,A5X1)> 0

is a consequence of the following Lemma 4.1 concerning maximal monotone operators.
This result justifies rigorously a formal monotonicity argument that frequently occurs in
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the derivation of the a priori estimates for this kind of problem. We include its proof for
the sake of completeness.

Lemma 4.1. Let 7 be a maximal monotone graph in K x R, A : W —> H as in (3.1),
u G W, ( G H such that £ G 7(w) a.e. in Q. Then, we have that

/Jn
Au(dx> 0. (4.12)

Proof. Denoting by 7e the Yosida approximation of 7, we consider the following elliptic
problem:

ue + Aue + 7£(m£) = u + Au + £ in H, (4-13)

admitting, of course, a unique solution u£ G W. Since 7£ is Lipschitz continuous, there are
no difficulties in deriving the natural a priori estimates for the above problem, leading
to the following convergences, which hold, for some v G V, up to the extraction of
subsequences (actually uniqueness will guarantee them for the whole sequences):

ue —> v weakly in V and strongly in H, (4-14)

Aue —> Av weakly in H, (4-15)

7£(ue) —> r/ weakly in H. (4-16)

Then, we see that the limit functions satisfy v + Av + rj = u + Au + £; if we show that
r1 G 7(f) a.e. in f2, then, using again [2, Prop. 1.1, p. 42], we can conclude that v — u
and ( = r/.

We easily deduce from (4.13) that

(7e(uc),u£) = (u + Au + (-ue - AuE,ue), (4-17)

whence lim£^o(7£(wE), u£) — (u + Au + ( - v — Av,v) — (r],v), as desired. We finally
verify the required property. At the level e > 0, we have

0< / AuefE(ue)dx= / (u + Au + C — u£ — 7£(u£))7e(w£) dx, (4-18)
Jn Jn

so that, passing to the limsup and exploiting semicontinuity, we infer

0< / (u + Au + C — u — C)Cdx = I Au^dx. □
Jn Jn

Our next aim is to control the last term on the left-hand side of (4.10). Indeed, it is
a standard matter to check that

= t J w|J>o,
where u> = {Sx1 7^ 0} and we exploited the monotonicity of a and (3e, together with
0 G a(0).
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Next, we make use of the above considerations and take the sum in (4.10) as i =
1,m (m < N). One has

m 1 1 m

£ ^xf + ^I^Xm + Vm\2 + j £ MASx* + W)\
i= 1 i= 1

- m

-\A\o + V°\2 + £ r^-1 - 6>e, ^ + <V)-

2 *_1 (4.19)

<- 2'
i=l

The second term on the right-hand side above may be handled by means of a discrete
integration by parts procedure. Namely, we easily infer that

^2 — 9C, A5\i + 5rf)
i= 1

m—1

= - £ t(50\ Ax1 + V1) + (O™'1 - 0c, ̂ Xm + ^m) - (00 - 0c, Axo + V°)-
2=1

Moreover, plain calculations lead to the following:

/ 771— 1

I#771-1!2 < 2|6»0|2 +2 £ T\S0i
V 1=1 /

771—1

< 21|2 + 2(m — l)r £ r|<501'2

Whence, looking back to (4.6) and (4.19), it is not difficult to find a positive constant
C\ that depends only on data, in particular, on |0o|,0c, ||xo||w> |^?oI, and T, such that the
following estimate holds:

,»m2
m 1 1 m

£r|W|2 + Tl^Xm + Vm\2 + ^ E ItW + Sri
i=l i=1

<C1(l + '£'r(ffi: + |^- + ,-r

Finally, we multiply (4.9) by C\ and add it to the inequality above, obtaining

+ %Vm2 + §- f:\rvser
1=1 1=1

m . -.m

+ £ r|V^xi2 + jl^X™ + n2 + 2 E lr W + W)I2
i=l i=l

<Ci ^l + TA202|fi| + i|V0o|2 + (A2 + l)fjr|AXi + r?i2j . (4.20)

Whence, upon choosing the time step r small enough (namely r < (4Ci(A2 + l))-1), we
are in the position of applying the discrete Gronwall lemma (see, e.g., the version reported
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in [11, Prop. 2.2.1]). Accounting also for (4.7), the monotonicity of (3e, standard elliptic
arguments, and the notation (4.1), we may eventually establish the following bounds:

||<9t#T||L2(0,T;.f/)) ||0t||l°°(O,T;V)i || dtXr || L2(0,T; V)nL°° (Q)>

I|XtIU°°(0,T;W)) \\Vt\\l°°(0,T-,H) < (4.21)

for a proper constant C2 depending on data but independent of both r and e. Owing to
(4.21), it is straightforward to obtain by a comparison in (4.2) and (4.3) that

II<M|l2(0,T;W0, ll^r IU°°(0,r;H) < C3, (4.22)

where C3 has the same dependences as C2-
Before passing to the limit, let us point out some useful estimates 011 the difference of

approximate solutions. Indeed, it is straightforward to verify that

I t || L2 (0,T\H) i ||Xr - Xt\\l2(0,T;V) < C2T, (4-23)

||#r - 0T ||l°°(0,T;//)) Pt — Tt6t\\Loo(0T-,H), ||Xr ~ Xt II L°° (0,T;V) < C2\[t, (4.24)

as a direct check provides.

Remark 4.2. For the sake of numerical purposes, it is worth rioting that the above
detailed time discretization procedure may be easily extended to variable time step parti-
tions of the interval [0, T]. Although the approximation argument developed here serves
perfectly to the aim of proving Theorem 2.1, we stress that this analysis may be easily
reproduced for a partition

V = {0 = to < h < ■ ■ ■ < tw-i <tw = T}

with a variable time step tv := ti — ti-1 for i = 1,..., N and a diameter r := maxi<j<jv 7"i-
From this point of view, our procedure seems to have an additional numerical interest.
Indeed, the only constraint imposed to the time step sizes is r < (4Ci(A2 + l))-1. Thus,
the latter time steps may be chosen adaptively, being possibly tailored to some further
numerical consideration.

5. Passage to the limit. In order to prove Theorem 2.1, we aim to pass to the
limit simultaneously with respect to both of the approximation parameters e and r in
relations (4.2)-(4.4). Namely, we set

£ — e(t) such that e(r) —> 0 as r —> 0.

In this setting, all the forthcoming passage-to-the-limit procedures will obviously refer
just to r. Thanks to well-known compactness results, estimates (4.21)-(4.24), and easy
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considerations, we may find a quadruple (9, XtViO such that, possibly taking subse-
quences (not relabelled), one has

8T 9 weakly star in Hl(0,T; H) n L°°(0, T; V) fl L2(0,T;W), (5.1)

9T^ 9 weakly star in L°°(0, T; V) n L2(0, T; W), (5.2)

weakly star in if1(0, T; V) fl L°°(0, T; W), (5.3)
dtXr —■> dtX weakly star in L°°(Q), (5.4)

Xr —* X weakly star in L°°(0, T; W), (5.5)

rjT —> r) weakly star in L°°(0, T; H), (5.6)

£T —» £ weakly star in L°°(0, T; H). (5.7)

Clearly, we can consider the limit 9 (resp. x) of either 9r or 9T (resp. Xt or xT), thanks
to (4.23)-(4.24). Moreover, by the generalized Ascoli theorem (see, e.g., [14, Cor. 4]) and
(4.24), the following convergences may also be inferred:

0T —* 9 strongly in C°([0,T]; H), (5.8)

9t —> 9 strongly in L°°(0, T; H), (5.9)

Tt9t —> 9 strongly in L°°(0, T; H), (5.10)
strongly in C°([0,T];V), (5.11)

Xt^X strongly in L°°(0, T; V). (5.12)

Hence, we can pass to the limit in (4.3), and, furthermore, we see that the properties
(2.8)-(2.10) along with (2.13) are fulfilled by the quadruple {9,x,V)0-

Now we address the interpretation of r] and £. As for rj, we observe that relations (5.6)
and (5.12) allow us to use [2, Prop. 1.1, p. 42], which readily yields the second condition
of (2.14). If we were able to prove that

limsup f f ~iTdtXT < [f idtX, (5.13)
r—>0 J J Q J J Q

we might apply again [2, Prop. 1.1, p. 42] and the first condition of (2.14) (and, obviously,
the second one of (2.11)) would be satisfied as well.

Towards the aim of proving the above inequality, we multiply (4.3) by dtXr and
integrate over Q, obtaining

/[ IrdtXr = - [[ (9tXrf ~ If VXT ' V<9tXr
JJQ J J Q JJQ

VTdtXr+ [[ (Tt6t - 9c)dtXr- (5.14)

Next, we take the limsup of both sides of (5.14) as r goes to 0. We remark that
Vt — 0e{xT) = dMXr) (recall that (3 = dip), where denotes the Yosida approximation
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of ijj. Then, we integrate in time and, using, e.g., [5, Lemma 3.3, p. 73], we get

limsup- // 7jTdtXT = - liminf ( / dx ~ / 4>e(Xo )dx)
t—*o J J q T^° \Jn Jq J ^ ^

< - [ ${x{T)) dx+ [ tp{xo) dx
Jq Jq

and the last inequality holds since the functional induced by ipe on H, namely,

^(f) := f ipE(v)dx for v G H, (5.16)Jq
converges to

.= if v e H and ip(v) G L1^), ^ ^
[ +oo otherwise

in the sense of Mosco [1, Prop. 3.56, p. 354] in H, and (5.11) holds.
Owing to (5.3), (5.12), (5.15), and (5.10), and comparing the limit of (5.14) with

(2.13), we derive relation (5.13) and also the first condition in (2.14) is proved. Moreover,
according to [2, Lemma 1.3, p. 42], we also have

ZTdtXT -> £dtX as r -> 0. (5.18)
! JJQ

Finally, we pass to the limit in (4.2). As usual, let us rewrite it as

dteT + Mr = dtXriptXr + Cr ~ t)\ (5.19)

clearly, on account of the above argument, we only need some strong convergence of dtXr-
Actually, it is sufficient to multiply (4.3) again by dtXr, to integrate over Q, and to take
the limsup. Using, in particular, (5.18) and comparing with (2.13), we get that

limsup//' (dtXr)2 < [[ (dtx)2, (5.20)
r—*0 JJQ JJQ

which, together with (5.3) implies that

dtXr -> dtx strongly in L2(0,T;ff). (5.21)

This is enough to pass to the limit in (5.19), showing indeed that our solution satisfies
(2.12) as well.

6. Positivity of the temperature. We conclude the proof of Theorem 2.1 by es-
tablishing the essential nonnegativity of the temperature 6. To this aim, we are going to
prove a suitable maximum principle. Indeed, we multiply Eq. (2.12) by the function

-{9)~ := min{0,9} G L2{0,T;H),

integrate on Qt, t € (0, T] and get that

4

he-(t)r+ [ me-)(s)\'dsK^ijit), (6.1)
J° j=1



where

GLOBAL SOLUTION TO A PHASE FIELD MODEL 315

/i:=^r|O)|2 = i|0o|2, (6.2)

h(t) ■■= - [ [ (dtxfO dxds, (6.3)
Jo J fi

h{t)~-[ f dtx£0~ dx ds, (6.4)
Jo Ju

Ii{t) ■= f [ dtx96 dxds. (6.5)
Jo Jn

Since (2.5) holds, we readily get that I\ = 0. Moreover, the term 1%(t) turns out to be
obviously nonpositive for all t > 0. Then, owing to (2.3) and (2.14), we easily deduce
that dtxi > 0 a.e. in Q. Namely, we have that £ < 0 if and only if dtx vanishes; thus
also Is{t) is nonpositive for all t > 0. As regards Ii(t), it is a standard matter to check
that dtX®6~ — —dtx{6~)2 < 0 a-e- in Q- Collecting all the above considerations, one has
that the right-hand side of (6.1) is nonpositive. Hence, we infer that

|6r(f)|2 = 0 Vte(0,T)

and relation (2.11) is completely proved. This concludes the proof of Theorem 2.1.
Remark 6.1. Let us point out that the nonnegativity of the discrete temperature 0T

may not be deduced from a time discrete analogue to the argument above. Indeed, this
possibility fails since the term

rir

h(ir) = / dtXT%-0T(eTy
Jo

which corresponds to Ii{t) above, turns out to be nonnegative whenever we ask for 0T > 0
a.e. in Q x (0, (i — l)r) in the framework of an induction proof.
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