
QUARTERLY OF APPLIED MATHEMATICS
VOLUME LX, NUMBER 3
SEPTEMBER 2002, PAGES 437-460

SHOCK REFLECTION FOR THE DAMPED P-SYSTEM
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Abstract. The global existence and the asymptotic behavior of the weak entropy
solution, the piecewise smooth solution with one shock discontinuity, on a strip domain
is investigated in the present paper. We show that, for small smooth initial data and
boundary value with only one small jump at (x, t) = (0,0), the piecewise smooth solution
with one shock discontinuity exists globally in time. The shock discontinuity begins from
(x, t) = (0,0), moves forward and reflects in a finite time at the boundary x = 1 to form
a 1-shock, which goes backward and reflects at x = 0 also in a finite time to create a new
2-shock. The shock strength decays exponentially and never disappears in finite time.
As t —> oo, this solution converges to a constant state determined by the initial and the
boundary conditions.

1. Introduction. Consider the following P-system with damping in Lagrangian co-
ordinates

vt — ux = 0,
(1.1)Ut+Px — —au, a > 0,

where v > 0 is the specific volume, u is the velocity, and p — p(v) is the pressure
with p'(v) < 0. For simplicity, we consider in the present paper the typical case that
p(v) = w~7 with 7 > 1.

The system (1.1) can be viewed as the Euler equations with friction term added to the
momentum equation, and can be used to describe the compressible flow through porous
media.
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By approximating (1.1)2 with Darcy's law, we obtain the following systems:

=-£p(®)x«,

1 /~\u = ~^pW)x-

It has been shown in [5] that the smooth solutions of the Cauchy problem for (1.1) with
initial data

(u,u)(x,0) = (vo,uo)(x), i>o(±oo) = v±,

tend time-asymptotically to the solutions of (1.2) with initial data

v(x, 0) = v*(x + b),

where v* is the similarity solution to (1.2)i with v*{q) = v± as 77 —> ±00 (77 = j*+t),
and b is a constant. Namely, the nonlinear diffusive phenomena of smooth solutions to
(1.1) occurs due to the damping mechanism. Based on the resolution of the perturbed
Riemann problem for (1.1) in [13, 14], the nonlinear diffusive phenomena of entropy
weak solutions to (1.1) was shown in [8]. There are other related results to [5], such as
[3, 4, 6, 7, 11, 12, 23, 27] for smooth solutions, [2, 18, 19, 21, 25, 26] for weak solutions,
and the references therein.

Recently, the initial boundary value problems for the hyperbolic system (1.1) and
the comparison of its time-asymptotic behavior to the corresponding initial boundary
value problems for the reduced decoupled system (1.2) were discussed in [20, 24] on a
quarter plane in (x, t) and in [9, 16] on a strip domain with different boundary conditions,
respectively. All of these results concern smooth solutions. In the present paper, we
investigate the global existence and the qualitative behavior of weak entropy solutions to
the initial boundary value problems (IBVP) for (1.1) on = [0,1] x [0, +00) with initial
data

(u,u)(x,0) = (v0,u0){x), x 6(0,1), (1.3)

and boundary values

u(0,t) = ui(t), u(l,t) = u2(t), t> 0, (1.4)

where (Vq,uo)(x) is a given smooth function with Vq(x) > 0 and the function Ui(t)
(i = 1,2) is smooth with

Ui(t) -» 0 as t —> 00, i = 1,2, (1.5)

but there are discontinuities initially at the end points x = 0 or x = 1.
We are interested in the questions whether the global weak entropy solutions to IB VP

(1.1), (1.3), and (1.4) exist and whether they have the same large-time behavior compared
to those of the IB VP (1.2) with initial data

u(x,0) = vo{x), x 6 [0,1], (1.6)

and the corresponding boundary values

Px(0,t) = px(l,t) = f2(t), t> 0, (1.7)

where Vq(x) is a given function with vq(x) > 0 and /;(i) = —(aui(t) + i = 1,2.
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For simplicity, we first consider in the present paper the problem of shock reflection,
which is important in the theory of fluid dynamics (see [1] for details).

Define

Q(t) = f v0{x)dx+ f (u2 - ui)(t) cLt, (1.8)
Jo Jo

Q(t)~ f v0{x)dx + [ (u2-ui)(T)d,T+(u2-ui)(t)-(u2-ui)(0), (1.9)
JO Jo

and assume that there are positive constants Qi,Q2,Qi, and Q2 such that

0 < Qi < Q{t) <Q2< +oo, t > 0, (1.10)
0 < Qi < Q(t) < Q2 < +oo, t > 0. (1.11)

Let v\ = Q(+oc) and V2 = Q{+oo). Then it follows that v\ = V2, provided that

/ vq(x) dx - (u2 ~ «i)(0) = / vo dx. (1-12)
Jo Jo

Denote

/+oo {u2 - Ui)(t) dr, (1.13)

which is bounded due to (1.8) and (1.10).
Suppose that there is only one jump of velocity at the point (x, t) = (0,0) initially.

The main results in this case show that the global weak solution, which is a piecewise
smooth solution with one shock discontinuity at any fixed t > 0, to the IBVP (1.1),
(1.3), and (1.4) exists provided that (uo,«o) G C3((0,1)) with |u0 — ̂ i|c2 + I^OxIc1 ̂
(uuu2) € C3 n H3((0, +oo)) with |(ui, U2)|c3 + K^i, u2)\h^ + \g\c° ^ T and the initial
jump is sufficiently small. The shock discontinuity begins from (x,t) = (0,0), moves
forward and reflects in a finite time at the boundary x = 1 to form a 1-shock, which goes
backward and reflects at x = 0 also in a finite time to create a new 2-shock. The shock
strength decays exponentially and never disappears in any finite time. In addition, the
weak entropy solution has the same large-time behavior compared to that for the IBVP
(1.2), (1.6), and (1.7) in the sense that they have the same asymptotic state and the same
convergence rate, provided that (1.12) holds. Similar results are true for the case that
there are initially two jumps of velocity at the points (x,t) = (0,0) and (x,t) = (1,0),
respectively. However, it is much more complicated to deal with, since the two shock
discontinuities coming from (x,t) = (0,0) and (x,t) = (1,0) originally will interact in
finite time to form two new shock discontinuities, which move and reflect at boundaries
to form shock discontinuities in the other family.

For the Cauchy problem when the initial data is a perturbed Riemann data, the global
existence of a piecewise solution for (1.1) was solved with the help of the characteristic
method in [13, 14]. Away from the shock discontinuity, the uniform bounds of specific
volume can be controlled in terms of those of the Riemann invariants s and r and their
derivatives sx and rx, where the condition 1 < 7 < 3 was required to obtain the bounds
of sx and rx. However, this method cannot be extended directly to our case since the
successive reflection of the shock discontinuity at the boundaries causes the jump in the
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specific volume and such a process will never stop in any finite time. In addition, due to
the boundary effects, the value of v(x,t) may not be controlled by the bounds of Vq(x).
Instead, the energy method is used in the present paper to overcome difficulties. On the
existence domain, under the a priori assumptions that the shock strength is sufficiently
weak and that away from the discontinuity it holds that 0 < vm < v(x, t) < Vm and
I I'm — vm\ + \vx\ + \ux | <C 1, where vm and % are two constants satisfying (2.18), we
construct the shock discontinuity, obtain the exponential decay of its strength locally,
control the bounds of rxx, sxx, rxxx, and sxxx away from the discontinuity, and gain the
exponential decay of the jump of rx,sx,rxx, and sxx on both sides of the discontinuity.
Then, based on the observation that each time after reflection at the boundary, the
increase of shock strength, for weak shock waves, will be cancelled by the dissipative
effect of frictional damping, we can estimate, via energy methods, the uniform bounds
of v{x, t) and \vx \ + \ux\ in terms of those of the initial data and boundary values for any
t > 0. Moreover, we can verify how the boundary effects influence the time-convergence
rates of the piecewise smooth solution. The methods and approaches used in the present
paper are applied for 7 > 1. Also, they can be extended to solve the problem for general
pressure p(v) satisfying p'(v) < 0 < p"(v).

This paper is arranged as follows. In Sec. 2, we investigate the case of one shock
reflection. The main result for this case is given in Sec. 2.1. The necessary estimates
of the piecewise smooth solution will be obtained locally in Sees. 2.2-2.3. The global
existence of it and its time decay rate are obtained in Sees. 2.4-2.5, respectively. The
result 011 two-shock reflection is given in Sec. 3.

Notation. From now on, L2 will denote the usual space of square integrable functions
with norm || • || on [0,1] or R+ = (0,+00), and Hl (I > 0) the usual Sobolev space with
norm || • ||; on [0,1] or R+. We assume that for any of the above norms written as || • ||n,
the norm of a vector-valued function (91,32,53) is given by

IKffl, P2, fl,3)||n = llf'
i= 1

2. One-shock reflection.
2.1. Main results. The characteristic speeds of system (1.1) are A = -^yv~(-~f+1^2

for the 1-family and // = y/~fv~{y+1^2 for the 2-family. For simplicity, we assume that
a = 1.

A11 z-shock discontinuity, i = 1,2, in a solution of (1.1) is characterized by the Rankine-
Hugoniot condition and the Lax entropy condition, i.e., along the discontinuity x = Xi(t)
it follows that

(t) = -v'-bO)]i/Mi,
Mi = V~\p(v)\ 1/M1 - Mi' t2-1)
X(v(xi(t) — 0,£)) > x\(t) > X(v(xi(t) + 0,<)),
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or

f ±2 CO = \/-\p{v)\2/[v\2,
< N2 = -\f-\p{v)\2/M2 • M2, (2-2)
^At(v(ar2(t) - 0, i)) > i2(i) > n(v(x2(t) + 0, t)),

where and from now on

[F]j = F(xi(t) + 0,t) - F(xi(t) - 0,t), i= 1,2.

Let = ui(0) and u+ = lima;^o+ Uq(x). In this section, we consider the IBVP (1.1),
(1.3), and (1.4) in the case

U- > u+, ^2(0) = lim uq(x). (2.3)
x—► 1 — 0

Let v+ = limx^o+ vo(x) and i>_ be the solution to the following equation:

(u_ - u+)2 = (p(u_) -p(v+))(v+ - v-), (2.4)

with v- <v+.
Denote

Sq = |v+ — V- \ + \u+ - u-1, (2.5)
3

an = max < >
t>0 I '

dzui(t)

dP
dlu2(t)

dtl + \g(t)\ + ||("i,"2)l|3 > , (2.6)
. 2 = 0

2 2

^ = xifol) ̂  1 + x2»j H l5>o(a;)|, (2.7)' 2—0 ' 2=1

N2 = max |9^(u0(x) — I?i)| + max |<93u0(:e)|, (2.8)
zG(0,l) xg(0,l)

A{t) =
rt+1

£

dlu\(t)
dtl

We have the following main result.

2 diu2{t)
dt'

2N

+ gr2 (r)dr. (2.9)

Theorem 2.1. Assume that 60 < l,(u0,t;o) G C3((0,1)) with Nr + N2 < +00, and
Ui G C3 fl ff3((0, +00)) (i = 1,2). Then there exists an £0 > 0 such that if N\ + /io < £0,
the global weak entropy solution (u,v)(x,t) to the IBVP (1.1), (1.3), (1.4), and (2.3)
exists, namely, a continuous and piecewise smooth curve x = x{t) : R+ —> [0,1], satisfying
x(t) 7^ 0,x(t) = Xi(t) for x(t) < 0 and x(t) = x2{t) for x(t) > 0, exists such that
(u,v)(x,t) G C3 for x ^ x(t) and along x = x(t), the Rankine-Hugoniot condition and
the Lax entropy condition hold. In addition, as t tends to infinity,

|dl((u, v)(x(t) + 0, t) - (u, v)(x(t) - 0, t))\ ~ 0(l)e~0lt —> 0, i — 0,1,2, (2.10)

and

Il(«, v - t7i)(-, t)\\22 ~ O(l)(e-02t + A(t)) 0, (2.11)

with two positive constants (3\ and /32.



442 LING HSIAO and HAILIANG LI

Remark 2.2. 1) The similar result is true for general pressure p(v) with p'{v) < 0 <
p"(v).

2) The method used here can also be used to obtain the global existence of a piecewise
smooth solution with shock discontinuity or rarefaction wave for the piston problem for
(1.1) on a quarter plane, and for the perturbed Riemann problem for (1.1).

To compare the time-asymptotic behavior of the weak entropy solutions of the IBVP
(1.1), (1.3), (1.4), and (2.3) to the solutions of the IBVP (1.1), (1-6), and (1.7), we first
give the global existence result for the IBVP (1.1), (1-6), and (1.7).

Assume that /i(0) = limx^0+ p(v0(x))x and /2(C)) = lim^i-op(vo(x))x, and the
corresponding compatibility conditions for higher-order derivatives also hold. Then we
have

Lemma 2.3 ([16]). Assume that vo(x) G H3,Ui e H3 (i = 1,2). Then, there is an £1 >0
such that if ||(vo — ̂2)II3 +Mo < £1, a global solution (v,u) to (1.2), (1.6), and (1.7) exists
and satisfies

(IK® - V2)(; t)||l + IK, t)111) ~ Cie-M + A(t)) - 0, as * - +00,

with /?3 a positive constant.

With the help of Theorem 2.1 and Lemma 2.3, we can compare the time-asymptotic
behavior of the solutions.

Theorem 2.4. Let (v,u) and (v,u) be the solutions to the IBVP (1.1), (1.3), (1.4), and
(2.3), and the IBVP (1.2), (1.6), and (1.7), respectively. Assume that (1.12) holds. Then,
there is an e2 > 0 such that if Ni + ||(f>0 — U2)II3 + Mo < £2> it follows that

||(v — v,u — u)(-, t)||2 ~ C(e_/34< + A(t)) —> 0, as t —> +00,

with 04 a positive constant.

2.2. Qualitative behavior of the weak entropy solution. Now, we construct the local
discontinuous solution for the IBVP (1.1), (1.3), (1.4), and (2.3), and investigate the
corresponding qualitative behavior of the weak entropy solution.

Introduce Riemann invariants

where <j) is defined by

<t>{v) =

Define

s = u + 0(f),

r = u — <j>{ v),

•^-(T-D/2, 77Uj

1- In v. 7=1.

D_ — dt + Xdx,
D+ = dt + ^dx.

(2.12)
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Then the system (1.1) can be written as

D-r = -Ur + s),
; (2.i3)D+s = -|(r + s),

and the corresponding initial and boundary values are

(r,s)(x,0) = (r0,s0)(x) =: (u0 - <t>(v0),u0 + <f>(v0))(x), x € (0,1), (2.14)

s(0,t) = — r(0,t) + 2ui(t), t> 0, (2-15)
r(l,t) =—s(l,t) + 2ui(t), t> 0. (2-16)

First of all, by using the initial data on 0 < x < 1 and the boundary condition on
x = 1, we are able to get a unique C1 solution (f. s) on the domain

G+ = {(x,t) | x+(t) < x < 1,0 < t < T+,x+(t) = fj,(v(x+(t),t)),x+(0) = 0,x+(T+) < 1}

with the specific volume bounded and Kf^,sx)lc° ^ 1 provided that vq(x) > 0 and
|(^o,wo)x|c° + \u2t\c° ^ 1-

By the argument used by Li and Yu in [17] to establish the local existence theorem,
the discontinuous initial-boundary value problem (1.1), (1-3), (1.4), and (2.3) admits a
unique discontinuous solution (r, s) on a local domain

fl(T) =: {(x,t) |0<x<l,0<i<T < T+}
in the class of piecewise continuous and piecewise smooth functions. This solution con-
tains only a forward shock x = X2 (t) passing through (0,0). It is known, due to the
entropy condition proposed in the initial-boundary data, that x — X2 (t) must be lo-
cated on the right side of x = x+(t), and therefore the solution on the right side of
x = X2{t) will be furnished by (r, s). Moreover, it can be shown that the specific volume
is bounded, |(rx,sx)| 1 for x ^ X2(t), and |[w]21 1, provided that vo(x) > 0 and

|(^oJ"o)x|c,° + \(uit,U2t)\c° + So <C 1.
For any T2 > Ti > 0 denote

Cl~(T1,T2) = {(x,t) | 0 < x < Xi(t),Tx <t< T2}, i = 1,2,

f2+(Ti,T2) = {{x,t) | Xi(t) < x < l,Ti < t < T2}, i = 1,2.

Now, without loss of generality, we assume that the piecewise smooth solution exists on
f2(7i) with T\>T and x2{Tx) < 1, smooth on domain f2s(T\) =: (0, T\) U (0, T\),
and assume that on domain Qs(Ti) it holds that

Vm <v(x,t) <VM, \vM - Vm\ + \ux(x,t)\ + \vx(x,t)\ < T) < 1, (2.17)

with two constants vm and % satisfying

0 < vm < min {tJi,vq(x)\ < max {tJi,u0(a;)} < vm, (2-18)
x6[0,l] x€[0,l]

and along x = x2(t) it holds that

IH2I « I- (2.19)
We next investigate the qualitative behaviors of the piecewise smooth solution, par-

ticularly those on both sides of the discontinuity, and the decay of the shock strength
under the a priori assumptions (2.17) and (2.19).
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Define

Ki = (f2+)(7+1)/2 + (-1 )'K)(7+1)/2 + (-l)'+1|V7iaM2, I = 3,4,

^2 = ^7 + ^((MJ)2 + (i2)2)^, ^ = %
2V7 ^2 1*2

a+ = (1 - J2+)(A2 - /4A4), a~ = (1 - J<2 )(^42 - 2//j ),

= (1 + J^)(j42 — n-2 k3), = ^42(1 + J2 )>

where fif = fi{v{xi(t) ±0,t)) and F* = F(xi(t) ±0, t), i — 1,2.
Differentiating (2.2)2 with respect to t, and using (2.12), we have, after a careful

calculation, the following lemma.

Lemma 2.5. Assume that the piecewise smooth solution of the IB VP (1.1), (1-3), (1.4),
and (2.3) exists on f2(Ti). Then, along x = x2(t), it holds that

ar (r2 )x +a7(s2)x = aj (s^)x + a+ (r£)x + 2/7J2~[v]2 (2.20)

and
{2^/-~l\p{v)\2[v\2 + (7(^2")~(7+1)N2 - [p(^)]2)(w2")~(7+1)/2}

[vhV-\p(v)hlvh -Dt[v\ 2

= 2(^]^+1)/V-[p(^)]2/M2

, 2(^2")-(7+1)/2 - v/-b(f)]2/H2)/
+ ^ (s2)x (2.21)

(\/7(^)"(7+1)/2 + \/-\p{v)h/[v\2)K3 ,_+^
v 2 /a:

1«J2
(-/7(^)"(7+1)/2 + V/-[P(V)12/M2)A"4/

+ Hz 2 )Xl

where Df =: dt + x2{t)dx.

Then, we have the following exponential decay for the shock strength along x = X2(t).

Lemma 2.6. Assume that the piecewise smooth solution of the IBVP (1.1), (1.3), (1.4),
and (2.3) exists on ). Then, under the assumptions of Theorem 2.1, it follows that,
along x = x2 (t),

--Ld+([v}2)£[B1,B2}, (2.22)
Ma

fioe~B2t < v(x2{t) + 0, t) - v(x2(t) - 0, t) < S0e~Blt, ie[0,Ti], (2.23)

with constants Bi > 0 (i = 1,2), provided that (2.17) on Qs(Ti) and (2.19) hold.

Proof. By (2.17), it follows from (2.12) that for any (x,t) € f2s(Ti),

\sx\ + \rx\<0(l)ri<€l. (2.24)

By the Lax entropy condition (2.2)3 and (2.17), we have

Hm =: max fi(v) > x2{t) > fim =: min n{v). (2.25)
v€[vm,VM]
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Since
{2y/-7[p(^)]2M2 + (7(^J)~(7+1)M2 ~ [p(^)]2)(^2~)~(7+1V2}

V~\p(.v)} 2M2
((M^))2 + O^W)2)/^ )\= 2V7{l +

27x2 (t)

it follows, in terms of (2.17) and (2.25), that

2 r (l + ^ < {2\/-7[p(^)]2N2 + (7(^2 ) (7+1)M2 ~ b(^)]2)(^2 ) (T+1)/2}
7 \ 7MM / V/~[P(t;)]2H2

<2V7fl + ̂ ).V 7 Mm/
(2.26)

By (2.17) and (2.19), we can verify that

(2.27)M2
or

[P(^)]2
M2

(M4) + 0( l)Ha). (2-28)

Therefore, we estimate the last three terms in the right-hand side of (2.21), in terms
of (2.17), (2.19), (2.25), (2.27), and (2.28), as follows:

2(V7W(7+1)/2 - V-\p(v)h/[v]
Vs2 Ja

M2

(v/7(^)"(7+1)/2 + v/-b(«)]2/M2)A'3

< 0(1)??, (2.29)

(rt)x
M2

< 2/ijw

and

(-V7(4)-(7+1)/2 +

ix2(i) - [f(+)]2 ) (r2+)x2 M2M«2 )M"2 ) < 0(l)f7, (2.30)

M2
(sj )x <0(1)7?, (2.31)

where we have used (2.24).
Using (2.25), (2.26), and (2.29)—(2.31), we obtain (2.22) and (2.23) with

Bl = pi-.(i +1&) 1, B2 = I (1 +
2 Mm V 7M m / ^ \ TMM,

provided that (2.17) and (2.19) hold. □
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What we will do next is to obtain the bounds of (r,„ sxx)(x, t) and (rxxx, sxxx)(x, t) on
Os(Ti) and the decay rates of [rx\2, [sx]2, [rXx}2, and [«xx]2 under the a priori assumptions
(2.17) and (2.19).

Define

d(v) = |(7+ l)v^7~3^4, c(v) =

,, v / 3^«~(7~3)/4. 7/3,

and set

Yi = c(v)sx + h(v), Z\ — c(v)rx + h(v),

Y2 = (yi)x, ^2 = (Zi)x.

It follows from (2.13) that for (.x,t) € fis(Ti),

D+n = -a^^-fc^x,*)^ +/3(x,t), (2.32)
Z?_Zi = -a(v)Zj - b2{x, t)Zi + /4(x, t), (2.33)

where

and that

where

bi(x, t) = b2(x,f) = \ — 2a(v)h(v), (2-34)

fs(x, i) = fi(x, t) = /i(v)(§ - 2a(u)/i(t;)), (2.35)

D+F2 = -63(x,t)y2 + /5(x,i), (2.36)

D„Z2 = -b4(x,t)Z2 + f6(x,t), (2.37)

fc3(x, t) = \ - 5(7 + l)u_1sx + n'vx, (2.38)

h(x,t) = 5-5(7 + 1 )v~xrx - n'vx, (2.39)

f5(x,t) = -fj,'(v)vx(c(v)sx + h(v)) - a'(u)wx(c(i;)sx)2

+ \ti(v)(l + (7 + l)*;-^)^, (2.40)

/6(x, i) = -A'(u)wa;(c(ti)rs + /i(u)) - a'(i;)t;a;(c(v)rx)2

+ \h'(v)(l + (7 + l)i>_1rx)ux. (2.41)

By (1.1)2, (2.12), and (2.15), we are able to show that

sx(0,t) = rx(0,i) - -^(u(0,f))(7+1)/2(ui(i) + «!(*))> (2.42)

rx(M) = sx(l,t) - -^=(t>(M))(7+1)/2(u2(i) + i4W)- (2-43)

In terms of (2.12), (2.20), (2.42), and the assumptions of Theorem 2.1, we are able to
show that

lim |(rx,sx)(0,#)| < 0(1)(NX + ^0 + <50). (2.44)
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Differentiating (1.1)2 with respect to f, we get, in terms of (l.l)i, (2.12), (2.42), and
(2.43), that

sxx(0,f) = —rxx(0, t) - -(u(0,f))(7+1)(u"(f) + u'1(t)) + 2(7+ l)?;_1i>xux(0,f)
7

-■-rxx(0,t)+gi(t), (2.45)

rxx{l,t) = -sxx(l,t) - ~(v(l,t))^+1\u2(t) + u'2{t)) + 2(7+ l)u"1uxua:(l,t)
7

= ■-sxx(l,t) + g2(t). (2.46)

With the help of (2.42)-(2.43) and (2.45)-(2.46), we can obtain the boundary conditions
for y2 and Z2, respectively, as follows.

At x = 0, it follows that
Y2( 0, f) = c(v)sxx(0, f) + c(u)xsx(0, f) + h(v)x( 0, f)

= -c(v)rxx(0,t) + c(v)(0,t)gi(t) + c(v)xsx(0,t) + h(v)x(0,t)
(2.47)

= -Z2(0,t) + 2c(v)xux(0,t) + 2h(v)x(Q,t) + c(v)(0,t)gi(t)

=: -Z2(0, f) + 33(f),

and at x — 1, it follows that

Z2(l,t) = c(v)rxx(l, t) + c(v)xrx(l,t) + h(v)x( 1, f)

= -c(v)sxx( 1, f) + c(v)(l,t)g2{t) + c(v)xrx( 1, f) + /i(u)x(l, f)

= -F2(l, f) + 2c(u)xux(l, f) + 2/i(u)x(l, f) + c(v)(l,t)g2(t)

= : -y2(l,f)+34(f).

Lemma 2.7. Assume that the piecewise smooth solution of the IBVP (1.1), (1.3), (1.4),
and (2.3) exists on fi(Ti). Then, under the assumptions of Theorem 2.1, it follows that
on fts(7i)

l^xxl l^xxxl + | T XXX I < Co, (2.49)
with Co > 0 a constant, provided that (2.17) on QS(T\) and (2.19) hold.

Proof. We estimate the terms in the left-hand side of (2.49) on f2j(0,Ti) and
f2J(0,Ti), respectively. On fiJ(0,Ti), the bounds of |sxx|, |rxx|, |sxxx|, and |rxxx| can be
obtained by solving the corresponding initial boundary value problems for them. In fact,
on fiJ(0,Ti) the systems (2.36) and (2.37) are linear for (Z2,Y2). Integrating (2.36) and
(2.37) along 1-characteristics and 2-characteristics, respectively on [0, f], and noticing,
due to (2.17), that

MM) >5, h(x,t)>\, (x,f)eQ+(0,Ti), (2.50)
and

l/5(a:, f)| + |/6(x, f)| < 0(l)\vx(x, f)|, (x, t) e (0, Ti), (2.51)

we can show, for any (x, f) £ (0,Ti), that

\Y2(x,t)\ + \Z2(x,t)\ <0(1) (Ni+[j,q+ max |ux(x,f)|), (2.52)
V (x,t)Gn+(0,T!) I
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where we have used (2.48). Then, by (2.12), we gain, for any (x,t) G (0, Ti), that

| H~ \^xx | < 0(1) f Ni + fio + max \vx(x,t)\ ] . (2.53)
V (rc,t)6fi+(0,T1) J

Similarly, we can yield the corresponding IBVP for (l2)x and (Zz)x on (0, T\) and
then obtain, for any (x,t) G f2j(0,Xi), that

|Sxx*| + |rxxx| < 0(1) ^2 + ^1+ no + max \vx(x,t)\ .
\ (x,t)en+(o,Ti) J

Now, we estimate them on fi!^ (0,7i). Differentiating (2.20) with respect to t, we have,
after a careful calculation, that along x = x^ (t),

ar (1 J2 )At2 (r )xx ~ as (1 — J2 2 (s )xx

= a+{ 1 + J2+)/4(r+)*x - 4(1 - J2+)^2 («+)w + MO (2-54)
=: /i2(i),

where

hi(t) - ar {(fi2 )x{r~)x ~ \({'' )* + (Ox)} + {(^2 )x(0* + J((''' + (s~)x)}

+ a+ {(/4)*(Os ~ j((Ox + (s+)-)} ~ 4 {(/4)*(Ox + i((r+)x + (Ox)}
- (r-)xD+a- - (s~)xD+aJ + (r+)xD+a+ + (s+)xD+a+

+ 2v^-Dt+(J2~M2)-
It follows from (2.54) that

ar (1 + J2 )a42 ^2 — as (1 — ̂ 2 )tJ,2 ^2

= a^(l + ̂ "WMO^Ox + MO*)
^ . 55 j

- aj(l - J2~)m2 (c(Ox(Ox + h(v~)x) + c(v~)h2(t)

-■ h3(t).

By (2.44) and the assumptions of Theorem 2.1, we find that

lim(l33(i)| + IM<)I) < 0(l)(ATi + /x0 + <50). (2.56)

Thus, we have, in terms of (2.44), (2.47), (2.55), (2.56), and the assumptions of Theorem
2.1, that

t—*0

Noticing

lim(|(Z2,y2)(0,OI) <0(1)(7V1+Mo + <5o). (2.57)

IMOI < °(1) -^l + IN2I + max \vx(x,t)\ , 0 < t < Ti,
\ (x,t)ef2.,(Ti) J

and using Lemma 2.6, (2.36), (2.37), (2.47), (2.55), and (2.57), we can estimate the
bounds of |F2|i |^2| on f2j(0, Xi) with t > 0 and obtain, for any {x,t) G f2^~(0,Ti) with
t > 0, that

I &XX | ~t~ | VXXI < 0(1) iVi + Ho + So + max \vx{x,t)\ , (2.58)
(x,t)ens(r1)
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provided that (2.17) and (2.19) hold. Similarly, we can obtain, for (x,t) £ f2^~(0,Ti) with
t > 0, that

\&xxx | ~t~ XXX | < 0(1) I N2 + Ni + no + So + max \vx(x,t)\ ) .
\ (T,t)en3(T!) J

Thus, the proof is completed. □

Lemma 2.8. Under the assumption of Theorem 2.1, it follows that, along x = x2(t),

|[sx]2| + Ifcchl + |[Sxa:]2| + Ibaixkl < 0(l)Joe ^> 0 < t < Ti, (2.59)
provided that (2.17) on f2s(Ti) and (2.19) hold.

Proof. We first estimate [sx]2- Due to Lemma 2.6 and

|[«x]2| < C(l)(|[y1]2| + IH2I),

we only need to estimate ]2- By (2.32) it follows, along x = x-i(i), that

DtiYih = (±2 - tiWi+)x ~ (X2 - /^)(yf)x
- [a]2(y+)2 - a-[yf]2 - [b1]2Y+ - &r[n] 2 + ihh (2.60)

=: — b5(t)[Yi]2 + /V(i)>

where

h(t) = | + a~[h\2 + a~c~(s~)x + a~c+(s+)x, (2-61)

f7(t) = (x2- ^)(Yi+)x - (±2 -M2)(yf )* (2-62)

" [«]2(n+)2 - W+ + [/3]2. (2.63)

By (2.27), (2.28), and Lemma 2.6, we have

b5(t) > \ (2.64)

and

|[ft]21 + |[a]2| + I[^*i]21 + |[/ski + \x — ̂ 2 I — O{l)S0e~Blt, (2.65)

provided that (2.17) on fig(Ti) and (2.19) hold. Then, it follows from (2.65) and Lemma
2.7 that

\Mt)\ < O(l)50e~Blt. (2.66)

Multiplying (2.60) by e^b5^dT and integrating it over [0, f], we have, in terms of (2.64)
and (2.66), that

IN2I < O(l)60e-B3t, (2.67)

where

B* = <
b if BX>1
Bx, ifBi<|,
i, otherwise.
5 7

Similarly, we can estimate the other terms in the left-hand side of (2.59). □
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2.3. Energy estimates. In this subsection, we estimate the bounds of v,vx, and ux
on Qs(Ti). By substituting (l.l)i into (1.1)2, the IBVP (1.1), (1.3), and (1.4) can be
reformulated into

L(v) = vtt + p{v)xx + vt = 0, (x, t) G ns(Ti),

p(v(0,t))x =-fi, p(y(l,t))x = -f2, 0<t<Ti, (2.68)
v(x,0)=v0, vt(x,0) = u0x, x €(0,1).

For any (x,t) G fis(7i), consider the following equality:

(v — vi + 2vt)L(v) = 0. (2.69)

Integrating (2.69) over f2s(t), we get, after a computation, that

l-Ei(t)dx+ [ E2{t) dr = \e0 + G2(t) + [ Gi(r)dr, (2.70)
^ Jo ^ Jo

where

Ei(t) = I {(i> - vi)2 + 2(v - vi)vt + 2v2 + 2^v~^+1)vl}(x,t) dx,
J D

E2(t) = [ {vt2+7V_(7+1)(1 + (7+1 )v~1vt)v2x}(x,t)dx,
J D

n\

Eo = J^ {(^0 - vi)2 + 2{v0 - vi)ulx + 27 VQh+1)v%x}dx, (2.71)

G2{t)= f {f2{r){2vt +(v-vi))(1,t) - fi(T)(2vt +(v-vi))(0,T)}dr,
Jo

Gi(t) = -\x2(t)[(v - vi)2 + 2(v - v{)vt + 2v2 + 2^v~{-1+l)v2x}2

+ [(v-vi + 2vt)p(v)x\2,

with

r f rxiit)— i-1 j
/ f(x) dx = < / + / > f{x) dx.

J D J0 Jx2 (t) +x2(t)+ ^

By (1.1) and (2.12), we can verify that

|Gfi(t)| < C(|[w]21 + |[^*x]21 + |[sx]2|), (2.72)

provided that (2.17) holds.
By (1.8) and (1.13), we get, for (x, t) G Qs(t), that

\v - ^i|2 < C{\g(t)\2 + 2||ux||2 + |H2|2). (2.73)

Noticing, for (x,t) G Qs(t), that

\vt\2 <C(\\(vuvxt)\\2 + \[ux}2\2), (2.74)

we obtain, with the help of (2.69)-(2.74), the Cauchy inequality, Lemma 2.6, and Lemma
2.8, the following lemma.
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Lemma 2.9. Under the assumptions of Theorem 2.1, it follows that

\\(v -vi,ux,y/yv~i'l+1)/2vx){-,t)\\2 + [ \\{ux^v~(i+1),2vx){-,t)\\2 dr
Jo

<C(N1 + no + S0) + ^Jo ||^-(7+1)/Vt(-,r)||2dr, t e [0,^],

provided that (2.17) on fls(Ti) and (2.19) hold, where and from now on C is a generic
positive constant.

Similarly, for any (x,t) € Qs{t), consider the following equality:

{vt + 2 vtt)dtL{v) = 0. (2.75)

Integrating (2.75) over fis(i), we obtain

(t) + f (E4 + E5)(t) dr = \E6 + G4(t) + [ G3(t) dr, (2.76)
Jo Jo

where

}(«) = [ {
Jd

e3(t) = I {v2 + 2vtvtt + 2v2tt + 2>yv h+1)v2xt

E6

-47(7 + 1)1; (7+2)uct;tuct}(:M)dx,

EA(t)= [ {v2t + 7^~(7+1)(l + 3(7 + l)v~1vt)vxt}(x, t) dx,
Jd

E5(t)= [ {27(7+ l)v~^+2S>vxvtt - 27(7 + 1)(7 + 2)v~^+3^vxv2
Jd

- 7(7 + 1 )v~(i+2)vxvt}vxt dx dr,

f1
I {^0x 2uqx{uqx + p(vq)xx) + 2(uqx + p(vo)xx) + 2ryvQ ^oxx

J 0

- 47(7 + 1)vq v0xu0xu0xx}(x) dx,

G4(t) = [ {/2t(r)ut(l,r) - fu(T)vt(0,T)} dr
Jo

- [ {2f2tt{r)ut(l,T) - 2fitt{T)vt{0,T)}dT
Jo

+ 2/2t(r)«t(l, r) - 2/lt(0H(l, 0) - 2f2t(r)vt(0, r) + 2/lt(0>t(0,0),

G3(t) = -\x(t)\(v2 + 2vtvtt + 2v2t + 2jv~(~f+1^v2t - 47(7 + l)v~(l+2)vxvtvxt)\2

+ [(ut + 2 vtt)Pxth-
(2.77)

By (2.44), (2.74), and the Cauchy inequality, we can estimate G4(t) as follows:

\G4(t)\ < C(fi0 + Ni) + |||v/7^-(7+1)/V||2
(2.78)

+ 16 \\(ux,y/7V h+1)/2vxt)\\2 dr.
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The Gs(t) can be estimated, in terms of Lemma 2.7, (1.1), and (2.12), as

1^3(4)1 < c (| [f] 21 + | [fa:] 21 + i ['"•cc] 21 + + llUzxhl)) (2.79)

provided that (2.17) holds.
It is easy to verify that

fJo

t
E5(t) dr

< Jo Id1V (7 + 1) {jk+2l<CI+l^V (7+2)^) Vxt dxdT

+%)}dxdT ' '

-\J„ (""'/F'® h+'),2"'<] dT + J0 ll/f® (t+1)/2»iIIdr,

provided that (2.17) holds.
Then, we have, with the help of (2.78)-(2.80), Lemma 2.6, Lemma 2.8, and (2.68)i,

the following lemma.

Lemma 2.10. Under the assumptions of Theorem 2.1, it follows that

||(^,^t,V7^(7+1)/2^t)(-,0H2 + [ \\{uxt, \ilv-(l+1),2vxt,vxx)(-,T)\\2 dr
Jo

< C(Ni + no + So), t£[0,Ti],

provided that (2.17) on f2s(Tj) and (2.19) hold.

Noticing that, for (x,t) G fls(Ti), it follows that

\u(x,t)\ < 0(l)(|ui(i)| + |it2(t)| + ||ux(-,t)|| + IH2I), (2.81)

we have, by (2.68)1, (2.81), and Lemmas 2.9-2.10, the following lemma.

Lemma 2.11. Under the assumptions of Theorem 2.1, it follows, for t G [0, Xi], that

\\{v -vi)(-,t)\\l + || it( •, t) || 2 + [ \\{ux,uxt,vx,vxt,vxx){-,T)\\2 dr < C{Ni +/x0 +<50),
Jo

provided that (2.17) on QS(T\) and (2.19) hold.

Thus, with the help of Lemma 2.6 and Lemma 2.11, we can prove that (2.17) on
QS(T\) and (2.19) really hold if we choose the initial-boundary data and the initial jump
small enough such that C(N\ + /xo + ^0) < JqV- Therefore, by the standard continuity
argument, we can prove the existence of piecewise smooth solutions for the IB VP (1.1),
(1.3), (1.4), and (2.3) on fi(Ti), such that v is uniformly bounded, \vx\ + lu^l 1 for
(x,t) € fis(Ti) with x2(Ti) < 1, and |[f]21 ^ L under the assumptions of Theorem 2.1.
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2.4. Global existence of the weak entropy solution. Now, we turn to prove the global
existence of a piecewise smooth solution for IBVP (1.1) on fi(T) for any T >T\. Due
to the above argument, we may assume x2 (Ti) = 1. Then, it follows from (2.2), the
continuity of U2{t), and Lemma 2.6 that u(x2{Ti) — 0, T\) > U2{T\). Thus, by a procedure
similar to that used in the above, we are able to show that there is a T2 > Ti, such that
the IBVP (1.1), (1.3), and (2.82),

(v,u)(x,t)\t=Tl = (v,u)(x,T1), u(l-0,Ti) >u2(Ti), (2.82)

has a unique weak entropy solution (r, s) on the domain

tt{Ti,T2) =: {{x,t) \Ti<t<T2, 0 < x < 1},

in the class of piecewise smooth functions, which contains only a 1-shock x = X\(t) with
x\(T\) = 1. Moreover, the specific volume is bounded, |(rx,sx)| <C 1 for x x\(t), and
I Hi I ^ 1 under the assumptions of Theorem 2.1. Thus, we can show that the piecewise
smooth solution to the IBVP (1.1), (1-3), (1.4), and (2.3) exists on fi^) with T2 > T2
and 2:2(12) > 0, and is smooth on the following domain:

ns(T2) = n.(Ti) u n+(ii, r2) u nj (tut2). (2.83)

Define

Kl = K-)(^+1)/2 + (-1 )i«)(7+1)/2 + (-1)<+1§V7®iMi, * = 1,2,

bj = (1 - Jf)(A! - /if Ki), bf = A1(1- J+),
b~ = (1 + Jf)(,4i - /if/fi), 6+ = (1 + J!+)(^i - 2/x+),

where = n(v(xi(t) ± 0, t)).
Differentiating (2.1)2 with respect to t, and using (2.12), we have, after a careful

analysis, the following lemma.

Lemma 2.12. Assume that the piecewise smooth solution of the IBVP (1.1), (1-3), (1-4),
and (2.3) exists on fl(T2). Then, along x = x\(t), it follows that

K(si)x + K(rt)x = b~ (si )x + b~ (rj")x + 2^+Mi (2.84)
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and

_ {2\/-7[p(^)]iMi + ([pfo)]i ~ 7(WT(7+1)MiXWT(7+1)/2} p-f i
Mi\/-[p(v)]iMi t 1

= 2(U+)(t+1)/V-|p(«)]i/Mi

2(V7«)-(7+1)/2 - v/-[p(«)]i/[v]i), +,
K (ri)x (2-85)

, (%/7(«r)"(7+1)/2 + V-\p(v)h/lvh)Ki,
+ Ml ls'

{~Vl{vl)~h+1)/2 + V/-[p(^)]i/Mi)^2/
Hi (ri jx'

where =: dt + X\(t)dx.

Define

= v(xi{Tl) - 0, Ti) - v(x1(T1) +0,Ti).

Noticing the facts that, at the point (x,t) = (l,Ti),

i\(Ti)[u\ i = [v]i, x i (T\) [it] 2 = [t>]2, ^ = vj", Mi = [it] 2 (2.86)

hold, we can verify that, at the point (x,t) = (l,Ti),

— 6oe~B2Tl < Si < 6o—e~BlTl. (2.87)
/^M f^m

Therefore, we obtain the following exponential decay for the shock strength along x =
x\(t), i.e., (2.88) and (2.89).

Lemma 2.13. Assume that the piecewise smooth solution of the IBVP (1.1), (1.3), (1-4),
and (2.3) exists on f2(?2)- Then, along x = x\(i), it follows for t £ [Ti,!^] that

-Jj-D("(Mi) G [BUB2], (2.88)

60—e~B2t < 51e~B2{t~Tl) < |[v]i| < S1e~Bl{t~Tl) < 60 — e~Blt, (2.89)
l^M l^m

provided that (2.17) holds on fis(X2) and the shock strength is small enough.

By a procedure similar to that used in proving Lemma 2.7 and Lemma 2.8, the esti-
mate (2.49) can also be proved to be true on Q,f(T\,T2) and the exponential decay of
IWiMWiUMil, and |[rxx]i| can be obtained. Thus, we have, in terms of Lemma
2.7 and Lemma 2.13, the following lemma.

Lemma 2.14. Assume that the piecewise smooth solution of the IBVP (1.1), (1.3), (1.4),
and (2.3) exists on fi(T2). Then, under the assumptions of Theorem 2.1, it follows that
on Os(T2)

I +1 T XX I +1 &XXX I +1 T XXX I < Co, (2.90)

and that, along x = x\ (t),

|[sk]i| + |[rx]i| + |[sxx]i| + |[fxx]i| < 0(l)Soe Bst, T\<t<T2, (2-91)
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provided that (2.17) holds on f2s(T2) and the shock strength is small enough.

In terms of Lemmas 2.13-2.14 and by a procedure similar to that used in proving
Lemmas 2.9-2.11, we can prove that the piecewise smooth solution of the IBVP (1.1),
(1.3), (1.4), and (2.3) exists on fl(T2) such that v is uniformly bounded, \vx\ + \ux\ <gC 1
for (x,t) 6 S7s(T2), and the shock strength decays exponentially. Therefore, we have
proved the existence of the piecewise smooth solution to the IBVP (1.1), (1.3), (1.4),
and (2.3) on 0(72) with 2:1(12) > 0. Repeating the above procedures, we can prove the
existence of a piecewise smooth solution to the IBVP (1.1), (1.3), (1.4), and (2.3) on
fi(T) for any T > 0. In fact, without loss of generality, we assume that there exist T, > 0
(i = 0,1,2,...,n) with Ti+\ > T, T2n = T, and To = 0, such that

n—1

Os(r2n) = U (ni(T2i,T2i+1)unt(T2i+1,T2i+2)). (2.92)
i=0

Define, for k = 1,2,..., n — 1,

\v(x2{Ti + 0) + 0, Ti + 0) — v(x2 (Ti + 0) — 0, Tj + 0) |, i = 2k,
|v(xi{Ti + 0) + 0, Ti + 0) - v{xi{Ti + 0) - 0, Ti + 0)|, i = 2k + 1.

Since at the reflection points (x, t) = (0, T2k) and (x, t) = (l,T2fc+i), k = 1,2,... ,n-1,
it holds that

i2(T2k+i)

5i =

S2k + 1 —

$2 k =

±i(T2k+i)

ii(T2k)

N2(T2fc+i)|, (2.93)

IMi(T2fc)|, (2.94)
*2 (T2fc)

similarly to (2.87), we have, by Lemma 2.6, Lemma 2.13, (2.1) and (2.2), that

—(52fce~B2(T2't+1~T2'=) < 52k+1 < —62ke~Bl{T2k+1~T2k), (2.95)
Mm l^m

—S2k-ie-B2(T2k-T2k-i) < §2k < VKs2k-ie-B(2.96)
/^M Mm

Thus, it follows from (2.87), (2.95), (2.96), Lemma 2.6, and Lemma 2.13 that Lemma
2.15 holds.

Lemma 2.15. Assume that the piecewise smooth solution of the IBVP (1.1), (1.3), (1.4),
and (2.3) exists on O(T). Then, under the assumptions of Theorem 2.1, along x = X\(t),
it follows that for k = 0,1,2,..., n — 1,

— tt"A (Mi) £ [Bi,B2], t G [T2fc+i,T2fc+2], (2.97)Ma
60e~Bit < |Mi| < <5oe"B5t, t G [T2k+1,T2k+2\, (2.98)

and, along x = x2(t), it follows that for k — 0,1, 2,..., n — 1,

r^t+(M2) G [Bi,B2], t G [T2fc,T2fc+i], (2.99)
M2

Soe~Bit < M2 < Soe~B^, t e [T2k,T2k+1], (2.100)
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for two positive constants B4 and Z?5, provided that (2.17) holds on QS(T) and the shock
strength is small enough.

Denote the above continuous and piecewise smooth function by x = x(t), namely,
x = x{t) : [0, T] —* [0,1] such that x(t) ^ 0 and

x(t) =
±2(t), if x(t) > 0,

if x(t) < 0.

Let [F](i) = F(x(t) + 0,t) — F(x(t) — 0,t). Then, repeating the same procedure, we
have, in terms of Lemma 2.15, (2.95), (2.96) and (2.12), the following.

Lemma 2.16. Under the assumptions of Theorem 2.1, it follows, along x = x(t), that

|[vx]| + |[wxx]| + INI + IMI + |[""a;x]| < 0(l)Soe Bet, t > 0, (2.101)
rT

IN + I HI + | [vXx] I + INI + |[ttx]| + \[uxx]\)dt < O(l)50, (2.102)IJo

for some positive constant Be, provided that (2.17) holds on S~ls(T) and the shock strength
is small enough.

With the help of Lemma 2.16, we can easily verify that Lemmas 2.9-2.11 hold uni-
formly for 0 < t < T. Repeating the same procedure in proving the existence of a
piecewise smooth solution for 0 < t < Ti, we have the following global existence result.

Theorem 2.17. Let T > 0. Under the assumptions of Theorem 2.1, it follows that for
0 < t < T,

llu - 111 + IMl! + [ \\(ux,uxt,vx,vxt,vxx)\\2 dr < C(Ni + /z0 +So), (2.103)

IN + II^xll + INrxll + INI + l[Mx]| + |[wxx]| 5: O(l)6oe Bbt, (2.104)
and for x ^ x(t),

l^xxl ~t~ l^xxl C(~t~ Mo ~t~ ̂o)> I^xxxl |^xxx| ^ C- (2.105)

2.5. Asymptotic behavior of the weak entropy solution. To finish the proof of Theorem
2.1, we only need to prove (2.11), due to Theorem 2.17.

Differentiating [(2.69)+(2.75)] over [0,1], we obtain

— — {Ex + Es) + E2 + E4 + E$ = ^(^2 + G4) + G$(t) + Ge(t), (2.106)

where Et (i = 1, 2,..., 5) are those in (2.71) and (2.77) with X2{t) replaced by x(t), and

G5(t) = -±x(t)[((v - T7i)2 + 2(v - vi)vt + 2v2 + 27v~^+l)v2x)\

+ [{v - Vi + 2vt)p(v)x],

G6(t) = -\x(t)\(v2 + 2vtvtt + 2v2t + 2-yv~^+1)v\t - 47(7 + l)v~^+2)vxvtvxt)\

+ [{vt + 2 Vtt)pxt\.
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By Lemma 2.11, we find that

C^Wiv -vi,ux,uxt, v^+1)/V,V7^(7+1)/Vt)l|2
<(£i+£3)(0 (2.107)

< C(E2 + E4 + E5)(t) + C(\g(t)\2 + /„(*)),

where f9(t) = |[w]|2 + |[wx]|2 + \[vxx}\2 + \[u]x\2 + \[uxx}\2, and

— (G2 + Gi)(t) < \{E2 + Ea) + f2(t)vtt{l,t) - fivtt(0,t) ^

+ C{f2 + /f + fit + fit + g2 + fg(t))(t).
Thus, by (2.106) we get, with the help of (2.107), (2.108), and Theorem 2.17, that

|| (V - Vl ,Ux,Uxt, y/^V~h+1)/2Vx, y/lV~(1+l),2Vxt)\\2

< Ce+ C Afl + fl + f2u + f\t + g2){T)e~tot-r) dr
Jo

rt (2.109)
+ C / (\h\ + |/2| + |/it| + \f2t\)(r)e-tot~T) dT

Jo

+ C [\\G5(t)\ + |G6(r)| + f9(t))e~tot-r) dT>
Jo

for some positive constant /3$.
By (2.81), (2.109), Theorem 2.17, and the following Lemma 2.18, we can obtain (2.11).

Thus, the proof of Theorem 2.1 is completed.

Lemma 2.18 ([22]). Let w(t) (t > 0) and z(t) be continuous functions satisfying that
there exist positive constants ct (i = 1, 2,3,4) such that for 0 < r < t,

rt
ClgC2(t t) <- exp | J w(s)ds| < C3eC4^ T\

Denote F(t) by

pt+i

Then
/i+i

z(t) dr.

C~l limt_+00F(t) < lim £—♦■ + 00 s: exp H w(s) ds | z{t) dr

J exp|-^ w(s) ds^j z(t) dr< lim t_+00

< C\imt^+ocF(t).

3. Two-shocks reflection. Let u}_ — u2(0) and = lim^i-o u0(ar). In this
section, we consider the IBVP (1.1), (1.3), and (1.4) when

«_ > u\_ > w]j_. (3-1)
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Let v\ = linx^j-o Vq(x) and v\ be the solution to the following equation:

(ul_ - u\)2 = (p(vi) - p(vI))(ui - ui), (3.2)

with v_ > v\_
Denote

Po = |u+ - V- \ + Iu+ - u_| + |i>+ - i>i.| + |u+ - ui|, (3.3)

N5= max |V|^(u0(a;)-?;i)| +V|a>0(^)|l, (3.4)
xG(0,l) / v \^x\uV\^J "LJ\ I / v |

k 2 = 0 2=1

N6 = max {|^(u0(x) - vi)\ + |<93u0(x)|}. (3.5)
x€(0,l)

We have the following main result.

Theorem 3.1. Assume that /?o "C 1, (uo,vo) E C3((0,1)) with A^5 + A^6 < +oo, and
Ui E C3 n H3((0,+oo)). Then there exists an £3 > 0 such that if + /j,o < £3, the
global weak entropy solution (u,v)(x,t) to the IBVP (1.1), (1.3), (1.4), and (3.1) exists,
namely, two continuous and piecewise smooth curves yt = yi(t) : R+ —> [0,1] exist
and satisfy yi(0) = 1, y2(0) = 0, yi(t) ■ y2(t) < 0, y^t) = xx(t) for y^t) < 0, and
i)i(t) = £2(t) for yiit) > 0, where x = Xi(t) (i = 1,2) are denoted by (2.1) and (2.2)
respectively. Moreover, away from x = yi(t), (u,v)(x,t) E C3, and, along x = yi(t), the
Rankine-Hugoniot condition and the Lax entropy condition hold. In addition, as t tends
to infinity,

\dlx{{u,v)(yj(t) +0,t) - (u,v){yj{t) -0,t))| ~ 0{l)e~06t 0, j = 1,2, i = 0,1,2,
(3.6)

and

||(u,« - «!)(-, t)Hi ~ 0(l)(e-^4 + A(t)) - 0 (3.7)

with two positive constants (3§ and /?7.

Remark 3.2. The similar result to Theorem 2.4 is true in this case.
The proof of Theorem 3.1 is similar to that of Theorem 2.1, but it is more complicated

since we also need to deal with the possible interactions of the shock discontinuities in
different families and in the same family. For the interaction of shocks in different families,
it can be done by solving locally a Riemann problem [13, 14] where one can obtain the
similar estimates along shock waves and away from them. The shock interactions in the
same family are more complicated because there will appear a rarefaction wave after the
interaction. However, this case will never appear, because we can prove that if for some
time T > 0, there are two shock waves in the same family, the distance between them is
uniformly bounded below if the assumptions of initial-boundary data in Theorem 3.1 are
satisfied. Then, one of the shocks in the same family will hit the boundary and reflect
to form a new shock wave in the other family. We omit the details here.

Acknowledgments. The second author thanks Professor Tao Luo for his kind help
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