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Abstract. The dynamic evolution of an elastic medium undergoing frictional slip is
considered. The Coulomb law modeling the contact uses a friction coefficient that is a
non-monotone function of the slip-rate. This problem is ill-posed, the solution is non-
unique and shocks may be created on the contact interface. In the particular case of the
one-dimensional shearing of an elastic slab, the (perfect) delay convention can be used
to select a unique solution. Different solutions in acceleration and deceleration processes
are obtained. To transform the ill-posed problem into a well-posed one and to justify the
choice of the perfect delay criterion, a visco-elastic constitutive law with a small viscosity
is used here. An existence and uniqueness result is obtained in three dimensions. The
assumptions on the functions implied in the contact model are weak enough to include
both the normal compliance and the Tresca model. The following conjecture, based on
results of numerical simulations, is stated: in the elastic case, the solution chosen by
the perfect delay convention is the one obtained from the solutions of the problem with
viscosity, when the viscosity tends to zero.

1. Introduction. The first existence and uniqueness results in the mathematical
approach of the dynamic contact problems with friction in elasticity were obtained by
Duvaut and Lions [2]. They studied the special case of a prescribed normal pressure
where the contact surface is known in advance. To obtain some existence results without
this restrictive assumption, the non-penetrability of mass was relaxed by Martins and
Oden [12] (see also [9] for a more general result) by considering the normal compliance
model of contact with friction.

Since the pure elastic problem with friction seems to be very irregular, they considered
only the viscous case. As far as we know, there exists no general existence result for
dynamic elastic contact.

All of the above results involve a fixed friction coefficient ji. In the study of many
frictional processes (stick-slip motions, earthquakes modeling, etc.), the friction coeffi-
cient has to be considered variable during the slip. A current choice of such a variation
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is the friction law in which the coefficient of friction is dependent on the slip rate vt,
i.e., fi = [i(\vt\)- The simplest dependence of [i on the slip rate is the discontinuous
jump from a "static" value (for \vt\ = 0) down to a "dynamic" or "kinetic" value (for
\vt\ 7^ 0). The same frictional instabilities can occur when the coefficient of friction fi
is a smooth and decreasing function of the slip rate (see [13] and [20].) This model of
friction was studied by Ionescu and Paumier [5], [6] for the one-dimensional shearing
problem of an infinite elastic slab. They pointed out that the solution of the problem
is not uniquely determined. However, since the problem is ill-posed, a criterion to se-
lect the most appropriate solution with a physical interpretation is needed. Whatever
is the selection rule to choose the solution, shocks will occur. A possible choice for this
criterion is the so-called perfect delay convention: the system only jumps when it has no
other choice (see [6] and [1]). In this way, different paths of solutions are obtained in
acceleration and deceleration processes and a hysteresis phenomenon occurs.

The perfect delay convention is not related to a simple energy criterion. It comes
from catastrophe theory (see, for instance, [15]) and is implicitly present in the analysis
of many physical problems. It is used in the study of static or quasi-static problems (see,
for instance, [7] for a slip-dependent, model of friction), and it is justified by a dynamic
stability analysis. That is, the static (or quasi-static) position chosen by the perfect
delay convention is always stable. The use of this criterion in this context, even if it is
intuitively reasonable, has no justification because the problem is already fully dynamic.
However, the perfect delay convention does not work in other more realistic cases (2-D
or 3-D problems).

Three techniques that can be used to transform this ill-posed problem into a well-
posed one and to justify the choice of the perfect delay criterion are currently under
investigation. In all three cases, another (disturbed) problem (which depends on a small
parameter) is considered. This new problem is well-posed and its unique solution con-
verges to the solution of the initial (non-disturbed, ill-posed) problem chosen by the
perfect delay convention. The first method, due to Renard [17], [18], consists in adding a
small mass concentrated on the friction surface. Using stability arguments, Renard has
proved the convergence of the solution for a large class of loadings in the one-dimensional
case. The second one uses a rate and state dependent friction law of Dieterich and Ruina
type (see, for instance, [19], [16], [3] and [14]). Favreau et al. [4] have showed numerically
that the limit solution, when the characteristic slip L —> 0 is the one corresponding to
the rate dependent model, assuming the perfect delay convention. For both methods
there are no existence or uniqueness results in two or three dimensions.

The third technique, which is presented in this paper, uses a visco-elastic constitutive
law with small viscosity. An existence and uniqueness result is obtained in the general
three-dimensional case. The proof, based on the Galerkin method, is constructive. The
assumptions on the functions used in modeling the contact are weak enough to include
both the normal compliance and the Tresca model. A similar result was obtained recently
by Kuttler and Schillor [11]. There, an abstract existence and uniqueness theorem has
been used. Concerning the existence result, their assumptions (which include the normal
compliance model) are near to the ones used here. For uniqueness they considered the
particular case of a bounded tangential stress. Other existence results for the dynamic
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contact with a slip-rate dependent friction were obtained by Kuttler et al. [10] for the
beam problem. Note that the local existence results obtained by Jarusek and Eck [8]
cannot be used in this context. Indeed, global uniqueness and existence results are needed
for the regularized viscous problem.

Finally, I give here some numerical simulations for the one-dimensional problem, which
show that the viscous solution converges, for a vanishing viscosity, to the perfect delay
solution of the elastic problem. Based on these results, the following conjecture can be
stated: in the elastic case, the solution chosen by the perfect delay convention is the one
obtained from the solutions of the problem with viscosity, when the viscosity tends to zero.
In this way, the perfect delay convention takes on a physical sense because it leads to a
solution that is the limit of a regular (viscous) problem.

2. The one-dimensional problem without viscosity. For the convenience of
the reader, we shall recall in this section the principal results obtained by Ionescu and
Paumier [6] in the one-dimensional elastic case.

Let us denote by 17 =]0, H[ and consider the following initial and boundary value
problem: find v, r £ [0, T] x 17 —* R such that

pii(t,x) = dxr(t, x), (1)

t(t,x) - Gdx(t,x), (2)

for all (t,x) € ]0,T] x 17,

v(t ,H) = V, (3)
\r(t, 0)| < /x(0)S ifw(£, 0) = 0, (4)

T(t, 0) = Sfi(\v(t, 0)|) , if v(t, 0)^0 (5)

for all t € ]0, T],

f(0, x) = vo(x), t(0,x) = to(x) for all x € 17, (6)

where p, S,G > 0 are positive constants and vo, tq are the initial data.
The above problem represents the one-dimensional dynamic shearing of an infinite

linear elastic slab that is in frictional contact with a rigid body. The slab has the Lame
coefficients A and G, and it is bounded by the planes x — 0 and x = H. On the plane
x = 0, the slab is in frictional contact with a rigid foundation. At x = H, the slab is
dragged with a tangential velocity V in the y-direction and it is pushed in the ^-direction
with a uniform normal stress —S. We assume that the displacement uz vanishes in the
2-direction and ux = — We denote by u = u(t,x) the horizontal displacement
(uy), by v(t,x) = u(t,x) the velocity, and by r(t, x) = Gdxu(t,x) the shear stress. On
the friction boundary (x — 0), the normal stress is —S, the tangential stress is —r(t, 0),
and (4), (5) represent a friction law with slip-rate dependent friction coefficient /x = fj,(v).

For the sake of simplicity, and without any loss of generality, we will suppose that
GT < T* = H/c, where c = , / j is the wave velocity. Since \/~pGv(t,x) + r(t,x) is
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constant on the characteristic lines Dj. = {(x,t) G R~;x + ct = k}, then

y/pGv(t,0) +T(t,0) = (7)

where f3 : [0, T\ —> R is given by the initial conditions:

P{t) = giMct) + \fpGv0{ct)}.

An important role in our analysis is played by the function g : R+ —> R given by

g(s) = n(s) + as, Vs € R+, (8)

where /i is the friction coefficient, which is supposed to be positive and continuous, and
a = . From (7) and (3)-(6), one can deduce an equivalence between the hyperbolic
problem (l)-(6) and a scalar equation to be solved for all t £ [0,T] that gives the
boundary data a for a standard mixed hyperbolic problem. Indeed, (v,t) is a (weak)
solution of the problem (l)-(6) iff a : [0, T] —> R is a piecewise continuous solution of
the following family of scalar equations:

(a(t),0(t))eK a.e. te[0,T\, (9)
and (v,t) is the (weak) solution of (l)-(3), (6) and v(t, 0) = a(t), a.e. t £ [0, T]. Here
K is the graph of the odd extension of g, i.e.,

K =■. {0} x [-ff(O), g(0)] U {(x, g{x))\x > 0} U {(x, -g{-x))\x < ()}.

Two different qualitative behaviors of the solution are found, depending on the mono-
tonicity of g.

In the first case, g is increasing (i.e., /u'(s) > —a), and there is a unique continuous
solution t —> a(t) = v(t, 0) for all continuous /?. Hence, there exists a unique (weak)
solution (v, t) of the problem (l)-(6) and the mapping that associates the solution (v, r)
to every data (V, t>o, to) is continuous.

In the second case, called the "irregular behavior", g is not increasing (see Fig. 1).
This is the case when the friction coefficient n has a "large" enough weakening rate — //
(when it decreases from the static value /is to the dynamic one fid)- For instance, let us
suppose that there exists ct\ > 0, such that g is increasing on [ai,+oo[ and decreasing
on [0, ai] and (3 is monotone and continuous. Then we find that, for all weak solutions
(v,t) of (l)-(6) and all t E [0,T], the point (v(t,0),/3(t)) belongs to the solid line K
plotted in Fig. 1. The solution v(t, 0) = a(t) is unique if 0(t) < g(ai) or g{0) <
but there are two or three solutions for g{ai) < /3(t) < <?(0). Hence at each time t we
have to choose between these three solutions.

However, since the solution of the problem (l)-(6) or (9) is not uniquely determined,
we need a criterion to select the most appropriate solution with a physical interpretation.

Let us remark firstly that whatever selection rule is chosen, shocks will occur. Indeed,
if (3(ti) < g(ai) and /?(^) > <7(0), then the functions t —> a(t) = v(t, 0) and t —> r(f, 0)
must have at least one discontinuity in the time interval [ti, ^2] if 0 is increasing. In
conclusion, there exist no continuous solutions, even if the data are continuous (i.e., all
the regularity and compatibility assumptions are satisfied).

A possible choice of a criterion to select a solution is the (perfect) delay convention:
the system only jumps when it has no other choice (see Ionescu and Paumier [6], Campillo
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FlG. 1. The set K (solid line) of the function g in the irregular case.
At each time t for which 0(t) 6 ]/3i,g(0)[ the problem (9) has three
solutions. The arrows show two paths of solutions selected with the
perfect delay convention in acceleration (p increasing) and decelera-
tion (0 decreasing) processes. Note a hysteresis phenomenon.

et al. [1]). Hence the physical solution v(t, 0) maximizes its interval of continuity. In this
way (see Fig. 1), different paths of solutions are obtained in acceleration (/? increasing)
and deceleration (/? decreasing) processes and a hysteresis phenomenon occurs. One
consequence is that v(t,0) never follows the decreasing branch where fj,'(v(t,0)) < —a
(i.e., v(t, 0) £ ]ai,a2[).

It was shown in Ionescu and Paumier [5], [6] that the perfect delay convention is not
related to a simple energy criterion. One may notice that the delay criterion, which
comes from catastrophe theory (see, for instance, Poston and Stewart [15]), is implicitly
present in the analysis of many physical problems. Generally speaking, it is used in the
study of static or quasi-static problems (see Ionescu and Paumier [7]), and it is justified
by a dynamic stability analysis, that is, the (static or quasi-static) position chosen by
the perfect delay convention is always a stable position. The use of this criterion in our
context, even if it is intuitively reasonable, has no justification because our problem is
already fully dynamic. We will see in the last section that this choice can be motivated
by the analysis of a regularized viscous problem.

3. Statement of the viscous problem. Let £1 C RA (N = 2,3) be a bounded
domain, representing the interior of a viscoelastic body, with a smooth boundary T = d£l,
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which is divided into three disjoint parts T = 1^ U Tc U Tf with meas(rd) > 0. The
mechanical problem (MP) consists in finding the displacement field u : [0, T] x Q —> Rw
such that

a(t) = Ae(u(t)) + r]Ce(u(t)), pu(t) = diva(t) + b(t) in Q, (10)

u(t) = 0 on rd, a(t)n = l(t) on rc, (11)

<7n{t) = -hn{u+{t)) on Tf, (12)

aT(t) = -hT(u+(t))ij,(\uT{t)\)j~^~ if uT(t) ± 0 on Tf, (13)

\<rT(t)\ < hT{u+(t))n(0) if ur(t) = 0 on Tf, (14)
u(0) = wo, u(0) = vo in (15)

where rj > 0 is a viscosity coefficient, p > 0 is the density, A,C are the fourth-order
tensors, a is the stress tensor, e(u) = |(Vm + VTw) is the small strain tensor, n is the
unit outward normal vector on r, an = an ■ n is the normal stress, <jt = an — ann is
the tangential stress, un = u ■ n is the normal displacement, it+ is its positive part, and
ut = u — unn is the tangential displacement. Here b represents the given body forces
and I is the load on Tc.

Equations (12)-(14) represent the contact with friction along a candidate surface Ty
with a rigid and fixed body If there exists a normal gap ggap between the viscoelastic
body and the foundation, measured in the undeformed configuration, then have to
be replaced by (un - gga,p) + .

In (12) the normal stress an is a function of the penetration Two cases are often
used in the literature. In the first one, the Tresca model, the normal stress is given,
i.e., hn(v) = Sn; hence, the contact surface is also given. The second one is the normal
compliance model characterized by a power-law relationship, i.e., hn(v) = \v\mn, Ht{v) =
\v\mT.

Equations (13), (14) assert that if there is contact, the tangential (friction) stress is
bounded by a function of penetration multiplied by the static value of the "friction
coefficient" /i(0). If such a limit is not attained, then sliding does not occur. Otherwise
the friction stress is opposite to the slip rate and its absolute value depends on the
slip velocity. As a matter of fact, if we put hx{v) = r(hn{v))hn(v), then we get that
v = j^j = r(\an\)p(\ut\), which corresponds with a generalization of Coulomb's friction
law. Indeed, in this case, the coefficient of friction v is no longer constant, and it
accommodates the dependence on the normal stress and on the slip rate.

4. Assumptions, notation and preliminaries. In the study of the problem (10)-
(15), the following assumptions are used: A,C are symmetric and positively defined
fourth-order tensors, i.e.,

AtjkhCijki € L°°[U), A(x)e : a = A(x)a : e, C(x)e : a — C(x)a : e, (16)

3q > 0 such that A(x)e : e > a|e|2, C(x)e : e > a|e|2, (17)

a.e. x E f2, Vi, j, k,l = 1,N and for all a, e e xN.
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The friction coefficient /i : Tj x R+ —» R+ has the following properties:

\n(x,ui) — fi(x,u2)\ < L\ui — u2\ Vui,u2 € [0,+oc[ a.e. leTj, (18)
0 < p,(x, u) < a.e. Vu G R+, (19)

and the function x —> /z(x, u) is measurable for all u £ R+. Concerning the functions hn
and hr, we shall suppose that x —» hi(x,u) is measurable for all u £ R+ and that there
exist Ci,Di,Ei > 0 and rnt > 1 such that

\hi(x,u)\<Cz + Dl\u\m', (20)

\hi(x,ui) - hi(x,u2)| < Ei( 1 + |ui|mi_1 + Mm<_1)K - u21, (21)

a.e. x G T/, and for all u,ui,u2 € R+, with i = n or i = T. We denote by pn —
mn + 1, pt = nriT + 1, p = max{pn, pr} and let us suppose that

p < 3 UN = 3. (22)
Let Si(x) — /ii(x,0), and let us denote by

Hi(x,u) = / [hi(x,v) - St(x)]dv,
Jo

a.e. x & Tf, and for all u € R+, and let us suppose that Hi(x,u) > 0 a.e. x £ Tf, with
i = n or i = T. We shall also suppose that the density p £ L°°(£l) is positive, i.e., there
exists po such that p(x) > po > 0. Finally, the load I and the body forces b will be
supposed to have the regularity

I £W1'2(0,T,[L2{Tc)]n), b£W1'2(0,T,[L2(n)}N). (23)

Let us denote by H := [I/2(fi)]''v endowed with the inner product

(u,v) := /
Jn

pu ■ v dx, Vu, v £ H,

which generates an equivalent norm denoted by | • |. Let V be the closed subspace of
[i?1(f2)]iV given by

V :={v£ [H1(Q)]N-v = 0on Td}

and let us suppose that

u0,v0£V. (24)

If we denote by a, c : V x V —> R the following bilinear and symmetric applications

a(u,v) := / Ae(u) : e(v), c(u,v) := / Ce(u) : e(v), Vu,v£V,
Jn J ft

then from (16) we find M > 0 such that

]a(u, v)| < M||it||y||u||v) |c(u,t;)| < M\\u\\v\\v\\v, Mu,v £V. (25)

From (17) and the Korn inequality, we deduce that there exists d > 0 such that

a{v,v) > dWvWlr, c(v,v) > d\\v\\2v W G V. (26)
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Finally, we define / G M/1'2(0,T, V') and j:^xVxV-^Ras follows:

(f(t),v) =: ( b(t)-vdx+ f l(t)-vds, (27)
J n J rc

j(u,v,w) := / /it(m+)^(|?;t|)|wt| ds + / hn(u+)wnds, Vw,v,w £ V. (28)
Jr/ ./r,

Using this notation, one can easily deduce that any solution of (10)-(15) satisfies the
following variational problem (VP): find u : [0,T] —> V such that

(il(t),v — u(t)) + a(u(t), v — u(t)) + r]c(u(t),v — u(t))

+ j(u(t),u(t),v) - j(u(t),u(t),u(t)) > (f(t),v-u(t)), (29)

for all v G V, a.e. t G ]0,T[ and

u(0) = u0, w(0) = vq. (30)

5. Existence and uniqueness of the solution. The main result of this section is
the following:

THEOREM 5.1. There exists a unique solution of (VP) with the following regularity:

U e W1,oo(0, T, V) n w2'2(0, T, H). (31)

A similar theorem was obtained recently by Kuttler and Schillor [11]. There, an ab-
stract existence and uniqueness theorem has been used. Concerning the existence result,
their assumptions (which include the normal compliance model) are near to the ones used
here. They supposed in addition that the function hn is increasing and hn(0) = hx{0) = 0
(which excludes the Tresca model) but the restriction (22) is removed. However, we
present here the main points of a constructive proof of the existence, based on the
Galerkin method. Concerning the uniqueness result, in [11] is considered the particular
case of a bounded tangential stress, i.e., hx is supposed to be a bounded function.

The following lemma will be useful in the proof of this theorem.

Lemma 5.1. Let Q C RA be as above and let a G [2, 2^-2^ 1 if > 3 and a > 2 if
N = 2. Then for /3 = Ar(a2~2)+2 if N > 3 or if N = 2 and a = 2 and for all /3 € ]^, 1[
if N — 2 and a > 2, there exists a constant C = C(/3) such that

IMIz,*(r) < VveH\n). (32)
For the convenience of the reader we give here a simple proof of this lemma.
Proof. If a = 2(/^J21) for N > 3, then ,3 = 1 and (32) follows from the trace immersion

theorem. Let us suppose now that a G [2, ^-£y^[ if N > 3. If v G Hl(£l), then |v|Q
belongs to H/1,1(Q). Using the continuity of the trace map from W/1'1(f2) into i1(r), we
deduce

IMI£"(r) = II l^rili-Hr) < C{|| |^|a||Li(n) + ||V|i;|Q||Li(n)}
< C{IMU»(n)H"IIS7<i-x,(„) + II Ivr-'lVvl ||Li(n)}.
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If a = 2, then (32) easily follows with (3 = 5. For a > 2, let us denote by

2 2((a-l)g-2)
  r —

a( 1-/3)' g-2

Then we get r = for iV > 3 and r > 1 for iV = 2 and, using the immersion of H1(f2)
in Lr(fi), we deduce

IMU2(n)IMI^(Li)(n) + II |^r_1|Vv| ||Li(n)-1 1 II L,|ct —11
(fi)

< C|lulli2(n)||v||/jri(n) + l|Vf||L2(a)IMIi,2(fi)IMIz,r(n)

*&. ^IMlL2(nflIMI.tfi(n)
and (32) follows from the last two inequalities. □

Proof of Theorem 5.1.
Uniqueness. Let u\ and «2 be two solutions of (VP) and let us denote by u =: u\ —U2-

If we write the variational statement, successively for u\ and U2, taking v = U2(t) in the
first inequality and v = u\(t) in the second, and adding the resulting inequalities, then
we obtain

(u(t)u(t)) + a(u(t),u(t)) + r}c(u(t),u{t)) + I [hn(ufn(t)) - hn(u%n(t))]un{t) ds
Jrf

+ [ [hT{uin{t))n(\uiT{t)\) - hT(u^n(t))^(\u2T(t)\)][\uiT{t)\ - \u2T{t)\]ds < 0.
Jvf

Bearing in mind (18)—(21), from the above inequality we get

<Enf {l + \uln(t)\m» 1 + \u2n{t)\mn ;i}|w„(i)| \un{t)\ds
JTf

+ HoET f {l + \uin(t)\mT~1 + \U2n{t)\mT~1}\un{t)\\ilT(t)\ds
J T,

(33)

+ L [ (CT + DT\uln(t)\mT)\uT(t)\z ds.
J rs

The first two integrals from the right part of the above inequality can easily be estimated
as follows:

C{1 + IMOII^r) + llu2 (t) || ̂ ,p(2r)} || w(t) || ip(r) ll^(^) II L"(r)
< c{i + IM|£-2(0iTiV) + \\MTJ{0,Ty)}Mt)\\v\\m\v

< ^a(u(t),u(t)) + ^c(u(t),u{t)).

Concerning the third integral, we use Lemma 5.1 with

= 3(P ~ !) + 2 =
2(p+l)

- /
|2
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and

0e
p+ 1

if N ■

to deduce

' [ {Ct + DT\uin(t)\mT}\uT(t)\2 ds
Jr,,rf

<c{i + ||Ul(t)rL;!1(r)}||^)|llP+1(r)

< C{1 + ||mll^o,r,v)}|^)|2(1_/3)||S(t)\\2V0

< Cr]~T^0\u(t)\'2 + ^c(u(t),u(t)).

Since u(0) = w(0) = 0, the integration of (33) from 0 to t and the above inequalities lead
to:

r1
\Ti(t)\2 + a(u(t),u(t)) < C(j7"_1 + rf J-*3) / {|u(a)|2 + a(u(a),u(a))} da,

Jo
and from Gronwall's lemma the uniqueness follows.

Existence. In order to prove the existence of the solution u of (VP), we shall use the
Faedo-Galerkin method. For this, let us consider 4>l G V to be a sequence of linearly
independent functions such that V = Um=i where Vm = Span{</>i, (f>2, ■ ■ ■, 4>m}-
Since uq,vq G V, let G Vm be such that

u™ —> uo, v™ —> vo strongly in V. (34)

We now introduce a family of variational problems in Vm, called (VP™), depending on
a real parameter e > 0 that represents the regularized version of (VP). We will begin by
proving that each problem has a unique solution u™ for all e > 0 and all to G N. Only
after that, we shall prove that when e —> 0 and m —* +oo the limit, in an appropriate
sense, of u™ is the solution of (VP). Let us define Je : V x V x V —» V', a family of
regularized frictional functionals, depending on e > 0:

(Je(u,v,w),z) = f M»nHM) WT ZT=ds+ [ hn{u+)znds. (35)
Jr, Vlw7,l+e Jrf

With this definition, we can introduce the following variational problem in Vm with
regularized friction (VP™): find u™ : [0,T] —+ Vm such that

(u™(t),v)+a(u™{t),v) + ric(u™(t),v) + (Je(u™{t),u™(t),u™(t)),v) = (f(t),v), (36)

for all v G Vm, a.e. t € ]0,T[, and

<(0) = <, <(0)=^ (37)

for all v G Vm, a.e. t G ]0,T[. Since (u,v) —» Je(u,v,v) is a locally Lipschitz con-
tinuous function on Vm x Vm, we deduce that (36), (37) has a unique local solution
u™ G C2([0,Tf[,ym).
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If we put in (36), v = u™(t) we get

\jt{\u?(t)\2 + a(u?(t),u?(t)) + J^ Hn([u™]+(t)) ds} +r)c(u™(t),ii™(t))

< (f(t),il?(t)) - [ Sn[u?}n(t)ds,
JTf

and, after integrating from 0 to t, we obtain that there exist Ao, B > 0 such that

\u?(t)\ + ^\K(t)\\v + ^Vjo \\u?(s)W2vds < Ao + B j* \\u?(s)\\2yds. (38)

From Gronwall's lemma we deduce that t —> (u™(t), ib™(t)), the solution of (36) and
(37), is bounded on its interval of existence; hence, Tem = T and

u™ is bounded in L°°(0,T,V),

u™ is bounded in L°°(0, T, H) n L2{0, T, V)

If we put v = u™(t) in (36), then we get

2 (r\ „ (39)

\u?(t)\2 + a(u?T(t),il?(t)) + ljt[c(u7(t),u?m
+ (Je(u?(t),u?(t), u?(t)) = u?(t)). (40)

Let us denote by Me : Tf x R v —+ R as follows:

Me(x,v) = ± fM ^p£±ds,
* Jo vs + e2

and let us remark that

= 1 hT{[u?]+{t))jMe{u™(t))ds + jf hn([u?}+(t))ft[u?}n(t)ds.

If we integrate (40) from 0 to t and we have in mind that t —> hi([u™]n(t)) e L2(T f) are
absolutely continuous functions (i = n or i = T), then we obtain

J* \uT(a)\2da+^c(uT(t),uT(t))

< C?-a(u?(t),u?(t)) + (/(«),C(i)>

[ {Cn+Dn\u?(t)r»}\u?(t)\ds+ f a{iC(a),iC{a))da
JTf Jo (41)

[\f(a),u^(a))da + En f [ {1 + \u? {a)\2dsda
Jo Jo JTf

+

■ !
rt77 f

Jo J Tf
+ ET / {l + K(a)rT-1}K(Q)|M£(wr(a))dsdQ,



472 IOAN R. IONESCU

where C™ is a bounded sequence of constants depending on it™,ii™. Bearing in mind
that Me(v) < Ho\v\ we deduce that

f f \u™{a)\mT-l\u™{a)\Mt{u™(a))dsda
JO JTf

< £ IK(«)III;(2r)IK(«)lliP(r) da < C\\uni~(0,T,v)\\<\\2LHo,T,vy

One can also deduce that

-lI \nT(t)r-\uT(t)\ds < IK(Olli;(r)ll<WIUnr)
r /

<c\\u?\\i~j(0^v)\\u?mv.
Using the above inequalities from (41), we get

J \u?(s)\2ds+ \d\\u™(t)\\2V < C{1 + [1 + \\u7\\rAo,T,V) + Il/Ili*(0,r,v')]ll«rwilv

+ [ll^r IIl°°2(0,T,V) + \\^T\\l2(0,T,V) + !l/llL2(0,T,y)]l|wri|L2(0,T,y)}-

Using this last inequality and (39), we obtain that

u™ is bounded in L°°(0, T, V), ii™ is bounded in L2(0,T, H). (42)

From (39) and (42) it follows that there exists u G W^1'oo(0, T, V) fl W2'2(0, T, H) and a
subsequence of u™, again denoted it™, such that it™ —» u weak * in L°°{0, T, V), ii™ —> u
weak * in L°°(0, T, V), and ii™ —> u weakly in L2(0, T, H) when m —> oo and e —> 0. This
implies (30) and, if we denote by Q = ]0, T[ x O, we obtain that it™ —> u and «™ —> u
weakly in [H1(Q)]N. Since [Hl(Q)]N C [L2(Q)]A = L2(0,T, H), with compact injection
we get

it™ —> it, it™ —* u, strongly in L2(0, T, H). (43)

Let w G L2(0,T,V) be fixed and let wm G L2(0,T, Vm) be such that wm —> w strongly
in L2(0, T, V). If we put v = wm(t) in (36) after integrating from 0 to T and after some
algebra, we get

J.Q , u0f (u?{t),wm{t))dt+\\vZ|2+ [T a(u™(t),wm(t))dt+ §o(i
Jo Jo

+ r, [T c(u?(t),wm(t)) dt + fT\j«(t), ), u?(t), u?(t))} dt
J 0 Jo

+ 2CTe(l + \\u™r-J{m))

>iK(T)|2 + ia«(T),<(T)) + ry f c(u™(t),u?(t)) dt+[ {f{t\wm{t)-uf{t))dt.
Jo Jo

(44)
Let us now prove that

j(u?(t),u?(t),u?(t))dt^ [ j(u(t),u{t),u(t))dt, (45)
/Jo
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when m —» oo and e —> 0. Indeed, after some algebra we get

< C{(1 + |ftiWlli7+i(r))||u(t) -ii^(t)||LI>;(r)||ii(t)||Lp+i(r)
+ (l + ll«Wlli;(1r))ll"W-«r(t)llLP(r)

+ (i + wumrjr) + h?mrPU)\\uw -
and we use Lemma 5.1 with

itJV = 3

and

P(3 £

to deduce

p+1
1 if N = 2

IIU(t) - U?(t)\\LP+1{r) < c\u(t) - «rWr/,(ll«IU-»(0,T,V) + IHCIU«(0,r,VO) •

From these last two inequalities, we obtain

f - j(u(t),u(t),u(t))\dt
Jo

< C{\\u - uTW^^n) + II" - Cll^foW'
and using (43) we get (45). We can now pass to the limit when e —> 0 and m —► +oo in
(44) to deduce (29). □

6. Viscosity in the one-dimensional problem. Let us consider in this section a
viscous perturbation of the problem (l)-(6). Let )j > 0 be a "small" viscosity parameter,
and we associate with (1)—(6) the following initial and boundary value problem: find
vv, tv : [0, T] x Q —> R such that

pvn{t,x) = dxTr>(t,x)t (46)

f(t, x) = Gdxvv(t, x) + r/c2dx#T'l(f. x), (47)

for all (t,x) G ]0,T] x 0,

vr>(t,H) = V, (48)

1^(^0)1 < n(Q)S if vv(t, 0) = 0, (49)

r"(t, 0) = if vv(t, 0) + 0 (50)

for all t e ]0, T],

vv(0, x) = Vo(x), tv(0, x) = tq(x) for all x e fl. (51)
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This problem represents the one-dimensional dynamical shearing of an infinite linear
visco-elastic slab that is in frictional contact with a rigid body. Indeed, if we consider
the linear visco-elastic constitutive law given by (10), we have

Gdxuv + r]Gdxur>,

and then from the momentum balance law (46), we deduce (47) with c = \Jg/p and
v* = u*1.

Having in mind that (46)-(51) has a unique smooth solution, w7),r7? (see Theorem
5.1), we want to recover a solution v,t of (l)-(6) as the limit as rj —* 0. The following
numerical simulations show that the solution of (l)-(6) selected by the above asymptotic
method of vanishing viscosity is the solution that is selected by the perfect delay criterion.
We are not able to give a proof of this last statement, which is still an open problem.
However, the following conjecture, can be stated: in the elastic case, the solution chosen
by the perfect delay convention is the one obtained from the solutions of the problem with
viscosity, when the viscosity tends to zero.

In order to illustrate our purpose, we consider /z as a piecewise linear function, as
follows:

fi(v) = ns - — —v if v < Qi, fi(v) = Hd if v > ot\,
a l

where fis > f^d are the static and dynamic friction coefficients. We have chosen the
constants ^s,l^d, and a\ such that the function g, given by (8), is decreasing on [0, ai].
We performed a cycle of loading, i.e., we have chosen vq,tq such that t —> (3(t) is first
increasing and then decreasing. In this way, we can see the whole path followed by the
system in a hysteresis or a stick-slip-stick sequence.

In the numerical simulations plotted below, we have used a finite difference method.
In the interior of the domain, an explicit scheme was used. A CFL condition for the
hyperbolic part and a stability condition for the parabolic part of the linear operator are
required in this scheme. For the boundary condition at x = 0, we have used a Newton
method to solve a nonlinear equation, deduced from the friction law after an integration
on the characteristic lines.

In Fig. 2 the time evolution of the slip rate in the elastic case, i.e., t —> v(t, 0) (with
v given by the perfect delay criterion) and in the visco-elastic case, i.e., t —* vv(t, 0) for
different values of rj are plotted. Note that when the viscosity is vanishing, vv approaches
the solution v chosen by the perfect delay criterion in the elastic case. As was shown in
Sec. 2 (see Fig. 1 for a generic representation), the elastic solution has two shocks during
a cycle. Indeed, the first one is from 0 to c*2 during the loading and the second is from
ai to 0 during the unloading. One can remark that the viscosity has a smoothing effect
on these two shocks.
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Fig. 2. The time evolution of the slip rate in the elastic case t —>
v(t,0) discriminated by the perfect delay convention (the solid line)
and in the visco-elastic case t —► vv(t,0) for r) = 0.01, r) = 0.005,77 =
0.001 (the dashed lines). Note the convergence of the viscous solution
to the solution of the elastic problem and the smoothing effect of the
viscosity on the shocks.
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