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Abstract. Given an initial approximation <&0 to the fundamental matrix of solutions

for = A(t)<l>, it is shown that a left correction, T^o, is locally more accurate than a

right correction, ^oT. For each relative error function considered, there is a left correction

r and the associated differential equation. The common feature is the same integrable

part whose forcing function is the difference between L-derivatives of the exact and the

initial solution.

Upon transformation into a Volterra integral equation, fixed point iterations generate

infinite series of a lacunary type which converge globally whenever an integral equation

is linear. Alternatively, when the integrable solution is used for iterative refinement,

the outcomes are infinite product representations. Necessary conditions for the absolute

convergence are given.

1. Introduction. Two central problems in approximating the solution, <&(t,to), of

a d-dimensional system of linear differential equations

*' = A(t)S, *(*„) = I, (1.1)

are how to choose an initial approximation, 3>o(t, to), to the solution of Eq. 1.1, and

how to select an error function, E(t, to). Once these decisions are made, it is usually

not difficult to derive the differential equation satisfied by E(f,to). Although it is not

necessarily a linear one, its integrable part is linear and its solution, Eo(t, to), represents

a dominant approximation to E(t, to). It is these two functions, 4>o(t, to) and Eo(t, to),

that make solving the rest of the differential equation much easier compared to the direct

methods for representing or computing $(t, t0) that start from the identity matrix. The
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entire process depends heavily on the L-derivative operator, both for the selection of an

initial approximation and for the control of the convergence in either series or product

representations.

Section 2 starts with a simple analytic example, then compares several admissible

initial approximations and the associated L-derivatives. This motivates Theorem 1, which

demonstrates the greater accuracy of a left correction. This section ends with an analysis

of two common initial approximations and the computation of their L-derivatives. Section

3 contains a brief overview of the absolute error function, while in Sec. 4, the classical

relative error is analyzed in more detail. Its Volterra integral equation generates a new

lacunary series representation that converges globally. Its differential equation, more

precisely, its integrable part generates a new product representation that has a finite

radius of convergence. Section 5 briefly deals with the modified relative error. In Sec.

6, the A-relative error is defined and another product representation is derived from its

Riccati differential equation. In this case, any finite product preserves both unitary and

symplectic properties, provided an initial approximation is similarly equipped. Section 7

deals with the main computational step common to all three products considered here,

and Sec. 8 contains final remarks.

To simplify notation, we set <o = 0, so that the fundamental matrix of solutions can

be written as <&(i) = 4>(t,0), unless the second argument becomes relevant during the

integration or recursion. The matrix A(t) £ Cdxd is assumed to be piecewise continuous

over a finite time domain D = [0,T], thus providing a sufficient condition for the exis-

tence, uniqueness, and differentiability of the solution in Eq. 1.1 (see, e.g., [5], [9], [12]).

All constant matrices are declared as such at the beginning of a paragraph/section and

the explicit dependence on t, in all time varying matrix functions, is frequently omitted

whenever this is not confusing. Thus, an expression a(£)I + R(i), where I is an identity

matrix of the same dimension as the matrix R and a(t) is a scalar function, is written

simply as a + R.

An initial approximation 3>0(t) is said to be admissible if it satisfies the following four

conditions: 1) 3>o(0) = I, and is 2) bounded, 3) differentiable, and 4) invertible, for all

t £ D. Clearly, all four conditions are satisfied by the solution of 1.1, but the last two

conditions are especially pertinent when one considers the sort of logarithmic derivative

of "l?o (t) defined by

L [*„(«)] = *o (*) *oXW- (L2)

This operator is also known as the multiplicative derivative [9], or as the Cartan's matrix

of $o (£) [11], because, strictly speaking, L [3>o(^)] is n°t generally equal to the logarithmic

derivative, (d/dt) In (3>0 (t))- The name "multiplicative derivative" is ambiguous for other

reasons and the matrix in Eq. 1.2 was known long before E. Cartan, e.g., in kinematics

where it goes under the name of the angular velocity matrix [3]. As there is no widely

accepted name for the operator in Eq. 1.2, it is termed here the L-derivative. Equation

1.2 simply means that if A0 (t) = L [4>o(<)], then 4?0 (f) is any matrix containing the full

set of n linearly independent solutions corresponding to the linear system 4>q = Aq(£) <&(>•
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The difference between the two L-derivatives, A = L[*] and Ao = L [$o]i is termed

the L-perturbation and is denoted by

A0(f) = A(t)-A0 («). (1.3)

It is assumed that in some neighborhood of the origin the norm inequality,

A„ (0!! < St". p> 1, (1.4)

holds for some integer p. Several examples of approximations satisfying condition 1.4 will

be given in Sec. 2.

For the properties of L-derivatives, see [5], [9], or [11]. Here, only the multiplicative

property is used: if (t) and (t) are two nonsingular differentiable matrix functions,

having L-derivatives A(t) — L[3>(£)] and B(<) = L[<3> (£)], then the L-derivative of their

product satisfies

L[$^] = L[$] + 3>L[\I>]<I> 1 = A + #B$_1. (1.5)

It is noted in [11] that "...this formula contains much of the differential geometry".

In the case of differential equations, Eq. 1.5 has, so far, found virtually no applications.

One of the objectives of this paper is to show that the L-perturbation is a key quantity

for the analysis and computation of both series and product representations.

A system of linear differential equations is said to be integrable if its solution can

be expressed in terms of the finite sums or products of well-defined functions and their

quadratures. A general linear system, such as 1.1, is not integrable since, for example,

its Peano series

ft ft f<7

# (t) = 1+ / A(a)dcr + / A(er) / A(r)drd(j + ... (1.6)
Jo Jo Jo

is not a finite sum, or, as another example, its product integral [5] is not a finite product.

When A (t) is piecewise continuous, the series in Eq. 1.6 is derivative-free but never-

theless displays a Taylor-like character in the sense that the norm of fc-th term behaves

as O (tk) as t —> 0. Both matrix O and scalar O Landau symbols will be used to denote

the asymptotic behavior when t —> 0. For example, A (t) = O (tp) means that there is

a constant matrix fi, with at least one nonzero entry, such that

A ij{t) = nijtr + o{tp) (1.7)

as t —> 0, for all nonzero ij entries, where o (tp) denotes scalar terms of order higher than

p (see, e.g., [20]).

A matrix X (t) is said to strongly dominate, or just to dominate, a matrix Y (t) if

I (t) | > |Y^ (f)| for all nonzero entries and all t in some neighborhood of zero. For

example, X (t) = O (tQl) dominates Y (t) = O (tq2), provided 1 < <7i < (?2 and the

inequality holds for all nonzero entries. In the case of mismatching entries, that is, when

inequality for order holds but not for all nonzero entries, only a weaker statement holds,

namely that ||X (t)|| = O (tqi) and j|Y (f)|| = O (tq2), in which case X (f) is said to weakly

dominate Y (t).

In what follows, there will be a frequent occurrence of commutators in the differential

equations for the error. This indicates that an approximation has violated, in some way,

the time ordering in either its Peano series or its product integral. As pointed out in
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[9], "The whole peculiarity of the multiplicative (product) integral is tied up with the

fact that the various values of the matrix function A (t) ... are not permutable (do not

commute)". An extreme example is that of the Magnus' expansion [16], where the matrix

in the exponent is given by an infinite series of iterated integrals of iterated commutators.

The commutator of the matrices X and Y is defined by [X, Y] = XY — YX. The

A>th commutator power is defined recursively as

{X°, Y} = Y, {Xfe,Y}= [X,{Xfc-\Y}], k > 1.

The addition property for the ordinary matrix powers also holds for the commutator

powers, i.e., {Xfc+',Y} = {Xfc,{X',Y}} , and this property can be extended to the

negative powers whenever X is invertible. If /(X) = is any analytic function

of a matrix argument, then the commutator function, or commutator series, is defined

by
oo

{/(X),Y} = ^Cfc{Xfc,Y}. (1.8)

k=0

The most useful example of Eq. 1.8, due most likely to Baker [2] and Hausdorff [13], is

that of the exponential function,

"XYe-x = {ex, Y} => £ {y} = Y+i [X, Y] + | [X, [X, Y]] + ....

fc=0 ^ ' '

(1.9)

2. Initial approximation and its L-derivative. To illustrate what is involved in

choosing an initial approximation, consider the simplest analytic time-varying matrix,

A(t) = B + 2Ct. (2.1)

The matrix coefficients in Eq. 2.1 are constant and noncommuting, [B, C] ^ 0, and

the scalar coefficient of t has been set to 2 to simplify typography. Apart from a few

isolated cases (e.g., when [B.C] satisfies additional conditions, [22], [27]), this system is

not integrable. On the other hand, since A (t) is analytic, so is its fundamental matrix

of solutions # (t), whose Taylor series

*{t)= I + tB+^ (B2 + 2C) + ^ (B3 + 2BC + 4CB) + ...

is more useful for comparison to a variety of analytic approximations than for the actual

computation.

2.1. Selected exponential approximations. The simplest admissible initial approxima-

tion, with A (t) as in Eq. 2.1, is 3>o (t) = exp (iB). Its L-derivative is A0 (t) = B and its

L-perturbation is Ao(t) = 2tC — O (t). A somewhat more accurate approximation is

*„(*) =et2ce<B, (2.2)

with the L-perturbation computed as follows:

A0(t) = A (t) - A0 (i) = B + 2tC- htC + e^Be"4'0) = B - /cBe"(2c. (2.3)
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However, to assess the asymptotic order of Aq(t), Eq. 2.3 is written as the commutator

series

r i 1 .°°. f2fc fA
A0(t) = - [e1 c - I, B} = - Y, {C*. B} = [B, C] t2 - [[B, C], C] - + .... (2.4)

k=l

The error between the exact and the approximate fundamental matrix of solutions is

*(*)-*,o (t) = [B,C}^+0(t4).

The property that the leading error term in the error matrix, $ (t) — <l>o (t), is the integral

of the leading term in Ao (t) holds for all admissible approximations. This follows from

the linear differential equation for the error matrix in Equations 3.2 and 3.3.

It is instructive to look now at the related approximation,

$o (t) = etBet2c (2.5)

which differs from 2.2 only in the order of factors. Its L-perturbation is given by

A0(t) = A (t) — A0 (t) = B + 2tC- (B + 2temCe'm) = 2t (C - etBCe"tB)

°° tk
= -21 {etB - I, C} = -21Y {Bfc, C} - = -2 [B, C] t2 - [B, [B, C]] t3 + ..., (2.6)

k=1

and the error of this approximation is

^ 2f3
*(*)-*„ (t) = -[B,C] — + 0(t4).

It is puzzling that approximation 2.2 is more accurate than approximation 2.5, as indi-

cated by the doubling of the commutator [B, C] and the appearance of odd powers in

expansion 2.6. There may be a number of interpretations why more accuracy is achieved

when the factor exp (iB) (generated by the matrix fB that weakly dominates the ma-

trix f2C) acts first on the initial conditions (identity, in this case), followed by the left,

corrective, factor, exp (i2C) . What is important, however, is that this property, namely,

how the order and the dominance of the exponents affect the accuracy of approximation,

holds in a general analytic case.

Theorem 1. Let A (t) = Co + C\t + C2t2/2! + ... be an analytic matrix for the system

1.1 and let A (t) = X (£) + Y (t) be arbitrarily partitioned into two matrices,

X (t) = C0 +..., Y(t) = Cktk/k\ + ..., (2.7)

for some k > 0 such that the condition,

[C0, Cfc] 0, (2.8)

holds. If one denotes the corresponding solutions by

L[E(f)]=X(t), L[T(t)]=Y(t), (2.9)

then, in the vicinity of the origin, the product T (t) S(t) is a more accurate approximation

to (t) than the product 3(t) T (t).
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Proof. The partition 2.7 implies that in a vicinity of the origin the matrix X (t) weakly

dominates the matrix Y (t). By Magnus' theorem [16], there is, in a vicinity of the origin,

the unique exponential representation for each matrix in Eq. 2.9,

3 (t) = exp X (a) da + = exp (Cot + ...)

T (t) = exp Y (a) da + ...^ = exp ^Cfc ^ + ...^ . (2.10)

Consider first the product T(i)S(i) and its L-perturbation matrix,

A = A-L [Y3] = X + Y- (Y + TXT"1) = X - TXT1, (2.11)

obtained by means of Eq. 1.5. Next, consider the product 3(i)T(£) and compute its

L-perturbation matrix,

A = A-L [ST] = X + Y- (X + 3Y3"1) = Y-3Y3"1. (2.12)

Substitution of the exponential representations 2.10 into Equations 2.11 and 2.12, fol-

lowed by the use of expansion 1.9, while keeping only the lowest order terms, leads to

a = x—" (c»(F^)i+•••)x - (-c*wriji +

r / tk+l \ i tk+l
■ - {exp (c* (¥TT)i+ ■) - L c»+ ■ } = c'l (k + Ty. +"" (213»

In a similar way,

A = Y— exp (Cot + ...) Y exp (—Cot + ...)

= - |exp (Cot + ...) - I, C*£ + ...| = - [Co, Cfe] ~ + .... (2.14)

Although both matrices A and A have the same asymptotic order, O (tfc+1), a compar-

ison of coefficients shows that

A(t) = — (fc + 1) A(<)+0 (tk+2) . (2.15)

The proof is completed when the condition in Eq. 2.8 is invoked, and by recalling that

the integral of the leading term in an L-perturbation matrix provides the leading error

term in the error matrix. □

Theorem 1 extends rather easily to a general continuous matrix using definitions of

weak dominance, asymptotic behavior as in Eq. 1.7, and nonvanishing of the leading

commutator. The simplest noncommutativity condition 2.8 can be relaxed at the expense

of more complex definitions and longer proofs. However, these will be omitted here as

they do not appear to provide additional insight.

The main implication of Theorem 1 is that if one starts with an admissible approxima-

tion #o (t) that is generated by a weakly dominant matrix Ao (t), then it is preferable to

seek a left-acting multiplicative correction, namely, (t) = T$o {t), especially if k (see

Eq. 2.15) is large.
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2.2. Integral averaging. One of the most frequent exponential approximations for a

piecewise continuous matrix A (t) is that of an integral average,

(t) = exp a A (a) da^j . (2.16)

This is clearly an admissible approximation and it was used, probably for the first time

around 1937, for a numerical simulation of flutter dynamics [8]. It has since found

many other applications including analytical ones, such as the first term in Magnus' [16]

and Fer's [6] expansions. It is assumed that the system in Eq. 1.1 is noncommutative,

namely, that it is not the case that = 0 holds almost everywhere inA (*) J0A (°") dcF

D, otherwise (t) in Eq. 2.16 would be the exact solution.

To find the L-derivative of the matrix in 2.16, we first compute the time derivative of

exp(B (t)), where B (t) = ft A (a) da. This well-known formula, given by

d eB(t) =

dt
Jr e*BW B' (t) e^-^^da = Qf eaB(t) A (t) e-aB(t)da^j eB(t), (2.17)

has a long history dating back to at least [1] and [13], followed by [7], [16], then reviewed

in [27], with some new material in [19].

The first representation of the L-derivative for the matrix in Eq. 2.16 follows from Eq.

2.17,

ri
A0 (t) = L [exp (/* A (a) da)] = J eCTB(t) A (t) e^^da. (2.18)

The matrix Ao (t) may be interpreted as a noncommutative integral average of A (£), for

if A (t) commutes with B (t), then A0 (t) = A (t).

The second representation, due to Hausdorff [13], follows from integrating Eq. 2.18,

the result being a commutator function,

A°O = / A«)} ̂  = {TTIiT'A W}=g{(f^i-A«)}- <219)

It follows from Eq. 2.19 that the L-perturbation matrix also has a commutator function

representation,

feBW-I-B(t) A,.l Af B k(t) A.,

°(<)" i B(t) 'A(f)|- ^ \ (fc +!)!

A(i),/oAW^ A (t) ,/qA (<j) da] ,f0A(a)da\ + .... (2.20)
1

~ 2!

If A (t) is analytic, then the expansion of the first commutator in Eq. 2.20 into a Taylor's

series, at any point r € [0, t], followed by the integration and cancellation of terms,

reveals the asymptotic behavior for Ao (t),

A0(t) = -~ [A(t),A'(t)] +0(*3), t G [0, t]. (2.21)

If A (t) is continuous on D, the quadratic behavior persists, for one may write

|| A (t) — A (cr)|| < L \t — a\ and then easily deduce, from the first term in expansion
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'2.20, that the following norm estimate holds:

||A0(i)|| < ~L ||A (t)\\ + O (t3) . (2.22)

When applied to the example in Eq. 2.1, the integral averaging generates the matrix,

(t) = exp (tB + t2C) , (2.23)

whose L-perturbation matrix, computed from Eq. 2.20, is A0 (t) = — [B, C] (t2 /2) +

O (t3)- The leading error term of this approximation is

*(t)-*0(i)=~^[B,C] + O(t4), (2.24)

which shows why the integral averaging is more attractive when compared to Eq. 2.2 or

2.5.

It is possible to achieve cubic, or higher, asymptotic behavior of Ao (t) by choosing

either more exponential factors in Eq. 2.16 (a finite Fer's expansion), or a more complex

integrand in Eq. 2.16 (a finite Magnus' expansion). An example of the two term Magnus'

expansion is

rt r

(t) = exp
(/ A + ^ / A ^ ' / A ^ dT

da . (2.25)

When the matrix integrations can be carried out quickly and exactly, as in example

2.1, then the approximation 2.25 is, in spite of its complexity, quite useful since it tries

to incorporate the effect of a time varying commutator, clearly the chief obstruction to

either a numerical or stability analysis of Eq. 1.1.

The computation of the L-derivative for the approximation 2.16, or 2.25, would be

demanding if one is to use either one of Equations 2.18, or 2.19. There is, however, a

formulation for the L-derivative described in [19] that is suitable for integral averages in

Equations 2.16 and 2.25.

Theorem 2. Let X (t) be a piecewise continuous matrix and let M (t) be the following

block triangular matrix:

I X (ct) da X(t)
JoM(t) =

0 I X (a) da
o

(2.26)

Then the matrix exponential exp (M (t)) inherits the block triangular structure,

(2.27)eM<t) =
F (t) H(f)

. 0 F(t).

where F (t) = exp ^J^X (a) da^j and

L[F(i)] = L uexp X (a) da = (2.28)
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Proof. The block triangular matrices, partitioned identically and with square diago-

nal blocks, are closed under linear combinations and matrix multiplications. Therefore,

any analytic function of such a block triangular matrix inherits the same structure. It

follows from the series expansion that the diagonal blocks in Eq. 2.27 are the same and

equal to F (t) = exp ^f*0X (<r) daj. For a proof that the off-diagonal block, H (t), is

the directional derivative of F (t) in the direction of X(t), see [19]. Since H (t) is the

directional derivative, the special direction being the time derivative of fQX (a) da, then

it is the time derivative of the exponential in Eq. 2.17 and therefore one can write

d
H (t) = — exp [ J X (er) da exp 2 X (a) da F(t). (2.29)

Now the right inversion by F (t), which is nonsingular for all t 6 D, proves Eq. 2.28. □

The Equations 2.27-2.28 are much simpler and faster to evaluate than either the

quadrature in Eq. 2.18 or the summation in Eq. 2.19, provided the evaluation in Eq.

2.27 takes into account the special block triangular structure of M (t). Other methods

for evaluating directional derivatives of the matrix exponential, and the other analytic

functions, are described in [19].

2.3. Step functions and finite product integrals. The second example of an admissible

initial approximation and its L-derivative is one of considerable generality. A step func-

tion approximation for an arbitrary piecewise continuous matrix function A (t) depends

on two number sequences: a knot sequence {tk}k=0, which defines an n-partition of the

interval [0,T],

0 to t\ <c ... <c tn—\ tn T, hk t.k tk—1>

and a sequence of interval points, }^=1, defined by the inequality tk-\ < ak < tfc.

Then the associated matrix step function is defined by

A0 (t) = A (<7fe), tk-\ <t,ak <tk. (2.30)

The fundamental matrix of solutions corresponding to Ao (t) in Eq. 2.30 is known to be

an ordered finite product of matrix exponentials (see [5], [25]),

$0 (t) = e(t-t*-i)A(<r*)TTfe"1e'liA(^) tfc_i < t,ak < tk. (2.31)

This result can be traced to Volterra's work in 1887 (see, e.g., [5]). It follows that its

L-perturbation is given by a piecewise continuous matrix function

Ao(i) = A(t)-Ao(i) = A(t)-Ao(<7fc), tk-X <t,ak <tk, (2.32)

and can therefore be uniformly, or adaptively, bounded over the entire interval D by an

adroit choice of knots and interval points. The advantage of Equations 2.30-2.32 lies

in their utmost simplicity for evaluation, differentiation, and inversion. Moreover, they

preserve the unitary, or symplectic, property of 3>o (t) for all t, whenever A (t), Ao (t)

are skewhermitian, or J-symmetric. In addition, the condition 2.30 can be extended to

include more general approximation schemes.
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3. Absolute error. For any admissible initial approximation (i), the absolute

error matrix is defined by

K(0 = ® (I) - (t)-

If Ao (t) = L [3>o (t)], and Ao (t) = A (t) — Ao (t), then the differential equation for E (t),

obtained from Equations 1.1 and 1.3, is given by

E'(t) = Ao(t)*oW+A0(t)E(t) + A0(<)E(i), E(0) = 0. (3.1)

The integrable part of Eq. 3.1 is the differential equation for E0 (i),

Ej,(t) = Ao(0Eo(t) + Ao(t)*o(i), E0 (0) = 0. (3.2)

The solution of Eq. 3.2 is given explicitly by the quadrature

E0 (t) = I o (t, a) A,, (a) $0 0) da. (3.3)
J o

A quick asymptotic analysis shows that if the L-perturbation matrix satisfies Ao (t) =

O (tp), then E0 (t) = O (£p+1) provides the dominant approximation for E(i), since it

can be shown that E (t) = Eo (t) + O (t2p+2) .

An analysis of the absolute error will not be taken beyond this point for two reasons.

First, the relative error functions, considered in the next three sections, appear to be a

much more suitable measure of accuracy for the nonsingular matrix functions, especially

if a norm, or the entries, or the characteristic multipliers, are rapidly varying functions

over a wide magnitude range. Second, the analysis of the three different relative error

functions, given below, considerably replicate the case of the absolute error.

4. The classical relative error. Let 3>o (t) be an admissible initial approximation

and let Ao (t), A0 (t) be its L-derivative and L-perturbation matrix, respectively. The

classical relative error matrix is defined by

R(t)=I-*o(t)*-1W- (4-1)

The advantage of this definition is that the correction factor acts on the left hand side

of an initial approximation,

* (t) = (I-R(t))-1 *„(*)■ (4.2)

This is desirable given Theorem 1 and the remarks that follow it. By differentiating

(I — R) $ = #0 (from Eq. 4.2) and substituting Equations 1.1, the differential equation

for R (t) first appears as R' = A — A0 + AoR — RA. but it may be rewritten, by means

of the matrix Ao (t), as

R' = A0 + [A0, R] - RA0, R (0) = 0. (4.3)

The terms in Eq. 4.3 are in ascending asymptotic order. To see this, assume that

A0 = 0(ip). Then R = 0(£p+1), so that [A0,R] = O (tp+1), and the last term

RAo = O (t2p+1). The integrable part of Eq. 4.3, denoted by Ro (t), satisfies the linear

differential equation,

Rq — A0 + [Ao, Ro], Ro (0) = 0. (4.4)
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Hence, it is explicitly given by the quadrature of a known matrix function,

R0(t)=f (t,a) A0 {a) $o1 (t,a)dcr. (4.5)
Jo

The formal solution of Eq. 4.3 can now be written as a linear Volterra integral equation

for R (£) in terms of the known matrices €>o (t), A0 (f), and Ro (t),

R (t) = R0 (t) - [ $0 (t, a) R (a) A0 (a) 1 (t, a) da. (4.6)
Jo

From Eq. 4.5 and the assumption in Eq. 1.4 on the asymptotic behavior of Aq, it follows

that Ro (t) = O (ip+1) is indeed the dominant part of solution R (t) since the integral

part of Eq. 4.6 behaves as O (t2p+2).

The relevant reference here is [28], which starts with a similar definition for the relative

error as in Eq. 4.1. However, the goal in [28] was to derive the bounds on the solution

and quite a different route was taken. This reference also contains a number of useful

applications in physics.

4.1. Fixed point iteration for the relative error. The linear matrix integral equation 4.6

is already in a fixed point formulation. It can, therefore, be solved by iteration, starting

with the initial approximation Ro(f). What is different in Eq. 4.6 from the usual

linear Volterra integral equation is the appearance of a "split", or two-sided, kernel, a

consequence of two-sided differential equation 4.3. However, this two-sided feature has

no major detrimental effect on global convergence. It is the size of the matrix A0 (t),

that has a decisive effect on the convergence rate.

Theorem 3. If the integral equation 4.6 is solved by iteration, starting with Ro (t), then

the iterates form the series for the solution

OO

R(*) = £Rfe(t), (4.7)
k=0

and are linked by the integro-difference equation

Rfc+1 (t) = — / $o (t, <t) Rfc (it) Ao (<t) So1 (t, a) da, k > 0. (4.8)
Jo

The asymptotic behavior of iterates is given by

Rfc (t) = O ft(k+i){p+i)"j t k > o (4.9)

Proof. Under the assumption of the admissibility for the initial approximation 3>o (t),

the matrix Ro (t) in Eq. 4.5 is continuous and each part of the kernel in Eq. 4.6 is

bounded and integrable for all t £ D. One may, in the spirit of [26], define a linear

integral operator Q by its action on an arbitrary matrix function Z (£) as

Q[Z («)]=/ <*>0(t,a)Z{a)A0(a) <*>ol(t,a)da. (4.10)
^0
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The powers of Q are defined according to

Q2 [Z (t)] = Q [Q [Z (t)}] = f $0 (t, &) Q [Z (u)] A0 (a) ^1(t,a)da
Jo

= Jo ® 0 {t, a) (yj (o-, t) Z (t) A0 (r) 1 (a, r) drj A0 (er) $0 1 (*> dai

so that Qfe+1 [Z (f)| = Q [Qk [Z(t)]]. It follows from definition 4.10 that the integral

equation 4.6 can be written as an operator equation

(I + Q) [R] = R„.

The formal inversion of the operator I + Q generates the operator geometric (Neumann)

series
OO

R = (| _ Q + Q2-...) [R0] = R0 - Q [Rq] + Q2 [R0] - ... = R^-
fc=0

This implies that Rfc+i = —Q [Rfc], which proves Equations 4.7 and 4.8.

To prove the absolute convergence of this series, we start by bounding the norm of its

first term (Eq. 4.5),

||Ro (Oil < «o (*) f IIA0 (cr)|| da, (4.11)
Jo

where

K0(t)= max ||$o (i,cr)|| ||$o1 (i,cr)||, K0(t)>l, (4.12)
0 < (7 < t

defines a time-varying condition number for the initial approximation. By the admissi-

bility assumptions on 3>0 (t), the function k0 (t) exists for all t £ D. Assume, in addition,

that Ko {t) is a nondecreasing function of t. This simplifying assumption is not essential

since one can always carry out the proof below by using, for example, ko (t) < K (con-

stant), or some other nondecreasing function that bounds /to (t) for all t G D. The norm

of the second term can be bounded as follows:

|Q[Ro] I 4>0 (t, a) R0 (<r) A0 (<x) $0 1 (*> a) da
Jo

< Ko (t) [ ||R0 (cr)|| IIA0 (cr)ll dcr
Jo

<Ko(t)J \\A0{<j)\\J IIA0 (t)II drda < ^ || A0 (ct)|| do^j
2

By induction, the bound on the k-th term is given by

fc+i u\ / ft \ fc+1
|Qfc [R0] || < K° {t)^ (I II Ao Wilder)

k

Therefore, the norm of the series 4.7 is majorized by

. , KZ it \ / I" \ k

|R(i)ll < f;^) (jf ||A°(a)||da) = exp (t) ||A0 (<r)|| da^j — 1, (4.13)

and the last function is bounded for all < S D.
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To prove the asymptotic behavior in Eq. 4.9, use an induction on R,t (t) in the recursion

4.8, starting with the asymptotic order R0 (t) = O (tp+1), as in Eq. 4.6. Multiplication

by Ao (t) = O (tp), followed by the integration, shows that each iterate receives the

asymptotic exponent from its forerunner and the additional power p + 1, which creates

the exponential gap. □

The convergence of the series 4.7 clearly depends on the size of the exponential gap. For

p — 1, the least favorable case, this lacunary series resembles an even-power expansion

since R/t (t) = O (t2(-k+1^), provided the integration is carried out exactly. When the

integration is carried out numerically, kernel values need to be evaluated and stored only

once for repeated use during recurrence 4.8. Although it is advantageous that the series

for R(i) converges for all t G D, as indicated by Eq. 4.13, the convergence is linear

since the exponents form an arithmetic progression, and it can be quite slow unless the

choice of <I>o {t) results in a very small ||A0 (£)||, or the integration step-size is sufficiently

small. It is certainly fortunate that the very first iteration step always doubles the

asymptotic order of convergence. It may therefore appear useful to iterate Eq. 4.6 once

or twice before switching to a faster converging product formula described in Sec. 4.3.

However, it should be noted that if the series 4.7 is truncated prematurely, then there is

no guarantee that the inversion in Eq. 4.2 can be carried out.

4.2. Sharper bounds on ||R(t)|| and ||R(t) — Ro (t)||. It is possible to obtain sharper

bounds on the growth of ||R (t)|| than those in Eq. 4.13. For example, taking the norm

of both sides in Eq. 4.6 and using the function ko (t) in Eq. 4.12 results in the linear

integral inequality

||R(i)||<||Ro(#))| + KoW f \\A0(a)\\\\R(a)\\da. (4.14)
JO

Since ||R(t)||, ||R0 (t)||, Ko (t), and || Ao (<x)|| are all real-valued, continuous, nonnegative

functions, one may invoke the generalized Gronwall inequality ([10], [12]) which states

that

||R(*)II < ||R-o {t)\\ +Ko(t) Jo ||Ro(<t)|| llAo(o-)||exp (/ k0 (7) || A0 (7)11^ da.

(4.15)
An attractive property of inequality 4.15 is that its two terms retain the same asymptotic

behavior as the two terms in Eq. 4.6.

Suppose, now, that in taking the norm of Eq. 4.6 one refrains from the maximization

process in Eq. 4.12. The result, then, is a different linear integral inequality:

!.(t)|| < IIRo (i)|| + I* ||*o Mil ||R(<r)|| || Ao (a) <t>0"1 (t,a)\\ da. (4.16)
Jo

Let po(t) = ||Ro (i) || and denote the real-valued, nonnegative, scalar, integrable kernel

function by

Ka (t,cr) = ||*o (^c)ll ||A0 (<r) 1 (t,cr)||, 0 < a < t. (4.17)

Inequality 4.16 can now be related to the linear Volterra integral equation,

p{t)=po(t)+ f K0{t,a) p{a)da. (4.18)
Jo

IIRi
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It is well known (e.g., [17], [26]) that the unique nonnegative function p(t) exists for all

t for which K0 (t,a) is integrable. Therefore, one can invoke the Chu-Metcalf inequality

[4], which states that

||R(t)||<p(t). (4.19)

According to [4], the inequality 4.19 is the sharpest bound on the solutions of scalar linear

integral inequalities. It follows that this inequality is also among the sharpest bounds for

the matrix equation 4.6 because the number of maximizations (upper bounds) was kept

to a minimum during the computation of inequality 4.16. The function p(t) in Eq. 4.18

certainly involves much more computation than the bound 4.15, but given that a very

accurate solution of a scalar integral equation, like Eq. 4.18, can be obtained at a rather

small fraction of the cost of the matrix solution, it follows that this bound can be used

as an effective step-size control mechanism during integration of Eq. 4.6.

By considering the growth of Z (t) = R (t) — Ro (t), it is possible to obtain even sharper

bounds since ||Z (i)|| measures the size of only the integral part of Eq. 4.6. To do so, we

rewrite Eq. 4.6 in terms of ||Z (t) |,

Z (t) = -[ $0(t,a) R0(a) A0(a) &Q1 (t,a)da
Jo

- I &0 (■t, a) z (a) A0 (cr) So1 (t, a) da.
Jo

By taking the norm of Eq. 4.20 and denoting by

(4.20)

[ $o (t, a) Ro (<t) A0 (cr) $0 1 (£, a) da
Jo

= O (t2p+2) , (4.21)Co {t)

one obtains the linear integral inequality,

||z (0II < Co (t) + «0 (t) f ||Ao (<7)|| ||Z (cr)|| da. (4.22)

The generalized Gronwall inequality applied to inequality 4.22 yields the following:

||z (t)II < Co (t) + Ho (t) J Co (t7) II Ao (cr)|| exp (^J k0 (7) ||A0 (t)|| d-y^j da. (4.23)

As before, the sharper bound comes from the Chu-Metcalf inequality,

||Z (t)\\ < C(t), (4.24)

where C {t) is the solution of the scalar linear integral equation

C (t) = Co (t) + [ K0 (t, a) C (a) da. (4.25)
Jo

To the extent that these bounds are comparable, the bounds 4.23 and 4.24 are sharper

than those in Equations 4.15 and 4.19, respectively, but at the cost of evaluating the

function Co (£)•
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4.3. Product formula for the classical relative error. Once the first approximation,

Ro (t), is computed from Eq. 4.5, it can be promptly used, in Eq. 4.2, to correct (t),

*i(t) = (I-Ro(t))_1^o(t)- (4-26)

By the continuity of Ro (t) and Rq (0) = 0, the matrix I — Ro (t) is nonsingular in some,

as yet undetermined, neighborhood of the origin, but it is far from clear that it will

remain invertible for all t G D. It is assumed that there is such a neighborhood, but

the problem of estimating its size must be postponed. How much better is the new

approximation in Eq. 4.26 compared to the initial one? To answer this question, it is

essential to compute the L-derivative of the first correction, Ai (t) = L [<&i (<)], and then

its L-perturbation, Ai (t) — A(t) — Ai (t). To begin with, compute

(I - R0 (i))"1] = (I - Ro (t))'1 Rq (t). (4.27)

Then, using Equations 1.5, 4.27, and 4.4, the calculation of the L [^j proceeds as follows:

Ai = L[$i] = L (I - Ro)"1 $0J = L [(I - Ro)"1] + (I - Ro)"1 A0 (I - R0)

= (I - Ro)-1 (Rq + Aq (I - R0)) = (I - Ro)"1 (A - R0A0)

= (I - Ro)-1 ((I - R0) A + R0 (A - A0)) = A + (I - Rq)'1 R„A0. (4.28)

It is gratifying to see from Eq. 4.28 that the updated L-perturbation matrix is a linear

function of the initial one, i.e.,

Ai (t) = — (I — R0 (:t))~1 Ro (t) Ao (t). (4.29)

Equations 4.5, 4.26, and 4.29 define an iteration that successively refines any admissible

initial approximation, <&o (t), by means of its relative error.

Theorem 4. Let 3>o (f) be an admissible initial approximation for the linear system 1.1

and let A0 (t) be the corresponding L-perturbation. Then the iteration,

Rfc (t) = [ $k(t.,cr) Afc (cr) f-jT1 (t,a)da
J 0

$fc+1 (t) = (I - Rfc (t))-' (t)

Afc+i (t) = — (I - Rfc (t)) 1 Rfc (t) Afc (■t), (4.30)

generates the left-ordered (index increases from right to left) infinite product represen-

tation for the fundamental matrix of solution,

*(«)= lim (]Y" (I - Rfc (O)"1) *0 (0 , (4.31)
ra—>oo \J- -*-k=0 J

provided this limit exists.

Proof. For k — 0, the first iterative step was described in Equations 4.26 to 4.29.

Regarding 3>i (t) and Ai (t) as another initial approximation and its L-perturbation,

respectively, the fc-th step in iteration 4.30 becomes transparent. By iterating backwards

the second equation in 4.30, all the way to k — 0, the left-ordered finite product in Eq.

4.31 is obtained. The limit process indicates that this refinement can, in the general case,

continue indefinitely. □
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Theorem 5. A necessary condition for the absolute convergence of the product 4.31 is

that there is a time instant, t°, such that

||Ufc(t)|| = ||(I — Rfc (t))-1 Rfc (t)|| < 1, t<t°, k> 0. (4.32)

In case of convergence, the asymptotic behavior of iterates is given by

Rfc (i) = O . (4.33)

Proof. That the condition 4.32 is necessary follows from rewriting each factor of the

product 4.31 in the standard form

(I - Rfc (t))-1 = 1+ (I - Rfc (f))-1 Rfc (t) = I + Ufc (t). (4.34)

By the well-known theorem on the absolute convergence of matrix products [14], a nec-

essary, but by no means a sufficient, condition for the absolute convergence of the ma-

trix product is that ||Ufc(t)|| —» 0 as k —> oo. To show that condition 4.32 leads to

||Ufc (i)|| —> 0 as k —> oo, first observe that condition 4.32 clearly implies continuous

invertibility of I — Rfc (t) in Equations 4.30 and 4.31; hence it guarantees the existence

of admissible iterates. For the last equation in 4.30, one must also guarantee that the

sequence of norms, {|| Afc||£L0}, is a strictly decreasing one. Taking norms of both sides,

and then iterating backwards, shows that

(I - Rfc)"1 Rfc || Afc|| = ||Ufc|| || Afc|| < (n" llUid) ||Ao|| • (4.35)l|Afc+i|| <

Thus, a sufficient condition for ||Afc+i|| —> 0 is that each term ||Uj|| < 1, for all i < k.

This, in turn, guarantees that both ||Rfc (t)\\ and ||Ufc (t)|| —► 0 as k —> oo. The existence

of the time t° is implicit in the continuity of each iterate Rfc (t) and the initial condition,

Rfc (0) = 0. Now, each iterate either has a time t°k £ D beyond which the inequality 4.32

is violated, or it satisfies this inequality for all t E D. Therefore the miiifc (tj?) provides

a lower bound for t° and therefore a strict decay of the sequence {||Afc||£l0}.

The asymptotic behavior of iterates follows from induction: if A0 (t) — O (tp), then

Ro (t) = O (tp+1). This implies, from Eq. 4.30, that Ai (t) = O (t2p+1) and Ri (*) =

O (t2(p+1^. Iterating these two relations yields Eq. 4.33. □

Although the convergence rates are effectively monitored by computing norms of iter-

ates Ufc, which must be computed in any case for a number of discrete values of t, there

is a simpler, but not sharp, sufficient condition, namely

||Rfc (t)|| < (4.36)

This follows from

p-Rtr'RtNiS<1' ("7)
by solving the last inequality in Eq. 4.37 for ||Rfc||. As this last estimate uses two extra

maximizations, the time step estimates for t°k, from Eq. 4.37, tend to be smaller than the

ones based on the inequality in 4.32. The problem of determining a sharper sufficient

condition for the absolute convergence of this product representation will be addressed

in a subsequent paper.
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5. The modified relative error. The modified relative error matrix is defined by

R(t) = *(t)^1(t)-1. (5.1)

As before, the advantage of this definition is that the correction acts on the left-hand

side of an initial approximation,

* (t) = (I+ R (*))*„(<)• (5.2)

The analysis of this case is very similar to the case in Sec. 4, hence only the major differ-

ences will be highlighted. The differential equation for R (t) is obtained by differentiating

Eq. 5.2 and using Equations 1.1 and 1.3,

R' = A0 + [A0, R] + A0R, R (0) = 0. (5.3)

The integrable part of Eq. 5.3 is therefore the same as in Eq. 4.4 and is explicitly given

by Eq. 4.5. The linear integral equation for R (t) in Eq. 5.1,

(t) = R0 (t) + [ (t,a) A0 (<t) R(er) 1 (t, a) da, (5.4)
Jo

is slightly different from Eq. 4.6 since, apart from the sign, there is also a different kernel

splitting. The fixed point iteration behaves in the same way, except that the integral

operator Q is now defined by means of

Q [Z] = f <fr0 (t, <*) Ao (a) Z (a) (t, a) da, (5.5)
Jo

and the consecutive terms in the series are linked by recurrence

Rfc+i (t)=[ $o (t,(r) A0 (o-)Rfc {(t) Qq1 (t,a)da, k> 0, (5.6)
J o

thus maintaining the same exponential gap as in Eq. 4.9.

The bounds on the growth of ||R(i)|| and ||R(t) — R0 (t)|| in Equations 4.13, 4.15,

and 4.23 remain the same. In the case of the Chu-Metcalf inequality, the definition of the

kernel function in Eq. 4.17 must be changed to accommodate a different kernel splitting,

Ko(t,a) = ||#o(t,0-) A0(cr)|| || (t,cr)|| , 0 < a < t, (5.7)

before solving the scalar integral equations 4.18 and 4.25 and applying inequalities 4.19

and 4.24, respectively.

For the product representation, the approximate relative error at the k-th step is

the same as in the first Eq. 4.30; however, the solution and its L-perturbation are now

updated according to

Rfc(i) = I &k(t, ct) Afc(cr) (t,a)da
Jo

$k+i(t) = (I + R k(t))$k(t)

A fc+1(t) = Afc(t)Rfc(t)(I + R kit))'1. (5.8)

It follows from the second Eq. 5.8 that the fundamental matrix of solutions admits

another left-ordered infinite product representation,

$ (t) = Jim^ (n™ 0 (I + Rfc (t))) ^0 (t). (5.9)
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From the analysis of the third Eq. 5.8, it follows that the invertibility of I + Rfc (t)

and the decay of ||Afc+i|| —> 0, for all k > 0, can be guaranteed by finding a bound on t°

such that

Rfc(*)(I + Rfc (t))'1 <1, t<t°, k> 0. (5.10)

Although this is not the same necessary condition as in Theorem 5, it is qualitatively

very close to it because the norm in Eq. 5.10 may be bounded by

Rt(()(I + Ri(t))-|< (5.11)

which implies the same sufficient condition, namely, ||Rfc (t) || < 1/2. Therefore, the

iteration 5.8 offers no significant convergence improvement over the iteration 4.30.

6. The A-relative error. Let (t) be an admissible initial approximation and

let Ao (t) and Ao (t) be its L-derivative and L-perturbation matrix, respectively. The

A-relative error (A- stands for the arithmetic average) is defined by

R (t) = 2 (* (f) - <&0 (t)) (* (t) + $0 (t))-', (6.1)

provided the matrix <!> (t) -(- 3?o (t) is invertible. Solving for $ (t) yields

* {t) " ( 2 - R (tj ) #0 {t) = ° (R {t)) *° {t)' (6'2)

which clarifies the admissibility conditions in Eq. 6.2: both matrices 2 ± R(t) must be

nonsingular for all t in some neighborhood of the origin.

What makes the rational matrix C (R) notable is that it is the Cayley transform

of R/2. This means (shown in Sec. 6.4) that if A(f),Ao(f) are skewhermitian, or

J-symmetric, then the unitary, or symplectic, property of any truncated product is pre-

served. Neither the classical nor the modified relative error is able to preserve these

properties.

To obtain the differential equation for R (£), we rewrite Eq. 6.1 as R(3> + $o) =

2 (4> _ $0), then differentiate it and substitute the expression + $o = 4 (2 — R) 3>0

(which follows from Eq. 6.2). Rearrangement of terms results in

R = Ao + — [A i A0, R] — - RA0R, R(0) = 0. (6>3)

This matrix Riccati equation is now rewritten, using matrices Ao (t) and A0 (t), as

R' = A0 + [Ao, R] + — [Ao, R] — -RA()R. R (0) = 0. (6.4)

The terms in Eq. 6.4 are asymptotically ordered: if Ao = O (ip), then R = O (tp+1),

so that [A0,R] = O (tp+1) and [A0,R] = O (£2p+2) (see Eq. 2.22), while the nonlinear

term behaves as RA(,R = O (i3p+2).

The integrable part Eq. 6.4, which satisfies differential equation,

R;, = A0 + [Ao, R0], Ru (0) = 0, (6.5)
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is the same as in Equations 4.4. Hence, using the matrix Ro (t), computed from Eq. 4.5,

Eq. 6.4 can be written as a nonlinear Volterra integral equation,

R (■t) — R0 (t) + -
1 f1
- J $o (t,a) [A0 (cr), R (cr)] $01(t,a)da

I &0{t, a) R(o-) A0(ct) R(cr)$o1 (^o-)d(T. (6.6)
Jo

It is evident from Equations 4.5 and assumption 1.4 that Ro = O (tp+1) is indeed the

dominant part of solution, R (i), since the second, linear, term in Eq. 6.6 is of order

O ('t2p+s), while the third, nonlinear, term is of order O (i3p+3).

6.1. Fixed point iteration for the A-relative error. Unlike the iterations in Equations

4.8 and 5.6, which converge globally, fixed point iteration of Eq. 6.6 has a finite radius

of convergence. This occurs not only because the quadratic nonlinearity in the Riccati

equation generates solutions that may have a finite escape time (singularity) [24], but

also because of the need to maintain invertibilities in Eq. 6.2, or existence of admissible

iterates. The key observation is that, by continuity, any finite escape time happens after

the time when either of the matrices 2 ± R (t) becomes singular for the first time. Thus,

it is possible to set up either a Picard or Caratheodory iteration [17] to obtain a local

solution up to the time defined implicitly by ||R(i)|| < 2. The only new result that

emerges from such an iteration, starting with Ro (t), is that it will generate a lacunary

type series, but the exponential gaps will no longer be uniform because of the nonlinear

term. Nevertheless, the accuracy of consecutive iterates is higher than in two previous

linear cases since, at the start, R (t) — Ro (t) = O ('t2p+3).

It is well known [24] that a matrix Riccati equation can be converted into a linear

system of differential equations. Unfortunately, this approach doubles the size of the

original problem with some simplification due to linearity, but without a compensating

speed up in convergence. It will therefore not be pursued.

6.2. Bounds on ||R (t)||. By taking a norm of Eq. 6.6, one gets the bound,

||R(i)]| < ||Ro(*)||+ [ ||*o Mil ||Ao (<x)|| ||R(<t)|| H*^1 (t,<t)|| da
Jo

+ijT||*oMII IIA0 (cr)|| ||R(er)||2 H^1 (i,a)|| da. (6.7)

Denote r (t) = ||R (t) || , r0 (t) = ||R0 (t) ||, / (r) = r + r2/4, and

Ko (t,a) = ||A0 (cr)|| ||$o ((,t7)|| ||3>o 1 (t,<r)|| , 0 < a < t. (6.8)

Then inequality 6.7 can be rewritten as

r{t)<r0(t)+ f K0(t,a) f (r(a))da. (6.9)
J o

A simple upper bound on r (t) comes from the invertibility condition, ||R (i)|| = r (t) <

2, in Eq. 6.2. This means that / (r) — r( 1 + r/ 4) < 3r/2, for r £ (0,2), so that the

nonlinear inequality 6.9 can be majorized by a linear one:

r (t) < r0 (t) + [ K0 (•t, a) f (r (a)) da <r0(t) + ~ f K0 (:t, a) r (a) da. (6.10)
Jo * Jo
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Invoking the Chu-Metcalf inequality, which depends on the solution of the linear integral

equation,

p (t) = 7-o (£) + | J Kq (t, a) p (cr) da, (6.11)

it follows that r (t) < p (t), as long as p (t) < 2.

It is possible to obtain much more precise information on the bounding function p (t)

by expanding on the idea of positive nondecreasing functions outlined in the previous

paragraph. The following theorem, which is stated under more general conditions than

those needed for inequality 6.9, defines such a function p (t) and provides a means for

computing its lower and upper approximations.

Theorem 6. Let ro (t) > 0 and Kq (t, a) > 0, for 0 < a < t, be continuous functions for

t € D. If r(t) satisfies Eq. 6.9 and / (r) > 0 is a continuous and nondecreasing function

for r > 0, then

r(t)<p(t) (6.12)

for all t for which there is the solution of nonlinear integral equation

p{t) = r0(t)+ f Kq (t,cr) f (p (cr)) da. (6.13)
J o

Proof. Let 0 < vq (t) < ro (t) be any continuous function on t € D. The sequence of

functions {vj (t)} ->0, generated by recursion

Vj+i (t) = r0 (t) + f K0 (■t, a) f (Vj (cr)) da, j > 0,
^0

(6.14)

is well-defined, continuous and is certainly nonnegative for all t £ D and all finite j > 0.

It may be divergent as j —> oo, but, by the basic existence theorem [17], there is a point

t* in a neighborhood of the origin, such that Picard iteration in Eq. 6.14 converges to the

solution p (t) for all t < t*. In this case, the sequence is also nondecreasing. To show this,

consider first the difference U\ (t) — (t). By the assumptions on the functions / and

uq, it follows that / (vq (a)) > 0, which implies nonnegativity of the integral in Eq. 6.14,

and therefore (t) — vq (t) > 0. Then, assuming that Vj (t) — Vj-i (t) > 0, we consider

the difference

vj+x (t) - Vj (t) = [ K0 (t, a) (/ (i/j (a)) - f (^_a (a))) da. (6.15)
Jo

The quantity / (fj (cr)) — / (vj-i (a)) > 0, by the assumption that / is a nondecreasing

function of its argument. Since Kq (t,a) > 0, it follows that the integral in Eq. 6.15 is

also nonnegative and the induction step can be completed, provided one restricts t <t*.

The same iterative process 6.14 can be set up, starting with a sufficiently large initial

function, uo(t), to generate the sequence of functions {uj (i)}J>0 i also convergent to

p (t) for t < t*. One then uses the same idea to show that this sequence is nonincreasing.

Although the divergence of the Picard sequence may happen before the first singularity

in the solution [17], there is really no problem in continuing the solution (as long as it

exists), or the sequence of its lower and upper bounds, beyond the point of Picard

divergence. □
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6.3. Product formula for the A-relative error. As soon as the matrix Ro (t) is com-

puted from Eq. 4.5, it may be used in Eq. 6.2 to correct the initial approximation,

*!(*)= fo + ̂ S!n*o(t). (6.16)
2 - Ro (*)

Assuming that both of the matrices 2 ± R (t) are invertible, the determination of Aj =

L [<&i] begins by first computing,

It (f^) = (2 ~ R°rl R'° (2 " R°rl (2 + Ro) + (2 " R°rl R°

= (2 - Ro)"1 Rq ((2 - Ro)"1 (2 + R0) + i) = 4 (2 - Rq)"1 Rq (2 - R0)-1. (6.17)

Upon taking the L-derivative of Eq. 6.16 and substituting Eq. 6.17, cancelling and fac-

toring the obvious terms, the following expression emerges:

Aj = (2 - Ro)-1 (4Rq + (2 + R0) A0 (2 - R0)) (2 + Rq)"1

= (2 — Ro) 1 (4Ao + 4 [Ao, Ro] + (2 + Ro) Ao (2 — Ro)) (2 + Ro) 1. (6.18)

After several more cancellations, extraction of desired terms and regrouping, similar to

what was done in Eq. 4.28, the matrix Ai can be written as

Ai = A + (2 — Ro) 1 (2 [Ro, Ao] + RoAoRo) (2 + Ro) 1. (6.19)

This implies that the new L-perturbation matrix, Ai (t), is a generalized linear matrix

function (i.e., it has both left and right matrix coefficients) of the previous one, Ao (t),

namely,

A, = — (2 — Ro)"1 (2 [R0, A0] + R0A0R0) (2 + R0)-1. (6.20)

Equations 4.5, 6.16, and 6.20 form the iterative process for refining an initial approxi-

mation $o (t) by means of its A-relative error.

Theorem 7. Let <i>o (t) be an admissible initial approximation for the linear system 1.1

and let Aq (t) be the corresponding L-perturbation. Then the iteration,

R kit) = [ it, a) Afc (er) it, a) dcr
Jo

-j- ,_ 2 + Rfc jt)

k+l^ ~~ 2 - Rfc it)

Ak+1(t) = — (2 — Rfc)-1 (2 [Rfc, Afc] + Rfc AfcRfc) (2 + Rfc)-1, (6.21)

generates the left-ordered infinite product representation for the fundamental matrix of

solution,

*»<<>' <6-22»

provided this limit exists.

Proof. The proof uses the same arguments as in Theorem 4. □
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Theorem 8. A necessary condition for the absolute convergence of the product 6.22 is

that there is a time instant, t°, such that

|(2 — Rfc)-11 ||(2 + R^-)_ 111 (4 ||Rfc|| + l|Rfc||2) < 1, t<t°, k> 0. (6.23)

In case of convergence, the asymptotic behavior of iterates is given by

Rfc (t) = O ^2*(p+2M) . (6.24)

Proof. If each factor of the product 6.22 is rewritten in the standard form,

2 + Rfc 2Rfc
(6.25)

2 — Rfc 2 — Rfc

it follows that the condition Rfc —» 0 as k —> 00 is the same necessary condition as in

Theorem 5. The condition 6.23 clearly implies continuous invertibility of both matrices

2 ± Rfc (t) in Equations 6.21 and 6.22, hence it guarantees the existence of admissible

iterates. For the last equation in 6.21, one must also ensure that the sequence of norms,

{||Afc||}~0, is a strictly decreasing one. Taking the norms of both sides, while keeping

the three distinct factors on the right-hand side, and then iterating backwards, one arrives

at

Afc+1|| <

k

i—0

(2 — Rfc)-111|(2 + Rfc)_ 111 (4 11Rfc11 + ||Rfc||2)IAfc

MEL, (2-Ri)_1 (2 + R,)"1 (4||R|| + ||Rt||2) ||Ao||. (6.26)

Thus, a sufficient condition for ||Afc+i|| —> 0 is that each term in this product satisfies

2 - R, Rj ) 1 ^4||Rj|| + 11Ri112^ < 1. This, in turn, will guarantee that

Rfc —> 0. The existence of the time t° is implicit in the continuity of each iterate Rfc (t)

and the initial condition, Rfc (0) = 0. Now, each iterate either has a time t°k beyond which

the inequality 6.23 is violated, or it satisfies this inequality for all t 6 D. Therefore, the

minfc (t°k) provides a lower bound for t° and hence a strict decay of sequence {|| Afc||^L0}-

The asymptotic behavior of iterates follows from induction: if Ao (t) = O (tp), then

Ro (t) = O (tp+1). This implies, from the last Eq. 6.21, that Ai (t) = O (£2p+2) and

therefore Ri (t) = O (t2p+3). This comes from adding an additional power due to the

commutator (see Eq. 2.22). Continuing to iterate on the asymptotic orders, always

adding one for the commutator, leads to Eq. 6.24. □

Although the convergence rates are effectively monitored by measuring norms of it-

erates Afc+i, which must be computed in any case for a number of discrete values of t,

there is a simpler, but not sharp, sufficient condition, namely

||Rfe (£)|| < 1/2- (6.27)

To see this, denote by rfc = ||Rfc||, 5k — ||Afc|| and S^+i — ||Afc+i||, and then take the

norm of the last Eq. 6.21 to generate the following inequality:

4+i < "fc + rg/jU. (6.28)
(1 - r-fc/2)

To guarantee a strictly decreasing sequence in Eq. 6.28, it is sufficient to satisfy Tk +

Tfc/4 < (1 — rfc/2)2, which leads to the condition ?'fc < 1/2 . As in the case of the classical
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relative error, the problem of sharper sufficient conditions for the absolute convergence

of this product will be addressed in a subsequent paper.

6.4. Unitary and symplectic property. Consider first the unitary property. If A (t) is

skewhermitian and one starts with any unitary admissible approximation <&o (t), then

Ao (t) is necessarily skewhermitian [11], and so is Ao (t). It is an easy check that Ro (t),

given by Eq. 4.5, is also skewhermitian, and hence the first Cayley update, C (Ro (t)),

and (t) are both unitary. To show that Ai (t) is skewhermitian, take the conjugate

transpose of both sides in the last Eq. 6.21: the left and the right factors will not

change under this operation (inversion and conjugate transpose commute) and both

terms in the central factor will change sign. Therefore, the iteration 6.21 will preserve

the skewhermitian property of Rfc (t) and A& (t) as well as the unitary property of (t)

for all k > 0.

As for the symplectic property, which pertains to the real systems of even dimension,

the following definitions are needed: a matrix J, defined by

J =
0 I

-I 0 (6.29)

is called an elementary symplectic matrix of dimension 2d, provided I and 0 are both

c?-dimensional unit and zero matrix, respectively. The following properties of J, (e.g.,

[15]) will be used below:

J"1=JT = -J, J2 = -I. (6.30)

A matrix S is called real symplectic (also J-orthogonal in [12]) iff it satisfies the following

property,

STJS = J. (6.31)

A matrix A that can be written as JH, where H is symmetric, will be called J-symmetric.

To proceed, the following elementary theorem, for which no reference was found, is

proved:

Theorem 9. If A is J-symmetric, then its Cayley transform,

C = C (A) = (I - A)-1 (I + A), (6.32)

is a symplectic matrix.

Proof. Since A = JH, for some symmetric matrix H, one must show that C (JH)

satisfies Eq. 6.31. To do this, evaluate JC (JH) in stages, first by moving J through the

denominator

J (I - JH)"1 = (J"1 - JHJ-1) 1 = (J"1 (I + J2HJ))_1 — (I - HJ)-1 J, (6.33)

and then through the numerator

J (I + JH) = (J + J2H) = (I - HJ"1) J = (I + HJ) J. (6.34)

Equations 6.34 and 6.33 imply that

JC (JH) = C (HJ) J. (6.35)
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On the other hand, taking the transpose of C (JH) shows that

Ct(JH) = ((I- JH)"1 (1 +JH))T = (l + HJT) (l-HJTy

= (I — HJ) (I + HJ)-1 = C_1 (HJ). (6.36)

Multiplying the initial and final matrix in Eq. 6.36 with the matrices in Eq. 6.35 shows

that Eq. 6.31 is satisfied. □

Suppose now that A (£) = JH (t) so that its fundamental matrix of solutions, (t),

is symplectic [12], [15]. The following theorem shows how these properties are preserved

under the iteration process 6.21.

Theorem 10. If an initial approximation 3>0 (£) is symplectic, then during the iterative

process 6.21 the matrices 3>fc (t) are symplectic and the matrices Rfc (t) and Afc (t) are

J-symmetric for all k > 0.

Proof. Since <l>o (t) is symplectic, it follows that its L-derivative is J-symmetric [15],

hence it can be written as Ao (t) — JH0 (t). Initial L-perturbation is given by Ao (t) =

JH (t) — JH0 (t) = JK0 (t), where K0 (t) is symmetric. Assuming, therefore, that

Afc (t) = JKfc (t) and that 3>fc (t) is symplectic, the first iterative step in 6.21 gener-

ates the following matrix:

Rk(t) = f 4>fc (t,a) JKfc (a) (t,cr)da
Jo

= [ &k(t,<r) 1 Kfc {a) $fc 1 (t, a) da
J 0

= fj (<&!(*, a))"1 Kfc (a) *?(t,<T)dcT
Jo

— J [ (3>I(A<t)) 1 Kfc (<r) (t,cr)da. (6.37)
Jo

Two properties have been used here: first, that J is time independent, and second,

that $>J (t,&) is invertible and symplectic whenever 3>fc (t,a) is. Since the matrix under

the last integral is symmetric, as can be seen upon taking its transpose, the integral of a

symmetric matrix preserves this property and one can write Rfc (t) = JXfc (t), for some

symmetric Xfc (t).

In the second step of the iteration 6.21, one has the product of two matrices, the first

one being the Cayley transform of J-symmetric Rfc (t), hence symplectic by Theorem 9,

and the second one being symplectic by the assumption. It is known (e.g., [15]) that

the symplectic matrices form a multiplicative group under the ordinary matrix product.

This implies that 3?fc+i (t) is also symplectic.

In the last step of the iteration, consider first the commutator,

[JKfc (t), JXfc (i)] = J (Kfc (t) JXfc (t) - Xfc (t) JKfc (£)), (6.38)

and since the matrix in parenthesis is symmetric (transpose, then use the property that

JT = — J), it is J-symmetric. Next, writing the nonlinear term as

RfcAfcRfc = JXfcJKfcJXfc = J (XfcJKfcJXfc) (6.39)
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shows that it is also J-symmetric since the last matrix in parenthesis is symmetric.

Ignoring the minus sign, one may write the matrix in the last step of iteration as

(2 — JXfc)-1 (JYfc) (2 + JX/j)-1 (6.40)

for some symmetric matrix Y^. It is now a simple matter to show that this matrix is

J-symmetric, for one can first move J to the left, as in Eq. 6.33, to get

J (2 — XfcJ)-1 Yfc (2 + JXfc)-1 (6.41)

and then show, by taking transpose and using JT = —J, that the matrix to the right of

J is symmetric. It follows that Afc+1 (t) is J-symmetric whenever A^ (t) and (t) are,

which completes the induction step. □

7. Computation of Rfc (t). The main step in all three iterations is the same, namely,

the computation of

Rfc (t) = [ <$>k (t,a) Ak (a) (t,a)da. (7.1)
Jo

The matrix functions (t) and A*. (t) are assumed to be known over an interval of

interest. This quadrature problem can be simplified if it is rewritten as a recursion. To

do this, consider the expression for

rt+h

R (t + h) = / $ (t + h, a) A (a) (t + h, a) da, (7.2)
Jo

where the subscript k is dropped for simplicity. By splitting the interval of integration

into [0, i] and [t, t + h] and then using the multiplicative property of the fundamental

matrices, (t + h, cr) = $ (t + h,t) & (t, a), one first obtains

R (t + h) = f (t + h,t) & (t,a) A (a) ty-1 (t,a) (t + h,t) dcr
Jo

rh

+ ^ (t + h,t + t) A {t + t) #_1 (t + h,t + t) dr. (7.3)
Jo

Since $ (t + h, t) and (t + h, t) do not depend on the integration variable a, Eq. 7.3

is written as

II (t + h) = <1? (t + h, t) R (t) 3>-1 (t + h, t)

rh

+ / $ (t + h, t + t) A (t + t) $ 1 (t + h, t + t) dr. (7.4)
Jo

The recursion 7.4 means that one has to integrate only over an interval r € [0, h] using

the most recent values of & (t + h,t + t) and A (t + r).

We shall not address here the numerical aspects of the interaction between the accu-

mulated quadrature error and the propagation of this error in the product formulae. It

will be mentioned, however, that to specify a tolerance level for each integration step of

length h, one must know the overall length of the integration interval, in order to keep the

accumulated quadrature error below a given threshold. Furthermore, the threshold itself

must be controlled by the accuracy specified for convergence of the product formula.
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8. Summary. The literature on the analytic representations of the fundamental ma-

trix of solution is not overly large. Apart from some special solvable two- and three-

dimensional systems, a few special methods that use Lie algebra basis [27], and the

special functions, most integrable systems are either the commutative ones, or there is

an explicit transformation that reduces them into one of the systems mentioned above.

The periodic systems are semi-integrable in the sense that the fundamental matrix of

solution must be known over a single period to be known everywhere.

There really are only four distinct methods that are applicable to a general noncorn-

mutative d-dimensional time-varying matrix: 1) Volterra product integral (1887), [5], [9],

a globally convergent infinite product of matrix exponentials (or its polynomial/rational

approximants); 2) Peano series (1888), [21], globally convergent, but computationally

expensive summation (see Eq. 1.6); 3) Magnus' expansion (1954) [16], an infinite series

of iterated integrals of nested commutators, with a finite region of convergence [18]; and

4) Fer's expansion (1958) [6], an infinite product of matrix exponentials, with a finite

region of convergence.

The new series developed here are related to Peano series in the sense that they are

generated by means of the fixed point iteration of a particular Volterra integral equation.

However, because of the choice of an initial approximation (identity, in Peano case) and

the choice of error function (absolute error, in Peano case), the outcome, in our case, is

always a lacunary series with either constant, or variable, exponential gap greater than

one.

The new product formulae obtained here are only remotely related to Fer's expan-

sion. The choice of error function is separated from the choice of initial approximation,

and resulting products and iterative refinements are expressed in terms of the simplest

polynomial and rational functions, rather than the exponentials.

The iterative processes, in Equations 4.30, 5.8, and 6.21, also bear some distant re-

semblance to Newton's method for operator equations in the sense that the increment,

function, and derivative evaluations have been carried out. However, there is no inver-

sion of a Jacobian matrix, nor an explicit inversion of an associated linear operator, as

in [23]. Nevertheless, the quadratic convergence, when it occurs, is evident in Equations

4.33 and 6.24.

It is rather unexpected that the choice of three common relative error functions can

be so easily related to the three most common rational functions—also the entries into

the Pade table for the exponential function—associated with backward, forward, and

modified Euler's schemes in the numerical discretization of a linear differential equation,

except that here, these are time-varying matrix functions.

What unifies all three products is the systematic use of the integrable part of the

differential equation, hence the same integration step for evaluating R/. (t) that depends

linearly on the (£). What makes them quadratically convergent is the fact that the

L-perturbation matrix is the sort of residual, associated with the first derivative, that

can be exactly computed.

Finally, there is a connection to the Lyapunov transformation, L (t), for the linear

system in Eq. 1.1. If one writes <f> (t) = L(i)Z(£), where L (t) is a known, bounded,
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invertible and differentiable matrix function [9], then Z (t) satisfies the differential equa-

tion,

Z' = (L_1AL - L_1L') Z = L1 (A - L'L"1) L Z = LT1 AL Z.

The point here is that A = A — L'L-1 is the L-perturbation matrix generated by L (t),

and the extent to which L approximates $ has a direct and measurable effect on the

size of matrix L-1AL. In this paper, however, the function Z = 3>o is known and the

objective is to compute the Lyapunov function L, called here a left correction, that

transforms $o into 3?.
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