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Abstract. Using the Liapunoff method, the global asymptotic stability of the sta-

tionary solution of the time-dependent thermistor problem is proved.

In this paper we study a special case of the time-dependent thermistor problem, for

which it is possible to give a fairly complete description of the asymptotic behaviour of

the solution. A difference of potential V, in series with an ordinary resistor R, is applied

to an indefinite slab of width d and electric conductivity a(u). We model this situation

with the following one-dimensional initial-boundary value problem (D):

{cr(u)(px)x = 0 (1)

¥>(0,t)=0 (2)

V — Ra(0)tpx(d, t) - <p(d, t) = 0 (3)

ut - uxx = a(u)<pl (4)

tt(0, t) = u(d, t) — 0 (5)

u(x, 0) = uo(x) (6)

where ip(x, t) is the electric potential and u{x, t) the temperature.

In the usual thermistor problem, R is taken equal to 0, but this ignores e.g. the

internal resistance of the generator. Thus, the present model is physically more realistic.

The method is based on the use of a Liapunoff function. We treat in details the case

a(u) = a0eu, (7)

which is relevant in the theory of PTC thermistor [5].

In recent years, the thermistor problem has been the subject of many mathematical

investigations. We quote, among others, the work of W. Allegretto, W. Lin ([1], [2]), and

A. Lacey ([8], [9]) for the time-dependent case and, for the steady case, the papers of S.

Howison, F. Rodrigues, and M. Shilor ([6], [7]).
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We consider first the stationary problem (S) corresponding to (D), i.e.:

{cr(u)<p')' = 0 (8)

¥>(0) = 0 (9)

V-Rcr(0)<p'{d)-<p(d) = 0 (10)

—u" — a(u)ip'2 (11)

u(0) = u(d) — 0. (12)

When R = 0, problem (S) has one and only one solution if t = /0°° ^|y > and no

solution when ^ > I. We refer for more details to [6]. In the present situation there is

always one and only one solution. This can easily be understood on physical grounds,

since the electric current cannot exceed a fixed value determined by the presence of R.

A formal proof is the following. Let F : [0, oo) —> [0, t)

Fw=r^ <i3)
and

2

o = ^ + F(u),r = <p(d). (14)

If (u(x),ip(x)) is a solution to problem (S) we have

(a{u)9')' = 0 (15)

0(0) = 0, 9(d) = y (16)

(a (u)ip')' = 0 (17)

<p(0) = 0, <p{d) = r. (18)

Whence it follows the functional relation

(19)

Let u = G{w), G : [0,^) —> [0, oo) be the inverse function of w = F(u). From (14) and

(19) we have

/ \ <P2(X)\ /r>n\«(*) = G(— j-)- (20)

Define the bijection L : [0, T] —> [0, L(r)], ip = L(ip) via

rf , ,+v t'2\ ,
)dtm = jo »(G(f-|))'

and ip(x) = L(ip(x)). By (20) and (17) we have ip"{x) — 0, V(0) = 0, and tp(d) =

L(tp(d)) = L(T). Hence ip(x) = xLf'> and ip'(d) = Thus condition (10) becomes

V-T=*L(Y) (21)

where
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and, by direct computation, we find

g
L(T) = — arctan

L V8 — r2 J

The solutions of problem (S) are in a one-to-one correspondence with those of Eq. (21)

and, by elementary means, it can be seen that (21) has a unique solution T. Hence the

only solution to problem (S) is given by:

»>(*) = L (—j, «w = 0(— —

The norm in L2(0,d) is denoted by || ||. Other norms are identified by subscript.

Theorem 1. Let T > 0, Uq(x) G Hq(0, d), and Uom = min Uo(x). Then, there exists

one and only one solution to problem (D) such that

u(x,t) G L2(0, T; H2(0, d)) fl L°°(0, T; (0, d)), ut{x,t) G L2{0, T; i2(0, d)). (22)

Moreover,

ess Slip 0 7 - !| '<{/) !l // Jill.,/) + |M|L2(0,T;ff2(0,d)) + \\ut IU2(0,T;L2(0,d)) < ^l|uo|]ff^(0,d) (23)

and

0 < y(x.t) < V (24)

0 < u(x, t] < if.'\/, (25)

where Um = max U(x. I) and U(x:t) is solution of the linear problem:

v'~v*> = *£^3 (26»

U(d.t) - U (27)

(/"(;)'.()!• : Uy)(x). (28)

Proof. Let (<£>,w) be a solution of problem (D). Multiplying (1) by <p(x,t) we have,

integrating by parts,

fd i
<p{d,t)a(Q)yx(d,t) = / a(u(x,t))(p2x(x,t)dx

Jo

which implies (24) recalling (3). In view of the positivity of the right hand side of (4), we

have u(x. I) > uom. Moreover, integrating (1) with respect to x and taking into account

of (24), we obtain the "a priori" estimate

"("<*.«»*£(*,«) = (29)

Therefore the parabolic maximum principle implies (25). Let <t(£) G C°°(R) satisfy: (i)

cr(£) = cr0e?, if -oo < £ < Um; (ii) ct(£) = a0eUm, if £ > 2UM\ (hi) > 0. The
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method of Galerkin can be used in view of the boundedness of cr to prove the existence

of a solution of the following auxiliary problem (A):

(<y{u)ipx)x = 0

(p(0, t) = 0, V — Ra(Q)ipx(d, t) — ip(d, t) — 0

ut - uxx = a{u)ipl = 0

u(0, t) = u(d, t) = 0

1l(x. 0) = Uo{x).

On the other hand, the "a priori" estimate (25) holds for the solutions of (A) and this

guarantees the existence of a solution of (D). Uniqueness can be obtained reasoning as

in [3] with application of the Gronwall inequality. □

The solution of problem (D) defines a dynamical system

S(t) : #j}(0,d) -► H%(0,d), t > 0, u(t) = S(t)u0,

since u G C([0, oo); #o(0, d)). The solution of the stationary problem (S) gives the only

fixed point u of S(t). In the next theorem we prove that u is globally asymptotically

stable in Hq (0, d).

Theorem 2. Let (u(x,t),(p(x,t)) and (u(x), <p(x)) be solutions to problem (D) and (S)

respectively. Then

ton ||u(i) - 1x11^1(0,4) = 0 (30)

hm \\ip(t) - v\\Hi(o,d) = °- (31)

Proof. Let $(w) : Hq(0, d) —> R be the continuous functional

$(«) = J (^u'2 - a(u)ip'2^)dx - - ^]2,

where tp = T(u) is solution to problem

(cr(u)<p'f = 0

<p(0) = 0, V- Ra(0)cp'(d) - tp(d) = 0.

By (24) and (29), "I>(u) is bounded below on the solutions of problem (D). Using the

choice cr(iz) = (Joe" and integrating by parts we find, on the solutions of problem (D),

{uxx+ <j{u)<pl)2dx < 0. (32)

Recalling (23) we conclude that every orbit u(t;uo) is bounded in H^(0.d). We claim

that u(t; uo) is also compact in H^O.d) if t > to > 0. Indeed, let A = and D(A) =

Hq(0, d)r\H2(0, d). The operator A is positive, selfadjoint, and with a compact resolvent.

Thus, we can define Aa and the corresponding Banach spaces D(Aa) equipped with the

graph norm ||u||a = ll^4a'ix||. In particular D(A1/2) = /^(O, <f). Moreover, the following

estimate holds:

\\AaeAtu\\ < CrQ|M|. (33)
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If 0 < p < q, we have the compact inclusion D(Aa) C D(A@). Let u £ Hq(0,cI) and

f(u) = a(u)(T(u)')2 = (f(u)ip'2. With these notations, problem (D) can be written as

an abstract equation of evolution

u' = An + f(u), u(0) = Uq. (34)

Using the variation of constant formula we have

u(t; u0) = eAt,U() + f eA^ S^f(u(s))ds.
Jo

(35)

Noting that / maps bounded subsets of H^O.d) into bounded subsets of L2(0,d), we

have, for alH > 0,

||/(U(«;Ho))||<M (36)

since orbits u{t\uo) = S(t)uo are bounded in H^(0,d). Let | < f3 < 1. From (35) and

(36) we have, by (33),

\\u(Uu0)\\g < \\eAtu0\\ff + f \\eA^f(u(s))\\0ds = \\A^eAtuQ\\
J 0

+ [ \\A0eA(t's)f{u{s))\\ds

<Cr0||uo||+ [ C{t-s)-0Mds = Ct->3\\un\\ +
Jo

CMtl~P

1-/3

If t > to > 0, the orbit u(t;u0) is bounded in D(Al3) and thus compact in /7q (0, d).

<fr(S(t)uo) is nonincreasing; hence I — limt_>00 <J>(5(f)uci) exists and, by compactness, a

subsequence tfc —> oo can be found such that

\\u(tk;u0) - u||kJ(M). ^ k °°-

Therefore $(«) = i. On the other hand, t < $(S(t)u) < $(u) = I and J^<I>(S(t)u) = 0.

So, by (32), we conclude that (ip = T(u),u) is a solution to the stationary problem (5).

This solution, however, is unique; thus the entire sequence converges and we obtain (30).

By difference from (1) and (8), multiplying the result by ip — <p and integrating by parts,

we have

~[<p(£) -<p(d,t)]2 + J <r(u)(<p' - <px)2dx = - (px[a(u) - a(u)](<p'- ipx)dx.

This implies (31). □
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