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Abstract. The aim of this paper is to reconstruct an obstacle ω immersed in a fluid

governed by the Brinkman equation in a three-dimensional bounded domain Ω from in-

ternal data. We reformulate the inverse problem in an optimization one by using a least

square functional. We prove the existence of an optimal solution for the optimization

problem. We perform the asymptotic expansion of the cost function using a straightfor-

ward way based on a penalization technique. An important advantage of this method

is that it avoids the truncation method used in the literature. Finally, we make some

numerical results, exploring the efficiency of the method.

1. Introduction. In this paper we deal with an inverse problem associated with

a Brinkman equation. We aim to detect an obstacle ω immersed in a porous media

Ω ⊂ R
3 by collecting measurements of the velocity of the fluid motion. This application

is of particular interest to the gas and oil industry. To solve this problem numerically,

we use the framework of the topological derivative. The topological gradient method

consists of studying the variation of a cost function with respect to a modification of the

topology of a domain.

In the context of shape optimization, the topological sensitivity was first introduced by

A. Schumacher [13] in the context of compliance minimization, followed by J. Sokolowski

and A. Zochowski [14], who studied the effect of removing a small part of material in

structural mechanics. A topological sensitivity framework using an adaptation of the

adjoint method [6] and truncation method was then introduced by Masmoudi [11] in the

case of a Laplace equation with a circular hole and Dirichlet condition on the boundary

of the hole. It was generalized in [7] to the elasticity equations in the case of arbitrarily

shaped holes and a Neumann boundary condition.

To present the basic idea, let us consider a variable domain Ω ⊂ R
3 and a cost

functional j(Ω) = J(uΩ) to be minimized, where uΩ is the solution of a partial differential

equation. Let Ωε = Ω \ B(x0, ε) be the perturbed domain, where B(x0, ε) is the ball of
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radius ε centered at x0 ∈ Ω. The topological asymptotic expansion of the functional j

when ε goes to zero reads:

j(Ωε)− j(Ω) = f(ε)g(x0) + o(f(ε)).

Here f(ε) is a positive function going to zero with ε, and g(x0) is called the topological

gradient or the topological derivative. Hence, if we want to minimize the cost function J ,

one has to create holes at some points x where g(x) is negative. This approach leads to

very powerful algorithms in topological optimization. Unfortunately, these asymptotic

expansions are obtained with the use of complicated mathematical tools.

In this work, we derive the asymptotic expansion of the shape functional using a

penalization technique. This method allowed us to perform the topological sensitivity

analysis without using the truncation method presented in [8].

Note that in the case of the Stokes flow problem, topology optimization methods have

been developed for different kinds of problems; see for instance [1, 4, 9, 12].

The paper is organized as follows: In section 2, we present the forward and inverse

problem and we prove the existence of optimal solution of the minimization problem.

In section 3 we derive the asymptotic expansion of the proposed shape functional. In

section 4, we illustrate some numerical results.

2. Setting of the problem. Let Ω be a bounded Lipschitz domain of R3, containing

a Newtonian and incompressible fluid with a coefficient of kinematic viscosity ν > 0 and

has an inverse permeability α > 0. The boundary ∂Ω = ΓN ∪ ΓD, where ΓN and ΓD

are disjoint parts. Let ω be a bounded Lipschitz domain contained in Ω. The Brinkman

system describing the motion of the fluid in Ω in the presence of the obstacle ω is given

by (see, for instance[4]) ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−νΔu+ αu+∇p = 0 in Ω \ ω,
div u = 0 in Ω \ ω,

u = 0 on ∂ω,

u = 0 on ΓD,

σ(u, p)n = g on ΓN ,

(2.1)

where g ∈ H−1/2(ΓN ;R3), u is the velocity, p is the pressure and σ(u, p) represents the

stress tensor defined by

σ(u,p) := ν(∇u+ (∇u)T )− pI = 2νε(u)− pI.

The weak form associated to (2.1) reads:

Find u ∈ V such that∫
Ω\ω

ν∇u · ∇v dx+

∫
Ω\ω

αu · v dx =

∫
ΓN

g · v ds ∀ v ∈ V , (2.2)

where V is given by

V =
{
v ∈ H1(Ω \ ω)3 : div(v) = 0, v|ΓD

= 0
}
.
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We notice that the pressure does not appear in the weak formulation. It can be deduced

from the velocity field up to an additive constant. It is proved that problem (2.1) has at

least one solution; see for instance [4].

Remark 2.1. For a given non-homogenous Dirichlet boundary condition u = ū ∈
H1/2(ΓD)3, one can just consider U = u − ū. Then the Dirichlet boundary condition

turns out to be homogenous for U . Note that u − ū at first makes no sense, because u

is defined on Ω \ ω and ū defined just on some part ΓD of the boundary ∂Ω. Hence one

needs to extend ū on Ω\ω. The existence of such an extension is guaranteed as the trace

operator is surjective.

We assume that the measurement ud ∈ H2(Ω) is available for the exact obstacle ω.

The inverse problem under consideration is the following:

Determine the obstacle ω from the measurement ud. (2.3)

To solve numerically the inverse problem (2.3), we consider the following minimization

problem: ⎧⎪⎨
⎪⎩

minimize J (ω, u) := J(ω) =

∫
Ω\ω

|u− ud|2 dx+ ηP (ω,Ω),

subject to ω ∈ A and u is the solution to (2.1),

(2.4)

where

A = {ω ⊂ Ω : P (Ω, ω) < +∞} .
Here η ∈ R

∗
+ and P (ω,Ω) denotes the relative perimeter of ω in Ω. For the sake of

completeness, we recall the definition of the perimeter:

P (ω,Ω) := sup

{∫
ω

div φ dx : φ ∈ C1
c (Ω,R

3), ‖φ‖∞ ≤ 1

}
.

When P (ω,Ω) < +∞ we say that ω has finite perimeter in Ω. In this case P (ω,Ω) coin-

cides with the total variation of the distributional gradient of the characteristic function

of ω:

P (ω,Ω) := |Dχω|(Ω).
The penalization of the cost function by the relative perimeter is relevant for the existence

of optimal solution of the minimization problem (2.4), which will be discussed in the

following theorem.

Theorem 2.2. The minimization problem (2.4) admits at least a solution.

Proof. Let (ωn)n be a minimizing sequence for problem (2.4):

lim
n→∞

J(ωn) = inf
ω∈A

J(ω).

Since P (ωn,Ω) < +∞, then χωn
are bounded in BV (Ω) the space of functions of bounded

variation. Thus χωn
are relatively compact in L1(Ω) and we can extract a subsequence,

still denoted (ωn)n, such that (χωn
)n converges to χω∗ in L1(Ω), where ω∗ ∈ A. Let us

consider un, the solution of (2.1) associated to ωn. Using (2.2) with u = v = un and

Poincaré inequality, we deduce that (un)n is bounded inH1(Ω)3 and up to a subsequence,

still denoted (un), it converges, H1(Ω)3-weak and L2(Ω)3-strong, to a function u∗ ∈
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H1(Ω)3. The lower semi-continuity of the L2-norm and the lower semi-continuity of the

perimeter imply that∫
Ω\ω∗

|u∗ − ud|2 dx+ ηP (ω,Ω) ≤ lim inf
n→∞

∫
Ω\ωn

|un − ud|2 dx+ ηP (ωn,Ω)

which proves that ω∗ is a minimizer and the proof is completed. �

3. Topological sensitivity analysis. In this section, we derive the asymptotic ex-

pansion of the cost function with respect to the insertion of small obstacle ωε = x0 + εω,

where x0 is a point of Ω, ε is a small scalar and ω is a given domain.

In the presence of the obstacle ωε, the velocity uε and the pressure pε solve the following

Brinkman problem: ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−νΔuε + αuε +∇pε = 0 in Ωε,

div uε = 0 in Ωε,

uε = 0 on ∂ωε,

uε = 0 on ΓD,

σ(uε, pε)n = g on ΓN .

(3.1)

Here Ωε = Ω \ ωε. Using the penalization technique for the implementation of the

Dirichlet condition, we can rewrite problem (3.2) as⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−νΔuε + αuε + cεuε +∇pε = 0 in Ω,

div uε = 0 in Ω,

uε = 0 on ΓD,

σ(uε, pε)n = g on ΓN ,

(3.2)

where cε is a piecewise constant function defined in Ω by

cε =

{
k if x ∈ ωε,

0 if x ∈ Ω \ ωε,

where k is large enough. The weak form of problem (3.2) reads:

Find uε ∈ V0 such that

aε(uε, v) = lε(v), ∀ v ∈ V0, (3.3)

where

aε(uε, v) =

∫
Ωε

ν∇uε · ∇vdx+

∫
Ωε

(α+ cε)uε · v dx,

lε(v) =

∫
ΓN

g · v ds,

and

V0 :=
{
v ∈ H1(Ωε) : div v = 0, v

∣∣
ΓD

= 0
}
.

The shape functional is then defined in the perturbed domain as

J (ωε, uε) = j(ε) =

∫
Ω

|uε − ud|2dx. (3.4)

Here, we neglect the perimeter because it is not topologically differentiable.
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Our aim is to derive the asymptotic expansion of the functional j in order to recover

the shape ω. Let us consider the following hypothesis:

Hypothesis 3.1. (i) The functional J is differentiable with respect to u0, where u0 is

the solution of problem (3.2) with ω = ∅.
(ii) There exists a real number δJ such that

J (ωε, uε)− J (∅, u0) = k|ω|ε3δJ +DJ (∅, u0)(uε − u0) + o(ε3).

We have the following theorem:

Theorem 3.2. Under Hypothesis 3.1, the functional j has the following asymptotic

expansion:

j(ε)− j(0) = k|ω|ε3δj(x0) + o(ε3) (3.5)

where

δj(x0) = u0(x0) · v0(x0) + δJ ,

and v0 is the solution of the adjoint equation

a0(v0, w) = −DJ (∅, u0)w, ∀w ∈ V0. (3.6)

Before proving Theorem 3.2, we need the following result.

Theorem 3.3. The solution uε of (3.3) satisfies the following estimates :

‖uε − u0‖H1(Ω) = O(ε3/2), (3.7)

‖uε − u0‖L2(Ω) = o(ε3/2). (3.8)

Proof. Following the same lines as the proof in [1, Theorem 3.1], we can prove (3.7)

and (3.8). �
Now, we are ready to prove Theorem 3.2.

Proof. Introduce the Lagrangian

Lε(u, v) = J (ω, u) + aε(u, v)− lε(v), ∀u, v ∈ V0.

The solution uε of (3.3) satisfies

Lε(uε, v) = J (ωε, uε), ∀ v ∈ V0.

Then, we have

j(ε)− j(0) = Lε(uε, v)− L0(uε, v) = aε(uε, v)− a0(u0, v)− (lε(v)− l0(v)) . (3.9)

The linear form is independent of ε, therefore

lε(v)− l0(v) = 0, ∀ v ∈ V0. (3.10)

The variation of the bilinear form is given by

aε(uε, v)− a0(u0, v) =

∫
Ω

ν∇(uε − u0) · ∇v dx+

∫
Ω

α(uε − u0) · v dx+

∫
ωε

kuε · v dx

= a0(uε − u0, v) +

∫
ωε

kuε · v dx.
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Choosing v = v0 in the above equation, where v0 is defined in (3.6), we obtain

aε(uε, v0)− a0(u0, v0) = −DJ(u0)(uε − u0) +

∫
ωε

kuε · v0 dx. (3.11)

It follows from (3.9)-(3.11) and Hypothesis 3.1 that

j(ε)− j(0) = k

∫
ωε

uε · v0 dx+ k|ω|ε3δJ + o(ε3).

It suffices to prove that

k

∫
ωε

uε · v0 dx = k|ω|ε3u0(x0) · v0(x0) + o(ε3).

Denote wε = uε − u0. Then, we have

k

∫
ωε

uε · v0 dx = k

∫
ωε

u0 · v0 dx+ k

∫
ωε

wε · v0 dx. (3.12)

By change of variable x = x0 + εy, one can write

k

∫
ωε

u0·v0 dx = kε3
∫
ω

u0(x0)·v0(x0) dy+kε3
∫
ω

u0(x0+εy)·v0(x0+εy)−u0(x0)·v0(x0) dy.

From Taylor expansion and using the fact that u0 and v0 are regular near x0, we deduce

that

ε3
∫
ω

u0(x0 + εy) · v0(x0 + εy)− u0(x0) · v0(x0) dy = o(ε3).

Then, ∫
ωε

u0 · v0 dx = k|ω|ε3u0(x0) · v0(x0) + o(ε3).

Consider now the second term of the right-hand side in (3.12) and using Hölder inequality,

we derive ∣∣∣∣
∫
ωε

wε · v0 dx
∣∣∣∣ ≤ ‖v0‖L2(ωε)‖wε‖L2(ωε).

Using the fact that v0 is uniformly bounded in ωε and by change of variable, we get∣∣∣∣
∫
ωε

wε · v0 dx
∣∣∣∣ ≤ ‖ ≤ ε3/2‖wε‖L2(ωε).

From Theorem 3.3, we get ‖wε‖L2(ωε) = o(ε3/2). Then, we conclude that∣∣∣∣
∫
ωε

wε · v0 dx
∣∣∣∣ = o(ε3)

and the proof is completed. �

Proposition 3.4. The functional J satisfies Hypothesis 3.1 with

DJ (∅, u0)w = 2

∫
Ω

(u0 − ud)w dx and δJ = 0.
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Proof. The variation of the functional J reads

J (ωε, uε)− J (∅, u0) =

∫
Ω

|uε − ud|2 dx−
∫
Ω

|u0 − ud|2 dx

=

∫
Ω

|(uε − u0) + (u0 − ud)|2 dx−
∫
Ω

|u0 − ud|2 dx

= 2

∫
Ω

(u0 − ud)(uε − u0) +

∫
Ω

|uε − u0|2 dx.

Thanks to Theorem 3.3, we obtain

J (ωε, uε)− J (∅, u0) = 2

∫
Ω

(u0 − ud)(uε − u0) dx+ o(ε3).

Then,

J (ωε, uε)− J (∅, u0) = DJ (∅, u0)(uε − u0) + k|ω|ε3δJ + o(ε3),

with

DJ (∅, u0)w = 2

∫
Ω

(u0 − ud)w dx and δJ = 0.

�
Remark 3.5. Since k|ω|ε3 is a positive constant, one can remark that if u0(x0) ·

v0(x0) < 0, we have j(ε) < j(0). Then, the best location x0 of the small obstacle ωε in

order to minimize the function j is the point where u0(x0) · v0(x0) is the most negative.

It is interesting to observe that resulting optimality condition u(0) · v(0) ≥ 0 is the same

as the one given by Guillaume and Sid Idris [8] in the case of a Stokes equation and by

Buttazzo and Dal Maso [5] in the case of a Laplace equation.

4. Numerical results. For the numerical computation, we use the FEniCS environ-

ment and its Python interface. The FEniCS system [10] is a free collection of software

components for automating the solution of partial differential equations using the finite

element method. It has the input of the weak formulation of the direct problem, in a

language very similar to math syntax. The interpretation of this language is done by the

FEniCS Form Compiler(FFC); it receives a discrete form of the weak variational equa-

tion given in Unified form Language (UFL)[2], similar to the mathematical formulation

and generates a C++ code of the finite element assembly in the format of the Unified

Form Assembly code (UFC)[3].

For our numerical results, Ω is the cube [0, 1]3 having one inlet and one outlet described

as follows:

Γout = {0} × [0, 1]× [0, 1] and Γin = {1} × [0, 1]× [0, 1].

The exact obstacle ω to be constructed is the sphere with radius 0.1 centered at the point

(0.5, 0.5, 0.5). The parameters ν and α are chosen as α = ν = 1.

The domain Ω \ ω is discretized using 3881 nodes and 14750 tetrahedral elements.

For the optimization process, the domain Ω is discretized using 4912 nodes and 24575

tetrahedral elements.
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We use synthetic data, i.e., the measurement ud is generated by numerically solving

the direct problem (2.1) using the boundary conditions:

u = (− sin(πx1), 0, 0) on {1} × [0, 1]× [0, 1],

u = 0 on [0, 1]× {0} × [0, 1] ∪ [0, 1]× {1} × [0, 1] ∪ [0, 1]× [0, 1]× {0},
p = 0 on {0} × [0, 1]× [0, 1],

σ(u, p) · n = 0 on [0, 1]× [0, 1]× {1}.
The optimization procedure is described in the following algorithm:

Algorithm 4.1.

(i) Solve the direct problem (3.2) and the adjoint problem (3.6) with ωε = ∅.
(ii) Compute the topological sensitivity δj(x0) defined in (3.5) for all x0 ∈ Ω.

(iii) Determine the location x0 where the topological sensitivity is the most negative.

In Figure 1, we present the mesh of the domain Ω\ω. Figures 2-3 show the numerical

results obtained in the case of free noise. We observe that the reconstructed shape is a

good approximation of the exact shape.

Fig. 1. Mesh of the domain Ω \ ω.

4.1. Sensitivity with respect to noise. Here, we study the robustness of the reconstruc-

tion of the shape ω when the Dirichlet data ud is perturbed to simulate measurement

errors such that.

uδ
d = ud + δud.

Here, δud is a Gaussian random noise with mean zero and standard derivation δ‖ud‖∞,

where δ is a parameter.

Figures 4-9 show the numerical results obtained in the case of corrupted Dirichlet data

with different noise levels. We observe that the algorithm is very robust for these noise

levels.
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Fig. 2. On the left 3D plots of the topological sensitvity on the cube
[0, 1]3 and on the right 3D plots of the topological sensitivity on the
subdomain [0, 0.5]× [0, 1]× [0, 1] (case of free noise).

Fig. 3. On the left 3D plots of the topological sensitivity on the
subdomain [0, 1] × [0, 0.5] × [0, 1] and on the right 3D plots of the
topological sensitivity on the subdomain [0, 1]× [0, 1]× [0, 0.5] (case
of free noise).
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Fig. 4. On the left 3D plots of the topological sensitivity on the cube
[0, 1]3 and on the right 3D plots of the topological sensitivity on the
subdomain [0, 0.5]× [0, 1]× [0, 1] (case of 5% noise).

Fig. 5. On the right 3D plots of the topological sensitivity on the
subdomain [0, 1] × [0, 0.5] × [0, 1] and on the left 3D plots of the
topological sensitivity on the subdomain [0, 1]× [0, 1]× [0, 0.5] (case
of 5% noise).
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Fig. 6. On the left 3D plots of the topological sensitivity on the cube
[0, 1]3 and on the right the topological sensitivity on the subdomain
[0, 0.5]× [0, 1]× [0, 1] (case of 10% noise).

Fig. 7. On the left 3D plots of the topological sensitivity on the
subdomain [0, 1] × [0, 0.5] × [0, 1] and on the right 3D plots of the
topological sensitivity on the subdomain [0, 1]× [0, 1]× [0, 0.5] (case
of 10% noise).
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Fig. 8. On the left 3D plots of the topological sensitivity and on
the right 3D plots of the topological sensitivity on the subdomain
[0, 0.5]× [0, 1]× [0, 1] (case of 20% noise).

Fig. 9. On the left 3D plots of the topological sensitivity on the
subdomain [0, 1] × [0, 0.5] × [0, 1] and on the left 3D plots of the
topological sensitivity on the subdomain [0, 1] × [0, 1]× [0, 0.5](case
of 20% noise).

5. Conclusion. In this paper, we have proved the existence of an optimal solution

of the optimization problem. We derived the asymptotic expansion of the cost func-

tion using a straightforward way based on a penalization technique without using the

truncation method and we present some numerical results showing the efficiency of the

method.
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