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Abstract. We consider the problem of computing (macroscopic) effective properties
of composite materials that are mixtures of complex dispersive dielectrics described by
polarization and magnetization laws. We assume that the micro-structure of the com-
posite material is described by spatially periodic and deterministic parameters. Math-
ematically, the problem is to homogenize Maxwell’s equations along with constitutive
laws that describe the material response of the micro-structure comprising the mixture,
to obtain an equivalent effective model for the composite material with constant effective
parameters. The novel contribution of this paper is the homogenization of a hybrid model
consisting of the Maxwell partial differential equations along with ordinary (auxiliary)
differential equations modeling the evolution of the polarization and magnetization, as
a model for the complex dielectric material. This is in contrast to our previous work
(2006) in which we employed a convolution in time of a susceptibility kernel with the
electric field to model the delayed polarization effects in the dispersive material. In this
paper, we describe the auxiliary differential equation approach to modeling material re-
sponses in the composite material and use the periodic unfolding method to construct a
homogenized model.
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1. Introduction. Computational simulations of the propagation and scattering of
transient electromagnetic (EM) waves in complex materials are important for construct-
ing prediction tools that are reliable [29]. Examples are applications involving radar,
environmental and medical imaging, such as the noninvasive detection of degradation in
materials, the detection of cancerous tumors [17], the investigation of the effect of precur-
sors on the human body, and the design of engineered composites such as ceramic matrix
composites (CMCs) and metamaterials [35]. Thus, the development and analysis of ef-
ficient forward numerical methods which are accurate, consistent, and stable has been
and continues to be an important area of research in computational electromagnetics.

For some time there has been interest in the integration of silicon nitride carbon based
ceramic matrix composites (CMCs) for their use in high temperature turbine engines
[2,25]. As these materials are being investigated for their use in these applications, there
is also a need to nondestructively monitor the material’s degradation. In recent efforts
[5HT], the authors were specifically interested in a silicon nitride carbon based CMC. This
SiC/SiCN CMC has a silicon carbon fiber and a silicon nitride carbon matrix. Expo-
sure to high temperature environments induces oxidation in the CMC, producing SiO»
and SiN. As discussed in [5H7L[1415], multiple Lorentz polarization laws (based on the
Lorentz model for polarization ([@5]) which results from the displacement of electrons from
equilibrium under the effect of an interrogating electromagnetic field) are appropriate to
use in describing these components.

More recently, there has been increased activity in the design and development of new
materials called metamaterials, with tailored EM properties. These materials are a broad
class of micro- or nano-structures made up of tailored building blocks that are smaller
than the wavelength of the interrogating electromagnetic field, thus enabling dense pack-
ing into an effective material [34]. Metamaterials are fabricated through engineering
design as building blocks for devices with unique EM responses, from the microwave to
the optical frequency range [35].

For a complex dispersive dielectric that exhibits a heterogeneous micro-structure de-
scribed by spatially periodic parameters, we consider an electromagnetic interrogation
technique for identifying the response of this composite material by subjecting it to elec-
tromagnetic fields generated by currents of varying frequencies. When the period of the
structure is small compared to the wavelength of the interrogating field, the coefficients
in Maxwell’s equations oscillate rapidly, and are difficult to treat numerically in simu-
lations. We use the mathematical theory of homogenization to produce an equivalent
model for efficient simulation of the response of the heterogeneous material to the in-
terrogating electromagnetic field. Homogenization is a mathematical method in which
a model for a composite material involving spatially dependent parameters (depending
on the microscopic structure) is replaced with a model for an equivalent material with
macroscopic, homogeneous properties. The limiting homogeneous model with effective
constant coefficients is easier to numerically discretize. The approach to homogenization
that we take here is based on the periodic unfolding method presented in [T1].

For the computation of effective parameters of composite materials, traditional mix-
ture formulas based on physical arguments [30] are available in the literature. Some of
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the most popular mixing formulas are the Maxwell Garnett formula, the Béttcher mix-
ture rule or Bruggeman formula, and the coherent potential formula. The mathematical
theory of homogenization has also been applied to Maxwell’s equations in composite ma-
terials. In [1L16L[20}21]24] 32, [33}[36] using a variety of techniques, including two scale
convergence, homogenized models for Maxwell’s equations in composite materials having
anisotropy and memory effects are constructed. In [23], a singular limit approximation
of the constitutive laws for chiral media in the time domain are studied, while in [26],
an asymptotic homogenization approach for 3D periodic lattices of complex media in-
clusions with bianisotropic properties is constructed. Additional constructions can be
found in [27,28]. In [9,B7B8] multiscale numerical methods based on finite elements
and finite differences are constructed for the time-dependent Maxwell’s equations with
memory effects in composite materials (linear dispersive dielectrics). Numerical homoge-
nization using the heterogeneous multiscale method, and based on two scale convergence
for Maxwell’s equations is presented in [10].

In this paper, we use the periodic unfolding method, introduced in [12] in the abstract
framework of stationary elliptic equations, to homogenize the time-dependent Maxwell’s
equations in complex materials that are described by constitutive laws involving the time
evolution of the electric polarization and magnetization. We continue our efforts from
[BL8] in which we considered composite materials described by convolutions in time of a
susceptibility kernel with the electric and/or magnetic field. The periodicity of the com-
posite material results in spatially periodic parameters in the convolution description
of the polarization and magnetization, as well as in the electric permittivity, magnetic
permeability, and conductivity of the material. In this paper, we use a different but
equivalent approach called the auziliary differential equation (ADE) approach, in which
the time evolution of the polarization is modeled by a system of first order ordinary
differential equations (ODEs) forced by the electric field. Using an analogous approach
for the magnetization, we also include systems of ODEs for the time evolution of the
magnetization dependent on the magnetic field. Appending these ODEs to the Maxwell
partial differential equations (PDEs) gives a hybrid PDE-ODE model for the composite
material with spatially varying (periodic) parameters and fields. The homogenization of
this hybrid PDE-ODE model provides an alternative homogenized model to the convo-
lution approach in [Bl8] for computing the effective response of the complex composites
considered here.

The outline of the rest of the paper is as follows. In Section[2, we describe Maxwell’s
equations, and present constitutive laws in ODE form for the polarization and magneti-
zation in Section Bl In Section ] we present a priori estimates and in Section Bl using the
periodic unfolding method and the theory developed in [8], we develop the homogenized
limit model for Maxwell’s equations considered in this paper. In Section [6] we consider
some specific models for linear dispersive and metamaterials, and in Section [{] we use
the general theory developed in Section Bl to develop the limit homogenized model for
a composite material described by the Debye model for orientational polarization with
spatially periodic parameters.
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2. Maxwell’s equations in a complex dielectric. We start with Maxwell’s equa-
tions for a linear and isotropic dielectric that includes terms for the electric polarization
and magnetization. Consider a time 7' > 0 and let Q C R? be a bounded domain with
Lipschitz boundary 0€2. Maxwell’s curl equations are given as:

%?:VxH—JE in (0,T) x Q, (1)
%If = —VxE—Jg in (0,7) x Q, (2)

along with zero Gauss divergence laws
V-D=0, V-B=0in (0,7) x Q, (3)

in a region ) with no free charges. The vector valued functions E and H represent the
strengths of the electric and magnetic fields, respectively, while D and B are the electric
and magnetic flux densities, respectively. The external electric and magnetic source
current densities are given by Jg, and Jg, respectively.

We assume perfect conducting boundary conditions on the boundary 952 given by

nxE=0on [0,T] x 09, (4)
where n is the unit normal vector to 9€). We have the initial conditions
E(0,x) = Eq, H(0,x) = Hp in . (5)

The fields Eg, Hy are the initial electric and magnetic fields. We assume that these initial
fields satisfy the Gauss divergence laws.

System () is completed by constitutive laws that embody the behavior of the material
in response to the electromagnetic fields. These are given in the form

D(t,x) = eoer (X)E(t,x) + Pr(t,x) in (0,T) x £, (6)
B(t,x) = popr(x)H(t, x) +Mg(t,x), in (0,T) x Q. (7)

To describe the behavior of the media’s macroscopic retarded (or delayed) electric
polarization Pgr, and magnetization Mg, we employ a general integral equation model
in which the polarization, and magnetization, explicitly depend on the past history of
the electric, and magnetic fields, respectively. We assume that there are no free elec-
tric charges unaccounted for in the electric polarization P. The model for polarization
is sufficiently general to include microscopic polarization mechanisms such as dipole or
orientational polarization [19] as well as ionic and electronic polarization [18] and other
frequency dependent polarization mechanisms leading to linear models [4]. In addition,
with nonzero magnetization we can also include the case of the Drude and Lorentz
metamaterial models [22]. The resulting constitutive laws for the polarization and mag-
netization can be given in terms of an electric susceptibility kernel »®, and magnetic
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susceptibility kernel v in the form

Pr(t,x) = /0 vE(t — s, x)E(s,%) ds, (8)
Mp(t,x) = /O V(¢ — 5, %)H(s, x) ds. ()

3. The auxiliary differential equation (ADE) technique: ODE models for
polarization and magnetization. We consider composite materials (see Figure [I)
which have a periodic micro-structure, « in which the inclusions inside the host matrix,
and the host matrix are both described as materials with responses governed by (&)
and [@). Thus, the polarization, and magnetization vectors Pg, and Mg are modeled
by different susceptibility kernels, one inside the inclusion and another within the host
material.

Y Cell

eo0o0o0o0
o000 0

jol
<+~

Fic. 1. A two dimensional periodic composite material presenting
a circular micro-structure with periodicity o. The figure shows «
decreasing from left to right. The picture also depicts the cell Y.

We will consider the case where the polarization, and magnetization vectors, Pr and
Mp modeled by convolutions of susceptibility kernels with the electric field E, and mag-
netic field H, respectively, can be equivalently described by laws in which the dynamic
evolution of Pr and My is given in the time domain, by nth order ordinary differential
equations (ODEs) in the form

Sz P B
> af () S5 (%) + AF (B (%) = 0, (10)
§=0

>t () T2 1) + B GoH(E %) = ()
0
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on (0,T) x Q with af, (x) and afy, (x) strictly positive functions of x on Q. Thus, in
the most general case both the host matrix and the inclusions are modeled by different
constitutive laws given in the form of equations (6)), (I0), and (II). We refer the reader
to the books [41[22] for a discussion on the class of polarization and magnetization laws
given by susceptibility kernals that can be equivalently defined using systems of ODEs.
In this paper, we will assume that the host matrix and inclusions are modeled by
the same system of ODEs, with the material coefficients a”,i = 0,..., Ng, and af! i =
0,...,Npg, given as functions of the spatial variable x to accommodate treatment of
composite materials and structures. The ODE models for Pr and Mg can be written
as a system of first order ordinary differential equations. If Ny = Ny = 1, then this
will already be the case. Thus, if Ng > 2 and Ny > 2, we can rewrite the models as
systems of ODEs. To do this, we define P(9) = Py and M(®) = Mg, and define the time
derivatives
OPr Gy — M
ot o’
for ¢ =0,1,...,Ng—2and j =0,1,...,Ng — 2. Next, for (¢,x) € [0,T] x 2, we define
the vector functions

P+ — (12)

P(t,x) = (PO (t,%), PO (1,%), .., PV g, x))T , (13)
M(t, x) = (M(O)(t, x), MO (¢, %), ..., M=, x))T : (14)
Using (I3) and (@) we can rewrite (I0) and (IT) as
(SF(x) ® 13)?3—]3 + (57 (%) ® I3)P + (S5 (x) ® I3)E = 0, (15)
(57(x) @ 15) 28 + (S§(0) @ Ty)M + (541 (x) & Ty )L = . (16)

The form of the matrices in (I3 and ([I6) depend on the values of Ng and Ng.

CASE (Ng = Ny = 1). If the evolution of P and M are governed by first order ODEs,
then, for V € {E,H}, ie., V = E or V = H, the matrices in (3] and (I6) are of order
1 x 1, i.e., scalar functions given as

(x), (17a)
(%), (17b)
Sy (%) = B (%) (17¢)
CASE (Ng > 2, Ny > 2). Let n,k € N. We define I,, to be the n x n identity matrix,
and 0,,xx to be the n x k matrix of zeros. We denote 0,, = 0,,x .
In this case, S} (x) is an Ny x Ny diagonal matrix, with
In,.1 0O ]

18
On, 1 ay, (%) 1

SV () = [
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The matrix Sy (x) is the Ny x Ny matrix with -1 on the super-diagonal, (ag(x), a1(x), ...,
any—1(x),0) in the Nyth row and zeros elsewhere. The matrix SY (x) is an Ny x 1
matrix, with zeros in all rows except the Ny th element which is 3Y (x).

3.1. Mazwell’s equations with polarization and magnetization laws. Define

n:3(2+NE+NH).
We define the vector function u: (0,7) x Q@ — R™ given as
u(t,x) = (ug,uy,us,uy)’ = (E(t,x), P(¢,x), H(t, x), M(t,x))T. (19)

We can rewrite Maxwell’s equations along with the constitutive laws (I0) and (1)) in the
form
ou

(i)  Ax) 5 (t,x) + B(x)u(t,x) = Fu(t,x) — Js(¢t,x) in (0,T) x Q,
(i)  u(0,x) =up in Q, (20)
(iii) wuy(t,x) x n(x) =0 on (0,T) x Of.

In the above, A and B are n x n diagonal matrices with the following forms:

60€T(X) 01><NE 0 01><NH
Ongx1  SE(X)  Onpxi Onpxng
A(x) = ® I3, 21
( ) 0 01><NE ,LLOMT(X) 01><NH ° ( )

Onpx1 Ongxng  Ongxi ST (x)

while the matrix B is the n X n matrix given by

Sy(x)  SP(x) 0 01x Ny
S5(x)  SY(X)  Onuxi Ongxng
B(x) = ® 1. (22)
H H
0 Oixny S5 (%) Si'(x)

ONHXl ONHXNE S3I_I(X) S2I—I(X)

CASE (Ng = Ny = 1). In this case n = 12. The matrices SJV(X) for j =1,2,3 and
V € {E, H} are given in Section[Bl The additional matrices S} (x) and SY (x) are scalars
defined as;

2 X aE X

5860 = -2, 550 = -, (23)
1 1
a X CLH X

SH (x) = —BHEX; St (x) = —G%EX; (24)

CASE (Ng > 2, Ny > 2). In this case, matrices SF and S{ are of order 1 x Ng and
1 x Ny, respectively, each with a 1 in the second column and zeros elsewhere. Also,
S¥(x) = 0 and S#(x) = 0 are both scalar quantities.

Next, we define the formal (extended) Maxwell operator M by

Fll(t,X) = ((VXH)(t’X)’ O3NE><la —(VXE)(t,X), 03NH><1)Tv (25)
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and the vector J, as

Jo(t,%) = (Js1, Js.2, Js 3, Is.a) T = (TE(t,%), 03051, Tm (£, %), 03y 1)~ - (26)

4. A priori estimates. We consider the space
V(Q) = Ho(curl, Q) x (H(curl, Q))V® x H(curl, Q) x (H(curl, Q)N (27)
where we define
H(curl, Q) = {v € L*(R?); curl v € L2(Q;R?)},
equipped with the norm ||v||? = |v|? + |curl v|?, and
Hy(curl,Q) = {v € H(curl,2); n x v=10in H_%((?‘Q;]R?’)}.
Let n = 3(2+ Ng + Ng).

LEMMA 1. Consider the Maxwell system (20)) along with ([2I]) and (22) in which the matri-
ces A,B e L°(Q; R”Q), with the matrix A symmetric and uniformly coercive. Assuming
that the initial condition ug € V() and the source term J, € W1(0,T; L?(£;R"™)),
system (20) has a unique solution u = (E, P, H,M)” with the property

E < C*([0,T); L*(Q,R?)) N ([0, T); Ho(curl, Q)), (28)
P € C([0,T]; L*(Q, R3N2)) 0 CO([0, T); (Ho(curl, Q))V=), (29)
H < C*([0,T]; L*(2,R?)) N C°([0, T); H(curl, Q)), (30)
M e CH([0, T]; L2, R*N#) 0 ¢O([0, T); (H(curl, Q))V#). (31)

We also have the a priori estimate

Tl w0, 12 (:rmy) + 8ol v o)),
(32)

where the constants C, C; are strictly positive and depend only on the data A, B.

[[al| Lo 0,1,v () + H HLOO(OTLz(Q rny) < Ce

Proof. The proof of this result can be constructed by using the Faedo-Galerkin method.
There are three steps involved in the proof: 1) Showing the existence of an approximate
solution u,, of u, 2) Estimates on u,,, and 3) existence of the solution u by proving
convergence of u,, to u and of 2= in L>°(0,T; L*(Q; R")), which can be done based on
results in [§]. The a priori estimates are based on a conservation law that is satisfied in
these linear media. This law is given as

/A u(t, x) txdx—l—//B u(s,x) dx ds
¢
—|—/ /Js(s,x)'u(s,x) dx ds
0 Jo

= %/QA(y)uO(x) -ug(x) dx. O
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5. Homogenization. We assume that the material that occupies the domain € con-
tains periodic micro-structures characterized by matrices A, and B with periodically
oscillating spatial coefficients. We assume that the periodic structure of the material
is characterized by an elementary micro-structure with size @ > 0 as seen in Figure
[ (The small parameter, generally denoted by e in the literature, is denoted here by
« to avoid any confusion with permittivity, e.) The parameter dependent constitutive
matrices (A% B?%) and the data (ug,J¢) that depend on «, are assumed to have the
regularity needed by Lemmal[ll Given @ > 0, we obtain a family of electromagnetic fields
u® (indexed by «) which are solutions to the evolution problems

Aa(x)%uo‘(t,x) + BY(x)u®(t,x) = Fu®*(t,x) — J¥(¢,x) in (0,7T) x £, (33a)
u®(0,x) = ug(x) in Q, (33b)
n x uf(t,x)=0on (0,7) x 9. (33¢)

Our aim is to obtain the asymptotic behavior of the solution u® when the periodicity
« goes to zero. This requires understanding the asymptotic behavior of the initial data
and of the source which depend on a. We make the following assumptions of strong
convergence on the data. Assume:

{ug —u}  inV(Q), (34)

Jo — JE in WhY(0,T; L?(;R™)).

Thus, we aim to obtain a homogenized version of problem (20) in which an ordinary
differential equation (ODE) or systems of ODEs describe the hysteretic part of the po-
larization and magnetization terms instead of homogenized electric and magnetic suscep-
tibility kernels as in [§]. As discussed in Section Bl these two approaches are equivalent
in the continuous setting. However, in the discrete setting, the numerical discretizations
and computational simulations of the limit model are different in the two approaches.
The ODE approach involves the construction of volume discretizations like the finite
difference and finite element approaches, while the approach with susceptibility kernels
requires the discretizations of convolutions.

5.1. Periodic geometry. We assume here that the micro-structure is of cubic form.
Denote by Y = (0,1)? the reference cell. For a.e. z € R? let [z] be the unique element
belonging to Z? such that z — [z] € Y, so that we may write z = [z] + {z} for a.e. z € R®.
Consequently, for all a > 0, we get the unique decomposition

X = a([g] + {z}) for a.e. x € R>. (35)

To be consistent with this geometry, the constitutive parameter matrices (A, B®) are
assumed to be periodic with period a; more precisely, we assume that according to the
previous decomposition there exists two matrices (A, B) such that

A% (x) = A({g}) , B%(x)= B({z}) for a.e. x € R®. (36)
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5.2. Periodic unfolding operator. We study the limit, when « goes to 0, of the family
u®, by using the periodic unfolding method [I1]. Set

BEo = {§ c7? |a(+Y) C Q}, ﬁa = interior( U a(§+?)).

§E€EL

The periodic unfolding operator 7, : v € L2(;R™) — L2(2 x Y;R™) is defined by

v(e[Z] + for a.e. (x, ﬁa Y,
(o) (x.y) = (a[~]+ay) (%,y) € Qa X

0 otherwise.
Hence the periodicity of the constitutive parameters yields
To(A%)(y) = Aly),  Ta(BY)(xy)=B(y) ae in QuxY. — (37)

For our purpose all functions defined in L?(Q2) are extended by 0 outside Q and we
denote by H;er(Y) the space of periodic functions with vanishing mean value. We refer
the reader to [8] for discussion of properties of the operator 75, which are essential for
obtaining the limiting model.

NOTATION. Recalln = 3(2+Ng+Ng). Let N = n/3. We extend to RY some notation
defined in R®. Let v = (vy,Vva,v3,v4)T, where vy is synonymous with an electric field,
E, v, with polarization P, v with H and v4 with M. To be precise, for £ = 1,3, v, € R3,
Vo = (Vg’z)évfl ERNE vy, €R3, vy = (vu)évfl € R3N# | with v, , € R®. Next, define

w = (w1, wa,ws,wy)T with wy,ws € R,wy = (w2’g)éV:E1 € RV2| with way € R for
{=1,...,Ng, and wy = (w4’4)2\[:“’1 € RV# | with wyy € R for £ = 1,..., Ng. Then we
define
curl v := (curl v;)j_;, (38)
div v := (div v¢)j_;, (39)
nxv:=(nxvyj_, (40)
Vw := (Vwy, Vwa, Vws, Vwy, )7, (41)

where for va (P) and v4 (H) the curl, divergence, cross product and gradient are defined
component wise. For example, curl vo = (curl ngg)észl. The other quantities are defined
in a similar fashion.

For o > 0, let u® be the solution to ([B3)); as established in Lemmal[ll Then u® satisfies

the uniform bound

[z, 75w ) + =g lle=(0, 702 (@rm) < Ce“ (18 lwrro.r522(mmy) + 10§ v ()
(42)
from which we will prove the convergence of the family u® and identify its limit.

THEOREM 5.1. Let A% € L“(Q;R”Q) and B® € LOO(Q;R”Q) be two matrix sequences
given by (2I) and (22)), respectively, with A% symmetric and uniformly coercive. Assume
that the initial condition u§ € V() and the source J* € Wh(0,T; L>°(;R™)). Let
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u® be the solution to the Maxwell problem (33]). Then, there exist three fields

u” e Whe(0,T; L*(;R™)) N L>(0,T; V(Q)), (43)
uh e Wh(0,T; L*(Q; Hy (Y RY))), (44)
e L0, T; L(Q; HL, (Y5 R™))), divy (@) = 0, (45)

which are limits of the following sequences:
u® — ul weakly x in L>(0,T;V(Q)), (46)
To(u®) — ul 4+ Vv, a’ strongly in H'(0,T; L*(Q x Y;R™)), (47)

To(curluf) — curlzuf + curlyﬁf,j = 1,3 strongly in L*((0,T) x Q x Y;R™), (48)

which solve the evolution problem:

ALy) S (1,3) + V36 (1% y)) + Bly) (b (1. x) + Vy (1, x.))

(49a)

= Fyub(t,x) + F,0 (£, x,y) — JE(t,x) in (0,T) x Q x Y,
u?(0) =u} inQxY, ak(0) =0, (49b)
nxul=0 on(0,7) x N. (49¢)

Proof. The proof involves three steps: 1) establishing weak convergence of the family
u®, To(u®), Ta(curl,u$), 2) establish the limit of the evolution problem, and 3) establish
strong convergence. These steps can be developed using ideas and tools presented in []].
Problem (49) has a unique solution u’, ﬁL,ﬁL. The field u” + VyﬁL and its derivative
with respect to time satisfy a conservation law analogous to (2):

5[ AW Ty (1 x,y) - () + Vyut(nx,y)
QXY

+ / B(y)(uL(s,x) + VyﬁL(s,x,y)) . (uL(s,x) + VyﬁL(s,x,y)) ds  (50)
0 JOXY

[ [ ute as= 1 [ Ay - uE)
[ .,

O
We can rewrite Theorem Bl in vector form as follows. Assuming the conditions of
Theorem B.1] hold, then, there exist three sets of fields

EL e Whee(0,T; L*(Q;R3)) N L>(0, T; Ho(curl, ), 51

HY ¢ Wh*(0,T; L*(Q;R?)) N L>°(0, T; H(curl, Q2)),

(51)
Pr e Wh>(0,T; L*(; R*N2)) N L>(0, T; (Ho(curl)) V), (52)
(53)
(54)

ML e whee(0,T; L2(Q;R3*N#)) 0 L>(0, T; (H(curl, Q) V), 54
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the set

EX HY € W0 (0,T; L2(Q; HL.,.(Y;R?))),

Pr e Wh>(0,T; L*(Q; HY (Y RPYP))),

M" € Wh>(0,T; L (Q; H), (Y R3NH))),
and finally

=L —L =L —L
E JH € L™(0,T;L*Q; H.. (Y;R?))),div,(E ) = 0,div,(H ) =0,

per

P ¢ L™(0,T; L*(; H (Y;R3NE))) divy, (P ) =0,

per

—L —L
M € L>(0,T; L3 (Q; HLo (Y R3VH))) div, (M ) =0,

per

which are limits of the following sequences:

and

with

E® — E weakly *+ in L*(0,T;Ho(curl, Q))),
P —~ PL weakly * in  L>(0,T; (Ho(curl, Q))Ve),
H® — HY weakly * in L>(0,T;H(curl, Q)),

Me — MF weakly * in  L%(0,T; (H(curl, Q))NH)a

To(E*) — EL 4V, E” strongly in H'(0,T; L*(Q x YV;R?)),
Ta(PY) — PE + V, P strongly in H'(0,T;L*(Q x Y;R*VE)),
To(HY) — HY + V,H" strongly in H'(0,T;L*(Q x Y;R?)),

To(M*) — MY 4+ V,M” strongly in H'(0,T; L?(Q x YV;R3V#)),

=L [
To(curl, E*) — curl, EX + curl, E  strongly in L?((0,T) x Q x Y;R?),

:L
To(curl, HY) — curl, HY + curl, H  strongly in L*((0,T) x Q x Y;R?),
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which solve the following evolution equations in (0,7) x Q x Y
0 _ _
€ocoo(¥) 57 (B"(£:%) + VyE (1, x,y)) + S5 (v) (B (¢, %) + VyE" (¢, %,))

E L DL _ L =L L
+ S (y)(Po(t,x) + Vi P~ (t,x,y)) = curly H" (¢, x) + curl, H (¢,x,y) — Jz (¢,%),
(71a)

S{E(y)g(PL(t’ x) + VyP(t,x,y)) + 85 (v) (E"(t,x) + VyE* (t,x,y))

ot (71b)
+ SZE(y)(PL(ta X) + VyPL(t, X, Y)) =0,

o (Y)%(HL (t, X) + VyI:IL (t,x, Y)) + SSH (Y)(HL (t’ X) + VyI:IL (t’ X,Y))

+ K’S'f(y)(ML(t7 x) + VyML(t, x,y)) = —curleL(t, x) + curlyEL(t, X,y) — ij,(t, X),
(71c)
SF(Y)%(ML@, x) + VyM"(t,x,y)) + S5’ (y) (H"(t,%x) + Vy H"(t,x,y))
(71d)
+ SH(y)(ME(t,x) + VyML(t, x,y)) =0,

along with the initial conditions

EL(0)=E} inQxY, E¥Z0) =0, (72)
PL(0) =PE inQxY, PE(0) =0, (73)
HY(0) = HY in Qx Y, H*(0) =0, (74)
ML (0) =M§ inQxY, M%(0) =0, (75)
and the boundary condition
nxEL=0 on (0,T) x 0Q. (76)

5.3. Limit model: Computation of correctors and effective matrices. In this section
we show that the limit solution u’ given by (6) solves a global Mazwell problem posed

in (0,7) x €, while the correctors u* and T~ solve local diffusion problems posed in
(0,T7)x Y.

THEOREM 5.2. For a > 0, let A* € L>®(£; R”z), symmetric and uniformly coercive, and
B> € L>(9; R”2), be two families of matrices indexed by a be given as in (Bf). Assume
that the initial condition u§ and the source J¢ satisfy assumptions ([B4). Then, there
exists a unique limit electromagnetic field

ul = (&, P, 1, M)T € WH>(0,T; L*(Q; R™)) N L>=(0,T; V()
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solution to the homogenized problem

Aaaf (t,x) + Bul(t, )+% </OtC(t—s)uL(s,x)> ds (77a)
= Fu®(t,x) - I (t,x) = J°(t,x) in (0,T) x €,

ul(0) = uf in Q, (77b)

nxul=0on(0,7) x 09, (77c)

where A, B are effective matrices independent of the space variable x, J° is an extra
source which depends only upon the initial condition ug. The matrix

C e Wh(0,T; L=(:R™))

is a new effective matrix incorporating additional polarization and magnetization (mem-
ory) effects that arises due to the homogenization.

Proof. We note that the effective constitutive laws involve convolution terms that were

not in the original model which arise due to the homogenization. The proof relies on
appropriate choices of test functions in the variational form (77). The complete proof
is based on additional preliminary lemmas presented in [8]. We present details of the
computation of the corrector terms here.
Computation of il: We consider the decompositions u(¢,x) = uf(t,x)ey, with the
initial condition at ¢ = 0 given by ug(x) = ug’k(x)ek, where eg, k € {1,2,...,n} is the
canonical basis of R™ and introduce three families of elementary correctors (W, w?, w)
(with value in RY) which are solutions to different local diffusion problems posed in Y.

Since the matrices A and B are independent of ¢, the corrector wA € H! (V;RY)

per

is independent of t, w° € W2(0,T; H. (Y;RY)), and w € WbH1(0,T; HL, (Y;RY))

per per
depend on only one variable. They solve the following variational problems satisfied for

all v e H: (Y RN):

per

e Corrector w{ € W2(0,T; H.. (Y;RY)), associated to the initial condition u(0,.),

per
solves

/A wi(t,y) Vyv(y dy—i—//B Vywi(s,y) - Vyv(y) ds dy

per

:/A(Y)ek'vy‘_’(Y) dy, ¥V € Hp., (YV;R").
Y

e Corrector w € H1

per

(Y;R™), depends on operator A and is defined as

Wi (y) = -wi(0,y), y € Y. (79)
e The kernel Wi, € W21(0,T; HL,.(Y;RY))

per
/ A(y)Vywyi(t,y) -V dy+/ / B(y)Vywi(s,y) - Vyv(y) ds dy

per

=- /Y B(y) (ex + Vywi(y)) - Vy¥(y) v € H (Y;RY) ae. in (0,7).
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We note that the correctors Wk and wy, have higher regularity than stated. In particular,
we note that w9, wy, € C>(0,T; H},,.(Y;RY)).

pcr
Next, there exists a corrector u” € W21(0,T; H},.(Y;RY)) that can be written as
0t (txy) = W b ) + 9y b+ [ sy 8

and u”(0) = 0, which can be deduced by substituting (79) into (8.
Finally, the effective matrices can be computed from the following formulas:

A= / ) dy, AeR™, (82)
B= / ) dy, B€R", (83)
Clt) = /Y(C(t,y) dy, C € WhY0,T;R™), (84)
7= o ([ Pevay) e, s ewtonm@rS),

with the columns of the matrices given as

Ar(y) = Ay)(er + Vywit(y)), (86)
Bi.(y) = B (y)(ex + VyWit(y)) (87)
Ci(t,y) = AY)VyWi(t,y) + /Ot B(y)Vywi(s,y) ds, (83)
Li(t.y) = A(y)V,wi(t.y) + /OtB(Y)VyWQ(S,.Y) ds. (89)
For the computation of the field T we refer the reader to 8. O

Theorem [5.1] suggests the formal asymptotic expansion

u (x) = uk(x) +VyﬁL(x,§)+o¢ﬁL(x,§)~--. (90)

Hence the computation of the term of order 0 (with respect to «) has to take into
account the first corrector @”. Under assumptions of Theorem and by following the
same approach as in [I1], we obtain the strong convergences of the electromagnetic field

u® — (u* + U, (Vyul)) — 0 in HY(0,T; L*(R™)), (91)
curlyu® — (curleu? + Uy (curl, @) — 0 in L2((0,T) x Q;R™), (92)

where U, is the averaging operator

Un (V) (x) |Y|/ +az{ })dz Yo e LA(QxY).
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6. Special cases of composite materials. In this section, we give examples of
different models for the micro-structure of the composite material. We will consider the
cases of models given by first and second order evolution equations for the polarization
and/or magnetization. Below, we describe some popular ODE models that are used to
model complex dielectrics. The constitutive ODE laws in ([{0) and (] are sufficiently
general to include models based on differential equations and systems of differential
equations whose solutions can be expressed through fundamental solutions (in general
variation-of-parameters representation) [4].

6.1. Debye model for orientational polarization. Assume M(t,x) = 0. The choice of
the kernel function

VE(x, 1) = €o(€s(x) — Goo(x))e—t/f(ﬂ, (93)
7(x)

in the dielectric corresponds to the differential equation of the Debye model for orienta-
tional or dipolar polarization [4[19] given by

T(X)%(t, x) + Pr(t,x) — €o(€s(x) — €00 (x))E(t,x) = 0. (94)

In this case Ng = 1. Thus P = Pp = P(®). The matrices S, S¥, and S¥ are as given
in ([I7), with o (x) = 7(x), af’(x) = 1, and BF (x) = —€p(€s(X) — € (X))-

Here, ¢, is the static relative permittivity. The presence of instantaneous polarization
is accounted for in this case by the coefficient €., in the electric flux equation. That is,
€ = €s in the dielectric, and €, = 1 in air. The remainder of the electric polarization
is seen to be a decaying exponential, driven by the electric field, less the part included
in the instantaneous polarization. This model was first proposed by Debye [13], to
model the behavior of materials whose molecules possess permanent dipole moments.
The magnitude of the polarization term P represents the degree of alignment of these
individual moments. The choice of coefficients in ([@4]) gives a physical interpretation to
€s and €5, as the relative permittivities of the medium in the limit of the static field
and very high frequencies, respectively. In the static case, we have P, = 0, so that
P = €y(es — €oo)E and D = e569E. For very high frequencies, 7IP; dominates P so that
P~ 0 and D = e€E.

6.2. Lorentz model for electronic polarization. Again assume that M(¢,x) = 0. The
Lorentz model for electronic polarization [I8] which, in differential form, is represented
with the second order equation:

0’Pr
92 + )\(X)W + Wi (x)PR = eowf)(x)E. (95)

Here Ng = 2. P = (PO, PO)T Tn this case, the matrices S¥, S¥, and S¥ are given to
be

OPr

SE = 1y; SQE(X):[ 20 _1]; szl g(x)] (96)

wi(x) A 0w,

In (@8], w, is called the plasma frequency and is defined to be

wp(x)? = wo (%) (€5(%) — €co(x)). (97)
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A simple variation of constants solution [4] yields the correct kernel function

V) = e (000, (98)
vo(x) =/ wi(x) — )\2()()' (99)

4
6.3. The Lorentz metamaterial model. By metamaterial, we mean a class of artificial
materials that have simultaneous negative permittivity and permeability (negative re-
fractive index) [22]. These are also known as left-handed materials (LHMs). The Lorentz
metamaterial model in differential form is represented with the second order equations

9°P oP

atQR + AE(X)a_tR + Wg,E(X)PR = Eowi,E(X)E, (100)
9*M oM
TzR + /\H(X)WR + wh g (X)Mp = eqw? p (x)H. (101)

Here Np = Ny = 2, P = (PO POYT M = (M© M®M)7 and, matrices S}, Sy, and
SY are as in (@6]) with appropriate V labels on the parameters. The matrices S¥¥, S¥,
and S¥ are given to be

0 —1 0 |
ST =1y S¥(x) = [ , ] S¥ = [ , (102)
wo,p(x) A cowp, (X)) |
and matrices Sf7, ST and Si are given to be
0 —1 0 1
SH =T,; SH(x) = [ , 1 SE = l , : (103)
wo,p(X) A cow, (%) |
For example, when A\p = Ay =0 and w, g = wp, g = V2w, the refractive index RI = —1.

If the frequencies wy,p = wo,z = 0, then the model is called a Drude metamaterial.

7. Homogenization for Debye mixtures. In this section, we consider the case of
a composite material with inclusions described by the Debye model given in Section
in more detail. For a mixture of two Debye materials (both host and inclusions described
as Debye media), we develop the homogenized limit model here. In this case, Ng = 1,
M = 0, and n = 9. The matrices A and B are

€0€so(y) O 0
Aly)=1|0 (y) 0 @I, (104)
0 0 toftr(y)
while the matrix B is
co(€s(Y) — € (¥)) 1 0
7(y) (y)
B(y) = ®I. (105)
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Theorem [5.1] for this case gives us the following limits. There exist three sets of fields,

El ¢ Wb (0, T; L*(Q;R3)) N L™(0, T; Ho(curl, ©2)), (106)
PE e wheo(0,T; L*(Q;R?)) N L>°(0, T; Hy(curl)), (107)
HY ¢ Whe°(0,T; L*(;R?)) N L>(0, T; H(curl, ©2)), (108)
the set
Ef € Wh(0,T; L*(Q; Hy. (Y3 R?))), (109)
Pl e Whee(0,T; L*(Q; HL . (V3 R?))), (110)
H" € Wh>(0,T; L*(Q; HL . (Y3 R?))), (111)
and finally
E € Lo(0,T; L3 HL (Y RY)), divy(B ) = 0, (112)
P e Lo(0,T; L*(Q: HL (Y RY), div, (B ) =0, (113)
H e 1°°(0,T; LX(%; H;er(Y;R?’))),divy(ﬁL) =0, (114)

which are limits of the following sequences:

E® —~ E weakly *+ in L°°(0,T;Ho(curl,Q))), (115)
P — PL weakly * in  L*°(0,T; Ho(curl, Q)), (116)
H® — HL weakly * in  L*>(0,T;H(curl, Q)), (117)
and
To(E*) — EL 4V, E” strongly in H'(0,T; L*(Q x Y;R?)), (118)
Ta(PY) — PL 4+ Vv, PL strongly in H'(0,T; L*(Q x YV;R?)), (119)
To(HY) — HY + vV, H" strongly in H'(0,T;L*(Q x Y;R?)), (120)
and
=L
To(curl, E*) — curl, EX 4+ curl, E  strongly in L?((0,7T) x Q x Y;R?), (121)

:L
To(curl, H*) — curl, HY + curl, H strongly in L*((0,7T) x Q x Y;R?), (122)
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which solve the following evolution equations in (0,7) x Q x Y

€0€c0 (Y)Q(EL (t’ X) + vyEL(t7 X, Y)) + © (€S(Y) - eoo(Y)(EL(t’ X) + VyEL(t7 X, Y))

ot 7(y)
— %(PL(L x) + VyPL(t,x,y)) = cur,, H* (¢, %) + curlyﬁL(t, x,y) — JE(t,%),
(123a)
() gy (PH (%) + Ty P (t,%,3) + (PH(1,%) + V3 PH (1 %,))
(123b)

—coles(y) = eoo () (B (t, %) + VyE (£, x,¥)) = 0,

9 L L L =L L
MOMT(Y)E(H (t,x) + VyH™ (¢, x,y)) = —curlk E“ (¢, x) + curly E (¢, x,y) — T4 (¢, %),

(123c¢)
along with the initial conditions
EX(0)=Ef inQxY, E¥0) =0, (124)
PL(0)=PL inQxY, PE0) =0, (125)
HY(0) =HY inQxY, H*(0) =0, (126)
and the boundary condition
nxEX =0 on (0,T) x 0Q. (127)

The homogenized model is then computed from Theorem

7.1. Homogenization model in two dimensions. Let x = (21,2, 73)”. We now assume
our problem to possess uniformity in the xs-direction. Thus, we assume all derivatives
with respect to xo (or ya) to be zero. In this case Maxwell’s equations decouple into
two different modes, the TE and TM modes. Here, we are interested in the TE, mode.
The TE, mode involves the components F,, E, for the electric field, the components
P,, P, for the electric polarization field and the component H, of the magnetic field.
As mentioned earlier, there are no additional magnetic effects in the Debye model and
M = 0. In the rest of this section we will denote x = (xq,x3)%.

In a similar manner to the three dimensional case, we may construct matrices AT?, and
BT, that represent the constitutive relations in two dimensions. Thus the constitutive
matrices are

e [A?F(y) 0], gr_ [BIF®) O (128)
0 Lo Ly 0 0
» eo(es(y) — €xo(y)) 1
ATP(y) = [EOGO; ’ © I BIF(y) = @) W e,
7(y —eo(€s(y) — e (y)) 1
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The homogenized solution for the TE mode is obtained from the formal asymptotic
expansion as

y
P = Py, + 0yt (X,y) + .. .,

HY = Hy, + 0y, u3(X,y) +....

Hence the homogenized electric field and electric polarization for the TE mode can be
expanded as

E*=E+ Vyu1(x,y)+ ..., (131)
P* =P+ Vyu(x,y)+..., (132)
where the gradient operator in this case is Vy = (9,,,0y,)". Therefore we need to solve

for w1 (x,y), and ua(x,y), which in turn only depend on the first two components of Wi,
v_vg7 and wy, for £k = 1,2,3,4. We now assume the same notation of the corrector to
mean the first two components.

Let us again denote by Y the reference cell of the periodic structure that occupies
Q C R2. The construction of the two dimensional homogenized problem involves solving
for the corrector sub terms wi € H}, (Y;R?), wp € WHL(0,T; HL,.(Y;R?)), and W9 €

per per

W20,T; H),.(Y;R?)), solutions to the corrector equations

(i) Wt (y) = —%2(0,y), y €Y, (133)
(iii) / ATE(y)VyWi(t,y) - Vyv(y)dy
/ / B1T1E ka(Sv}’) ’ VyV(Y) ds dy

= / y) {ex + Vywi } - Vy¥(y) dy
%
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vv € Hl. (Y;R?) and e, k = 1,2, 3,4 are the basis vectors in R*, i.e., e; = [1,0,0,0]7, ey

per
=10,1,0,0]7, e3 = [0,0,1,0]7,e4 = [0,0,0,1]7. Once we have solved for the corrector
terms, we can then construct the homogenized matrices from

() (ATE) = / ATE(y) {er + V,wi(y)} dy,
Y

(i) (B = /Y BIE(y) {ex + Vywi(y)} dy,

t
(i) (CH = [ ATPVywilty) dy+ [ [ BIF)Tywilsy) ds dy.
0
(134)
where (ATE)k, (BLF)k, and (CIF)x are the kth columns of the matrices ALY, B, and

CEE, respectively, and the homogenized matrices are given as

T lA?F o]
0 popir] 7
BLE 0]
BTE = |71 : (135)
0 0

oTE _ CLHE 0]
0 0|

The homogenized model is then computed from Theorem with appropriate assump-
tions and simplifications for the two dimensional case.

7.2. Numerical example: Varying relative permittivity. We consider the simple exam-
ple of a composite material which possesses circular micro-structures in two dimensions,
involving a cell problem in the reference cell Y = [0, 1] x [0, 1], in which the value of the
infinite frequency relative permittivity €., is given as

=27 ifxes,
e (x) = (136)
€ =1.03 ifxeY/S.

The composite and the reference cell are depicted in Figure Pl In this test case, we will
assume that €; = €5, and 7 is constant over the entire dielectric material. In this case,
the polarization P = 0 and the homogenized effective permittivity is the same as that
developed in Section 7 in our previous work [3]. We repeat some of the main results here,
and refer the reader to [3] for details of the numerical simulations.
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Y Cell

e. = 1.03

o0 o0

o0 0
o000 0
o000 0

Length =1

Fi1G. 2. (Left) Periodic composite material having inclusions with a
circular micro-structure and with periodicity «. (Right) The refer-
ence cell Y = [0, 1] x [0, 1] with different relative permittivities inside
and outside the circular inclusion.

Numerical simulation using continuous finite elements is performed on a 51 x 51 nodes
mesh grid to solve the corrector system (I33]) and then to compute the homogenized ma-
trices (I34)). Since there is no polarization in this problem, we only need to compute the
first component of the corrector v‘vf, k=1,2,3,4 in order to compute the homogenized
electric field in (I3T]) and to compute the effective permittivity.

We define the inclusion volume fraction f as the ratio

area of inclusion

f= (137)

area of domain Y~

In Figure [3] we plot the relative effective permittivity versus the inclusion volume
fraction for our periodic unfolding method and other theoretical mixture formulas [30,31],
which are valid for the case of circular inclusions. The prediction of the effective relative
permittivity of the composite mixture e.g by different mixture formulas is given as follows:

€; — €e
€off, MG = €c + 2f€c , (Maxwell Garnett), 138
e —fla—ea) | ) (138)
€e — €eff B €; — €eff B
1-—- — + — =0, (Bruggeman), 139
( D €c T Eoff, B fq- + €eff,B ( &8 ) (139)
€eff,CP — €e € — €e

— =0, (Coherent potential),
€e + €ef,cP + 2(€et,cP — €c)  €e + € + 2(€er,cP — €c) ( )

(140)
€off max = J€ + (1 — f)ee, (Max Weiner bound), (141)
Cite , (Min Weiner bound). (142)

€eff min = 7 /1
fee+ (1= fe
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-e-Periodic Unfolding
-+=Maxwell Garnet
-9-Bruggman
-=-Coherent Potential
—Min Bound
—+Max Bound

o
&)

—i
o1

1 g 1 1 1
0 0.2 04 0.6 0.8 1
Inclusion Volume Fraction

Effective Relative Permittivity

Fic. 3. Effective relative permittivities for periodic mixtures with
circular inclusions against the corresponding inclusion volume frac-
tion f. Effective values computed with the periodic unfolding
method and various mixture formulas are plotted.

As seen from Figure[3 the mixture formulas given by Maxwell Garnett, Bruggeman, and
the coherent potential along with the numerical simulations from our periodic unfolding
method all produce effective permittivites that lie within the maximum and minimum
Weiner bounds.

8. Conclusions. In this paper, we have presented an homogenization method based
on the periodic unfolding technique for computing effective properties of a mixture of
linear dispersive materials. Models for linear dispersive electromagnetic materials (ma-
terials with memory effects) can be built in a variety of ways. In [8], the constitutive
laws for linear dispersive media included convolutions in time of electric and magnetic
fields with appropriate kernels modeling the memory effects in the materials. In this
paper, we explicitly model the evolution of the polarization and magnetization in time
using ODEs forced by the electric field for the polarization, and by the magnetic field
for the magnetization. The problem is to homogenize a hybrid system of PDEs-ODEs
collectively given by Maxwell’s PDEs combined with ODEs for the dynamic evolution of
the dispersive medium’s polarization and magnetization.

The method that we have presented in this paper is an alternate homogenization tech-
nique to the approach presented in [3}[8], in which the constitutive laws included convo-
lutions in time of electric and magnetic fields. The numerical computation of effective
parameters using our previous approach in [3] requires discretizing several convolutions
in time, and in that paper we employed a recursive convolution approach for computing
discrete homogenized susceptibility kernels.
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The advantage of the method presented in this paper is that the model for each
material in the mixture includes evolution equations that explicitly track the electric
polarization and magnetization in time, rather than the implicit inclusion of polarization
and magnetization via convolutions. Thus, the homogenized model has explicit equations
for the effective polarization and magnetization. However, even though the constitutive
laws for each material in the mixture are based on systems of ODEs, the homogenized
system can include convolutions in time that arise through the homogenization process
in addition to the systems of ODEs.
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