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Abstract. We consider the Laplace equation in the half-space satisfying a nonlinear
Neumann condition with boundary potential. This class of problems appears in a number
of mathematical and physics contexts and is linked to fractional dissipation problems.
Here the boundary potential and nonlinearity are singular and of power-type, respec-
tively. Depending on the degree of singularity of potentials, first we show a nonexistence
result of positive solutions in DI’Q(Rﬁ) with a LP-type integrability condition on OR}.
After, considering critical nonlinearities and conditions on the size and sign of potentials,
we obtain the existence of positive solutions by means of minimization techniques and
perturbation methods.

1. Introduction. In this paper we consider the problem

Au = O in Ri,
ou u n (1.1)
oL = o)+ g(u)  on ORE\ {0},

where n > 3, g(u) is a power-type nonlinearity, and o > 0. We analyze two classes of the

weight a(x), namely a is a bounded function in R™ and the angular case a(x) = a (ﬁ) €

C1(S"72,R). In the latter case the function a(¢) (¢ € S"~2) is the angular part of the
potential.
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The problem (L)) consists in an elliptic equation in the half-space with nonlinear
Neumann condition with a singular boundary potential. Elliptic problems with Neumann
boundary conditions (both linear and nonlinear) have been studied by several authors and
appear in various mathematical and physics contexts. For instance, harmonic functions
with Neumann boundary condition were considered in [5]. A study on harmonic functions
with nonlinear boundary conditions linked to boundary vortices in thin magnetic films
can be found in [2TL22). Lewy [24] considered certain nonlinear boundary conditions
connected to the study of hydrodynamical fluids. For subjects related to the study
of Peierls-Nabarro and Benjamin-Ono equations and the Steklov problem, the reader is
referred to [291[30]. In turn, singular potentials appear in a number of physical situations,
such as quantum cosmology, nonrelativistic quantum mechanics, and molecular physics
(see, e.g., [20], [23], [1IT]).

When ¢ = 1 the problem is more challenging and we have some kind of criticality.
For instance, for general a (\TII) % 0, the potential does not belong to the associated

Kato class for ([I)) and has the same homogeneity degree of the equation. This kind of
potential plays a central role on the qualitative properties of this class of equations and
the solutions may inherit its singular behavior.

The equation () can also be critical with respect to the growth of the nonlinear
part g(u), indeed there is a balance between o and the rate of growth of g in the case
of a homogeneous nonlinearity as can be seen from Theorem 2.1l Moreover, when o = 1
and g(u) = w2 the equation is invariant with respect to the Kelvin transform, more
precisely, in this case if u is a solution of (LI]), then v(z) = m%u (#) also yields a
solution.

Another important feature of ([II1]) is that it is related to the fractional Laplacian in
the sense that it is formally equivalent to the equation

(~A)ku = ae) o +ure, RM\{0},

via the so-called Caffarelli-Silvestre extension (see [10]). Notice that now one can see
clearly the equality between the degree of homogeneity of the potential and the order of
the differential operator. Nonlinear elliptic equations with the fractional Laplacian have
been the subject of intense research in the last years; see for example [9,[10,26].
Existence, regularity, symmetry and continuation property of solutions for elliptic
equations with singular potential and fractional Laplacian can be found in [IT}14}[15].
The authors of [7] considered fractional elliptic equations with a(zx) = 0 and concave-
convex nonlinearities. For the Laplacian case and Hardy and multipolar anisotropic
potentials in the whole space, we quote the works [I6[I7] whose approaches rely on
variational methods combined with Hardy-type inequalities. These issues also have been
considered in [I8|[I9] via contraction arguments and suitable singular weighted spaces.
Here we deal with (II)) in essentially two ways. First we consider the case a(x) =

a (\TII) € C1(S"2 R) and prove an existence result using minimization techniques. In

the other case, when a(z) is a bounded function, we consider the problem with a small



ELLIPTIC EQUATIONS WITH SINGULAR BOUNDARY CONDITIONS 701

parameter multiplying the function a and we apply perturbation methods. In this case it
is important to know some properties of the unperturbed problem, mainly the solutions
of the linearized equation (see Lemma [A.T]). This characterization is important on its
own, see for instance [13], and can be applied to other problems that are close to the
unperturbed problem in a suitable sense.

The paper is structured as follows. In Section 2] we deduce some necessary conditions
for the existence of nontrivial solutions. In Section [3] we prove an existence result using
a minimization procedure and finally in Section [4] we prove an existence result by means
of perturbation methods.

Notation.
R? ={z = (a/,z,) eR" | 2/ e R"™!, z, > 0};

OR? ={z = (2/,z,) €ER" |2/ e R"} x, =0} 2R
M:Riu@R";

Br ={z € R" | |z| < R};

S ={z e R""! | |z| = 1};

- 1/2
D2 (R7) = the closure of C2°(R%) in the norm ||ul| = (fR1|Vu(x)|2dx) ;

_ 2(n=1)
2.=S

2. Nonexistence results. In this section we prove the following result.
THEOREM 2.1. Consider the equation (II]) with

X

a(z) = a ( ) e C1(S"2 R).

||

(i) Suppose that o = 1, g(¢t) = t?, and that the problem (LI admits a nontrivial
positive solution in D2(R}) N LPH(ORY); then p = .

(ii) Suppose that o # 1, g(t) = t=—2 and that the function a(x) has a constant sign;
then the problem (1)) admits only the trivial solution in the space DM2(R') N

L%@Ri,ﬁ).

Proof. The proof follows from a Pohozaev-type argument. Let us consider 0 < r < R
and the domain . g = B}, \ B;f, where B}, = B N R’ . Thus

89,«,3 = SE U S;,i_ U AT,R7

where S}, = 0Br N R, S;t =0B, NRY, and A, r = (Br\ B,) N IR’
Multiplying (L)) by v and integrating over 2, g, it follows that

[Vul? = U2) 2 4 i1y Ty (2.1)
Q- R Ar R |$‘U S;UST+ ov
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And if we multiply (L)) by Vu - = and integrate over €, p we get

/QTRVu-V(Vu-x):/a @Vu-x (2.2)

. Qr,R aV
—”_2/ |w2+/ L Vupz v
2 Qr,R aQT,R 2
:/ {a(x)u(Vu-x)—i—up(Vu-x)}—i—/ @Vu-x
Ann Ulzl7 stus; Ov

-2 1 -1 -1
-z / |Vul? +/ ~|Vulz v = e 7 / a(x)u2 D / uP !
2 Ja,.x 00, 5 2 2 Anr 177 p+1Ja

1 pFi 0
+/ —a(x)u%-l/—i—u x~u’+/ —uVu-x,
oA 2 1Zl7 p+1 stust Ov

where ' A, g denotes the boundary of A, g in R = OR" and v’ denotes the unit outer
normal vector field on &' A, g. By ([21)) and (2Z.4]) we have

(n—Z_n—l)/ up+1+(o—1>/ a(x)UQZ_n—Q/ u%
2 p+1 A g 2 A r |.T|U 2 S;USj (9V

1 0 1 Pt
/ {_|Vu|2$-u——uVu~x}—/ {—a(x)u%:-l/—i—u x~u’}.
sfust 12 ov oA, 12]2]7 p+1

In both cases, (i) and (ii), we have

J

and hence the integrals on the right hand side of ([ZH]) go to zero (for suitable sequences
rg — 0, Ry — +00). Therefore

(n—2_n—1)/ up+1+<o—1)/ a(ac)u2:0
2 p+1) Jorn 2 orr |77

and the result follows. O

(2.5)

|Vu|? + |u|% < 400 and / @uz +uPtt < o0
oR% T

n
+

3. Existence results via minimization. From now on we consider the problem

Au=0 in R%,

. 3.1
%:a(i)l—kum on AR \ {0} 31

Consider the bilinear form

n—1 |(E|

Q(u,v) = Vu-Vov — / Muv, U, v € Dl’Q(Ri), (3.2)
R R

and the associated quadratic one

Qu) := Q(u,u).
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The existence of positive solutions to (3.1]) is closely related to the sign of the following
quantity:

| Q)
Ma)= inf o[ "
( ) uepla(mi) {fRn—l u?|} ( )

u(-,0)Z0

Our first existence result reads as follows.

THEOREM 3.1. Suppose that A(a) > 0 and gnag({a} > 0. Then

iln2f Q(g)
uweDl,2(rn _*
parbral W TOU] A

is achieved and therefore ([B.I)) has a positive solution.

To prove the above theorem we need some preliminary results. We shall argue as in
[6] and [28].

By Kato’s inequality one can see that A(a) is well defined. Next we prove that when
A(a) > 0 the quadratic form Q(u) defines a norm in D2(R").

LEMMA 3.2. Suppose that A(a) > 0; then \/Q(u) defines an equivalent norm in D*?(R?.).

Proof. By Kato’s inequality, it suffices to prove that there exists a constant C' > 0

such that
/ IVu2 < C / |Vu|2—/ az) 2| (3.4)
R R rn-1 |7

Let us suppose, by contradiction, that for every k € N there is a uy € DLQ(R’JF), with

HUkHDl’?(Ri) =1, such that
1>k 1—/ o) 2 35)
Rn—1 |:E|

From the definition of A(a) we have

u? a(x)
A —* <1 —/ —2u3. 3.6
(a) /Rn—l |$| Rn—1 |£17| ik ( )

Since A(a) > 0, by B3] and B.8) we get

+ +

2
ug 1
< . (3.7)
/Rn—l lz] ~ Aa)k
On the other hand, by (X)) again, we have that
k—1 a(x) / u?
— < —up < (1 £, 3.8
<[ SHd<atpg [ 7 (35)

Therefore, by (3.7) and (3.8]) we obtain a contradiction. O
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We shall solve (B]]) via a minimization problem, more precisely

So= _inf ) . (3.9)
uweDL2 (R 5
Toee UG 0 Z2. oo

PROPOSITION 3.3. Suppose that A\(a) > 0 and S, < Sp where Sy is the best constant in
the trace inequality. Then the infimum in (3.9) is achieved.

Proof. Since A(a) > 0, by Lemma we have S, > 0. Let us consider a minimizing
sequence uy, for (B9) such that
[ o)
Rn—l

Since the problem is invariant under the scaling u% u(px), we can also assume that

Zede = 1. (3.10)

1
/ lug (2,0)[*de = =. (3.11)
|z] <2 2

By Lemma uy, is bounded in D'?(R"), hence we can assume that uy converges
weakly to some ug in D?(R7) and that, for all v € DV2(R”), we have

A

by Ekeland’s variational principle.
By standard arguments, it suffices to show that ur — ug # 0 (see [28, Prop. 5.1]).
So, suppose, by contradiction, that u; — 0. In this case we claim that

Let us assume (BI3)) for a moment and consider ¢ € C°(R"\{0}) such that ¢ =1 in
Bs\Bj. Notice that

Vuy - Vo — / @ukv =5, lug |~ v + o (1), (3.12)
R

n—1 |l‘| Rn—1

n
+

Zedr = op(1). (3.13)

Vi V@u) - [ [V@u) == [ [VoPhuf = on(1)

R R™ R

by the Rellich compactness theorem. Therefore, using ([B.12) and Hélder’s inequality, we
get

(x) =
a(x .
|V (dup)|? —/ —L|pur|? < S, (/ ¢uk|2*> + ox(1). (3.14)
R7 Rn-1 |2 Rn-1

On the other hand, recalling that ¢ € C°(R™\{0}) and using the Rellich compactness
theorem once more, we have

IV (pu)|? —/ M|<z5uk|2 > S (/ |¢uk|2*>Z + ox(1), (3.15)
R7 R Rn—1

n—1 |I|
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So (/Rnl|¢uk 2*) 8 < S </Rn1|¢uk
o= ([ Jou)”

2*) = ox(1)
</1<|gc<2|u’C

which contradicts (BI1)) and BI3).

It remains to prove ([B.I3). For that, consider n € C2°(Bs) such that n =1 in By and
apply (B12) to n?ug in order to obtain

a\x
VP - [ _|( g ? = S, [
R Rn—1 i Rr—1

+
24 —2 2
2 24
) (/ s ) + ox(1)
Bs

and hence

2
2.
2*> + or(1)

NIN

2

2*> L or(1), (3.16)

22 nug|® + op (1)

< S, (/BJUk
+ ok (1). (3.17)

Sa
< 2, -2 |77uk
27 2 Rn—1

On the other hand, we have

2
24 a(x
Sa (/ |77Uk|2*) < |V(77Uk)|2—/ alz) )|77Uk|2- (3.18)
Rr—1 R:L_ Rn—1 ‘.’L'l

Therefore, by (317) and (BI]]), it follows that

1
0< S, (1—W> (/ |,
275 Rn—1

and, since n = 1 in By, (313) follows. The proof is now complete. O
Now we prove Theorem [3.11
Proof of Theorem Bl Since maxgn-2{a} > 0 there exists some ey € S"~2 such that
a(eg) > 0 and hence, for some 0 < r < 1, ag = infpg, (., {a} > 0, where B, (eg) C R"~*.
Then

2
24
2*) < ox(1)

a(x) ag
|z ~ 1—r

We can choose r > 0 small enough such that

=pu for all x € B,(ep).

ag
= — < Uy, 3.19
K 1—r K ( )

where p, is the square root of the first eigenvalue of —A in B,.(eg) with Dirichlet boundary
condition. Now, using [26, Prop. 4.2], we can infer that
S(a) < Sp.

Then, by Proposition B3] the infimum in (39) is achieved and therefore (B.I)) has a
positive solution. O
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4. Existence results via perturbation methods. In this section we consider the
problem

Au=0 in R%, ()
ou ale n 4.1
5 = €%U + un—-2 on 8R:L_ \ {0},

where ¢ € R is a small parameter and a € L>(R"!). Here our aim is to prove the
existence of positive solutions for (4.]) under some additional conditions on the function
a(x) using perturbation methods as in [2,[Bl[12]; see also [4] for a nice exposition of the
subject.

The unperturbed problem, i.e., with € = 0, is

Au=0 in R%,
% =u72 on IR" (4.2)
ov +
and has the following family of solutions:
1 _
UH{(I):ﬁU <x/_j,£> 3 ,u>0and feR”fl, (43)
NT

where
n—2

Ulz) = ((”—_2) o (4.4)

1+ x,)2 + |22
It is known that all regular nonnegative solutions of ([L2) are of the form (L3); see for
example [25].
In order to find positive solutions to (&I we consider the functional

I.(u) = 1 |Vu|*de — i/ ui_*dx - 51/ a—I)u2daj
2 Jrn 2« Jorn 2 Jory |2
— To(u) — E%G(u). (4.5)
We have the following n-dimensional manifold of solutions to ([£2):
Z={U,e : p>0, EcR" '}

In order to apply the perturbation methods we need to prove that this manifold is non-
degenerate in the following sense.

LEMMA 4.1. For every U, ¢, the space of solutions of the linearized equation

Av=0 in R7,
W _ n gt n
5 = 7L—2UM,£2U on 3R+7 (46)

v e DM(RY),

is spanned by the functions

0 0
on < 96

Moreover, the operator I{f(U, ¢) is Fredholm of index zero.

Upe, t=1,...,n—1.
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Proof. We proceed as in [I] (see also [13]). Without loss of generality, we prove the

result for pu = % and £ = 0. In this way the equation ([4.0]) becomes

Av =0 in R,

v n 1

Lot - R

o 2R )
v € DI2(R™).

Now, as in [27], we use the conformal maps between R’! and the unit ball By, namely

n r+e 1
®: By — R ; x»—)@(m):m—ien (4.8)
. _ Y+ 3e,
P 1:R+—>B1; y’-)@l(y):m—en (49)
2vn

Sy —
7/

These maps induce the following isometries:

®*: DV3(RY) — H' (By), (@)~ : HY(B)) —» DY*(RY), (4.10)
" ro(g) = 2(2(2)) " =L () — uw(@®'(y))

where we consider H'(B;) with the norm

-2
/ |Vo|? + z / vido.
B 2 Jam,

Thus, if v is any solution of [T, then u = ®*v € H*(B,) is a weak solution of

Au=0 in By,

4.12
@:u on 0Bj. ( )
v

It is known that the space of solutions of (£I2)) has dimension n and is spanned by the
coordinate functions u = y; for i = 1,...,n. Therefore, we get that the space of solutions
of (48] has dimension n and this finishes the first part of the proof.
Finally, to prove that the operator If (U, ¢) is Fredholm of index zero, one can proceed
as in [8] Lemma 2.3] and check that I/ (U, ¢) is a compact perturbation of the identity. [
Then we are in position to apply the following result.
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PROPOSITION 4.2 ([4]). Given a compact subset K C R, x R""1, there exists g > 0
such that for all (u,§) € K and 0 < || < g¢ there exists a unique we(u, ) € Ty, 2 such
that

(1) flwe(p, &)|| = O(le]) as € — 0, uniformly with respect to (p, &) € K;

(i) we(,-) is of class C*.
The function @, : K — R defined by ®.(u, &) = I.(Uy, ¢ + we(1,€)) is of class C* and

Moreover, one has

D (1 €) = co — 3 GlUpe) + 0(c), (113)

where ¢o = Ip(Up¢).

Therefore we need to study the finite dimensional functional

L(n.8) = G0, = [ U172 (2)d. (4.14)

rn-1 2]

LEMMA 4.3. Suppose that a‘(fl) € LYR" Y N LP(R" 1) for some p > n — 1; then
limﬂﬂﬂﬁoo F(u,f) =0.

Proof. Let us first consider the case where y — 0 and |[¢] — oco. Then we have

1 a(z) z(x—£>
r < — —)d
reol< o [ [ (5w
S (e (Lo (55 )
<u"‘2</wl || o /RMU [ e

a(z)

||

(D@1 _(n_2) U2 —0 (4.15)

_2p_
LP—1 (Rn—1)

<u

Lp(]Rn—l)
as 4 — 0 because p > n — 1. Now, if g — pp > 0 and |¢] — oo, the limit

1 a(@) 2 (w_—€>
D(p, &) = = /R_ ] U p dz — 0

is obtained from the Dominated Convergence Theorem, since 2% € L! (R™1).

£
Finally, if 4 — oo, then

1

R T

== — 0. 4.16

L1(Rn—1)

U
Now we can prove an existence result for (E.1]).
THEOREM 4.4. Suppose that a(z) € L®°(R"™1), a‘(;l) € LY(R" 1) N LP(R"!) for some
p >n—1 and that [, , %dw # 0. Then, (@I possesses a positive solution for |e|
small enough.
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Proof. By (EI5) we can extend the function I'(y, €) continuously to {0} x R"~1 with
I'(0,&) = 0. Also, by Lemma [£.3] we already know that

lim T'(u,&) =0.
im (1,€)

Now, we fix £ = 0 and evaluate

lim o) 72 (f> d:c:Uz(O)/ U) e 20
p—00 Jpn_1 || w Rr-1 |Z]
and hence lim,,_,» " ?T'(p1,0) # 0, which implies that " 2 0.
Therefore I' attains a maximum or a minimum at some (1, &p) with g > 0 and there
exists a neighborhood N' C Ry x R™™! of (ug,&p) such that

max I' <T'(uo, &)~ or  minI'> I(uo, &o)- (4.17)

It follows from (I3 and ([@IT) that ®. has a local maximum or a local minimum for
le| small and so, by Proposition [£2] I. has a critical point of the form

Ue = UHE,SE + we(ﬂevga) (4'18)

with (pe, &) closes to (o, &o)-
It remains to prove that the solution u. is positive. Since I’ (u.) = 0 we have

0= iz = =< [ ucpa.
aw;|x|

Hence, using Kato’s inequality, we get

luz 1 < lelllall L Calluz |1

<
(1 = lelllallz=C) luz|I* <0,

which implies that u_ = 0 for |¢| small. Finally, by the maximum principle and Hopf’s
lemma, we arrive at

u- >0 in R7\{0}.
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