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1. Introduction. The Hilbert transform, a convolution of a function and the Cauchy
kernel, in the real axis was introduced by Hilbert at the beginning of the twentieth century
as a tool for boundary value problems of the theory of analytic functions. Since then its
properties and related methods in miscellaneous areas of applied sciences have been of
interest for pure and applied mathematicians. Properties of the Hilbert transforms in the
real axis are presented in detail in [23]. The Hilbert transform in a finite segment has been
extensively studied due to applications to singular integral equations [19], [17], [16], [20],
[25], [8], and quadrature formulas [12], [21] for the Cauchy integral in the interval (—1,1).
In particular, a formula for the Hilbert transform in the interval (—1,1) of the weighted
Jacobi polynomials was discovered in [24]. This formula generates many integral relations
for orthogonal polynomials crucial for the solution of singular integral equations. In [I],
the Fourier-Plancherel transformation was employed to derive a spectral representation
of the finite Hilbert transform and an expansion of an arbitrary L?(a,b)-function in
terms of the Hilbert operator eigenfunctions. In [I4], a self-adjoint differential equation
was considered and integral operators whose eigenfunctions are the solutions of that
differential equation were determined. This made it possible to recover spectral relations
for the operators found and solve the corresponding singular integral equations in a
finite interval. Finite Hilbert transforms of the Chebyshev, Bernstein, and Lagrange
interpolating polynomials were used for an approximate solution of the Prandtl integro-
differential equation in [I5].

The Hilbert transform in a semi-axis has received less attention than its infinite and
finite analogues. At the same time, many model problems including those arising in
fluid mechanics, fracture, and penetration mechanics are governed by singular integral
equations or their systems in a semi-axis whose kernels can be represented as a sum of
the Cauchy kernel and a regular kernel. Also, vector Riemann-Hilbert problems, when
the associated matrix Wiener—Hopf factors are infeasible, do not admit a closed-form
solution. Alternatively, they can be written as systems of singular integral equations.
The kernels of these systems may often be split into the Cauchy kernel and bounded
functions (see, for example, [I], [2], [3]). Replacing the semi-axis (0,00) by a finite
segment (0, A) and applying the numerical methods for singular integral equations in a
finite segment do not preserve the properties of the solution far away from the point 0
and may generate a significant error of approximation due to the change of the weight
function. In this paper, we aim to derive a series of integral relations in a semi-axis for the
Laguerre polynomials, the confluent hypergeometric function, the Tricomi function, and
the Bessel functions, and study a new system of functions {G,,(z)}52_,, the G-functions,
generated by these integral relations. We also intend, by means of these integral relations,
to solve some singular integral equations and obtain a quadrature formula for the Cauchy
integral in a semi-axis.

In Section 2, we introduce the G-functions, the Hilbert transforms of the weighted
Hermite polynomials,

1 [ H,(t)e t'/2dt
Gn(x):—/ Hat)e™ Pdt o1 (1.1)
T J_ oo t—x

show that they constitute a complete orthogonal system in the associated space, and
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derive their representation in terms of the confluent hypergeometric function ®,

CV20m A4 )l N 2R0(1/2 — k —4,3/2 — jia?/2)
G2m+j(x) - (_1)j+1em2/2 kz:;) (—1)’“(m—k)‘I‘(k+y+1/2) ) (1.2)

where m = 0,1,... and j = 0,1. We discover the Hilbert transforms in a semi-axis
of the Laguerre polynomials in two weighted spaces, L2 . (0,00) and L? . (0,00), where
wa(x) = 2¥/2e7%/2 and vy(z) = x*Y/2e®. It is found that the first group of the
relations generates an orthogonal basis whose elements are the G-functions, while the
second one gives rise to a nonorthogonal basis. We study the G-functions in Section
3. It is shown that these functions of even and odd indices satisfy certain second-order
inhomogeneous differential equations with variable coefficients. Also, the asymptotics of
the G-functions at the points 0 and oo is derived.

In Section 4, based on the Tricomi integral relation [24] written for the Jacobi polyno-
mials P,(La’ﬁ )(1 —2z/f) and by passing to the limit 5 — oo, we discover integral relations
for the Laguerre polynomials L& (x) to be used in Section 6 for a quadrature formula for
the Cauchy integral in a semi-axis. In addition, by employing some representations of
the Jacobi function of the second kind Q%a’ﬁ)(x) and passing to the limit n — oo in the
representations for n*asty’ﬁ)(l — %zz/n?)7 we obtain integral relations for the Bessel
functions.

In Section 5, we apply the integral relations in a semi-axis derived in the previous
sections to find a closed-form solution of the integral equation with the Cauchy kernel
in the interval (0,00) in the classes of bounded and unbounded at zero functions. In
addition, we construct two bilinear expansions of the Cauchy kernel in terms of the
Laguerre polynomials and the G-functions. We also solve a system of two complete
integral equations with the Cauchy kernel in a semi-axis by reducing it to an infinite
system of linear algebraic equations of the second kind. By using the integral relation for
the Bessel function obtained in Section 4 and the Hankel transform, we obtain a closed-
form solution, that is free of singular integrals, to a contact problem on a semi-infinite
stamp and an elastic half-plane.

In Section 6, we obtain the following quadrature formula for the Cauchy integral in a

semi-axis:
1 [ f(t)t™e'dt 1 & of(m) Q) — Q3 (zm
7 Jo t—x n+a “= Ly i (xm) T — Ty
where )
Qi(z) = —e"T(a)®(—n — a,1 — a; x) — cot rax“e "L (z). (1.4)
7r

It is exact for a polynomial of degree n — 1 and requires n zeros, x,,, of the Laguerre
polynomial L& (x).

2. Hilbert transforms of the weighted Hermite and Laguerre polynomials
and the G- and V-functions. In this section we introduce the Hilbert transforms
G, (z) and V,,(z) of the weighted Hermite polynomials, derive associated integral relations
for the weighted Laguerre polynomials, and study the properties of the functions G, (z)
and V,,(z).
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2.1. Relations for the weighted Laguerre polynomials e~/ ?nF=/2 L, (n). For real func-
tions ¢ (x) such that ¢g(r) € L%(—o0,00), k = 1,2, define their Hilbert transform

®p(z) = Hlpr(t)](x) by

O (z) = 1 /_00 ka(t)dt, —00 < 2 < 00. (2.1)

0 t—x
The integral is understood in the sense of the principal value at ¢ = x and the mean square
sense at infinity. Then ®4(z) € L?(—00,00), k = 1,2, and the generalized Parseval’s
relation holds [23]:
o0 o0
/ v1(x)pa(x)dx :/ Dy (z)Po(z)dx. (2.2)
— 00 —0o0
The Hilbert transform H is a 1-1 map and a unitary operator in the space L?(—o0, c0).
Since this operator preserves the inner product in the Hilbert space L?(—o0,c0), a com-
plete orthogonal system in the space L?(—oo, c0) is transformed by the operator H into
another complete orthogonal system in the same space.

THEOREM 2.1. Let H,(z) be the Hermite polynomials normalized by the condition
lim z7"H,(z) =2". (2.3)

TrT—00

For the orthogonal system of functions b2 (z) = exp(—2?/2)H, (), denote their Hilbert
transforms by

o [N (t)dt
t—x

Gn(z) = —

™

, n=0,1,..., —oco<zx<o0. (2.4)

— 00

Then the functions G,,(z) form a complete orthogonal system in the space La(—00, 00),
/ Gl (x)dz = /72" 6, (2.5)

and admit the following representations:
k2k<I> 1/2 —k,3/2;22/2
Ggm(l‘) _ \/_ 2m lpe™® /QZ / 3/ Z / )

(m—k)\T(k+1/2)

Cw Dk2kP(—1/2 — k,1/2;2%/2
Goma1(x) :\/_(2m+1 /QZ (m— k)'/F(k+3//2) / ), m=0,1,....

(2.6)
Here, 0,y is the Kronecker symbol, ®(a, c; ) is the confluent hypergeometric function,

O(a,c;x) = i (a)” (2.7)
o = (c)xk!’ '

and (a)g is the factorial symbol, (a)y =a(a+1)---(a+k—1).

Proof. The first statement of the theorem follows from the unitarity of the Hilbert
operator, the Parseval’s relation

r = H{ z)dz, .
[G( z)d / W () H Y (2)d (2.8)
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and the orthogonality of the functions H,(zl)(:c). To prove formulas (2.6]), we apply the
Fourier transform to equation (24 and employ the convolution theorem and the spectral
relation for the Fourier operator ([I0, 7.376.1, p. 804])

FIHV (z)](\) = i"V2rHP(N), n=0,1,..., (2.9)
to deduce
F[Gn(x)](A\) = =" tsgn\V2rH (N, n=0,1,.... (2.10)
Here,
Flo(2)](V) = /_ O:O o(2)e ™ da. (2.11)

The Fourier inversion applied for even and odd indices yields the following alternative
integral representations for the G-functions:

Gam(z) = (—1)m+1\/§ / HY (\) sin Azd),
™ Jo

2 o0
Gom1(x) = (—1)’"\/j/ HQ(QH()\) cosA\xdA, m=0,1,..., —oo<z< o0
T Jo
(2.12)
Next express the Hermite polynomials through the Laguerre polynomials ([5, 10.13 (2),

(3), p. 193])
Hop(z) = (=1)™22™mIL;Y2(2?),  Hapmyi(z) = (=1)™22" Al L2 (2?),  (2.13)
where the Laguerre polynomials are given by ([I0, 8.970.1, p. 1000])
o mta (—1)kak a Ia+1)
19 () = =T 2.14
m(®) ’;)(m—k) K n nT'(a—n+1) (2.14)

Now substitute the expressions (ZI3]) into (ZI2) and use formula ZI4) and the sine-
and cosine-integral transforms of the function zfe=*" ([6, 2.4 (24), p. 74]). After a
simple rearrangement we ultimately have the representations (2.0]). O

COROLLARY 2.2. The semi-infinite Hilbert transforms of the weighted Laguerre polyno-
mials n¢1/2e*’7/2L,_n1/2(7)) are given by

l‘/oo 6777/2[1;11/2(77)d17 _ (_1)mG2m(\/E)
7l T -ovi 2mmlVe

0o ,—n/2 1/2 _1\m
l/ e~ 2 Loy " () /ndn _ (—=1)"Gom+1(VE) m=0,1,..., 0<¢&<oo. (2.15)
0

T n—¢ 22mt1m] ’

Proof. Write the Hilbert transforms (2.4]) separately for even and odd indices, make
the substitutions ¢ = 22 and 1 = t2, and employ formulas ([Z.I3). This brings us to the
integral relations (2.I5]). O



744 Y. A. ANTIPOV anp S. M. MKHITARYAN
The orthogonality relations ([Z.5]), when written for the functions Gy, (+v/€), imply

/ N Gan(VEIGan (VE) T = 22" (20)1 S

/ Ggmﬂ(\/E)Gan(\/E)%:22”+1(2n+1)!\/%5mn, myn=0,1,.... (2.16)
0

Notice that the orthogonality relations (23] can alternatively be derived by employing

the orthogonality relation for the weighted Hermite polynomials Hr(tl)(x) and formulas
(212)). Indeed, for even indices we have

00 92 [ o0 2
/ Gon(2)Gom (z)dz = 2(—1)™ 1! —/ ng(x)da:/ e N2 Hy, () sin Azd.
-0 ™ Jo 0
(2.17)
Upon changing the order of integration and applying the inverse sine-transform

/ Gon () sin A\edz = (—1)”“\/;@”2/21{2"(/\), A >0, (2.18)
0

we deduce formula (23] for even indices. In the same fashion, this formula is derived for
odd indices.

2.2. Relations for the weighted Laguerre polynomials e~"n*'/2L,,(n). Consider the
Hilbert transform of the Hermite polynomials with the new weight e*m2, Hff)(:p) =
e H,(z).

THEOREM 2.3. Denote the semi-infinite Hilbert transform of the weighted Hermite poly-
nomials H,” (x) by

1 [ HY (t)dt

Vn(m)z—/ #, n=0,1,..., —oo<zx<oo0. (2.19)
T) o t—x

Then the functions V;,(z) admit the following representations in terms of the confluent

hypergeometric function:

—1)m+1 1 3
Vom(z) = %22"“’_17’0!1‘6_%2@ (5 —m, 5;3:2) ,

—-1)m 1 1
Vom1(z) = %22m+1m!em2© (—5 —m, 5;:32) ,m=0,1,..., —co <z < o0.
(2.20)

Proof. As before, apply the Fourier transform and use the convolution theorem to
obtain
F[Vy(2)](\) = —isgn AF[H? (x)](\). (2.21)

To compute the Fourier transform of the function Hy(f)(a:), we consider the even and odd

indices cases separately and employ the table integrals ([I0, 7.388.1, p. 806])

- 1
/ Héfi(t) cos \tdt = 5(_1)m\/7—_1_)\2,7167)\2/47
0

oo
1
/ Hi 41 () sin Mdt = Z(=1)"y/aarm e X4, (2.22)
0
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If combined, these give
F[Va (2)](X) = —iv/m(=1)™ sgn AN /%,

F[Vams1(2)](A) = VA(=D)™ A2 e /4 m=0,1,..., —co<A<oo. (2.23)
By the Fourier inversion we deduce analogues of formulas (28] and express the func-
tions V,,(x), the Hilbert transforms of the functions H? (z), in terms of the confluent
hypergeometric functions by (Z20). O

Upon transforming the interval (—oo,00) into the semi-infinite interval and making

the substitutions #? = ¢ and t? = 7, formulas (ZI9) and (220) enable us to prove the
following result.

COROLLARY 2.4. The semi-infinite Hilbert transforms of the weighted Laguerre polyno-
mials nF!/ Qe*WL;f/ 2(77) are expressed through the confluent hypergeometric functions

by
1 [®e L (mdy 2e¢_ (1 3
— [ — (b o .
77/0 (n— &)y NG (2 m’2’€)’

1< e L ) yady e € (1 1
e e Fe () mon 0sees
(2.24)

Undoubtedly, the integral relations (Z24) are simpler than (ZI5]). However, if applied
to singular integral equations with the Cauchy kernel in a semi-infinite interval, they have
a disadvantageous feature: the right-hand sides of the relations (2:24)), the functions

Wy = 26 51,3 @y~ o (L, L

do not form an orthogonal system in the space L?(0,00). At the same time, the systems

m —o al m —o are linearly immdepen ent. O prove the linear in epen-
pW(€)}2_, and {o) (€)}°_, are linearly independent. T he linear ind
dence of the first system, denote

Xom() = € 2oLy () + e LT P (0) 4+ ey 2 (), (2.26)

From the first formula in (Z24]) we deduce

l/oo Xy _ D)+ adV(E) 4t emoD(E), 0<E<oo.  (227)
0

m n—=¢
Suppose
cody (§) + 16 () + -+ emd () =0, 0 <€ < oo (2.28)
Since the homogeneous singular integral equation
l/NM:O, 0< €< oo, (2.29)
™ Jo n—¢

has only the trivial solution in the class of functions integrable in the interval (0, c0), we
have

coLy () + e Ly P () + - en L 2(n) =0, 0< €< oo (2.30)
Now, the system of the Laguerre polynomials {L&(n)}, is linearly independent in
(0,00). Therefore cg = ¢1 = -+ = ¢, = 0, and the functions (bél)(f), (()1)(5), RIS €)
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are linearly independent for any m. We can show that the second system {qb,(ﬁ) (€3] S
is linearly independent in a similar manner.
In what follows we orthogonalize the systems {¢$)(§)}$§:0 and {¢§,§) (&)}s°_, and
represent the elements of these orthogonal systems as linear combinations of the functions
,(ﬁ)(f) and qb,(%) (), respectively. Consider the integrals

0o — /2L—1/2( )d
T = L [T b (n)dn
2O=2 | “aau
oo ,—n/271/2
Jﬁf)(@:%/ <’ L;}” (g)ﬁdn7 m=0,1,..., 0<E&<oo. (2.31)
) -

We aim to compute them by utilizing formulas (224). On making the substitutions
1 = 2u and & = 2t and employing the identity (|5, (40), p. 192]) that is

m

e =3 (7 ) o, (232)

m—k
k=0

we have for the integral .],(nl)(g)

\/—Z< —1/2)( ): ka/O —sz_lijf;%)du (2.33)

The integral in ([233)) is given by the first formula in [224). This brings us to the
following relation:

J(2t) \[Z ( a 1/2 ) (=)™~ *2ketop (% — k, ;;t) . (2.34)

Analysis of this formula shows that the function A )(2t) is a linear combination of the

functions ¢,(€1)(t). Simple transformations ultimately yield

(=)™ Gam(vE)

D¢y = L) 2miVS) —
JD(¢) = R =0,1,..., 0<E€< oo (2.35)
In a similar fashion we obtain
(=D)"G2m+1(VE)
J2(¢) = 22m+1;! , m=0,1,..., 0<¢<oo. (2.36)
Thus, we have deduced that the orthogonalization of the systems {¢§,P (&)}°_, and

{qﬁg)(f)}ﬁzo leads to the integral relations (ZI5]) derived in Section 2.1.
To complete this section, we invert the relations (Z24]) by representing them as the
integral equation with the Cauchy kernel in a semi-infinite segment

1% ¢(n)dn
™ Jo n—=_§

Its solution in the class of integrable functions in (0, c0) and unbounded at £ = 0 is

RSN
oe) = -z [ Y, (2.3)

=f(§), 0<¢&< oo (2.37)
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and the solution bounded at the point £ = 0 has the form
o(e) = — Y& /°° £(n)dn
™ Jo \/5(77 —§)
Note that one of the ways to obtain formulas ([2:38)) and [239) is to employ the solution
of the singular integral equation in the segment (a, b) [8], put a = 0, and pass to the limit

b — oco. Upon employing these expressions for the inverse operators and the relations
[224), we obtain, respectively,

1% Ve (/2= m 3/ 2 n)dn T
/0 =5 L., =(§),

(2.39)

™ n—=¢
1 [®e"®(=1/2—m,1/2;n)dn _ —¢71/2 _
7T/o =9 Vre L), m=0,1,..., 0<E&<occ.

(2.40)

3. Properties of the G-functions. We have proved that the Hilbert transforms
of the functions exp(—x2/2)H, (z), the functions G, (z), form an orthogonal system in
the space Lo(—00,00) with the L*mnorm ||G,(z)|| = 7*/42"/2/n!, while the systems
of the functions {Ga,(v/€)} and {Ga2,+1(vE€)} (n = 0,1,...) are two orthogonal bases
for the weighted space L2 (0,00) with weight w(¢) = £71/2. It was also deduced that,
up to certain constant factors, the functions £71/2Gy,,(€) and Ga,,y1(€) are the semi-
infinite Hilbert transforms of the weighted Laguerre polynomials e~"/2~1/ 2t 2(77) and
e="/2nL /2L 1% (), respectively.

In this section we aim to show that the functions Ga,,(€) and Gap41(€) satisty certain
ordinary differential equations and also to study their asymptotics for small and large
. Tt is known ([5, (13), p. 193]) that the function Hé},z()\) = ¢=*/2H,,,()\) satisfies the
differential equation

2
(% +4m+1— )\2) zHY () =0. (3.1)

Now, the function G, (), up to a factor, is the sine-transform of the function Hé:,z (N,

Gam(z) = (—1)’”“\/% /0 HY (\) sin Azd). (3.2)

By multiplying equation B by (—1)™*+1,/2/7 sin Az, integrating in (0,00), and then
integrating by parts we deduce

2
(d— +4m+1— xQ) Gom(z) = BMz, 0<x<o0, Gopn(0)=0, (3.3)

dx?
2 (2m)!
By = \/; m! (34

In our derivations, we used the fact that HQ(Q(O) = (—1)™(2m)!/ml.

where
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Similar actions discover that the G-functions of odd indices satisfy the differential
equation

d
7, C2m+1(0) =0, (3.5)

22(2 1)!
Br(f) - \/j(m——'l—) (3.6)
T m!

Now analyze the asymptotics of the functions G,(§) as £ — 0 and £ — oco. The
representations (2.0 of Gap,(z) and Gap1(x) and the series (271) imply

d2
(ﬁ+4m+3—x >G2m+1($)_3g)x, 0<x< o0,

where

Gom(x) ~ apx, Gomyi(x) ~ay, x—0, (3.7)
where
| !
@0 = kzzo 'F k+1/2) 7 va(2m +1) kzzo 'F (k+3/2)
(3.8)

To derive the asymptotics of the G-functions for large =, we employ the formula ([4]
6.13.1(3), p. 278])

D(a,c;z) = %exx“_c[l +0(z™)], z— oo (3.9)

From the representations (2.6) we deduce
22mH1/27(m + 1/2)

Gom () ~ , I — 00,
T
22m+5/21 (m, + 3/2
Gomi1(x) ~ — 7r:(52 / ), T — 00. (3.10)

It is possible to obtain full asymptotic expansions for large x for these functions by
expressing the function ® in (2.6 through the Tricomi function ¥ and writing the as-
ymptotic expansion of the function ¥ (see [4] 6.13.1(1) and 6.7(7)], respectively). Alter-
natively, we may use the relation (3.2) and the asymptotic formula ([13] (3), p. 56])

FO) _ f1O)  f170)

o o .., T — 00. (3.11)

/OO F(A) sin AzdA ~
0

This asymptotic expansion holds for all functions f(z) defined with all its derivatives for
x > 0. We discover for the G-functions of even indices

(1) 2 r7(1) (1)
Gom () ~ (—1)’”*1\/2 le © _d A © + 4" H (0) —] . x—o00, (3.12)

x x3da? xbdz*
where "
a2 HV (0) " 92
———— = (=1)""™(2n)!(2m)! 3.13
where 2m)!l =2-4-...-(2m). On computing the first several terms we have
2@2m)! rer  e3 s e
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where
c1=1, c3=4m+1, c5 = 16m? + 8m + 3, ¢y = 64m> 4+ 48m? + 68m + 15.  (3.15)

A similar asymptotic expansion may be obtained for the functions Gap, 1 ().
For applications to integral equations, it will be convenient to denote

Gam (\/g)

(1) () —
GR(€) = Cami1(VE) =0,1,..., 0<&<oo.  (3.16)

= om+1/2 /(Qm + 1)!71.1/4’
These functions form two orthonormal bases for the weighted space L2 (0, 0o) with weight

w(§) =712,

dg .
— =%mun, mn=20/1,..., j=1,2. (3.17
Ve )

In Figures 1 and 2, we plot the functions G&})(g) and G%(f) for m =0,1,...,4, respec-
tively. It has been discovered that although the functions G,(%)(f) and Gsﬁ(f) are not

/ T awecd e

0.8 T T T T T

G'e)

FiG. 1. The functions G (€), m =0,1,2,3,4
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G

FIG. 2. The functions G'2 (€), m =0,1,2,3,4

polynomials, in addition to the orthogonality and being a basis of a certain weighted
space, they share another property of classical orthogonal polynomials: in their interval
of definition, [0, 00), the number of zeros correlates with the index and equals m + 1 for
both functions. Note that in the case of G%) &), ngl) (&) ~ consty/E, € =0, m=0,1,...,
and the point £ = 0 is counted as the first zero of the function G(l)(f). Due to the
relations (B:10) and BI6), the functions G(l)(f) and G2 (¢ (&) vanish at infinity,

22m -1 1 2m+1

MY ~

G (€) Gl wgE (e “em)l 7r3/4§ £,
where 2m £ 1)1=1-3-...- (2m = 1).

4. Hilbert transforms associated with limiting relations for the Jacobi poly-
nomials and functions.

4.1. Laguerre polynomials and the Hilbert transform of the Jacobi polynomials. A
number of Hilbert transforms for special functions including the weighted Jacobi and
Laguerre polynomials and the confluent hypergeometric functions can be derived from
integral relations in a finite segment by letting a parameter involved go to infinity. To
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pursue this goal, we analyze the integral relation for the Jacobi polynomials [24]

meotma (1 —2)%(1 + z)P PP (z) — /1 w

PLB) (t)dt
-1 t—x

20T ()l (n+ B+ 1) R
= F L,—n—a—81—a——
F(n+a+6+1) <n+ , TN « ﬂ’ Qg 2 )a

—-l<z<1l, n=0,1,.... (4.1)

Here, a > -1, a # 0,1,..., 8 > —1, Péa’ﬁ)(x) are the Jacobi polynomials, and
F(a,b;c; ) is the Gauss hypergeometric function. On making the substitutions = =
1—-2¢/8 and t =1 — 2n/B we infer

B B ope(] —
mweot o £ (1—%) p{P) (1—%) —l—/o Mpéaﬁ) (1—%7) dn

n—¢
_ BTl (n+B+1) g &
- T(n+a+p+1) F(”Jrl’_”_a_ﬁvl a,ﬂ>,
0<é<pB, n=0,1,.... (4.2)

In what follows we use the connection between the Laguerre and Jacobi polynomials
(22, (5.3.4) p. 103))

2
L2(€) = lim PP (1 - —5> (4.3)
B—o0 ﬁ
and the asymptotic formula for the I'-functions

F(Z + Oé) a—0
I'(z+5) ’
The last relation enables us to evaluate the limits

BT (n+8+1)

zZ — 00. (4.4)

li =1

g Tn+a+pB+1)
lim F(n—i—l,—n—a—ﬁ;l—a;é)—<I>(n+1,1—04;—§). (4.5)
B—00 ﬁ

Now, on passing to the limit 5 — oo in [@2) and using formula [@3]) and Kummer’s
transformation ([, (7), p. 253])

d(n+1,1—a;—€) =e $®(—a —n,1—a;f), (4.6)
we obtain the following result.

THEOREM 4.1. Let o > —1, o # 0,1,.... Then
0 pag—nJa d
T cot o fae{Lf{(g) +/ w _
0 n—g
0<g<oo, n=0,1,.... (4.7)

F(a)675¢(—n —a,1—8),

REMARK 4.2. This theorem generalizes Corollary 2.4: formulas (Z24]) can be imme-
diately deduced from (L) by putting o = £1/2 there.
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4.2. Laguerre polynomials and the Jacobi functions Q%O"ﬁ) (z). To derive an analogue
of the integral relation ([@7) for the interval (—oo,0), we analyze two representations of
the Jacobi function ng"ﬁ)(x) (22, (4.61.4), (4.61.5), p. 74]),

Qi) (y) = =D et )78 /1 5 PYP ()t

: G-ty

and
(@f) (g 2Tt a+ DI+ B+1) 1 as -
@ (z) = F2n+a+B+2) (@ =1 (@+1)

2
><F<n+a+1,n+1;2n+a+ﬁ+2;1—), n=0,1,..., (4.9)
—x

where o > —1, > —1. The relations are valid in the whole complex plane cut along

the segment [—1,1]. We consider the case x > 1, employ the variables x = 1 — 2£/8 and
t=1-2n/8, and denote

B
ful, B;€) = 2(=€)° <1 - 5) QP <1 - 2—5> : (4.10)
B B
This transforms the relations (@8] and ([@3) to the following:
B _ B (a,8) _
oy Ot (L=n/B) P (1 — 20/ B)dn
fn(aa67€)_/0 n_g

B prretii(n+a+ D)(n+ B+ 1) . B
- T@n+a+B+2)(=H)! F(n+a+1vn+1,2n+a+ﬁ+2,g). (4.11)

Passing to the limit 8 — oo in the expression for the function f,(«, 3;&) gives

Bli_)rr;ofn(a,ﬂ;g):F(n+a+1)(—5)_"_12F0(n+1,n+a+1;§_1), £€<0, (4.12)

where oFj(a, B;2) is a generalized hypergeometric series that can also be expressed
through the Tricomi function ¥ ([4} 6.6(3), p. 257])

2Fola, B;—€71) = €20 (a, 0 = B+ 156). (4.13)
Upon letting f — oo in the first relation in (£I1]) in view of formula (3], we have

/°° n“e "Ly (mdn _
0

- F'n+a+1)¥(n+1,1—a;-¢), n=0,1,...; —oco<E<O.

(4.14)
This formula can be rewritten in terms of the confluent hypergeometric function ® if we
employ the relation between the ¥- and ®-functions ([4, 6.5(7), p. 257]). We have the
following result.

THEOREM 4.3. Let a > —1, a # 0,1,.... Then

/°° n“e "Ly (n)dn _ D(a)®(n+1,1—a;—¢€)
0 U
I(—a)l(n+a+1)

+ | (=9)%d(n+14+a,1+a;-¢), n=0,1,...,—00<&<0. (4.15)
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REMARK 4.4. Alternatively, this relation can be derived by analytic continuation of
the Gauss function in (£IT)) ([4, 2.10(2), p. 108])
é) B F2n+a+ 8+ 2 («)
13 'n+t+a+1DI'(n+a+B+1)

—n—1
X(_ﬁ) F<n+17_n_a_ﬁ;1_a_§)+F(2n+a+ﬁ+2)I‘(—a)

F(n—|—a—|—1,n—|—1;2n—|—a—|—ﬂ+2;

I3 "B Pn+1)I(n+8+1)
—n—a—1
x(—§> F<n+a+1,—n—ﬁ;1+a;%), ¢ <0, (4.16)

and consequently passing to the limit 5 — oo in ([@IT]).

4.3. Integral relations for cylindrical functions. By passing to the limit n — oo in
certain relations for the Jacobi functions of the second kind it is possible to discover
some elegant formulas for cylindrical functions.

THEOREM 4.5. Let A > 0, and let « be a complex number such that —1 < Rea < 5/2.
Then

N I /2 I (AW1)dt
I (WE) - (-, 0vE)| = [ B

4.17
B e I )

sinma
where J,(z) is the Bessel function and z® is the single branch in the z-plane cut along
the ray (—oo, 0] such that arg z € [—m, 7).

Proof. We start with the following representation of the Jacobi function ([5, (19),
p. 171]):

201D ()l 1
QUr(Q) =~ Ple(q) 4 T RO ((pyei 2
xF(n—Fl,—n—a—ﬂ;l—a;%), (4.18)

valid in the whole (-plane cut along the segment [—1,1]. On the cut sides, { = = + 0,
arg(¢ —1) = &, and arg(¢ +1) = 0. Put ¢ = 1 —w?/(2n?). Then the branch cut [-1, 1]
in the (-plane is transformed into the cut [0, 2n] of the w-plane. Intending to pass to the
limit n — oo we multiply equation [@IS8) by n~“ and use the limiting relation ([5 (41),
p. 173])
2 -«

Tim =P <1 - 2%) = (%) Ja(w). (4.19)
This relation holds for arbitrary a and 3, uniformly in any bounded region of the complex
plane. It is directly verified that

Y2k

nlgr;()F(n—i—l,—n—a—B;l— ) Zk' oszQk

w
~T(1-a) (5) J_o(w). (4.20)
Consequently, we deduce from [@I8]) that

w? 201
lim n~*Q{™? <1 - —2> = [(—w?) " w* J_o(w) — w™*Jo(w)] . (4.21)

n—»00 2n sin Ta
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Now, make the substitution = 1 — w?/(2n?) in the integral relation (8] to obtain
2 2\ 8
(@p) (1Y) (_w?2)yo (2
Qe (1 5z ) = (et (2 5

2n 2\ B P(avﬂ) 1— 1,2/.2 d
></ 2ot (2— “—> n ' (1-gu /n)du (4.22)
0

2n2 u? — w?

[e3

We multiply this equation by n~

#Z1). We have

, pass to the limit n — oo, and use formulas (£.19) and

T ut g, (u)du

u? — w?

[0 (1) — (—w?) = T (w)] = /0 h (4.23)

2sin o

Next we make the substitutions v = A/t and w = \\/z, where ) is a positive parameter,
and ultimately deduce formula ([@I7). O

COROLLARY 4.6. Let o = —1/2 —ip, and let —o0o < p < 0o. Then the Bessel function
Jo(A/T satisfies the integral relation

J_ oM7), 0 <2 < 0.
(4.24)

1 [t ] (AWE)dt o/2
—/ 2 S (AVE)dE + itanh /2 J,(\Wz) = — a:
T Jo t—x coshmp

Proof. Put z = 2 £i0, 0 < & < oo, in the last relation. Since arg(—z) = Fr, by the
Sokhotski—Plemelj formulas

7T£L’a/2

[J_aWa) — T I, (MWa)] = £ria®/2 T, (\Wa) + / b M. (4.25)

sin Tav 0 t—x
It is directly verified that both formulas may be put into the same form as ([£.24). a

COROLLARY 4.7. Let I,(z) be the modified Bessel function of the first kind, let a =
—1/2 —ip, and let —oco < p < 0o. Then

0 ta/2 —r a/2
l/o t Ja(/\\/l_f)dt:( ) [IW=2) — I_o(A\W=2)], —oo<z<0. (4.26)

T t—x coshmu

Proof. Let z — x +£140, x < 0. Since argz = m, arg(—z) = 0, and I,(z) =
e~ime/2 J (ix), we deduce from ([@IT) the relation needed. O

REMARK 4.8. On letting A — 0T, we obtain from ([£25]) the following spectral relation
for the operator H in a semi-infinite interval:

[ e
— —— =tanhmux

—1/2+ip
. )
T Jo t—x

0<z<oo, —o00<p<oo. (4.27)
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This means that the function f(t) = t~'/2*%# is a generalized eigenfunction of the Hilbert
operator in the interval (0, 00), and tanh 7y is its eigenvalue. We call f(t) a generalized
eigenfunction since it is not an L2 (0, co)-function. By virtue of the inequality —oo < p <
00, the interval (—1,1) is a continuous spectrum of the operator H.

REMARK 4.9. The particular case ([Z24) of the general formula ([@I7) can also be
derived from the integral relation for the Jacobi polynomials ([24], [18])
1 PN @)1 - )21 + )%t

— —itanh 7P (2)(1 — 2)*(1 + z)®
i/, P itanh mp P (2)(1 — 2)*(1 + )

—1 p(@+1,a+1) _
_ { (2coshmu) 1P (), n=12,..., —l<z<1, (4.28)

0, n =0,

by utilizing the substitutions x = 1 — ¢2/(2n?) and t = 1 — 7%/(2n?) and passing to the
limit n — oo.
Finally, we show that the classical Hilbert relation [23]

1 / " cos Andn

— ¢ =sinA, —oo<E&<oo, A>0, (4.29)
00 -

™

can be deduced from [Z4) as a particular case. Put p = 0 in [@24]). Due to the relations

/2 . /2
Jij2(z) = Sz J_1/2(2) = —, C08% (4.30)

l/oo cos/\\/idt_sin/\\/f
0 (x—t)\/f_ Ve

Equivalently, if the substitutions £ = \/z and 1 = v/t are made, this may be written as
the Hilbert relation ([@29]).

we immediately get

0<z<oo0. (4.31)
m

5. Applications to singular integral equations.
5.1. Integral equation with the Cauchy kernel in a semi-infinite axis. Based on the
integral relations (ZZI5]) we derive an exact solution of the singular integral equation

%Awi@f—ﬂ@,0<m<w, (5.1)

in a series form free of singular integrals. In the class of functions unbounded at the
point z = 0, we expand the solution through the Laguerre polynomials

e—w/2 e

2) — L LoV2 (g, .
x(z) NG Z:Ob Ly, " (x) (5.2)

n=
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By substituting the series (B.2)) into equation (5.1 and using the first formula in (215
and the first orthogonality relation in (2.16), we obtain for the coefficients b,

by = % /Ooo F()Gap(Vt)dt. (5.3)

In terms of the elements of the orthonormal basis {G%l)(t)}flo:o given by (BI0) these

coefficients have the form
—a, [ fOGD @t (5.4)
0

—1)™ [ (2n)!

a4\l (2n — DI

where

Qpy =

(5.5)

In the class of functions bounded at the point © = 0 we seek the solution of equation

(BI) in the form
x(z) =e 2%z Z b LY2(x). (5.6)
n=0

Upon employing the second formulas in (2.15) and ([2.I6) we derive the coefficient b,, by
quadratures possessing the G-functions of odd indices

dt
b = D 2n+1 / F)Gomon )\[ (5.7)

or, in terms of the orthonormal basis functions Gg)(x),

b = [ 5 /0 T e (t)%. (5.8)

Interesting representations of the Cauchy kernel are derived by comparing the series-
and closed-form solutions of the singular integral equation (&.1]).

THEOREM 5.1. Let 0 < & < oo and 0 < ¢ < oo. Then the following two bilinear
expansions of the Cauchy kernel in terms of the Laguerre polynomials and the G-functions

are valid:
1
_ —x/2 1/2
o=y Z ()G (V).

1 —z/2 = (=D"n! s
=— ~ L LV2(2)Gap t). 5.9
t=x vre 'r;) (2n+ 1)1 " (z)Ga +1(\/—) (5.9)

Proof. The first representation of the Cauchy kernel is derived by comparing the series-
form solution (52 and its integral form (238). Had we substituted the coefficients b,
given by (B7) into the series (B.0) and compared the new series with the integral-form
solution (Z:39]), we would have obtained the second formula. O
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(a)

10

x(x)

10

Fic. 3. The solution of the integral equation (&) in the class of
functions unbounded at = 0 (curve 1) and functions bounded at
z =0 (curve 2). (a): f(z) = +ze */2. (b): f(z)=1if0 <z <1,
and f(z) =0if z > 1.

5.2. System of two singular integral equations. Consider the systems of complete sin-
gular integral equations of the first kind with the Cauchy kernel

1 /oo [L —|—K11(t,x)} x1(t)dt + 1 /°° Kip(t,z)x2(t)dt = fi(x), 0<z < oo,
0 T Jo

s t—x

%/0 Ko (£, 2)xa (£)dt + %/0 {ﬁ + ng(t,x)} Yo(B)dt = fo(z), 0 <z < oo,

(5.10)
where K;(t, ) may have a weak singularity at the line = t. Suppose that the functions
x1(z) and x2(x) are integrable in the interval (0, 00) and not bounded at the point x = 0.
Then, necessarily, they have the square root singularity at this point. We expand the
unknown functions in terms of the Laguerre polynomials

e—x/2 e

() = () y-1/2 -
Xj(x) - \/E Z:Obnjt Lm (:L‘), J = 17 2. (511)
Because of the kernels kj;, in general, the coefficients bﬁ) and bﬁ) cannot be found in
explicit form. By applying the same argument as in the case of the characteristic equation



758 Y. A. ANTIPOV anDp S. M. MKHITARYAN

(1) we deduce an infinite system of linear algebraic equations

D+ D0 DY + D) = D)

m=1

B+ > (B0 + cZIbP) = £, n=0,1,.... (5.12)
m=1
Here,

D) _ On /OO /OOK (t.2) L L2 (06O (@) dbde, 1= 1,2
., — jI\by m n ) =5
™ Jo 0 ! \/Z

19 = an / (@) GP(x)de,  j=1,2, (5.13)
0

where o, are given by (B.0]). Assume that the kernels of the system of integral equations
are chosen such that the system (5I2)) is regular. By solving the infinite system (G.12])
by the reduction method we can approximately obtain the coefficients b%) and therefore
an approximate solution to the system of singular integral equations.

5.3. Integral relation for the Bessel function: a contact problem for a semi-infinite
stamp. Suppose a semi-infinite rigid stamp of profile y = g(z) is indented into an elastic
half-plane |z| < 0o, —00 < y < 0 such that the adhesion contact conditions hold ev-
erywhere in the contact zone, while the rest of the boundary of the half-plane is free of
traction,

u(z,0) =¢1, v(z,0)=g(x)+c, 0<z<o0,

oy(x,0) = Tgy(2,0) =0, —oo<az<0. (5.14)
Here, v and v are the z- and y-components of the displacement vector, o, and 7,, are
the stress tensor components, and ¢; and cp are constants. Denote p(z) = —oy(z,0)

and 7(x) = —Tgy(2,0). Then this model problem is equivalent [I7], [9] to the system of

integral equations
-1 1 [ 7(t)dt
r (:v)—l——/ (®) =0, 0<z<oo,
0

A+1p T t—x

-1 1 [ pt)dt 4Gg
n 7'(3:)——/ p(t) = g(x)7 0 <z < oo, (5.15)
k41 m)y t—= Kk+1

where kK = 3 — 4v, v is the Poisson ratio, and G is the shear modulus. In terms of the
function ¢p(z) = p(x) + iT(x), this system may be written as a single integral equation

l/ p(t)dt +itanhmpp(z) = f(x), 0<z < oo, (5.16)
T™Jy t—x

where f(z) = —4G(k + 1)71¢'(z) and u = (27)"'In(3 — 4v). For materials with the
Poisson ratio v € (0,1/2), u € (0, o), to =~ 0.17484958. This equation can be solved
exactly by the Mellin transform or by the method of the Riemann—Hillbert problem. In
what follows, we propose an alternative technique based on the integral relation for the
Bessel function [@.24) and the Hankel transform. Represent the unknown function ¢(x)

in the integral form

o(x) = z°/? /OOO XA Jo(AWr)d\, o= —% —ip. (5.17)
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Here, the density x(\) is to be determined. Upon substituting this integral into equation
(5I6]), changing the order of integration, and employing the relation (£24]) we deduce

/ XN JT_a(MWz)d\ = —2=*? cosh 7 f(x), 0 <z < oo. (5.18)
0
By applying Hankel inversion we find the function x(\),

x(A\) = —% cosh /000 f(@)z=2J_ (M) de. (5.19)

We remark that the profile g(z) of the stamp is assumed to be chosen such that the
function f(z) = —4G(k+1)"1¢/(z) decays at infinity at the rate sufficient for the integral
in (B.19) being convergent. It is directly verified that at the point = 0 and at infinity,
the solution (5.I7) has the asymptotics required: it oscillates and ¢(x) = O(z~'/2),
x— 0, and ¢(z) = O(x~?), z — .

6. Quadrature formula for the Cauchy integral in a semi-infinite interval.
In this section we obtain a quadrature formula for the Cauchy principal value of the
singular integral

I[f](x) = %/OOOW, w(t) =t a>—1, a#0,1,..., 0 <z < co.
(6.1)

THEOREM 6.1. Let f(x) be Holder-continuous in any finite interval [0,al, a > 0, |f(z)| <
CeP?, x — oo, C = const, B < 1, w(t) =t*e¢t, a>—1,and a #0,1,.... Then

() — Qn(@m) +Ry(x), 0<z<o00, THTp, (6.2)

) = 3 o () 22
m=1

T — T
where
= L ) 03
Tm (m=1,2,...,n) are the zeros of the degree-n Laguerre polynomial L%(x), and
(x) = @e*m@(—n —a,1 —a;z) — cotmaz®e Ly (x). (6.4)
For z = x;,

1)) = 3 flay) 2T S,y ) =) g (6s)

dx L Tj— Tm
where
dQ%(z; 1
% = ;e*“’jF(a) [Zt?@(—n —a+1,2—-a;z;) —P(—n—a,1 —o;25)

+ cot ﬂ'oz:z:?_le*zj (n+a)L;_; (). (6.6)
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Formula ([6.2]) is exact, and R,,(z) = 0 when f(x) is a polynomial of degree not higher
than n — 1. Otherwise, if f(z) = M,—1(z) +r(z) and M,,_1(z) is a polynomial of degree
n — 1, then the remainder R, (x) of the quadrature formula (6.2)) is given by

Ru(o) = = 30 20 0n(0) - Qe + 1 [ THHOR (o)
m=1 m

™ t—x

Proof. For our derivations, we use the method [12] proposed for the Cauchy integral
in the finite segment (—1,1) and the integral relation {7)) of Theorem 4.1. Introduce
the system of orthonormal Laguerre polynomials,
Fla+j+1)

J!
and assume first that f(z) = M,_1(z) is a polynomial of degree n — 1. It will be
convenient to express it in terms of the polynomials p;(¢),

pi(t) = h;PLe(t), ;= . j=0,1,..., (6.8)

i) =3 fs0), (6.9)
=0

where
fj:/ FOpw(t)dt, §=0,1,....n— 1. (6.10)
0

By using the Gauss quadrature formula exactly for polynomials of degree not higher than
2n — 1, we find

n—1

m=1
where z,, (m =1,2,...,n) are the zeros of the Laguerre polynomial L% (x), A,, are the
Christoffel coefficients,
T 1
A, = (O‘j’” ) 2, (6.12)
n!zm[%L%(zm)]

and R(f) is the reminder. Formula (B.IT) is exact when f(t) = M,_1(t). Denote further
that

qj(m):/omw, 0 <z < oo. (6.13)

Substitute the sum (69) into (€I)) and, in view of (@II) and (GI2), obtain for the
principal part of the integral (G.I])

n n—1
) = 2 3 Anf (o) 3 2y ) ). (6.14)
m=1 7=0

Next write the Christoffel-Daurboux formula ([22], (3.2.3), p. 43])

n—1
> pil@)p(t) = szl Pn(@)Pnt (ti — (@)en(t). (6.15)
j=0 "
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where k,, = (—1)"(n!v/h,)~!. Integration of this identity with the weight w(t) over the
interval (0, c0) yields

Pn-1(2)qn(7) — pu(2)qn—1(x) = . (6.16)

In particular,

kn
kn—1pn—1(xm)
Upon combining formulas ([€13)), ([6.I5]), and (610)) it is possible to establish the following
identity [12]:

Gn(Tm) = (6.17)

z_:pj(x)qj(t) = %[ n(2)(¢n-1(2) = gn-1(t)) = Pn-1(2)(gn(2) = gu(2))]. (6.18)

Therefore, the internal sum in formula (614 transforms to

> piamasa) = S g, () g, o) (6.19)

Now, by substituting this expression into formula (6.I4]) we deduce

19f](x) = 22t 3 A () L=t (%) = ()] (6.20)

wky, T — T,

Finally, since Q%(z) = 7~ 'v/h,q,(z) and
k‘nflAm Tm

kn/Fnfn—1  (n+a)[Le_ (zm)]?’

we derive the quadrature formula ([G.2]) for the singular integral (6.1)). Here, we employed
an alternative formula for the Christoffel coefficients (6.12)

(6.21)

o+ n)zy,

Am = it )L @)

(6.22)

For z = x,,, by the L'Hopital’s rule we transform formula ([6.2) into the form (G0) with
R,(xz)=0.

In the case f(z) = M,—1(z) + r(z) we derive the representation (67 from (G.I)) and
©.2). O

COROLLARY 6.2. Let = &; be a zero of the function Q% (x) given by (G4). Then the
quadrature formula ([@2]) has the form

rie) =+ Y 2210 4 g, (6.23)
m=1 m J

where A, are the Christoffel coefficients given by ([6.22]). This formula is exact for any
polynomial f(z) of degree 2n.
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(a)
4 T T T T T T T T T
a=1/3
2r a=-1/2 T
0 -
2 -
4 1 1 1 1 1 1 1 1 1
0 0.5 1 15 2 25 3 35 4 45 5
X
(b)
4 T T T T T T T T T
_4 1 1 1 1 1 1 1 1 1
0 0.5 1 15 2 25 3 35 4 45 5

X

F1G. 4. The function Q% (z) for a = 1/3 and a« = —1/2. (a): n = 5.
(b): m = 10.

Proof. As a consequence of the relation (617) we obtain

INa+n
Qn(@m) = —W. (6.24)
Putting z = ¢; in ([62) and in view of Q% (&;) = 0 we have formula ([G.23)). Since it is the
Gauss quadrature formula in the interval (0, co) associated with the Laguerre polynomials
L& (x), it is exact for any polynomial f(z)/(z — &;) of degree 2n — 1. Therefore the last
statement of Corollary 6.2 follows. |

REMARK 6.3. Our numerical tests reveal that the function Q%(z) has exactly n + 1
zeros in the interval (0,00) for any values of the parameters n and a € (—1,0) U (0, 1)
used. Sample curves of the function Q%(z) for n = 5 and n = 10 when « = 1/3 and
a = —1/2 are given in Figures 4(a) and 4(b). It is also found that the amplitude of the
function Q% () rapidly decreases as © — oo.

Considering that a continuous function cannot be uniformly approximated in the in-
terval [0,00) by a polynomial, it is infeasible to find an upper bound for the reminder
in formula ([6.3) in the form |R,(z)| < dp, 0 < z < 00, §, — 0, n — oo, for the general
class of functions employed in Theorem 6.1. However, it is possible to estimate R, (x)
for functions decaying at infinity as =", m > 0.
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THEOREM 6.4. Let f(z) be a continuously differentiable function in any finite segment
[0,a], a > 0, and f(x) ~ Cx™™, © — oo, m > 0. For any € > 0 define a function

_ fl(x)7 0 S x S b7 m4+1 m|C‘
gp(x) = { 0. e >0, b> "/ — (6.25)

Let P!_,(x) be the polynomial of best approximation for the function g,(z) in the seg-
ment [0, b] and
/ —
max |gy(z) — Pl (2)] = e, (0). (6.26)

Then the remainder R, (x) of the quadrature formula ([6.2]) is estimated by

Ry ()] < 2 (2““—“ - 1Q2 (@) Z |7m|>

n!|Qn ()|
T(n+a) 1<m<
where €,,(b) = max{e,e,(b)}. If x =&, then the remainder has the bound

AN+ 1)
7r

<ol(a+1) (W x |Le 1(xm)> En(b), 0<z< o0, (6.27)

[Bn(&5)] <

Proof. Similar to [12], rewrite formula (67) for the remainder in the form

vy =y 28 el g ) gage, )+ - / T =@ (6.29)
m=1

— Tm ™ t—x

én (D). (6.28)

By recalling that
Am

Ym @ (Tm) = 0 (6.30)

we arrive at the formula

n

Rn(x) = Z |:7mQ2(x) — A_m:| M + l /000 Mw(t)dt. (6.31)

s T — Ty i t—x
m=1

Now, if we take into account formula ([6.28)), the inequalities
P (@)] < 1 (@) - go(@)| + |gn(@) — Py_y(@)| <+ enld), 0<z<oo,  (632)
and also the integral
/Ooow(t)dt —T(a+1), (6.33)

we deduce the first bound in (@Z7). To derive the second bound, we notice that
Ym@p (m) > 0

n 1 e'e)
S @ () = = / w(t)dt, (6.34)
m=1 TJo
and that, due to formula (E17),
1 !
Lo (). (6.35)

Q% (zm,) - I'(n+a)
Since Q% (&;) = 0, the bound (6.28) immediately follows from (6.27]). O
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(a) (b)

-0.2 -0.3

F1G. 5. The integral I1¢[f](x) for « = —1/2 when the number of zeros
isn =5 and n = 10. (a): f(z) = v/ (in this case the integral is
expressed through the exponential integral Ei(z)). (b): f(x) = e*/2.

(©): f(2) = ev/a. (d): f(x) = Va/(@ + 1).

The numerical tests implemented confirm numerical efficiency of the quadrature for-
mula ([62). Sample curves for the integral I*[f](x) for & = —1/2 when the degree of the
Laguerre polynomial L,'"%s n =5 and n = 10 are shown in Figures 5(a)-5(d). In the
case of Figure 5(a), the integral can be evaluated exactly,

1 [ e tdt e ®
IV (x) = —/ = ——Fi 0 6.36
(V1) (x) ) A - i(z), <z < oo, (6.36)
where
o0 xm
Fi(z) = 1 — 6.37
(@) =yt Y (6.37)

m=1

is the exponential integral and v ~ 0.57721566 is the Euler constant.

7. Conclusions. We showed that the Hilbert transforms of the weighted Hermite
polynomials exp(—z2/2)H, (), the functions G, (z), form a complete orthogonal sys-
tem of functions in the space Lo(—00,00). We also discovered that the Hilbert trans-
forms in a semi-axis of the weighted Laguerre polynomials e="/2p~1/2L, Y 2(x) and
e*"/znl/zLﬁl/Q(x) up to constant factors equal the functions &~'/2Gy,,(v/E€) and
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Gami1(VE), respectively. The system of functions Gap(z) and Ga,y1 may be em-
ployed for solving singular integral equations or their systems of the form S[x(¢)](z) +
Kx()](x) = f(z), 0 < = < oo, in the class of integrable functions unbounded and
bounded at the point = 0, respectively. Here, S is a singular operator with the Cauchy
kernel and K is a regular operator. The method ultimately reduces the integral equa-
tions to systems of linear algebraic equations of the second kind. If these systems are
regular or at least quasiregular, then they can be solved numerically by the reduction
method. The sufficiency of this scheme needs to be verified by means of numerical tests.
If K = 0, then the solution is exact and its representation is free of singular integrals.
This method might also be employed for vector Riemann—Hilbert problems when the
Wiener—Hopf factors are not available, and the associated system of integral equations
has the structure S[x(¢)](z) + K[x(¢)](z) = f(z), 0 < z < o0.

By employing an integral representation of the Jacobi function of the second kind
Q%a”@ )(x), expressing it in terms of the hypergeometric Gauss function, and passing to
the limit n — oo in the representations for n*aQ%a’B)(l — 122/n?%), we obtained the
semi-infinite Hilbert transforms of the Bessel function .J,(Av/#) in terms of the functions
Jia(AV/x) and I, (A/z) in the intervals 0 < z < oo and —oo < & < 0, respectively.
Here, ) is a positive parameter. We applied this result to derive a closed-form solution to
a model problem of contact mechanics. The solution is free of singular integrals, and the
associated Riemann—Hilbert problem, as the standard way of dealing with such problems,
was bypassed.

One of the most frequently applied methods for singular integral equations with the
Cauchy kernel is the collocation method. To employ it for singular integral equations
in a semi-axis, one needs to make the optimal choice of the collocation points and have
at their disposal an efficient procedure for the Cauchy integral in a semi-axis. To find
such a formula, we proposed to use the Hilbert transform of the weighted Laguerre
polynomial z%e~*L&(x) derived in the paper, the Gauss quadrature formula for the in-
tegral fooo x®e ® f(x)dx exact for polynomials of degree not higher than 2n — 1, and
the Christoffel-Daurboux formula for the Laguerre polynomials. The quadrature for-
mula for the singular integral with the Cauchy kernel 1/(¢t — ) in a semi-axis with the
density t*e!f(t) is exact for any plynomial f(¢) of degree not higher than n — 1 and
requires computing the Laguerre polynomials L%(x) and L%_;(z,,) and the confluent

n—1
hypergeometric function ®(—n — a, 1 — a;t) at the points ¢t = x and t = x,,,, where z,,
(m =1,2,...,n) are the n zeros of the polynomial L%(x). The numerical tests proved

efficiency of the quadrature formula.
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