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BACKWARD UNIQUENESS
FOR THE HEAT OPERATOR IN A HALF-SPACE

L. ESCAURIAZA, G. SEREGIN, AND V. SVERAK

ABSTRACT. A backward uniqueness result is proved for the heat operator with vari-
able lower order terms in a half-space. The main point of the result is that the
boundary conditions are not controlled by the assumptions.

§1. INTRODUCTION

In this paper, which can be thought of as a continuation of [3] and [4], we deal with the
following backward uniqueness problem for the heat operator. Let R = {z = (z;) € R™ :
xn > 0}, and let Q4 = R’} x]0,1[. We consider a vector-valued function u : Q4 — R",
assuming that it is “sufficiently regular” and satisfies the conditions

(1.1) |0+ Au| < e1(|Vu| + |u|) in Qy
for some ¢; > 0, and
(1.2) u(-,0) =0 in R%.

Do (1.1) and (1.2) imply v =0 in Q+? We prove that the answer is in the positive if we
impose natural restrictions on the growth of w at infinity. For instance, we may assume
that

(1.3) u(z, )| < Mol

for all (x,t) € Q4+ and for some M > 0. The natural regularity assumptions under which
(1.1)—(1.3) can be considered are, e.g., as follows:
u and the distributional derivatives d;,u, V2u are square

1.4
(14) integrable over the bounded subdomains of Q.

We can formulate our main result.

Theorem 1.1. In the notation introduced above, assume that u satisfies conditions (1.1)—
(1.4). Then u=0 in Q4.

This extends the main result of [3] and [4], where an analog of Theorem 1.1 was proved
for Q4 = (R™\ B(R))x]0,T[. Here, as usual, B(R) denotes the n-dimensional ball of
radius R with center at the origin.

Such results are of interest in control theory; see, e.g., [8]. Also, as was explained in
[10], results of this type are helpful in regularity theory for the Navier—Stokes equations.
By combining the methods developed in [10] and the boundary regularity results proved
in [9], it can be shown that the so-called Leray—Hopf solutions to the Navier—Stokes
equations in a regular domain Q € R? that satisfy the homogeneous Dirichlet boundary
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condition and belong to the space Lo (0,1; L3(2;R3)), are regular up to the boundary
of Q2. A detailed proof of this result will be presented elsewhere.

As in [3] and [4], the proof of Theorem 1.1 is based on two Carleman-type inequalities.
The first is essentially the same as the one used in [3] and [4] (see also [1], [5], and [I1]);

it is of the form
/ B2 (1)~
R"x]0,2]

z|2
<cy / h*Q"(t)e*% |0;w + Awl|? dadt.
R™ x]0,2]

|z]2

2
(a% + |Vw|?) dodt

(1.5)

Here h(t) = te's, and ¢y is a positive universal constant. Inequality (1.5) is fulfilled
for any w € C§°(R™x]0,2[) and any positive number a.
The second inequality is anisotropic in a sense:

/ 1220(@:0) (a—|w|2 + —lvw|2> dadt
(BT +en) x]0,1] £ ¢

(1.6)
<ecs / t2e2@D |9,w + Aw|? dad.
(R +e,,) x]0,1[

Here ¢ = ¢ + 62| oMW (z,t) = —%, o (2,t) = a(l — t)%, a €]1/2,1] is fixed,
' = (r1,22,...,2n-1) (so that z = (2/,2,)), c3(a) > 0, and e, = (0,0,...,0,1).
Inequality (1.6) is fulfilled for any w € Cg°((R"} + e,)x]0,1[) and any a > ao(c).

Our concluding remark is that Theorem 1.1 is true for functions v : @4+ — R with
1 < m < 4o0. This is an easy exercise, which is left to the reader.

Our paper is organized as follows. In §2 we prove Theorem 1.1, taking Carleman’s

inequalities for granted. The proofs of the latter are given in §§3 and 4, respectively.

§2. PROOF OF THEOREM 1.1

In what follows, we always assume that the function w is extended by zero to the
negative values of .

We start with several lemmas. The first of them plays the crucial role in our approach.
It enables us to apply the powerful technique of Carleman’s inequalities.

Lemma 2.1. Suppose that conditions (1.1), (1.2), and (1.4) are fulfilled. There exists
an absolute positive constant Ag < 1/32 with the following properties. If

21) jula, )] < AT

for all (x,t) € Q4 and some A € [0, Ag], then there are constants S(A) > 0, v(c1) €
10,1/12[; and c4(c1, A) > 0 such that

22
Zn

(2.2) lu(z,t)| < caet A =P
for all (z,t) € (R} + 2¢e,)x]0,7[.

Proof. Referring to the regularity theory for solutions of parabolic equations (see [7]),
we may assume that

(2.3) lu(z, )] + [Vu(z, t)] < 524l

for all (x,t) € (R} +e,)x]0,1/2].
Fixing x,, > 2 and t €]0,~[, we define a new function v by the usual parabolic scaling

v(y, s) = u(z + Ay, \2s — t/2).
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The function v is well defined on the set Q, = B(p)x]0, 2[, where p = (2, —1)/A and
A = /3t €]0,1/2[. Then relations (1.1), (1.2), and (2.3) take the following form:

(2.4) 050 + Av| <l A(|Vo| + o)) ae. in @
(2.5) lo(y, s)| + |Vo(y, s)| < C5e4A|“’|264A>\2\y\2
for (y,s) € Qp;

(26) v(y,s) =0

for y € B(p) and s €]0,1/6].
In order to apply inequality (1.5), we choose two smooth cut-off functions such that

0 iflyl>p—1/2,
Dp(y) = .|| /
1 1f|y|<p_17

and

0 if7/4<s<2,
ou(s) = {1 if0<s<3/2.

All functions take values in [0,1]. Moreover, the function ¢, satisfies |[V*¢,| < Cj,
k=1,2. We put n(y,s) = ¢,(y)¢:(s) and w = nv. From (2.4) it follows that

(2.7) |0sw + Aw| < 1 A(|Vw| + |wl]) + xes (VY] + |v]).

Here c¢g is a positive constant depending on ¢; and Cy only, x(y,s) = 1 if (y,s) € w =
{p—1<lyl < p}x]0,2[U{ly| < p—1}%]3/2,2[, and x(y,s) = 0 if (y,s) ¢ w. Obviously,
the function w has a compact support in R x]0, 2[, and we may use inequality (1.5). As
a result, we have

(2.8) I= / h=2%(s)e” (|w|2 + [Vw|?) dyds < co10(c3N*T + ¢21h),

P

h—/@ Xy, )2 (s)e™

P

where

5 (of? + |Vof?) dyds.
Choosing v = 7(c1) sufficiently small, we may assume that c310c2\? < 1/2, and then
(2.8) implies
(29) I S C7(01)Il.
On the other hand, if A < 1/32, then

1 1
2.10 8AN? — — < ——
( ) 4s 8s

for s €]0,2]. By (2.5) and (2.10), we have

2
I < et // Xy, $)h =2 (s)e™ 5 dyds
B(p)

2
< cgebAlal’ [h_Qa(3/2)+/ h2(s)e =
0

(2.11)

ds|.
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Now, taking (2.11) into account, we deduce the estimate

D= / /|w|2dyds—/ /|v|2dyds
B(1) 3

<co [ hT*(s)e”
Qp

2 2
< crp(cr)etAlel” [hiza(3/2) +/ h=20(s)e™ 42 ds]
0

5 (ful? + [Vul?) dyds

2
= 01068‘4‘”‘2_25”2 {h_Qa(3/2)626p2 —I—/ h_Q“(s)e%pz_{% ds]
0

We can take 8 = 84 < 1/256 and then choose

a=Fp?/Inh(3/2).
Since p > x,,, this leads to the estimate

2
D < 01068‘4"”/‘26_%2 [1 + / g(s) ds},
0

2
where g(s) = h™2%(s)e”#1:. It is easy to check that ¢'(s) > 0 for s €]0,2[ if 3 <
55 In1(3/2). Thus, we obtain

2
[-lac,[

(2.12) D < 201068“”%’"26*@2 < 201068‘4'1’,‘267 2t

On the other hand, regularity theory yields

(2.13) [v(0,1/2)|? = |u(x,t)|* < ¢4y D.

Combining (2.12) and (2.13), we complete the proof of Lemma 2.1. a

The next lemma will be deduced from a consequence of Lemma 2.1 and the second
Carleman inequality (see (1.6)).

Lemma 2.2. Suppose that u satisfies conditions (1.1), (1.2), (1.4), and (2.1). There
exists a number v (c1,c3) €]0,v/2] such that

(2.14) u(z,t) =0
for all x € Ry and all t €]0,71[.

Proof. As usual, Lemma 2.1 and regularity theory allow us to assume that

=2
(2.15) lu(z, t)| + |Vu(z, t)] < 1 (c1, A)eBAe P e=F2¢

for all 2 € R} + 3e,, and all t €]0,~/2].
Using scaling, we define v(y, s) = u(\y, \2s — 1) for (y, s) € Q4 ; here A = \/27;. This
function satisfies the following conditions:

(2.16) |0sv + Av| < et A(|Vu| + |v])  a.e. in Qy;
(217) o(yo5) =0
for all y € R} and all s €]0,1/2];
21,72 — BA%YZ 2,712 v2
(2.18) IVo(y, s)| + [v(y, s)| < ene® W e 20750 < o 34N et

for all 1/2 < s < 1 and all y € R} + 3e,. Since A < 1/32 and A < /7 < 1/V/12,
inequality (2.18) can be reduced to the form

1/2

y’ 2 vp
(2.19) Yoy, s)| + [o(y, s)| < crpe’ ™ e %
with the same y and s as in (2.18).
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We fix two smooth cut-off functions such that
0 ify, <3241,
Y1(yn) = . Q
1 if Yp > by + 2,

and

)0 ifr>—1/2,
wQ(T)_{1 if r < —3/4.

Invoking the functions ¢(*) and ¢(?)) (see (1.6)), we set

1
?B(Yn,s) = _¢(2)(yn75) -B=(1-s)"--B,
where a €]1/2,1[ is fixed, B = 2¢()(2 +2,1/2), and

n(yna 3) =1 (yn)w2(¢B (ynv 5)/B)a w(yv S) = n(yna S)U(yv S)

Although the function w is not compactly supported in Q}r, Lemma 2.1 and the special
structure of the weight in (1.6) allow us to claim the validity of (1.6) for w. As a result,
we have

/ 52624)(1)62“@5(|w|2 + |Vw|?) dyds
Q

L
< 03/ s2e20"") (2065 |0sw + Awl|? dyds.
Q%
Arguing as in the proof of Lemma 2.1, we can choose 71 (c1,c3) so small that

y’ 2
I= / §2e29%5 (|w|? + |Vw|2)e_% dyds
Q]

+

_l2
< 612(615 63)/ X(yna S)(Syn)262a¢3(|v|2 + |V'U|2)€ ds dde,
(]R"-‘,—( +1)e,)x]1/2,1]

where x(Yn,s) =1 if (yn,s) € w, X(Yn,s) =0 if (yn, s) ¢ w, and
w={(Yns8) 1yn >1,1/2 <5 < 1,6p(yn,s) < —D/2},

where D = —2¢5(3/A+3/2,1/2) > 0. Now, we estimate the right-hand side of the above
inequality with the help of (2.19). We find

2
I <cize” / / (Yns) —Bn dynds/ elzr—a9)ly'1? dy'.
/2 Rr—1

Passing to the limit as a — +o0, we see that v(y,s) = 0if 1/2 < s < 1 and that
¢B(Yn,s) > 0. Using unique continuation through spatial boundaries (see [2]), we show
that v(y,s) = 0 if € R} and 0 < s < 1. Lemma 2.2 is proved. O

Now, Theorem 1.1 can be deduced from Lemmas 2.1 and 2.2 with the help of more or
less standard arguments. We include them merely for completeness.

Lemma 2.3. Suppose that u satisfies all conditions of Lemma 2.2. Then v =0 in Q4.

Proof. By Lemma 2.2, u(x,t) = 0 for all z € R} and all ¢ €]0,7:1[. Using scaling, we
introduce u (y, s) = u(v/T — 71y, (1—71)s4+71). It is easy to check that the function u(")
is well defined in ()4 and satisfies all conditions of Lemma 2.2 with the same constants ¢;
and A. Therefore, u!)(y,s) = 0 for y, > 0 and 0 < s < ;. This means that u(z,t) = 0
for all z,, >0 and all 0 < ¢t < 2 =71 + (1 —v1)71. Then, we introduce the function

u@(y,s) = u(y/1— 72y, (1 —72)s +72), (y,5) € Q4,
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and apply Lemma 2.2. After k steps, we see that u(z,t) = 0 for all 2,, > 0 and all
0 <t < Ykt1, where yeyr1 = v + (1 — )71 — 1. Lemma 2.3 is proved. O

Proof of Theorem 1.1. Assume that Ag < M. Then \2 = Ag/2M < 1/2. Introducing
the function v(y,s) = u(\y, A\%s), (y,s) € Q+, we see that v satisfies all conditions of
Lemma 2.3 With the constants ¢; and A = $Ay. Therefore, u(z,t) = 0 for 2, > 0 and

all 0 <t < 537. Now we can repeat the arguments of Lemma 2.3, replacing 1 w1th
and A with M and finishing the proof of the theorem. |:]

§3. PROOF OF THE FIRST CARLEMAN INEQUALITY

In our proof we employ the standard techniques used in the Ls-theory of Carleman
inequalities (see, e.g., [6] and [11]).
2
Let u be an arbitrary function of class C§°(RY x]0,2[). We set ¢(z,t) = —% -
(a+1)Inh(t) and v = e®u. Then

Lv = e?(dyu+ Au) = v — vAG — 2Vv - Vo + Av + (|V|? — d,0)v.

The main trick in the approach mentioned above is the decomposition of the operator
tL into symmetric and skew-symmetric parts. We put

(3.1) 1L—S+ A,
where
(3.2) Sv = (Ao + IV — Bip)) — %v
and
(3.3) Av = %(&(tv) +10,0) — HoAd + 2V - Vo).
Obviously,

/t2e2¢|3tu + Al dedt = /t2|Lv|2 dadt
(3.4)

= / |Sv|? dadt + / | Av|? dadt + /[S, Alv - v dzdt,
where [S, A] = SA — AS is the commutator of S and A. Simple calculations show that

I= /[S,A]v-vda:dt

= 4/’52 (6,405 - vj + b0, |v|*] dadt
(3.5)
/t2|v| (07 — 20, Vo> — A%¢) dadt

+/t|Vv|2dxdt— /t|v|2(|V¢|2 — O¢p) dadt.

Here and in what follows, we adopt the convention that summation is done over the
repeated Latin indices running from 1 to n. The partlal derlvatlves in spatial variables
are denoted by the comma in lower indices, i.e., v; = az , Vo = (v;,5), etc. With the
function ¢ as above, we have

(3.6) I:(a+1)/t2[— (};’((tt)))/ th((t)))}'v'Qd dt = —/t|v|2dxdt
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Using the simple identity
(3.7) Vof? = %(8t+A)|v|2 v (0w + Av),
we find
(3.8) /t2|Vv|2dxdt _ —/t|v|2dxdt —/t%-Lvda:dt+/t2|v|2(|v¢|2 _ 0,6) dudt.

In our case,
h'(t)
h(t)

The latter relation (together with (3.6)) implies the estimate

IVo|> — 0ip = —|Vo|> + (a+ 1)

(3.9) /t2(|Vv|2+|v|2|V¢|2)dxdtSSI—/tQU-Lvdxdtgbl/t2|Lv|2dxdt,

where by is a positive universal constant. Since
(3.10) e?|Vu| < |Vl + |[v||Vé),
from (3.4)—(3.10) it follows that

t/h*%@xﬂf*u»20a+1>

§b%/hfwﬁﬂﬂflﬁnﬂ@u+ﬁMﬂ%f%%dﬂm

Juf?

[ul® 2) -2
— + |Vl )e drdt

where by is a positive universal constant. Inequality (1.5) is proved.

§4. PROOF OF THE SECOND CARLEMAN INEQUALITY
Let u € C§°(QY), and let

|{E/|2 2a

(4.1) 0=0M 467, oVt =12 6P (at) =a(l - 1)

te’
where QL = (R% + e,)x]0,1[, z = (2/,2,), o €]1/2,1] is fixed, and a is a positive
parameter.
We are going to use formulas (3.1)—(3.5) for the new functions u, v, and ¢. Now, all
integrals in those formulas are taken over Qi_.
First, we observe that

Vo = Vel + Ve,

(4.2) ' 1_¢

V¢(1)($7t) = —%7 V(]b(Q) (x,t) = 2aa m xff’_len.

Therefore,

(43) v¢(1) . v¢(2) =0, |v¢|2 _ |v¢(1)|2 + |v¢(2)|2
Moreover,

V2¢ = V2 4 V232,

577 . .
(b(l): _4{5’ 1§Z7]Sn_17

(4.4) " 0, i=norj=n,

(2)_{0, i#Fnorj#n,

®is 20(2a — 1)atzta?* 2, i=nand j =n.
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In particular, (4.4) implies

(4 5) Giidid ;= _l|v¢(1)|2 +2a(2a _ 1)a1 _tx2a72|v¢(2)|2 > _l|x/|2
' I 7 o O T 4t16t3

Using (4.3)—(4.5), we write the integral I in (3.5) as follows:
(4.6) I=5L+1IL+ /t|Vv|2 dxdt,
where
I, =4 / 2[¢4 v v + 650 0% 0[] dudt
+ /t2|v|2(af¢<8> — 20|V 2 — A29() — %|V¢(S>|2 + %a@@) dzdt,

s=1,2.

Direct calculations yield

n=-— /t(|Vv|2 o |?) dedt,
whence
(4.7) I= /1t|fu,n|2 dzdt + I>.

Now, our aim is to estimate Is from below. Since a €]1/2,1[, we can suppress the
first integral in the expression for I5. As a result, we have

(4.8) L > / 2loP(Ar + As + Ay) dadt,

where
Ay = =0V,

Ay = Ay — A% — S [T4OP,
Ay = 9207 + 2097,
For As, we find

1—¢ 4 2 2a+2
Ao > ——a2 (20 — 1) [% ~2a(2a — 2)(2a — 3)|.

Since x, > 1 and 0 < ¢ < 1, we see that As > 0 for all @ > 2. Hence, (4.7) and (4.8)
imply the inequality

(4.9) I> /t2|v|2(A1 + A3) dadt.
It is not difficult to check that
x2a
(4.10) As > a0 — 1)#3_2.

On the other hand,

1 1-1¢ a—
_5\t|v¢(2)|2 _ E|V¢(2)|2 > (20— 1)t2a+1 4a2a2x%(2 D>

so that
1
(4.11) Ay > E|v¢><2>|2.
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Combining (4.9)—(4.11), from (3.4) we deduce the estimate
/t2|Lv|2dxdt >1
2a
(4.12) >a(2a—1) / %|v|2dxdt + /t|v|2|V¢(2)|2dxdt
> a(2a - 1)/|v|2dxdt+/t|v|2|qu(2)|2dxdt.

Recalling (3.7), we can find the following analog of (3.8):

(4.13) /t|Vv|2dxdt = —%/|v|2dxdt— /tv : Lvdxdt+/t|v|2(|v¢|2 — 0;0) dadt.
By the special structure of ¢, we have
Vol? = 0,6 = Vo] = 9,61 + Vo 2 — 9,0
= —[Vo PP + Vo] — 8,60,

which allows us to reduce (4.13) to the form

[ UV + (T + 19622

= /t(|VU|2 + |v[*|V¢[?) dudt

(4.14) .
= —§/|fu|2 dxdt — /tv-Lvdxdt
+2/t|v|2|V¢(2)|2dxdt - /t|v|28t¢(2) dzdt.
But
2) 2
_tat¢( Sat—a

and, by (3.10) and (4.14),

1 2a
(4.15) 5/t62¢|V’u|2 < —/v~(tLv) dxdt—i—2/t|v|2|V¢(2)|2dxdt+a/%|v|2dxdt.
The Cauchy—Schwarz inequality, (4.12), and (4.15) imply the required inequality (1.6).
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