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MULTIVARIATE PERIODIC WAVELETS

I. E. MAKSIMENKO AND M. A. SKOPINA

ABSTRACT. A general construction of a multiresolution analysis with a matrix dila-
tion for periodic functions is described, together with a method of finding wavelet
biorthogonal bases. The convergence of expansions with respect to these bases is
studied.

§1. INTRODUCTION

Wavelet bases play an important role in solving numerous applied problems; also,
they are an indispensable tool in approximation theory. In the late 1980s, a method of
construction of wavelet bases for La(R) was proposed in the papers [2] by Mallat and [3]
by Meyer; this method is based on what is called multiresolution analysis (MRA in the
sequel). The essence of this method is as follows. MRA is generated by a function (called
a scaling function) with certain special properties. Starting with the scaling function,
one creates another function (called a wavelet function) such that the shifts and dilations
of it constitute a wavelet basis for Ly(R) (see, e.g., [I, Chapter 5]).

Multivariate wavelet bases can be produced in a number of ways. First, it is possible
to take the tensor product of several one-dimensional wavelet bases. This is simple, but
the resulting multivariate system does not inherit all assets of the initial univariate bases.
In particular, the localization property, which is of great value for applied problems, is
not preserved. This can easily be demonstrated with the help of the Haar system. In
the one-dimensional case, a basis function with a large index has a small support. But
for the tensor product of two Haar systems (indexed doubly in a natural way), a basis
function with an arbitrarily large absolute value of the index may have a support large
in one direction.

Another approach to constructing a d-dimensional wavelet basis is to consider the
tensor product of d one-dimensional MRAs. Such a structure is similar to that of a
one-dimensional MRA and is generated by the tensor product of one-dimensional scaling
functions. In this case, we have several wavelet functions whose shifts and dilations con-
stitute a basis of Lo (Rd). A still more general definition of a multivariate multiresolution
analysis was given by Meyer in [3]. By this definition, an MRA of Ly(R?) is a collection
of closed subspaces Vj, j € Z, of the space Lo(R?) that satisfy the following conditions:

1) V; C Vj4q for any j € Z;

2) Ujez Vj is dense in Lo(RY);

3) ﬂjeZ Vi = {0} ‘ ‘

4) f(z1,...,2q) € Vo <= f(2x1,...,224) € V};

5) there exists ¢ € Vy (the scaling function) such that the functions ¢(- + k), k € Z,
constitute an orthonormal basis of the space Vj.
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The problem of finding wavelet functions becomes more complex in the multidimen-
sional case. Under various assumptions on the scaling function, this problem was con-
sidered by de Boor, DeVore, and Ron [4], Jia and Micchelli [5], [6], and Riemenschneider
and Shen [7], [8]. In the most general case, a method for constructing wavelet functions
was described explicitly by Jia and Shen in [11]. In Meyer’s definition of an MRA, the
scale factor is the diagonal matrix with 2’s on the diagonal, i.e., dilations in all directions
are the same. Other scale factors are also of interest for some applied problems. A more
general approach to the multivariate MRA was given, e.g., in the book [18] by Woj-
taszczyk. In that book, integral matrices satisfying some natural requirements played
the role of the scale factor, and a general algorithm for construction of wavelet functions
was presented. The problem reduces to finding a unitary matrix whose first row elements
are given functions. Similarly, in order to find a biorthogonal pair of wavelet bases, we
need to construct two matrices the first rows of which coincide with a given pair of or-
thogonal vector-valued functions. In [9], [10], Jia, Riemenschneider, and Shen presented
a description of an algorithm for constructing orthogonal and biorthogonal compactly
supported wavelet bases.

Usually, univariate periodic wavelets are defined by periodization of wavelets in Lo(R).
Such an approach to periodic objects is not quite natural; moreover, in the literature we
find periodic wavelets (e.g., in the paper [12] by Chui and Mhaskar) that do not match
this definition. Definitions of a multiresolution analysis for periodic functions (PMRA)
has been proposed by many authors (Chui and Wang [13], Zheludev [14], Goh, Lee,
Shen, and Tang [16], Petukhov [I5], etc.). The most general definition of a PMRA in the
spaces Ly, 1 < p < oo, and C was suggested by Skopina in [19], where also a description
of the periodic wavelet bases was presented together with a method of constructing
them. Moreover, in [I9] conditions were found that ensure the convergence of a Fourier
series with respect to a wavelet system. All descriptions were given in terms of Fourier
coefficients. From the viewpoint of applications, this approach has an advantage as
compared to the nonperiodic constructions, because the problems become discrete.

The present paper is devoted to description of multivariate PMRAs, to construction
of orthogonal and biorthogonal wavelet bases, and to expansions with respect to such
bases. As a scale factor, we take (d x d)-matrices, where d is the dimension of the space.
Let M be an integral matrix such that the absolute values of all of its eigenvalues exceed
1. We note that the operator with the matrix M, applied many times, provides dilation
in all directions, because

1 li M| =0.
(1) m [[M7] =0

This follows from the fact that the entire spectrum of M (in the finite-dimensional case
the spectrum coincides with the set of eigenvalues) is located in the disk |A| < r(M~1),
where r(M~1) := lim,, o [|[M~"||"/™ is the spectral radius of M ~!, and there exists at
least one point of the spectrum on the boundary of that disk (see, e.g., [I7, Russian
p. 267]). Since the absolute values of all eigenvalues of M ~! are strictly less than 1 and
the set of eigenvalues is finite, we have r(M 1) < 1. Therefore, the sequence ||M~"||
decays faster than a geometric progression.

§2. NOTATION AND PRELIMINARY INFORMATION

Throughout the paper, N is the set of positive integers, R? is the d-dimensional
Euclidean space, © = (x1,...,24) and ¥y = (y1,...,5q4) are elements of RY (vectors),
(v,y) = 191 + - + 2aya, |2| = /(2,7), 0 = (0,...,0) € R Z4 is the integral lattice
inRY Z, = {x € Z' : x>0}, T* = [0,1)? is the unit d-dimensional torus, and &
is the Kronecker delta. By the space X we mean either C(T¢) or L,(T%), 1 < p < oo;
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flk) = Jpa F()e=2mE:0) dt is the kth Fourier coefficient of f € X; (f,g) = [a fg. We
shall identify the functions defined on T¢ = [0, 1)¢ with their periodic extensions to R9.

Let A be a nonsingular integral (d x d)-matrix; we denote by ||A|| the norm of A as an
operator from R% to R%, by A* the matrix adjoint to A, and by det A the determinant of
A. The unit (d x d)-matrix is denoted by E4. We shall say that two elements k,n € Z¢
are congruent modulo A (we write k = n (mod A)) if k —n = Al, £ € Z?. The lattice
7% is split into cosets with respect to this congruence. The number of cosets is equal
to | det A (see, e.g., [18, p. 107]). We fix an arbitrary representative in each coset, call
these elements digits, and denote the set of digits by D(A). For two sets K and L, we
say that K is congruent to L modulo A (modulo Z% if A = E4) if K can be split into
finitely many disjoint subsets, K = Ugil K, in such a way that for some integral vectors
li,...,4n we have L = Uﬁle (K,, + Al,) and the sets (K, + A¢,) are mutually disjoint.
Obviously, if K is congruent to L, then L is congruent to K. Congruence modulo Z4
means that we can “aggregate” L by shifting parts of K by integral vectors. Congruence
modulo A means that we can “aggregate” L by shifting parts of K by vectors of the
form A{ with integral £. Obviously, if two measurable sets are congruent, then they are
of equal measure.

Lemma 1. If A is a nonsingular integral (d x d)-matriz, then

K= [J (A7'0,1)*+47"r)
reD(A)

is congruent to [0,1)¢ modulo Z%, and

. / f
Td Z A-1[0,1)d+A—1r

reD(A)
for any f € Li(T%).

Proof. Set K, := [n,n+ 1)?N K, n € Z%. Clearly, K, N K,,, = 0 for n # ny, and
K =, Ky. Since the set K is bounded, only finitely many of the sets K, are nonempty.
We show that K, N (K,, —f) =0 for every £ € Z%. Let u € K,, C K; this means that
u=A"1v+ A" r withv € [0,1)? and r € D(A). Suppose there exists u; € K,,, n # na,
such that u = u; — ¢, £ € Z¢, or (what is the same) the difference u — u; is integral. Let
up = A" to + A7 r, v €10,1)4, 1 € D(A); then A~ (v—vy)+ A (r—r) = ¢, £ € Z4.
Multiplying this relation by A from the right, we get v — vy +r —1r; = Al, £ € Z%. Since
the vectors r, 71, and Al are integral and the vectors v and vy are in [0, 1)?, this is possible
only if v = v1. However, since r,r; € D(A), these vectors cannot be congruent modulo A
unless they coincide. Therefore, r = 71, i.e., u = w1, which contradicts the assumption
n # ny1. Now we show that [0,1)% =, (K, —n). Observe that K,, —n C [0,1)¢ for any
n by the definition of K,,. Moreover, (K, —n) N (K,, —n1) = 0. We check that for any
€ [0,1)? there exist n € Z¢ and w € K,, such that u = w — n. Multiplying the vector
u by the matrix A from the left, we represent Au in the form Au = p + v, where p € Z,
v € [0,1)¢. The vector p is congruent to one of the digits, i.e., there are r € D(A) and
I € Z% such that p = r + Al. Then u = A~'r + 1+ A=, whence u — [ € K. Therefore,
u—1¢€ K, for some n € Z% and n = —I. Putting w =u — | = u+n, we get w € K,,.
The second statement of the lemma readily follows from the 1-periodicity of the func-

tion f. 0
Lemma 2 ([22]). Let A be a nonsingular integral (d x d)-matriz with |det A| > 1. Then
(2) Z 6271'7;(14717",8) _ |det A| if r =0 (mod A)7

s€D(A*) 0 if r #0 (mod A).
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For completeness, we include the proof of this lemma.

Proof. We set m := |det A| = |det A*|. The cosets with respect to A* form a group
relative to addition; this group consists of m elements. If r = 0 (mod A), i.e., r = Al
with | € Z%, then (30) is obvious. If r # 0 (mod A), we take any vector a € Z? such
that (A~'r,a) ¢ Z; then, in particular, a Z 0 (mod A*). Consider the vectors a, 2a, 3a,

.., and let my be the minimum positive integer such that mia = 0 (mod A*). Then

1 < my < m (if none of the elements ka, k = 1,...,m, is congruent to zero, then they
are mutually noncongruent, but the group in question has only m elements). Thus, the
vectors a, 2a, ..., mia form a subgroup of m; elements. By the Lagrange theorem, m
is divisible by mj. Let m = min, and let a; = 0, aq,...,a, be representatives of the
elements of the corresponding quotient group. Then the elements ar + ja, k =1,...,n,
j=1,...,mq, run over all of the group, and

m n mi n mi

Z eQﬂ'i(A_lr,sk) — Z Ze2wi(A_1r,ak+ja) — Ze2ﬂi(A_1r,ak) Ze2ﬂi(A_1r,ja)

k=1 k=1j=1 k=1 j=1

-1

1— e27rim1(A r,a)

1 — e2mi(A~1ra)

Since mia = A*l, 1 € Z%, and (A~'r,a) ¢ Z by assumption, it follows that the ratio on
the right is equal to zero. O

Corollary 3. Under the assumptions of Lemma 2, the matrix {eQWi(Afln’T)}neD(A) 18

unitary up to the factor /| det A|.

reD(A”)
Indeed, the inner product of the nith and noth columns is equal to

Z e27ri(A_1(n17n2),r).
reD(A*)
By Lemma 2, this sum is equal to |det A| for nqy = ns, and otherwise it is equal to zero
because n1 # ny (mod A).

Lemma 4. Let A be a nonsingular integral (d x d)-matriz with | det A| > 1. Then the
set {r + Aip}, r € D(AY), p € D(A), is a set of digits for the matriz AT+1.

Proof. The number of all possible pairs (r,p) with 7 € D(A47) and p € D(A) is equal
to | det A|j + Thus, it suffices to prove that different pairs cannot give rise to vectors
congruent modulo A7+, Let 7,71 € D(A’) and p,p; € D(A). Assume that r + A’p
and r; + A/p; are congruent modulo A7*1; then (r — 71) + A7 (p — p1) = AIt1n for
some n € Z? Multiplying both sides of this relation by A~/ form the left, we get
A7 (r—r))=—(p—p1) +An € Z% ie., r =7 (mod A’). Since r and 7; belong to the
set D(A7), which contains only one representative of each coset, we have r = r1. The
relation (p — p1) = An implies that p = p;. Thus, r + A7p and r; + A/p; are congruent
modulo A7*1 if and only if r = r{ and p = p;. O

Throughout the paper, M denotes a fixed integral (d x d)-matrix such that the absolute
values of all of its eigenvalues exceed 1; we put m = | det M|. Obviously, for such a matrix
we have m € Z, m > 1, and, as has already been noted,

(3) lim |M"x| = o0

n—oo

for all z € RY, 2 # 0.
On the space X, we define a shift operator Sg, p € Z%, j € Z,, by the formula

(4) Spf(@) = f(z+ M p).
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§3. PMRA AND THE SCALING SEQUENCE

Definition 5. Let V; C X, j € Z. The collection {V;}22 is called a PMRA of X if
the following conditions (ax10ms) are fulfilled.

(MR1) Vj C Viya;

(MR2) U, V; = X

(MR3) dimV; = m?

(MR4) dim{f € V; : Sif = A\, f for all n € Z4} < 1 for any {\,}nezay;
(MRb) feV; < SifeV;foralneZ%

(MR6) a) feV;, = f(M-)€ Vi,

b) fe€Vin = Yepan (M- +M1s) € V.

Remark. Since f is periodic, in conditions (MR4) and (MR5) we can consider only the
digits of the matrix M7 instead of all n € Z¢. So, these conditions can be replaced by
(MR4') dim{f € V; : Sif = \.f for all r € D(M7)} <1 for any {\},ep(ni);

(MRY) f€eV; < SifeV;foralneD(M).

Definition 6. Let V; be a PMRA in X. A sequence {¢;}72, of functions ¢; € V; is
called a scaling sequence if {S5¢;},ep(aiy is a basis for the space V;.

Theorem 7. Functions p; € X, j € Z4, constitute a scaling sequence for a PMRA of
X if and only if

(®1) Po(k) =0 for all k #0;

(®2) for each j € 7y and each n € 7, there exists k = n (mod M*7) such that
(k) #

’ (®3) for each k € Z¢ | there exists j € Z such that @ (k) # 0;

(®4) for each j € N (md every n € Z4, there exists pi, such that $;_1(k) = pl, p; (k)
for all k = n (mod M*7);

(®5) for each j € Zi and every n € Z, there exists vl # 0 such that v)p;(k) =
Pj+1(M*k) for all k =n (mod M*7).

We preface the proof of the theorem with a series of auxiliary statements.

Lemma 8. Suppose that V; C X, j € Z, and that the azioms (MR1), (MR2), (MR3),
(MR5), and (MR6) of Definition 5 are fulfilled; then Vy = {const}.

Proof. By (MR3), the space V; is one-dimensional. Let f € Vp, and let || f]] # 0. We
show that f(0) # 0. Suppose that f(0) = 0. We introduce the following operator A:
Af = ZSED(M) f(M=1.+M~1s), and set g = Af. By Lemma 1,

= > CE Yo+ M~ s) da

seD(M)
=m Z / f(z)dz=m | f(z)dz
seD(a) Y M1 T4 M s T4
=mf(0).
If go € Vj, then g1 := Ago € Vj_1, ..., gj == Agj—1 € Vy. If §;(0) # 0, then this
contradicts the fact that 1} is one-dimensional, because f(0) = 0. If §o(0) = 0, then the

mean value of any function in V; is zero, which contradicts (MR2).

Now we assume that f(n) # 0 for some n # 0. Set f; := Af. Since f € Vp, we
have f € V4 by (MR1). Consequently, f1 € Vy by (MR6b). Since V; is one-dimensional,



170 I. E. MAKSIMENKO AND M. A. SKOPINA

f1 = Af. This implies that ﬁ(n) = /\f(n) However, A = m because ]?1(0) = mA(O). On
the other hand, a direct computation with the use of Lemma 1 yields

fi(n) = Z /f(Mflx—l-M*ls)eQ”(x’")dx
)

seD(M

=m Z / f(z)e27ri(szs,n) dz =m f(z)ez’ri(MZ’”) dz
M-1Td+M-1s

seD(M) T4
=m A(M *n).
Therefore,
Fin) = Farn) = - = Fon) = -+
Recalling that the Fourier coefficients of f € X tend to zero as the absolute value of their
indices tends to infinity, and taking (3) into account, we arrive at a contradiction. |

On the space X, we define operators wi, j € Z,, n € Z%, by recursion:

WO =1,
. 1 . —il1 . )
@)= o D0 e PO f o M),

s€D(M)

Lemma 9. Suppose that V; C X, j € Zy, and that the aziom (MR5) of Definition 5 is
fulfilled. If f € Vj,, then wl f € Vj, for all j =0,...,50 and all n € Z%, and

(5) w%f ~ Z f(M*]m—l— ,n)e27ri(M*J'»er'rl,~)7
meza

— —

ie., whf(k) = f(k‘) if k=n (mod M*?), and wi,f(k) =0 if k #n (mod M*7).

Proof. We proceed by induction on j. The assertion for j = 0 is obvious. Suppose that
wlif €V, for 0 < j < jo, and that (5) is true for all n € Z%. From (MR5) it follows
that wl f(- + M7~ 1s) = wi f(- + M—JoMio=i=1s) € V. This implies the relation
witl f € Vj,. Next, we have

i 1 i . . .
W%—Hf(k?) _ E/ Z e—27rz(M ls,n)w%f(x + M—]—ls)e—Qﬂ'z(x,k) dr
T sep()

S

Z e—Qm'(M*J*s,n)/ wg‘lf(t)e—Qwi(t—M*J*ls,k) dt
seD(M) T4
_ l Z 6727ri(M7j715,n7k)u;];\f(k).
m seD(M)
If £k = n (mod M*j+1), then, obviously, the sum on the right is equal to m, whence

Wit f (k) = W f(k). Ik #n (mod M**1) and n =k (mod M*7), ie., n— k= M+,
where the vector [ is not congruent to zero modulo M*, then, by Lemma 2, the same
sum is equal to zero. Finally, if k # n (mod M*’), then, by the induction hypothesis,

wh f(k) =0, whence wi, ™ f(k) = 0. O

Lemma 10. If Vj is a PMRA of X, then each space V; possesses a basis {v},},ep(ar+s)
with the following properties:

(V1) %2 (k) = 0 for all k #n (mod M*7);

(V2) if 5. (k) # 0, then 03, (¢) = 531 (0) for all £ = k (mod M*IT1);

(V3) 0l (k) = 035 (M*k) for all k € 7.
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For convenience, we set 9] := 07 if | =n (mod M7).

Proof. We use induction on j. The case of j = 0 is obvious because all integral vectors
are congruent to each other if j = 0. Suppose that in the spaces V; with j = 0,...,7j0

there exist bases satisfying (V1), (V2), and (V3). We introduce the spaces Vj(n) =
{feV;: flk)=0forall k% n (mod M*)}.If F € V;, then
F= Y wiF= Y F, Fev®.

neD(M*7) nED(M*7)
This means that V; = >, o pares) Vj(n). Therefore,

(6) m! =dimV; < Y dimV".
neD(M*J)

We find the dimension of V}("). If f e V}("), then

Fym 3 FMm s mn),

mezd
Applying the shift operator, we get
(S0)(@) ~ 30 FI 4 m)e2mii mnatd=in) _ @m0 f(q),
mezZd
ie., SIf(x) = eQ’Ti("’M_jp)f(x) for all p € Z. Using (MR4) and (6), we deduce that
dim V(n) =1.
We construct the basis {vjot1}. Tf 5°(k) # 0, we set v°T" == W™ v/°. Properties

(V1) and (V2) are valid by Lemma 9. We check (V3). If £ =0 (mod M*) and n =k
(mod M*%+1) | then

~jo+1 ~jo—1 -1 ~ -1
) =0 (n) =00 (M ) =T (M)

by the induction hypothesis. Thus, we have defined the basis functions with the indices
k for which there exists n = k (mod M*7°* 1) such that Ajo( ) # 0. Now, suppose that
ij( ) = 0 for all n = k (mod M**1) and k = 0 (mod M*). In this case we set

ﬂ)ﬂ(x) vM* 1,(Mz). Using Lemma 1, we obtain
@ioJrl(n) :/ vioJrl(x)e—Qﬂ'i(x,n) dz :/ M* 1k(M$) —27ri(9c,n) dx
Td Td

-y Vg1 (Ma)e 27 do
—1’H‘d,+M—1S

seD(M)
1 ) .

w2 / Ve (D) 2T ay
seDp(M) VTt

=00, 1 (M ).

Clearly, property (V3) is fulfilled, and property (V1) is valid by the induction hypothesis.

Finally, let AJO( ) =0 for all n = k (mod M**) and k # 0 (mod M*). In this case,

Jo+1
as ’Uk

from the definition of V;(O 4)_1, and no verification is required for (V2) and (V3). O

we can use any nonzero element of the space ‘/;(01:)_1 Then property (V1) follows
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Remark. If only the axioms (MR1), (MR3), (MR4), and MR5 of Definition 5 are fulfilled
for a sequence of subspaces V; C X, j € Z,, then, in each Vj, there exists a basis
{v} }nep(ar+iy satistying conditions (V1) and (V2). This can be proved by the same
method, by using an arbitrary nonzero element of Vy as vJ, and an arbitrary nonzero
element of V", as viOH in the case where ﬁio (n) =0 for all n = k (mod M*°*') and
k=0 (mod M*).

Lemma 11. If in each space V; C X, j € Z4, there exists a basis {v%}neD(M*j) satisfying
condition (V1) of Lemma 10, then the axiom (MR4) of Definition 5 is fulfilled.

Proof. In view of the remark to Definition 5, it suffices to verify (MR4'). For r € D(M?7),

let f be an eigenvector of the operator S7, i.e., S7f = \.f, and let f = ZneD(M*J) ad vl
By condition (V1), the operator S/ acts on v/ as multiplication by e2™*(M"~'nr)  Ap.
plying S7 to the function f, we get
Sl = > elSli) = 3 el ),
neD(M*7) neD(M*7)
Since f is an eigenvector of S/, we have
0=Sif(x) = Af(z)= > ad [0 )\ Jod ().
neD(M*7)

It follows that o [e2™ (M~ 71‘””“)‘ —A]=0forallne D(M*7), because the v are linearly
independent. Suppose that o), # 0 and of, # 0 for two different numbers ng # n.
Subtracting, we get

(627'ri(M*_jn077’) — >\r) — (627ri(M* _jnl,'r) - >\r) = 07

or e2mi(M* ™I (no—n1),r) — 1. Now, let f be an eigenvector of all operators S, r € D(M7).
Summing the above identities over all r, we obtain

(7) Z BQM(MPJ("o—”l)vT) =m’.
reD(M?7)
On the other hand, since ng is not congruent to n; modulo M*/, Lemma 2 yields
(8) Z eQWi(M*—j(nof’ﬂl)J’) — O7
reD(M*7)
which contradicts (7). Thus, o/ may differ from zero only if n = ng, so that f is
proportional to UZLO. Moreover, from the above arguments it follows that
(9) Ay = 2 M o) e D).

Let ¢ = Y, #2vJ be another eigenvector of all operators S7, » € D(M7). For this
vector, again, only one of the (), differs from zero. Suppose that 3}, # 0, n1 # no.
As in (9), we have \, = ™M™ Inur) e D(MY). Combining this with (9), we get
2™ (M (no—=n1),7) — 1 for any r € D(M7). Summing these relations over all , we obtain
(7), which contradicts (8). Therefore, g is also proportional to "ugm, and the dimension of
the subspace of all such functions does not exceed 1. O

Proposition 12. Let V; be a PMRA of X. A sequence {p;}52, C X is a scaling
sequence if and only if

(10) Pj = Z dvl, ol #0 for alln € D(M*j),
neD(M*7)

where {v],} e p(va) is the basis for V; defined in Lemma 10.
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Proof. The “only if” part. Let {goj}]‘?‘;o be a scaling sequence, and let o, n € D(M*j)7
be the coefficients of the expansion of ¢; in the basis {v}},ep(ar+s)- Applying the shift
operator Sf, r € D(M7), to ¢;, we obtain

(11) Sﬁ@] _ Z azleQﬂ'i(M*—jn,T’),Uzl.
neD(M*7)

Suppose that a{lo = 0 for some ng; then
V; = span{S]p;,r € D(M)} = span{vj,, n € D(M*’),n # n},

which contradicts the minimality of the basis {v]}, D(M~*3)-
The “if” part. Let ¢; be defined by formula (10). As above, we have

Slp; = Z a{bez’ri(M*_j"’r)v%, r € D(M?).
neD(M*7J)

We view this as a system of equations with the unknowns ovi. By Corollary 3, the
matrix of this system is unitary (up to a factor). Since the functions o v constitute
a basis, and any unitary transformation takes a basis to a basis, the functions Sigoj,
r € D(M?7), constitute a basis for the space V;. O

Corollary 13. If {p;}52, is a scaling sequence, then wlp; = advl, where o, # 0.

This statement follows from (5) and the fact that dim Vj(n) =1 (the V}(") are the
spaces defined in Lemma 10).

Corollary 14. In any PMRA there exists a scaling sequence.

For the proof it suffices to set af = 1 in (10).

Proof of Theorem 7. The “only if” part. Property (®1) follows from Lemma 8. To prove

(®2) we use Corollary 13. The relation wp; = ajv/ implies that 3;(k) = wlp;(k) =
odvJ (k) for any k = n (mod M*7). The existence of k = n (mod M*/) such that
v (k) # 0 follows from the relations v/ # 0 (because v is a basis vector) and o7 (¢) = 0
for all £ Zn (mod M*7). Since ad, # 0, we get @;(k) # 0. Property (®3) will be proved
by contradiction. Assume that @;(k) = 0 for all j € Z;. This means that none of the

functions ¢, involves the harmonic e?™(%:#). In this case the same is true for the shifts

Sigoj, i.e., the inner product (f,e?7*(*%)) is equal to zero for any f € U;‘;OVJ-, which
contradicts the completeness of the union of the spaces V; (the axiom (MR4)). For the
proof of (®4), we take an arbitrary n € Z¢. First, we analyze the case where there
exists k = n (mod M*’) such that $;_1(k) # 0. By Corollary 13, wl¢; = ad v} and
wiois1 = wlwl™lp; 1 = ol twivi=l ad a1 £ 0. Therefore, by property (V2) in
Lemma 10,

a%_l ~

Pj—1(0) = —5=¢;(0)

Qn

for all £=n (mod M*7). Tt remains to set u, = ad~'/ad). If $;_1(k) = 0 for any k =n
(mod M*’), we set pj, = 0. For the proof of (®5), again we use Corollary 13. If k = n
(mod M*7), then

—

Pi1(M7k) = wirl 01 (M7k) = of 1 Bf, (MR),
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where o2l # 0. On the other hand, 3;(n) = 07 (k), ad, # 0. Therefore, by property
(V3) in Lemma 10, we get
oltl
Pj+1(M7k) = Z] 05 (k).

It remains to set v = o)t /ol

The “if” part. Suppose that the functions ¢; € X satisfy (®1)—(®5). Setting V; =
span{SJ p;,n € D(M’)}, we show that {Vi}52o is a PMRA of X and {g;}jez, is a
scaling sequence. First, we check (MR5). Let f € Vj; then f = ZkeD(Mj)akSiapj.
Applying the shift operator SIZ, p € D(M7), we obtain
(12) Sif= > oS)Sie;.

keD(M3)

The periodicity of f implies that SgS%f = Sif, wherer € D(M7), r = (p+n) (mod M7).
Substituting this in (12), we get ij € V; by the definition of V;. If ng € Vj, then,

as has already been proved, f = S? SJf € V;. Now we prove (MR3). By analogy with

(11), we use Lemma 9 to obtain

(13) SZ‘P]’ — Z 27rz(M “In, r)wzl@j.
neD(M*7)

—pp

It follows that V; = span{wlp;,n € D(M*/)}. We show that the functions we;,
n € D(M™), constitute a basis for V;. Suppose that these functions are linearly
dependent. In this case there exist numbers ay, kK € D(M*?), ax, # 0, such that
2 okeD(M) arwlp; = 0. By Lemma 9, this implies that w};(k) = $;(k) = 0 for all
k = ko (mod M*7), which contradicts (#2). For the proof of (MR3), it remains to note

that the number of the functions w? ¢; is equal to m?. Since the number of the functions

Sip;,n € D(M7), is also equal to m?, we have also proved that {S%@j}neD(Mj) is a basis
for the space Vj. For the proof of (MR1), we must check that f € V; implies f € Vjy1. It
suffices to consider only the basis functions w%apj, n € D(M*7). Lemmas 9 and 4 imply

the relation

. i1
(14) wiz@j = Z wil+M*Jp n‘pJ
pED(M*)

Using (®4) and Lemma 9, and the fact that the sequence ps*t! is M *1T1_periodic with
respect to the lower index, we obtain

Jj+1

wn_;’_M*JpwnsD]
~> W%so-(M*j“k o+ M p)e2ri(M T ke M p.)
J
kezd
B ~ 2 ragtl %3, 2w (M* I epmt M* I p,z)
= o;(M kE+n+ M*"ple
kezd
= > W age s Pt (M e M p)2m O ek M )
* itk M*ip
kezd
- i+1 ; (M %3
P B (M MO ket
kezd
Jj+1 Jj+1

~ ’U/n-i-M*Jpwn—i-M*Jp(pJ"'l
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It follows that

j 1 1
(15) W%%‘ = E leiM*Jp fliM*Jp%Jrl
pED(M*)

It remains to observe that, by Lemma 9, wii\/f*jpgojﬂ € Vit
Before passing to the proof of the remaining properties, we show that V; contains a
basis satisfying the conditions listed in Lemma 10. By recursion on j, we introduce the

following numbers of,, j € Z,, n € D(M*): af :=1;
if pd # 0, then oﬂ =l ud;
if uJ, =0, then n =0 (mod M*), o := 3\/[*1 L 'y;wl 1)

if 4 =0, n £ 0 (mod M*), then o, := 1. Clearly, a{l # 0 by construction. We
put v}, = wlyp;/ad. As has already been shown, the wi¢; constitute a basis for V.
Therefore, {v]},ep(ar-) is also a basis, and it is not difficult to check that properties
(V1)—(V3) of Lemma 10 are fulfilled. Property (MR4) follows from Lemma 11. To prove
(MR6), it suffices to show that this property is fulfilled for the functions {v}},c p(ari)-
Using Lemma 9 and (V3), we see that

U%(MJ)) ~ Z i]\%(k)eQﬂ-i(k,M;c) — Z /\J+1 (M*k) 2mi(M* k,x)
kezd kezd
= > Hn0emty
1€Z9,1=0 (mod M*)
~ ol (@),
For the proof of (MR6a), it remains to note that v » € Viy1. We check (MR6b). First,
we consider the case where n = 0 (mod M*). By (V3) we get

S ot M e+ MR = Y Wl (e k)€
keD(M) keD(M)

Now, let n # 0 (mod M*). Then
S ot M e+ M )
keD(M)
~ Z Z @\j+1(M*j+1l n n)627ri(M*j+ll+n,M_1x+M_lk)
leZd ke D(M)
_ Z ~j+1 M*j+1l + n)627ri(M*j+ll+n,M_lx) Z e27ri(M*jl+M*_1n,k).
lezd keD(M)

But the last sum is equal to zero by Lemma 2, and so (MR6bD) is fulfilled. It remains to

prove (MR2). Since the trigonometric polynomials are dense in X, it suffices to check
that any trigonometric polynomial can be approximated by functions in U?io Vi It

suffices to check this for an individual harmonic. Let f.(x) = e?™(™®) r £ 0. From
(®3) it follows that there exists jo with &;,(r) # 0. Since @;(r) # 0 by (®4), we have
vl (r) # 0 for all j > jo. We define the functions h; for j > jo by

hj(z) :==1— _vi(x) e 2mire),
o7 (r)
Then

, nelZzl
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Thus, Bj(n) # 0 only if n = 0 (mod M*7), n # 0. Hence, ﬁj(n) =0 for all n €
M*j(—l, 1)2. We select a subsequence of embedded parallelepipeds M*j’“(—l, 1)4. By
(1), there exists no such that ||M*~™°| < 1/2. Setting jx+1 = Jjr + no, we obtain
| M*Is+rg|| > 2||M**z|| for any = € R?. For sufficiently large k, in each parallelepiped
M*3%(—=1,1)? we can inscribe a cube K, with center at the origin, with edges parallel
to the coordinate axes, and with integral side length aj; that monotonically increases
to infinity as k increases. For convenience, in the sequel we shall write K; for this
subsequence. As has already been noted, ?Lj (n) = 0 for all integral n in K;. Consequently,
the partial sums over K; of the Fourier series of h; are equal to zero. Therefore, the
corresponding Fejér means o, (h;) over these cubes are also equal to zero. We need the
following identity for j > jo:
(16) hi(@)=m®=7 " hj(x+Mn).
neD(MIi—io)
For the proof, we apply Lemma 9 to rearrange the right-hand side:
mio—I Z hj,(z + M ~In)
neD(MIi—io)

— ypjo—i Z 1_ vlo(z + M 7n) e—2m‘(r,x+M*Jn)}

~Jjo
ngD(Mj*J‘o) Ur (T)
mio—J _ori —i P j i(M* 90 —i
~ _Ajo— E e 2mi(r,x+M "I n) § ,Uio (M*]Ol +7’)627”(M I+r,2+M "7 n)
Uy (7") neD(MI—50) 1€z,
1#0
mJo—J = ) o o a e (Gomi)
== E U,,'ZO(M*]Ol—f—T)eQTm(M l,x) 2 : e 2mi(M l,n).
Ur (7”) 1z, nED(MI—i0)
1#0

By Lemma 2, the inner sum on the right is equal to m’=7° if | = 0 (mod M7~7°), and is
equal to zero otherwise. This means that in the outer sum only the terms with indices
[ =0 (mod M?779) are nonzero. This sum can be rewritten as

m’~J Z i)\f;o (M*jk + ,r)eZﬂ'i(M*jk+r,z)6727ri(r,x) ~1— ’Ug' (J?) 6727ri(r,x).

F0) et so w0

Since, by (V2), 90 (r) = 94(r) for j > jo, and v (r) # 0, we arrive at (16). Now, (16)
and the linearity of the Fejér means yield

sl = ik = ok, )
= |mo X (e M) — o (g )+ M)

neD(Mi—io)
<mh N k(e + M) = ok (hy) (@ + M )|
neD(MIi—io0)
=m? Z tho —OK; (hjo)H'
neD(Mi—io)

The last-written expression tends to zero as j — oo, because the Fejér means of a function
in X converge to that function in norm (see, e.g., [23l Chapter 17, §1]). Thus, we have
proved that

. vl (x .
lim ‘ fr(@) = Aj( ) ’ = lim |[h;(z)[| = 0,
j—o00 ’Ur(T) j—oo
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i.e., f, is approximated by the functions v (z)/vi(r) € V;. O

From the proof of the theorem and the remark to Lemma 10, it is clear that if we
exclude the axiom (MR6) from the definition of a PMRA, then a scaling sequence will
be characterized by properties ($2)—(®4). This means that the following statement is
true.

Theorem 15. Let ¢; € X, j € Z, and let V; = span{SJ p;,n € D(M*’)}. The azioms
(MR1)~(MRS5) of Definition 5 are fulfilled for a collection of spaces {V;}32, if and only
if the functions y; satisfy conditions ®2-®4 of Theorem 7.

A wide class of PMRAs of Ly(T%) can be constructed by the following standard
method. A scaling sequence is obtained by periodization of a function ¢ € Lo(R?)
by the formulas

(17) pi(x) = > o(Mz+ Mk)
kezd
(we say that such a PMRA is generated by the function ¢). Let ¢ € La(R?) be a scaling
function of a nonperiodic MRA, i.e., the following conditions are fulfilled:
(1) there exist positive constants A, B such that

A< Z |B(€ +m)]> < B for ae. £ € RY;
mezZd

(ii) there exists a function mgy € Lo(T?) such that

PM*E) =mo()P(€) for ae. € € R

(iii) the function @ is continuous at zero and $(0) # 0. If, moreover, we assume that
o decays sufficiently fast at infinity, for example,

o) =0 (e ). >

(which is usually the case for the known MRA), then ¢; € L2(T%), and, by the Poisson

summation formula,
E M* _] 271'7;(7’)1,:8)

meZ

We check that the ¢; satisfy conditions (®1)—(®5) of Theorem 7. To prove (®1), we
observe that, by (ii) and (iii), mo(n) = mo(0) = 1 for all n € Z¢. Therefore, if 3;(k) =
mIG(M* k) # 0 for some k € Z% k # 0, then 3;(M*‘k) = @;(k) # 0 for all
¢ € Z,, which cannot be true for a function in Ly(T%). Properties (®2) and (3)
follow (respectively) from (1) and (iii). It is not difficult to check ®4) and (®5) if we set
g = mo(M* 7 k), 4l =

In [19], a condition was found under which a PMRA in L,(T') or C(T!) is generated by
an integrable function. However, a PMRA can be generated by a nonintegrable function.
For instance, the function

(18) ple) =

is scaling; though ¢ ¢ L(R), periodization of ¢ is possible because the series (17) con-
verges in the principal value sense. Petukhov [24] found a PMRA that is not generated
by a function (in the above sense). In fact, the existence of a generating function have
not yet been investigated adequately even in the one-dimensional case.

™r
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§4. WAVELET SPACES

In this section, we follow a standard idea of constructing wavelet bases, in order to
determine the wavelet spaces and the functions whose shifts constitute bases in these
spaces. In the orthogonal case (which may occur only if X = Lo(T9)), the wavelet space
is the orthogonal projection of the space V41 with kernel Vj. In the biorthogonal case
we deal with two multiresolution analyses. The space V;; of one of them is projected

orthogonally relative to the corresponding component V; of the other.
We shall consider pairs of PMRA with the first component {X;}32, in L,(T?), 1 <

p < oo (C(T?) for p = oo) and the second component {‘71};‘;0 in L,(T%), 1/p+1/g=1
(C(T?) for p = 1). Such a pair is called a (p, q)-pair.

Proposition 16. Let {V;}2, and {‘7]};‘;0 form a (p, q)-pair, and let ¢ € V;, 3 € V.
The systems of functions {S%@}neD(Mj) and {Si@}keD(MJ) are biorthonormal if and
only if

(19) (wlp,wig) =m™7
for all r € 74
Proof. By Lemma 9, we have

<SZL<‘0’S£§5>:< Z ezm(M**J'r,n)wz% Z eQm‘(M*js,k)wg'(Z>
reD(M*7) s€D(M*J)

_ Z l Z e27ri(M*_jr,n)ef27ri(M*_js,k)<wzsﬁ7wg¢>.
reD(M=*3) seD(M*7)

Since the spectra of the functions wiyp and wl@ are disjoint for r # s, the corresponding
terms in the latter sum are equal to zero. Thus,

(20) (Sip, Si7) = Z (2 k)
reD(M*7)
where ¢, := (wlp,wi@). This and Lemma 2 ensure the “if” part. Now we assume

that {S%@j}neD(Mj) and {Si@}keD(Mj) are biorthonormal systems. We regard identi-
ties (20) with a fixed n € D(M7) for all k € D(M7) as a system of equations with the
unknowns ¢,. By Corollary 3, the solution ¢, = m™, p € D(M *7), is unique. It remains
to note that ¢, = ¢, p+s, i€, ¢p = m™J for all p € Z4. g

Corollary 17. Suppose that {V;}52, and {‘7]};‘;0 form a (p,q)-pair with scaling se-
quences {@;}32 and {@;}32, respectively, and let i, and [, be the factors occurring
in property (®4) in Theorem 7. If the systems {S%@j}neD(Mj) and { S5} nep(mi) are
biorthogonal, then

(21) Z :u‘i,_;_M*jflkﬁi,_FM*jflk =m
keD(M*)

for allp e Z¢ and all j € Z.
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Proof. As in (15), we have

— — i w1,
mTT = (w1, W P)

- Y i , S W j 5.
- < ‘u‘p+M*j71kwp+M*j71k80]71’ ‘LLp+M*j1lwp+M*Jllsoj1>
keD(M*) leD(M*)

J ~j J 0 >
o Z ‘u'erM*j’lkMerM*j*lk<wp+M*J*1kSOJ’wp+M*Jflk¢j>
keD(M*)

I J ~J
=m™’ Z Foppri=1kHppaei—15
keD(M*)
and it remains to multiply both sides of this identity by m7. O

Now we begin the construction of wavelet spaces and bases. First, we treat the or-
thogonal case. Let {V;}72, be a PMRA of Ly(T?), with a scaling sequence {vi}o
that generates the orthonormal shift bases {57y, }ne p(msy for the spaces V. We re-
strict ourselves to the case where all ui (the factors in property (®4) in Theorem 7) are
real. Our goal is to find functions ), v = 1,...,m — 1, in the space Vjt1 such that
the corresponding systems {S%lbyl)}ne p(ms) are orthonormal and orthogonal to Vj, and
complement { S} ¢;}nep(am) to a basis for the space Vj,1. For this we need to complete

a matrix up to a unitary one starting with its first row. Suppose that real numbers
ago, - - - , Gom (the first row of a future unitary matrix A) satisfy the condition

m
(22) Sk =1
r=1

If ago = 1 and agy, - . .,a0m = 0, we define A as the unit matrix. If agy # 1, then the
remaining elements of A are given by the Householder transformation:

2

a0k a0l a
(23) e = agl = — kAL apgy=1-— —2k
1-— anpo 1-— apo

We fix j € Zy and n € D(M*j). Let s, k = 0,. — 1, be an enumeration of
the set D(M*). We put agr, = n+M*Jg /vm, k=0,. — 1. By Corollary 17, these
numbers satisfy (22); therefore, we can complete thls row up to a unitary matrix A.
Set an’j_M*Jgk = Vmayy,. If n runs over the entire set D(M*?), th'en7 by Lemma 4, the
vectorsn+M* s, k=0,...,m—1, run over the entire set D(M*7*1) i.e., the numbers
a%d are well defined for all s € D(M *It1) We extend this sequence (with respect
to the subindex) to Z¢ by setting o}/ = a¥7 for all | = s (mod M*/™). For each
v=1,...,m—1, we introduce the wavelet functions ¥*) via their Fourier coefficients
w](»y)(l) =a%93;11(1), 1 € Z?%, and define the wavelet spaces to be

Wj(”) = span{5£w§u),n € D(M7)}.

Theorem 18. Let {V;} be a PMRA of L*(T¢) with a scaling sequence {¢;}, and let
Sip;, n € D(M7), be an orthonormal system for any j € Z. Then

n
Vin=V,eWl e --ow™™, jez,,
and {S%w§u)}neD(MJ) s an orthonormal basis for the space Wj(”)7 v=1,....,m—1.

The proof of this theorem will be presented in a more general situation (Theorem 19).
Now we consider the biorthogonal case. Let a (p, ¢)-pair satisfy the assumptions of
Corollary 17. To construct the wavelet functions, we need to supplement two suitable
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rows up to two mutually inverse matrices. Let numbers aqg, . . ., agm—1 and agg, - - - , Aom—1
(the first rows of the future matrices A and A, respectively) be such that

m—1
(24) Z apraor = 1.
r=0
First we assume that agy = ago # 1. In this case, for k,1 =1,...,m — 1, the remaining

elements can be defined as follows:

— aoiaok
(25) ap = aogl, Gk = Ol — ———,
1-— apo
~ _ ~ aopraok
(26) ap = ao;, Gk = O — —.
1-— apo

It is easy to check that
(27) AA* = B,

Now we assume that agpapp # 0. Consider the numbers af;,, = Caok, ap, = aor/C,
k =0,...,m — 1, where C is chosen in such a way that ap, = af,, # 1. It suffices to

set C' = \/Zi_oo/ ago and to choose a complex value of the square root for which aj, # 1.
Since the new rows satisfy all the requirements of the preceding case, we can complete
these rows up to matrices A’ and A’ such that A’A”* = E,,. After replacing the first
rows in these matrices by the initial ones, we obtain the required matrices A and A.
Finally, suppose that agoago = 0. From (24) it follows that there exists o such that
aoryGor, 7 0. Interchanging ag,, with agp and ag,, with agp, we return to the preceding
case. Supplementing the new rows up to mutually inverse matrices and interchanging
the Oth and roth columns again, we obtain the required matrices A and A.

Fix j € Z, and n € D(M*?). As above, let s;, k = 0,. —1, be an enumeration
of the set D(M™*). We put agr, = iLJ-ri-lM*Jek/\/_ aok = n+M*JGk/\/_ k=0,.
By Corollary 17, these numbers satisfy (24); therefore, we can complete these roOws up
to matrices A and A satisfying (27). Let ozn’iM”S = /may, anJrM*JSk = V/mayg.
From (27) it follows that

m—1 —1

(28) ol =0, avd ot =0, v=1,...,m—1,

nJrM*Jsk‘u'nJrM"Js;C n+M*Jsk‘un+M*-7sk
k=0 0

3

x>
I

P _ _
(29) Z n_i_M*Jgk O ppeig, = MO, Lv=1,...,m—1.
If n runs over the entire set D(M*j), then, by Lemma 4, the vectors n 4+ M* sy, k =
0,...,m — 1, run over the entire set D(M*7*1) ie., the numbers o27, @27 are well
defined for all s € D(M™? ). We extend these sequences (with respect to the subindex)
to Z? by setting aj’ = a2 and &) = a2 for all | = s (mod M*/*!). For each v =
1,...,m — 1, we introduce the wavelet functions ¢*), w(” via their Fourier coefficients
~ ) ~(v) -
wj(-y)(l) =a7@51(1), ¥; (1) =a%7g;4,(1), 1 € Z%, and define the wavelet spaces to be

W( = span{S? w(u n € D(M?)},

w® . 7)
W™= span{Sfle ,n € D(M7)}.

Observe that the orthogonal wavelets can be constructed by the general method de-
scribed, but this is more complicated.
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Theorem 19. Suppose {V;}32, and {V} o form a (p,q)-pair with scaling sequences

{%}]:0 and {p;}2 20 o (respectively) such that {Sngaj}neD(MJ) and {Skgoj}neD(Mj) are
biorthonormal systems. Then:

1) WJKV)C‘/}+1,V:1,...,m—1;

2) for f € Viy1 we have f = fo+ S0 f,,, where fo € Vj, f, € Wj(”);
3) Wj(y)lf/j, ngu)L‘/j,yzl,...,m—l;

4) W(V)J_W(R)forl/;én v,k=1,...,m—1;

)(SW‘”) S%(”’)—énk, v=1,....,m—1, nke D(M).
Proof. For fixed n and j, from (15) it follows that
(30) Z H?nil]\/[*lenJrM*Jl(pJ‘H( )-
leD(M*)
Similarly,
(31) ij(”) Z aniM*Jl n-‘rM*JlSO]‘i’l( ) V= 1,...,m—1.
leD(M*)

We regard (30), (31) as a system of m equations with m unknowns {wgﬁw*ugojﬂ},
[ € D(M*). By the construction of the numbers {a,;}, the matrix of this system
has an inverse. Consequently, its determinant is nonzero. Therefore, the unknowns

wi:iw*jlgoﬁl can be expressed via w’¢; € V; and wﬂ;wy’) € ngu), which implies 1). On
the other hand, as in (13), we have
Siiﬂ;V) _ Z eQwi(M*—Jn,r)wg‘lw§u)7 v=1,...,m—1.
neD(M*7)

Using Corollary 3, we see that each w’ w( ") can be expressed via SJQ/J(V), r € D(MY).
For the proof of 2), it remains to note that {wnJrM*jlgajH} is a basis of the space V1.
Moreover, since the functions w%w](-y), n € D(M *J ), are linearly independent, the above
arguments and property (MR3) in Definition 5 show that dim W;”) = m/, i.e., both
systems {wfle(»y)}neD(M*j) and {SZw;V)}TED(Mj) are basei of ngu). For the proof of 3),
it suffices to check that the basis functions of the space V; are orthogonal to the basis
functions of the space Wj(”), v=1,...,m—1. Using (28) and Proposition 16, we obtain

(Wi, wiB;)

_ v,j ~j+1 Jj+
< Z Oy nJrM*Jz‘PJJrl7 Z “n+M*1kwn+ka‘P]+1>
leD(M*) kED(M*)
_ \J ~j+1 Jj+1 j+1
- Z anJrM*Jllu'n+M*Jl<wn+M*JlsD]+1’ n+M*JlSOJ+1>
leD(M*)
— i1 v,j ~j+1
=m }: R VeI Vet
leD(M*)
=0.
In a similar way, invoking (29), we obtain
<ij(u) quZ(H S Qi K, —mis
n¥j > Wp¥; ntM*il n+M*Jl vEK:
leD(M*)

This yields 4). Applying Proposition 16, we obtain 5). |
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§5. KOTEL/NIKOV-SHANNON WAVELETS

We construct an example of a PMRA of L?(T?) with a scaling sequence formed by
trigonometric polynomials with minimal possible symmetric spectra. A one-dimensional
analog is the well-known Kotel'nikov—Shannon PMRA for which the sequence of Dirichlet
kernels serves as a scaling sequence, and the generating function is given by (18). For the
first time, expansions with respect to the one-dimensional Kotel'nikov—Shannon system
were used for transmission of continuous information by communication channels.

We take the matrix M = (3 jl) as the scale factor. Observing that m = 4, M* =
(%1%),and Mt = 1 (173?), we fix the set D(M*) formed by the vectors so = (§),
s1 = (—01), Sg = (Pl), and s3 = (j) Let €; denote the parallelogram M*j[—l, 1)?
without vertices. We set a; := M*/ (9) and b; := M* (°). Let ¢; be the function

with the Fourier coefficients defined as follows: $g(k) := dxo for all k € Z2, and for j € N,

27 ifke Qj_l \ {aj_l, bj_l},
(32) L,/O\](k) =< 279712 if k= aj—1 OT k= i1,
0 ik Q.

To show that this sequence is scaling, we need the following lemma.

Lemma 20. The number of integral points in Q; is equal to 491 + 1, all integral points
in §1; except the point a; are in different cosets of M*T and aj s congruent to b;
modulo M*I+1.

Proof. First, we show that no integral point lies on the midlines of the parallelogram
Q; except for the boundary points and zero. The midlines of §2; are the segments that
join the point M*/ (9) with M*7 ( %) and the point M*/ (§) with M*7 (). These
segments pass through the origin and are symmetric with respect to the origin. Therefore,
it suffices to prove the claim for the half-segments. We consider one of the half-segments
(the argument is similar for the other one), i.e., we show, that no integral point lies on
the interval (0,M*7 (})). Set (y7) == M*7 (§) = M* (3=}). For all j > 0, the first
coordinate of this vector is even, and the second is odd. Hence, a multiple of 2 cannot
be a common divisor of z; and y;. From the formulas

4 y  Yji—1 = 4

it is clear that if x; and y; have an odd common divisor, then x;_; and y;_; have the
same common divisor. However, g = 1 and yg = 0 are coprime. Consequently, by
induction, x; and y; are coprime for any j € Z,. For j fixed, we represent the segments

(0, M*I ((1))) in the parametric form {f;g; , where t € (0,1). Suppose that an integral

point (z°,4°) belongs to this segment, i.e., there exists t° € (0,1) such that 2° = t%;,
y° = t%;, where 2°,4°, z;,y; € Z. Then t° cannot be irrational. Nor can t° be rational,
because if t° = p/q, then z; and y; are divisible by ¢ and are not coprime, which is
impossible.

We note that the set of integral points in M*T? can be taken as a set of digits
D(M*j), because, for any two elements of M*IT2 N Z2, their difference M*7r; — M*Iry,
where 71,7, € T2, can be congruent to zero modulo M*’ only if r; and ro coincide.
However, the number of integral vectors in M*/T? is equal to m?, i.e., coincides with
the cardinality of D(M*7). Since no integral point lies on the midlines of €; except the
boundary points and the point zero, the number of integral points in €2; is four times
the number of integral inner points in M*/ T2 (there are 47 — 1 of them, because the
digit corresponding to the zero coset is excluded from M*J [0,1)?), plus the number of

. _:cj—2yj ‘ T; + 2y
j—1 =
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FIGURE 1. The inner and the outer parallelograms correspond to
and o, respectively.

boundary points, plus 1 (the zero point). The number of boundary points is 4, because
the endpoints of the midlines are integral, the vertices do not belong to 2;, and, since
each edge differs from the corresponding midline by an integral shift, there are no other
integral points on the boundary. Thus, the number of integral points in §2; is equal to
44 —1)+1+4 =471+ 1.

Now we check that all points in £2; except a; belong to different cosets of the matrix
M** and a; = b; (mod M*/*'). By Lemma 1, the set Ui:o (M*fl[O, 1)° + M*flsk)
is congruent to [0,1)? modulo Z2. However, since

3 3
U 0.0)" + M s = U (0710, )" + 1)) = M7 [-1,1)%
k=0 k=0

we see that M*~'[—1,1)? is congruent to [0, 1)2 modulo Z?. Fixing j € Z, and apply-
ing the operator M*/*! we conclude that the set M*j[—l, 1)? is congruent to the set
M*7*1[0,1)% modulo M*I*1, Since all integral points in M*7+1[0,1)2 belong to different
cosets of the matrix M*/*1 all integral points in M*/[—1,1)? also belong to different
cosets of M*I T

In Figure 1 the following regions are depicted: M*[—1,1]? (the inner parallelogram),
M*?[—1,1]? (the outer parallelogram) and M*?[0,1]? (the bold-face parallelogram). The
integral points in the set €23 are marked with small dots, and the points marked with
heavy dots are those belonging to M*Q[O, 1] but not to Q1, i.e., the points congruent
modulo M*? to points in M*l[—l, 1]2. Splitting the large parallelogram into four small
ones (see Figure 1) and shifting them to the position of the right upper one, we see that
the points that coincide after this translation are congruent to each other modulo M**.
Also, we see that the points a; and by are congruent modulo M**, and the points marked
by X’s (respectively, by O’s) are also congruent. The set of integral points in M*/[—1,1)?
differs from the corresponding set €2; in the following way: £2; does not contain the points
M*J (Z1), but contains the points M*/ (}) and a; = M*/ (9). It remains to observe
that M*/ (Z}) = M*/ (}) mod M**" and a; = b; mod M*I*, O
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We prove that the sequence {(;}22 defined by (32) satisfies the assumptions of The-
orem 19. Property (®1) follows from the definition, and (®2) is implied by Lemma 20.
Property (®3) follows from the fact that the absolute value of the eigenvalues of M is
equal to 2, so the corresponding operator, applied many times, provides dilation in all
directions (see the Introduction).

To check (®4), we find ], from the condition @;(k) = ) '@j41(k). Note that Q;
is strictly contained in ;4 for any j € Z,, and all points of the boundary of §2; are
inner points of ;4. For j = 0, the embedding in question is obvious. For greater j’s,
applying the operator M*/ to Qo C 4, we use the fact that, since the map M*’ is
nonsingular, it preserves the required properties of the embedding. Taking all integral
points in ©; except the point a; for the role of the set D(M*]‘Jrl)7 for k € D(M*jﬂ) we
find the numbers ;ﬂjl: /ﬂjl =2if k € Q;_1\{aj_1,bj-1}; ,ui“ =V2ifk = @j_1 Or
k=bj_1, and ,u?jl =0if k € Q;_1. It is easily seen that the M*I 1 periodic extension
of ,ui“ with respect to the subindex is a sequence satisfying (®4). We can take Vi =1/2
for the role of the factors occurring in (®5). It is clear that 'yg@» (n) = @j+1(M*n) for
all j € Zy, k€ Z% and n =k (mod M*7).

Thus, the sequence of functions {¢; =0 satisfies all conditions required by Theorem 7.
Hence, this sequence is scaling, and the functions ¢; are trigonometric polynomials with
minimal possible symmetric spectra. It is easy to check that

(33) lwlosll* =D 15 (M 1+ 7)* =477
lezd

By Proposition 16, the system of functions {S%sﬁ}neD(Mj) is orthonormal.
Now we begin to construct the wavelet sequences. Fixing j € Z; we take the set
Q;1\{aj—1} as D(M*?) . As above, D(M*) consists of sg, s1, s2, and s3. Let n €

D(M*7). If n # bj_1, then uZ:rlM*jSO = 2, and ui‘i&,‘j% =0 for k£ = 1,2,3, because

the vectors n 4+ M*Js;, do not belong to Q;_1 and, moreover, are not congruent to any
elements of ;_; modulo M*/*!. The corresponding unitary (4 x 4)-matrix is diagonal

with 2’s on the diagonal. If n = bj_;, then uz;lM”Sk = /2 for k = 0, 3 (the vector

bj—1 + M* 55 is congruent to a;j—1 modulo M*IT1 which can readily be checked), and

ui:_lM*Jsk =0 for k = 1, 2, because the vectors n + M*’s;, k = 1,2, do not belong to

2;_1 and are not congruent to any elements of ,_; modulo M *IT1 The corresponding
unitary matrix looks like this:

V2/2 0 0 V2/2
0 10 0
0 1 0
00

0
V2/2 —V2/2

By Lemma 4, the vectors n+M*/s;, with s, € D(M*) and n € D(M*7) run over the set
D(M**1). Therefore, it suffices to find the Fourier coefficients of the wavelet functions
for all integral vectors [ that are congruent to the vectors n + M*/s; modulo M*IT1:

277 if | =n+ M*s; (mod M*/Hh),

ne DM, 1€Q\{a;,b;},
(34) @1)(1) = {27712 if | =n+4+ M*s; (mod M*ITh),
neD(M*), 1 =a;, 1 =b;,

0 otherwise;
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FIGURE 2. The spectrum of the function wél) is marked by dots; at all
points marked by heavy dots, the value of wél) is equal to 272

277 if | =n+ M* sy (mod M*IHh),
n € D(M*), 1€ Q;\{a;,b;},
(35) ?,/1(2)([) = 9-i-1/2 1= n+ ‘]\4*1'82 rnodM*j+1 7
J
n € D(M*), I =aj, | =bj,
0 otherwise;
27 it 1 =n+ M* sy (mod M*7+1),
ne DM*), n#bj_1, 1 €Q;\{a;,b;},
9—j—1/2 ifl=n+ M*j83 (mod ]\4*]41)7
n€ DM, n#bj_1,1=aj,l=Dbj
(36) 1/)53) (1) := 9—i—1/2 ifl = bj 1 (mod ]\4*]'4—1)7
le Qj\{ajabj}v ‘
—9—i-1/2 if| = a1 (mod ]\4*]+1)7
I € Q\{a;,b;},
0 otherwise.

The following regions are depicted in Figure 2: €2y is the large parallelogram, and
shifted by M*s; is the small parallelogram. The entire spectrum of (") is located in the
three separated regions inside the large parallelogram; these regions form a set congruent
to the small parallelogram modulo M*2. In a similar way, the spectra of ¢ and ¢®)
are depicted in Figures 3 and 4, respectively.

§6. WAVELET EXPANSION OF FUNCTIONS

We fix a (p, q)-pair satisfying the assumptions of Theorem 19. By that theorem, the
following systems of wavelet functions are biorthonormal:

($ip\) jezy,re DIMI),v=1,...,m 1},
(890 je Ly, re DIMI),v=1,...,m—1}.
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FI1GURE 3. The spectrum of the function wgm is marked by dots; at all
points marked by heavy dots except for the point by = (—6, 1), the value
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FIGURE 4. The spectrum of the function wég) is marked by dots; at
all points marked by heavy dots except for the points a; = (2,1) and

b1 = (—2,—1), the value of (%3) is equal to 272, and @ém(bl) =9275/2,

For f € L,(T%), we can consider the corresponding Fourier expansions

m—1

(37) (fooeo+ D3 S (800 siupY.

j=0 v=1 reD(M7J)

Enumerating the sets of digits D(M7) = {r, ;110—1 in an arbitrary way, we denote the
partial sums of the above series by s, (f); by the convergence of the series (3.7) we mean
that of the sequence s, (f).
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Theorem 21. Suppose that {V;}22, and {V} ° o form an (oo, 1)-pair with scaling se-

quences {; }] o and {gaj ° o such that the systems {Sngo]}neD(MJ) and {Skgoj}neD(MJ)
are biorthonormal. Let {w(u 2o and {w( 720: v =1,...,m —1, be the corresponding
sequences of wavelet functzons If

(38) sup [|jll1, sup |91 < oo
J 1.V

and there exists a monotone decreasing function K defined on [0,00) and such that

(39) K(|z|) dz < o0
Rd
and
(40) o (@), |08 ()] < K (Mz|)

for all x € T?, then for every f € C(T?) the series (37) converges to f uniformly, and
for every g € L(T?) the series

(a1) (Fopn)o+ 3.5 S0 (f.siwl)sigt)

j=0 v=1 reD(MJ)
converges to g in the norm of L(T%).
Proof. Let N=rm/ +n,j€Z,, k=1,...,m—2,n=0,...,m’ —1; then the partial
sum sy (f,x) of the series (37) can be written as

J—1m-—1

sn(f) = (f. %0 <PO+Z Z Z {f, Slw(”) Slw(y)

i=0 v=1 reD(M?)

(42) + EK: Z f, Sjw(u S]w(u + Z £,8 K+1>Sj wnJrl

v=1reD(M7)

=50+ DY) + s ).
v=1

Since s}, is a projection onto the space V;, the sum 353) (f) on the right can be reexpanded

with respect to the shifts of the function ¢;:

(43) W)=Y (hSiE)sies
reD(M7)

Using (38), we obtain

mJ 1
(0) (f,z) |_‘/ ft) (p] (t+ M~ Jrl)<p](x+M Iry) dt
mi—1 ‘
< lleoll@sll Y loj(@+ M),
1=0
We put
0j(M~It) ifte MITY,
gj(t) = . irmd
0 if t € MIT.
Clearly,

(44) l9;(2)| < K(|z])
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and

(45) i)=Y gi(Mz + Mk)
kezd

for all 2 € R%. Relations (44) and (45) yield

mi—1

Z o (@ + M| < Z Z K(Mz+ Mk +r)|) = Z K(|\Miz + k).

J_1
1=0 1=0 kezd kezd

The monotonicity of K and relation (39) imply the uniform boundedness of the last

sum. Thus, we have proved that, for v = 0, the operators sg\’;), which take C(T?) to

C(T4), are uniformly bounded in norm. The uniform boundedness of the operators sg\’;)

forv=1,...,m — 1 can be proved in a similar way. Therefore,

(46) l[sw (NI < C,

where C' is an absolute constant.
By property (MR2) in Definition 5, for any ¢ > 0 there exists F' € Vj, such that

If = Flloo <e.
By Theorem 19, we have sy (F) = F for N > m7. Therefore, by (46),
lf=sn(l=1f—F=sn(f —F)<(CH+D|f - F|| < (C+1)e.

This proves the first statement of the theorem. The second statement can be proved

similarly; when estimating the sums 55\’;)( f), we must interchange the roles of ¢;, w§u),

x and @, Jj, t, respectively.
O

Theorem 22. Suppose that {V;}32, and {‘7]};";0 form a (p,q)-pair with scaling se-

quences {@;}32 and {152 such that the systems {S}¢;}nep(sy and {Si@j}nep(Mj)
are biorthonormal. Let {w](»y)}]‘?‘;o and {J;V)};?‘;O, v=1,...,m—1, be the corresponding

sequences of wavelet functions. If there exists a monotone decreasing function K defined
on [0, 00), satisfying (39), and such that

(47) i (@), [ (@), Im IG5 (@)], [m ™I (2)] < K (| MIzl)

for all x € RY, then for every f € L,(T?) the series (37) converges to f at each Lebesgue
point for f.

Lemma 23 ([20, Lemma 2.7]). Let K be a nonnegative monotone decreasing function
defined on [0,00) and satisfying (39). Then there exists a constant C' depending only on
the dimension d of the space and such that

(48) N K(lz+ kDK (ly + k) < CK (—|x_y|>
5
kezd
for all z,y € RY.

Proof of Theorem 22. Let x be a Lebesgue point of f, and let N = km? +n, j € 7Ly,
k=1,....m—2,n=0,...,m? — 1. Since the space Vj consists of constants only, we
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have sy (h,z) = h if h = const. Using (42) and (43), we obtain
f(@) —sn(f,2)

- /Td(f(x)—f(xﬂ)) S 1B+ 0)Sle(e) do

reéD(M?J)

+ Z/ @+t) Y SV @+ )il (2) dt

(49) reD(MJ)

+/Td(f( ) — fz+1) ZS D5 (@ + )82 (2) dt

=To+ > I, + L.

v=1

Applying (45), (44) and the similar relations for ¢;, we get

fosw‘/ F(@) = fa+1)]

x> Y K (Mi(z+t)+Me+r) Y K(Ma+Mk+r) dt
reD(MJ) Lezd kezZ?

:mj/ [f(x) = fla+1)] > KM (z+t)+k)K (M +k) dt.
kezZd
From Lemma 23 it follows that

o< cud [ 1)~ e+ ol (55 t) dt.

Combining this with a minor modification of Theorem 1.8 in [25], we see that

Iy —— 0.
j—o0
For v =1,...,m — 1, the relation
IQ E— 0
j—o0

can be proved in a similar way. Recalling (49), we get

Jimsw(f,2) = ()

REFERENCES

[1] 1. Daubechies, Ten lectures on wavelets, CBMS-NSF Regional Conf. Ser. in Appl. Math., vol. 61,
SIAM, Philadelphia, PA, 1992. MR 93e:42045

[2] S. Mallat, Multiresolution approzimations and wavelet orthonormal bases of L?(R), Trans. Amer.
Math. Soc. 315 (1989), 69-87. MR 190e:42046

[3] Y. Meyer, Ondelettes et opérateurs. 1. Ondelettes, Hermann, Paris, 1990. MR [93i:42002

[4] C. de Boor, R. DeVore, and A. Ron, On the construction of multivariate (pre)wavelets, Constr.
Approx. 9 (1993), 123-166. MR 94k:41048

[5] R. Q. Jia and C. A. Micchelli, Using the refinement equations for the construction of pre-wavelets.
II. Powers of two, Curves and Surfaces (Chamonix-Mont-Blanc, 1990) (P. J. Laurent, A. Le Mhauté
and L. L. Schumaker, eds.), Academic Press, Boston, MA, 1991, pp. 209-246. MR [93e:65024

, Using the refinement equation for the construction of pre-wavelets. V. Extensibility of
trigonometric polynomials, Computing 48 (1992), no. 1, 61-72. MR [94a:42049

[7] S. D. Riemenschneider and Z. W. Shen, Boz splines, cardinal series and wavelets, Approximation
Theory and Functional Analysis (College Station, TX, 1990) (C. K. Chui, ed.), Academic Press,
Boston, MA, 1991, pp. 133-149. MR 92g:41001

[6]



http://www.ams.org/mathscinet-getitem?mr=93e:42045
http://www.ams.org/mathscinet-getitem?mr=90e:42046
http://www.ams.org/mathscinet-getitem?mr=93i:42002
http://www.ams.org/mathscinet-getitem?mr=94k:41048
http://www.ams.org/mathscinet-getitem?mr=93e:65024
http://www.ams.org/mathscinet-getitem?mr=94a:42049
http://www.ams.org/mathscinet-getitem?mr=92g:41001

190

(8]

[9]
(10]

(11]
(12]
(13]

(14]

(15]
[16]
(17]
(18]
(19]

20]
(21]

(22]

23]
(24]

25]

I. E. MAKSIMENKO AND M. A. SKOPINA

, Wavelets and pre-wavelets in low dimensions, J. Approx. Theory 71 (1992), no. 1, 18-38.
MR 194d:42046

, Construction of compactly supported biorthogonal wavelets in L2(R®), Preprint, 1997.

H. Ji, S. D. Riemenschneider, and Z. W. Shen, Multivariate compactly supported fundamental
refinable functions and biorthogonal wavelets, Preprint.

R. Q. Jia and Z. Shen, Multiresolution and wavelets, Proc. Edinburgh Math. Soc. (2) 37 (1994),
no. 2, 271-300. MR 195h:42035

C. K. Chui and H. N. Mhaskar, On trigonometric wavelets, Constr. Approx. 9 (1993), no. 2-3,
167-190. MR 94c:42002

C. K. Chui and J. Wang, A general framework of compactly supported splines and wavelets, J. Ap-
prox. Theory 71 (1992), no. 3, 263-304. MR 94a:42043

V. A. Zheludev, Periodic splines and wavelets, Mathematical Analysis, Wavelets, and Signal Pro-
cessing (Cairo, 1994), Contemp. Math., vol. 190, Amer. Math. Soc., Providence, RI, 1995, pp. 339—
354. MR 196d:41001

A. P. Petukhov, Periodic wavelets, Mat. Sb. 188 (1997), no. 10, 69-94; English transl., Sb. Math.
188 (1997), no. 10, 1481-1506. MR [99b:42042

S. S. Goh, S. L. Lee, Z. Shen, and W. S. Tang, Construction of Schauder decomposition on Banach
spaces of periodic functions, Proc. Edinburgh Math. Soc. (2) 41 (1998), no. 1, 61-91. MR/99b:46033
V. A. Sadovnichii, Theory of operators, 3rd ed., “Vyssh. Shkola”, Moscow, 1999; English transl. of
2nd. ed., Consultants Bureau, New York, 1991. MR 88b:47001

P. Wojtaszczyk, A mathematical introduction to wavelets, London Math. Soc. Stud. Texts, vol. 37,
Cambridge Univ. Press, Cambridge, 1997. MR |98j:42025

M. Skopina, Multiresolution analysis of periodic functions, East J. Approx. 3 (1997), no. 2, 203-224.
MR 99h:42066

S. E. Kelly, M. A. Kon, and L. A. Raphael, Local convergence for wavelet expansions, Preprint.

I. E. Maksimenko, Biorthogonality of scaling multivariate functions, Contemporary Problems of
Approximation Theory, 2002 (to appear). (Russian)

, Sufficient conditions of a biorthogonality of scaling multivariate functions, Optimization
of Finite Element Approximations, Splines and Wavelets (2nd Internat. Conf. OFEA’2001, St. Pe-
tersburg, Russia, 2001). Vol. 2, S.-Peterburg Univ., St. Petersburg, 2002, pp. 80-91. (Russian)

A. Zygmund, Trigonometric series. Vol. 2, Cambridge Univ. Press, New York, 1959. MR [21:6498
A. Petukhov, Trigonometric rational wavelet bases, Self-Similar Systems (Internat. Workshop July
30-August 7, 1998, Dubna, Russia), JINR, Dubna, 1999, pp. 116-119 (JINR, E5-99-38). MR
2001:00031

E. M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton Math.
Ser., No. 32, Princeton Univ. Press Princeton, NJ, 1971. MR 146:4102

DEPARTMENT OF MATHEMATICS AND MECHANICS, ST. PETERSBURG STATE UNIVERSITY, UNIVER-

SITETSKII PR. 28, ST. PETERSBURG 198504, RUSSIA

E-mail address: irene@ir4558.spb.edu

DEPARTMENT OF APPLIED MATHEMATICS AND CONTROL PROCESSES, ST. PETERSBURG STATE UNI-

VERSITY, UNIVERSITETSKII PR. 28, ST. PETERSBURG 198504, RUSSIA

E-mail address: skopina@sk.usr.lgu.spb.su

Received 10/JUL/2002

Translated by THE AUTHORS


http://www.ams.org/mathscinet-getitem?mr=94d:42046
http://www.ams.org/mathscinet-getitem?mr=95h:42035
http://www.ams.org/mathscinet-getitem?mr=94c:42002
http://www.ams.org/mathscinet-getitem?mr=94a:42043
http://www.ams.org/mathscinet-getitem?mr=96d:41001
http://www.ams.org/mathscinet-getitem?mr=99b:42042
http://www.ams.org/mathscinet-getitem?mr=99b:46033
http://www.ams.org/mathscinet-getitem?mr=88b:47001
http://www.ams.org/mathscinet-getitem?mr=98j:42025
http://www.ams.org/mathscinet-getitem?mr=99h:42066
http://www.ams.org/mathscinet-getitem?mr=21:6498
http://www.ams.org/mathscinet-getitem?mr=2001j:00031
http://www.ams.org/mathscinet-getitem?mr=46:4102

	§1. Introduction
	§2. Notation and preliminary information
	§3. PMRA and the scaling sequence
	§4. Wavelet spaces 
	§5. Kotel.8ex1048 nikov--Shannon wavelets
	§6. Wavelet expansion of functions
	References

