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LINEARLY SIMILAR SZOKEFALVI-NAGY-FOIAS MODEL
IN A DOMAIN

D. V. YAKUBOVICH

80. INTRODUCTION

In this paper we construct a new linearly similar functional model for linear operators
and study its elementary properties. This model generalizes the Sz.-Nagy—Foiag model
for Cy.-contractions and also for Cy.-dissipative operators. We shall not restrict ourselves
to the disk or the half-plane: the model will be constructed in a fairly arbitrary domain.
The reduction of an operator to an “almost diagonal” model form will be written directly
via the resolvent of the operator. Attention will be focused on the case of Cpg-operators.
The main results of this paper were announced in [76].

Let T" be a union of finitely many piecewise-smooth contours in the complex plane C.
Suppose that the sets Qint, Qext are open and have empty intersection, C = Qi UT'UQext,
and T' = 0Qiny = 0Nt (here we omit a certain technical condition on T'). The main
objects of this paper are model spaces H(d) that will be associated with operator-valued
bounded analytic functions § defined on §2;,; and having some special properties.

Consider the special case where § € H> (Qint, L(R, R*)), d~! is a meromorphic func-
tion on Qine, and [|671(A\)|| < C a.e. on I'. Here R and R, are Hilbert spaces, and
L(R, R.) denotes the space of all bounded linear operators from R to R,.. We always
consider only separable Hilbert spaces. Let E?(Qcyt, R) denote the Smirnov class of func-
tions on ext whose values are vectors in the space R (see §2). Suppose that Qi,; and
Qext are unbounded. In this special case the model space H(d) consists of all functions
f meromorphic in Qj,¢, holomorphic in Qgy, and satisfying

f|Qext S E2(Qext; R)v d- f|Qint S EQ(Qint; R*); fint = fext a.e. on I

This is a Hilbert space. The general definition of H(§) will be given in §2.
A pair (A, J) of linear operators (possibly, unbounded) will be called a 2-system if
1) A is a closed operator in a Hilbert space H with nonempty field of regularity
p(A) =C\ o(A) and with domain D(A) (here o(A) is the spectrum of the operator A);
2) J : D(J) — R, where D(J) = D(A) C H and J is bounded in the graph norm

Iz)le & (Jl=)* + ||AJ)H2)1/2 in D(A). Here R is a Hilbert space.
With every 2-system (A4, J), we associate a map Uy y from H to the space of functions

analytic in p(A); this map acts by the formula
Uagrx(N) =JN — A te, x€H, e p(A).
In §1 we consider general properties of this map and show that it diagonalizes the operator

A in some sense.
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Our goal in this paper is a criterion for the operator Uy, s to be an isomorphism of the
space H onto the space H(0) for some function § (this isomorphism is not assumed to be
isometric.) If this is the case, 6 will be called a generalized characteristic function of A.
An efficient criterion will be obtained in §3. If Us ; : H — H(0) is an isomorphism, and
the *-inner part of § is a two-sided inner function, then A is similar to the operator of
multiplication by z in the quotient space E?(Qint, Rx)/d - E*(Qint, R), which, in its turn,
is similar to the restricted shift operator in the orthogonal complement E?(Qint, Ry) ©
SE?(Qint, R). The intimate relationship between our model and the model of Sz.-Nagy—
Foiag will be discussed in §§4, 5. In this paper, we make some modifications in the
technique of Sz.-Nagy—Foiag in order to extend the range of applications.

To operators A fitting in the above pattern, we can apply all the ideas and methods
pertaining to the Sz.-Nagy—Foiag model, such as description of the commutant, invariant
subspaces, functional calculus, criteria for the eigenvectors to form a basis, etc.; see [13],
[20], [60], [61].

In §6 we give a series of examples of operators A and their models obtained in this way.
For contractions and dissipative operators, we show that under an appropriate choice of
J we obtain their Sz.-Nagy—Foiag models. Also, we consider generators of semigroups
related to the dynamics of the growth of populations and the neutral linear systems with
delay (for the latter, the model was constructed earlier by S. Lunel and the author in
[56]). The calculation of the generalized characteristic functions ¢ is postponed until §10.

In §7 we establish the relationship between our approach and the exact controllability
of linear systems.

In §8 we show that the generator of any cg-group admits a linearly similar model of
this form, and that an appropriate vertical strip can be taken as Qinyt. (In contrast to
the symbols Cyg and Cj., we use the symbol ¢y in the sense of the theory of strongly
continuous semigroups of linear operators; see [23].) So, in particular, our approach
covers arbitrary bounded perturbations of selfadjoint operators.

The method under consideration is applicable to unbounded perturbations of selfad-
joint operators with discrete spectrum; then an appropriate parabolic domain should be
taken as Qint. This will be discussed in a separate publication.

Often, a generalized characteristic function ¢ of the system (A, J) can be expected
to be the matrix “denominator” of an expression for Uy, ;. In these cases, it is easy to
obtain the inclusion Uy, ; H C H(4). In §9 an abstract method is presented, which allows
us to obtain the identity Ua,; H = H(J).

An important feature of the theory is the duality of models. Namely, let Qine =
{2 : 2 € Qine}, and let 6T (2) = 0*(2), 2 € Qune. It turns out that the spaces H(5) and
H((ST) constructed by the domains ;¢ and Qine are dual to each other with respect to
the duality (-,-)s defined in §4. A system (A*, J,) will be called dual to a system (A, J)
with respect to a function 6 if Uy y is an isomorphism of H onto H(J), Ua~ s, is an
isomorphism of H onto H(4T), and the following duality relation is fulfilled:

(01) <UA>Jx7 UA*,J* y>5 = <x7y>a T,y € H.
For J and ¢ fixed, if Uy, is an isomorphism of H onto H(d), then the above conditions
determine the operator J, : D(A*) — R, uniquely.

A triple of operators (A, J, J.) will be called a 3-system if the operator A is closed and

densely defined (which implies the existence of A*), and (4, J), (A*, J,) are 2-systems.
We define the transfer function ® of a 3-system (4, J, J,) by the formula

(0.2) O(N) = @(p) = (A = A) ™" = (ul — A)7'] T2

This formula determines the function ® up to an additive constant (see §9). A rela-
tionship between the generalized characteristic and transfer functions is established in
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Theorems 9.5 and 9.6. Given a system (A, J), take a function 0, which is a candidate
for the role of a generalized characteristic function. Then it is possible to construct
a function ® and the dual system (A*,.J.). Under the assumption that these objects
are known, the theorems mentioned above give criteria for § to be in fact a generalized
characteristic function; thus, they allow us to compute a model of A completely.

Function models of nondissipative operators have been studied quite thoroughly, in
particular, by Naboko and his students [10l 17], by Vasyunin—-Makarov [68], and by
Kapustin [6]. Our approach differs from that of the papers mentioned; the classes of
operators under consideration are also different.

An important difference of our method from the theory of Sz.-Nagy—Foiag is the
nonuniqueness of a generalized characteristic function ¢, even if the domain €, is fixed.
Under our assumptions, the characteristic function in the sense of Sz.-Nagy-Foiag will
be x-inner. If a system admits a generalized characteristic function, then it also admits a
x-inner characteristic function (if the components of the set {2,y are simply connected).
However, in many cases, precisely the abandonment of the condition for a generalized
characteristic function to be inner makes it possible to write out such a function explic-
itly. The duality of model spaces introduced in the paper is adapted to these explicit
procedures.

Note that, often, linearly similar models of operators are not uniquely determined.
Even for finite-rank operators, there is no unique canonical way to reduce them to the
Jordan form. This nonuniqueness of models under consideration will be discussed in §11.

The use of the Cauchy duality between the model of an operator and its adjoint is
quite natural if an operator is not “attached” to the circle or the line (see the papers by
Xia [72] and Clark [33], and also the earlier papers by the author [73]-[77], etc.). Duality
and model spaces were used in a different form by Fuhrmann in [39] 40]. Despite the
fact that the model function spaces are Hilbert, often we do not identify them with their
duals. Due to this, we achieve simpler formulas, together with some symmetry between
the operator and its adjoint. In contrast with [75], we view the conjugate space as a
space of antilinear continuous functionals.

If A is an operator defined by some formula and H is a space of functions, then A[H
denotes the operator A acting on H. If A[H is unbounded, the domain D(A[H) is a
proper subset of H and will be indicated explicitly.

The author expresses his gratitude to V. I. Vasyunin, V. V. Kapustin, Ch. Le Merdy,
M. M. Malamud, and N. K. Nikolskii for helpful discussions and critical remarks.

Added in proof. Quite recently, a paper by A. S. Tikhonov [79] appeared, which is
undoubtedly related to the subject of our research. In that paper, a model was con-
structed for an arbitrary trace class perturbation of a normal operator with spectrum on
a smooth closed curve. This model is close to those of Sz.-Nagy—Foiag and S. N. Naboko;
in Tikhonov’s paper the absolutely continuous and singular components are investigated
for operators of that class.

§1. CONSTRUCTION OF THE RESOLVENT MODEL OF A LINEAR OPERATOR

1.1. The model operator. Let )y be a nonempty open set in C, let R be a Banach
space, and let H be a Banach space of analytic functions f(z) in Qg with values in R. We
denote by Hol(€g, R) the topological vector space of all R-valued holomorphic functions
on 2y with the standard topology of uniform convergence on compact sets.

Definition. A Banach space H of functions is said to be admissible if
(1) H is continuously embedded in Hol(Q, R);
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(2) H contains no nonzero constants;

B)AeQ, feH = LA ey

We shall assume that H is admissible. We define operators MY and j (possibly, un-
bounded) in the following way. Put
(1.1) DMS)=DMS[H)={f€H:3c€R: zf —c € H}.
For f in D(MYT), the constant c is unique. Therefore, the operators
i DG DWME) — R, MT: D(MT) —H,

(1.2) if e, (ME) ()Y 2f(z) — ¢, feDMD),

are well defined. We shall call MT the model operator.
With an admissible space H, we associate the set

(1.3) Q(H)z{/\E(C:VgeHH!ceR: g(zz)__)\ceH}.

Obviously, Q(H) D Qp. We extend the functions in H, which are defined initially only
on g, to the set Q(H) as follows: if A € Q(H), then g(\) def ¢, where ¢ is determined by
[3).

Proposition 1.1. 1) The operator (MY — XI)=! exists and is bounded if and only if
A€ Q(H). Then

T -1 _9(z) —g(\)
) (MT — A1) g(z) = L1200
2) C\ Q(H) = o(MT). In particular, the set Q(H) is open.
3) We have g(\) = (A — MT)~tg for g € H, X € Q(H).
4) For any g € H, the function g(\) is analytic in Q(H).

Proof. It is easily seen that holds if A € Qp. Hence the operator (MT — \I)~1 is
bounded for A € Q, which implies that the operator MY is closed.

Let g € H, and let A € C. Then the relation (M — XI)f = g is equivalent to the
identities f(z) = (z—X)"'(g(2) —¢), ¢ = —j f. The third relation follows from the second
and the condition f € H. This implies 3). Applying the closed graph theorem, we obtain
1), whence 2) follows immediately. For u € Q(H) and X close to p, from statement 3) we
deduce that

(1.4

. _ 1y -1
9N = j(pl = MI)HI = (= N)(pl = MI)7) g.

Since the operator j(ul — MT)~1 is bounded, the function g is analytic at the point .

This proves 4). O

Since (MX — AI)~! is a bounded operator for some A, the operator MY is closed.

1.2. Modeling 2-systems. Let H, R be Banach spaces, (A, J) a 2-system, D(A) C H,
A : D(A) - H, J : D(A) — R. We say that the system (A,.J) is observable if
Ua,yz =0 implies x = 0.

Proposition 1.2. Suppose a system (A, J) is observable. Consider the space H =
Ua,; H of functions on p(A) with norm induced from H. Then Ua j is a linear iso-
morphism of H onto H. Moreover,

1)
(1.5) (Uag(A=X)"'Uas " f)(2) = w feEH, XepA);

2) the space H is admissible;
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3) Ua,yD(A) = D(MT[H), and U, ; intertwines the 2-system (A,J) with the 2-
system (M, 5):
(1.6) UagAUa ;' = MI[H, JUa; ' =

1) Q(H) = p(A).

Proof. Assertion 1) follows from the Hilbert identity; this directly implies 2). By (I4)
and (CH), we have

(1.7) Uag(A=AN" UA ;7 =(MF =X)L,
UasD(A) =Ua (A= N)""H = (MF — XI)""H = D(MFH).
From (C’Z) and assertions 1) and 2) of Proposition 1.1 we obtain 3) and 4). O

Definition. Let A and A; be operators in H and Hj, respectively, and let (4, .J) and
(A1, J1) be two 2-systems with the same space R. We shall say that an isomorphism
U : H — H; intertwines the operators A and A; and that the operators A and A; are
similar if UD(A) = D(A;) and UAU ! = A;. If, moreover, Jz = J1Uz for all x € D(A),
we shall say that U intertwines the 2-system (A, J) with the 2-system (41, J1) and that
the 2-systems (A, J) and (A, J;) are similar.

It is easy to check that 2-systems (A, J) and (Aj, J1) are similar if and only if p(A) =
p(A1) and the spaces Us g H and Ua,, j, H coincide as sets. Here we mention the paper
[1], where in particular the week similarity of systems and the relationship of it with
the transfer function were discussed, and [2], where the similarity of all minimal passive
realizations of a given transfer function was treated.

We shall often use the following obvious fact (basically, it has been checked above).
Let A and A; be closed operators and A a fixed point in p(A). An operator U intertwines
A and A; if and only if A € p(A;) and U(A — N)71Ut = (A; — M)~ L

§2. THE SPACES H(9)

Let Qint, Qext be two disjoint nonempty open sets in C such that I' = Qi = 0Qext is
a finite union of piecewise-smooth curves and C = Qs UT' U Qeys. We assume that each
connected component of I' is homeomorphic to the unit circle or the line; in the latter
case both ends of this component are assumed to go to infinity. Then i,y and Qeyt have
finitely many connected components. We always assume that

(2.1) (|z] + 1)~ € L*(T, |dz]).

If the domain ¢ is connected, then the Smirnov class E?(Qi,) consists of all functions
[ analytic in Qiy and such that sup,, [y, |f |?|dz| < oo for some sequence of domains
W CcQC--CQ,C - with rectifiable boundary and with (J,, 2, = Qin. For the
properties of the Smirnov classes EP and the relevant notions, see [36, 16]. In the general
case we define E2(;,¢) as the direct sum of the classes E? in the connected components
of Qint. The functions in E2(Qint) have nontangential boundary values almost everywhere
on I'. Equipped with the norm

1

2 2

= — d
HfHEz(Qm) 9 /r'f(z)' |dz|,

the class E?(Qin) is a Hilbert space. Sometimes, for simplicity, we assume that all
components of ;¢ are simply connected, although usually this assumption can be lifted.

Scalar or operator-valued functions on €2, will be called outer or inner if they possess
the corresponding properties on each component of ;.
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Let R be an auxiliary Hilbert space. We shall need the Hilbert spaces L*(T', R) =
L3(T,|dz]) ® R, E?(Qint, R) = E?(Quine) @ R, and E?(Qext, R) = E?(Qext) ® R. The
elements of the second and the third spaces are R-valued functions analytic in Qint (Qext)
and having nontangential boundary values a.e. [20]. The norm in L?(T', R), E?(Qins, R),
or E?(Qext, R) is given by the formula

1912 = 5= [ 17GIR a1

The functions in E2(Qint, R), E?(Qext, R) are identified with their boundary values on
I'. Thus, these two spaces can be regarded as closed subspaces of L(T, R).

Let © be one of the domains Qipnt, Qext. We put EQ(Q,R) = E%(Q,R) if C\ Qis an
unbounded set, and

E*(Q,R) = {ve E*(Q,R) : v(c0) =0}

if C\ Q is bounded. We orient the curves that constitute I' in such a way that, under
the movement along them, the domain ;¢ remain on the left. The boundary values on
T of functions f defined on Qint (Qext) Will be denoted by f; (fe). If Qint is a disk or a

half-plane, then the classes EQ(QM, R) and E? (Qint, R) coincide with the classical scalar
or vector Hardy class H 21in Qint [36].
The following assertion can easily be checked.

Proposition 2.1. The space L*(T', R) splits into the direct sum

(2.2) LT, R) = E*(Qunt, R) + E*(Qext, R)-
The parallel projections onto the direct summands are the corresponding Cauchy integrals,
1 f(z)dz
‘Pin = a_ - ) S Qin )
of(Q) 2mi Jrp z2—C( ¢ ¢
1 z)dz
Pextf(c:) = 75 f( ) ’ C S Qext

27TZ T zZ — C
(so that P2, = P, P2 = Poxt, Pt + Pext = 1).

int — ext —

Note that condition (21I) guarantees the convergence of these integrals. _

Consider also the domains Qiny = {2 : 2 € Qint}, Qext = {Z: 2 € Qext} and put I' =
OQint = 0Qecxs. We introduce the Cauchy duality between the Hilbert spaces L?(T, R)
and L?(T, R) by the formula

def 1 _ 2 2/
(23) <fvg> = 2_7” F<f(z)7g(z)>dza fEL (FvR)a gelL (FaR)
Proposition 2.2. The decomposition
L2(F7 R) = E\2(ﬁextv R) + EQ(ﬁint; R)

is dual to [Z2) with respect to the pairing Z3). In other words, for the annihilators of
the spaces involved in (Z2) we have

(2.4) E?(Qine, R)" = E2(Qine, R),  E*(Qexe, )" = E?(Qexe, R).
In accordance with this assertion, we may identify

(2.5) E* Qi R)* = LA(T, R) B @i, R = B* Qs B),

(2.6) E*(Qext, R)* = B2 (Qini, R),

i.e., the pairs (EQ(Qint, R), EQ(ﬁext, R)) and (EQ(Qext, R), Ez(ﬁint, R)) are pairs of dual
Hilbert spaces with respect to the duality (Z3)).



LINEARLY SIMILAR SZOKEFALVI-NAGY-FOIAS MODEL IN A DOMAIN 295

We define the operator M, = M, ijn¢ of multiplication by the independent variable on
E?(Qine, R) by

(M.f)(z) = 2f(2), f€DM.)C E*(Qim, R),

D(M.) € {f € E*(Qui, R) : 2f € E*(Quni, R) ).

In a similar way, the operator M, o7 is defined on EQ(ﬁint,R). These operators are
bounded if and only if the domain ;¢ is bounded.

Obviously, the spaces E?(Qeyt, R) and E?(Qeyi, R) are admissible; the operators MY
corresponding to them will be denoted by MY, . and M_ . The operators M, int,

,ou oxt
M MT and M} have dense domains and are closed.
,

z,int> Pz outs oxt
From the formulas

(2.7) (M

z,int

AN =M = (M - AD)

(which can easily be checked; see (L)) it follows that
M* _ MT

z,int z,out*
Remark. Suppose that the geometry of the domain Qeyt is such that
(2.8) [(z=X) "Mz — 0 for A € Qex, dist(A,I') — oc.

From the Cauchy formula it follows that |f(A)| < || fll £2(0ew.m)ll (2 — A) 7! L2(r) for any
fe EQ(Qext,R). Hence,
lim |f(2)| =0, f€E* Qe R).

2€ext
dist(z,I") — o0

Relation (L) applied to H = EQ(Qext, R) yields

D(M.;I:out) = {f € E\Q(Qexth) :

3 lim o zf=jf and ME . f =2f —jf € E*(Qext, R)}.
z ext
dist(z,I") — o0

Note that condition (28) follows, for instance, from the Carleson condition
length(T'N B(\, 7)) < Cr,
where C' is an absolute constant. Therefore, usually (2.8) is fulfilled in applications.

Definitions. Let § be a function belonging to H> (Qint, L(Ry, Rg)).

1) We say that § is admissible if there exists a constant e > 0 such that ||§(A)r| > |||
for all r € Ry and almost all A € T

2) Consider the function 6T € H> (ﬁint, L(Ro, Rl)) defined by

0T(2) €5 (2), z€ Q.
We say that § is *-admissible if the function 6T € H> (ﬁint,E(Rg,Rl)) is admissible,
which is equivalent to the relation §(A\)o*(\) > el for some € > 0 and almost all A € T".
3) We say that 0 is two-sided admissible if it is both admissible and *-admissible,

which means that 6! exists a.e. on I and ||~} < C a.e. onT.
4) We say that 0 is contractive if [|§(z)|| < 1 for all z € Qipt.

Note that the functions in H> (Qint, L(Ry, Rg)) have nontangential limits a.e. on I’
in the sense of strong operator convergence (see [20, §V.2]).

We shall say that the simply connected case occurs if all connected components of
Qint are simply connected, and that the multiply connected case occurs if some of these
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components are multiply connected. We need the following result, which is a consequence
of the theorem of Beurling—Lax—Halmos in the simply connected case, and of the theorem
of Voichick—Hasumi [69, 41] in the multiply connected case.

Theorem A. A subspace G of the space EQ(QM,R) is invartant under the operators
M_y-1, A € Qext, if and only if there exists a Hilbert space R. and an admissible

function ¢ € H*® (ﬁint, L(R,, R)) such that
(2.9) G = ¢ E*(Qin, R.).

In the simply connected case, it suffices to restrict (Z9) to the inner functions ¢ (see
the definition in §5). However, (29) determines a closed invariant subspace for any ¢
that satisfies the assumptions of the theorem.

Let 6 be a x-admissible function in H° (Qint, L(R, R*)) We set

H(O) = H(S, Qunt) = {f € E*(Qexe, R) : 8- fIT € E?(Qune, R) }-

The space H(9) is a closed subspace of E? (Qext, R). Tt is admissible as a space of functions
on Qeyxs. In accordance with §1, the operator M T is defined on H(4). It will play the role
of the main model operator. It is an analog of the Sz.-Nagy—Foiag model operator (see
§63, 5). In the case of an unbounded domain iy, the operator M T may be unbounded.

Definition [13]. The set of all A € clos Qiy such that §~1 ¢ H>® (Qint N W,ZZ(R*,R))
for any neighborhood W of A will be called the spectrum of the function §. It will be
denoted by specd.

The spectrum of ¢ is contained in clos i, and is closed. It may fill the entire set
clos Qing. Its intersection with €, coincides with the set of A € Qi for which the
operator () is not invertible.

Item 2) of the next assertion is a direct analog of the theorem in [20, VI.4.1] and can
be deduced from it in the simply connected case.

Proposition 2.3. 1) Q(H(d)) = C \ spec d;
2) o (MT[H(6)) = specd;
3) op(MTTH(8)) = {\ € Qune : Ker6(X) # 0}. Here 0,(A) is the point spectrum of A.

For convenience, we postpone the proof of this proposition until §4. Here we only
prove the following fact.

Lemma 2.4. Q(H(d)) D C\ specé.

Proof. Let gext € H(9); then 6 - gext|I' = gint for some gine € EQ(Qint, R.). We identify
the element gey; with the function

ex f Qex b
(2.10) gz) = J9eule) T2 € e
07 (2)gint(z) if 2 € Qunt \ specd.

Under this agreement, the functions in H(J) are analytic in Qey and in Qi \ specd and
satisfy g; = ge on I' \ specd. If A € T\ specd and W is a small disk centered at A, then
the restriction of g to W\ T lies in E?(Qexs N W, R) and in E?(Qiy, N W, R); moreover,
the values of these restrictions on I' coincide a.e. From the Cauchy integral formula it
follows that g|W \ T is a restriction of an analytic function defined on W, which allows
us to define g(\) also for A € I \ specd. We have “extended” the function gext up to an
analytic function g on C \ specd.

After this extension, obviously, we have % € H() if g € H(S) and A € C\spec,
and the claim follows. |
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In the sequel, when it is convenient, we shall use the extension (ZIU) and view the
elements of H(d) as analytic functions on C \ specd. This extension will be called a
pseudocontinuation (usually, this term is used in a narrower sense). If the set C \ specd
is connected, then this is the usual analytic continuation.

Proposition 2.5. H(d) = (6TE2(ﬁint, R*))L with respect to the duality [Z3).
Proof. This follows directly from (23) and (2.4). O

§3. A THEOREM ON THE MODEL

Definitions. 1. Let (4, J) be a 2-system, where H and R are Hilbert spaces. Suppose
that o(A) C closQin. The operator J is said to be admissible for A if

| Ua 2| B2 (00, r) < Cllzll, =€ H.

ext

2. The operator J is exact with respect to A if we have the two-sided estimate
1Ua,7 2| B2 (@) = Cllzl|, 2 € H.

Note that if A is a generator of a Cy-semigroup {T'(t)} and Qin, = {2z : Rez < 0},
then, by the Parseval identity,

|| UA,JQCOH2E2(Qeth) = /O HJT(t)(EO”Zdt

for all 29 € D(A). Therefore, we have ||y||£2((0,00),7) = || Ua,J Zo||, where y is the output
of the system @(t) = Az(t), y(¢t) = Jx(t) (t > 0), x(0) = xo.
In a similar way, in the case where Qi =D = {2 : |z| < 1}, the formula

o0
1Uas 2l 2 (@ my = 2 I T A ||
n=0

relates the terms introduced above to the theory of discrete systems. The properties of
being admissible and exact for the unit disk and half-plane were introduced and analyzed,
e.g., in [70, 71, 42, 43, 67, 51] from the point of view of system theory, in particular, in
connection with the so-called Weiss hypothesis.

Obviously, if J is exact, then it is both admissible and observable.

Theorem 3.1. Suppose that Qint, Qext, and T satisfy the conditions of §2.

1) Let (A,J) be a 2-system, and let o(A) C closQine. If the operator J is exact
with respect to A, then there exists a Hilbert space R, and a x-admissible function § €
H*>(Qing, LR, Ry)) such that

Ua,g : H— H()

is a linear isomorphism with U ; D(A) = D(MF[H()) and
Uag AUay~" f=MIf, [ eD(MI[H(S)).
2) Conwversely, suppose that A : D(A) — H, where D(A) C H is a linear (possibly,
unbounded) operator in H, 6 € H> (Qint,E(R)) is a *-admissible function, and W :

H — H(8) is a linear isomorphism intertwining A with MY on H(J). Then there exists
an operator J : D(A) — R exact with respect to A and such that W =Uy ;.

Thus, under the assumptions of item 1) of the theorem, the operator MT on H(4)
serves as a model for the operator A, and the 2-system (A, J) is similar to the 2-system
(MZT, ) on H(4).
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Proof of Theorem 3.1. We use Proposition 2.3. 1) Since the system (A, J) is exact, the
image Ua,s H is a closed subspace of EQ(Qext,R). Fix A € Qext- By Proposition 1.2,
Ua,s H is invariant under the operator (MT — \I)~1 f(z) = LE=LA) " we shall think of
E2(Qine, R) as of the space dual to E? (Qext, R) (see (Z3), (Z6)). From (27) it follows

that the annihilator (UA}J H)J' (which is a subspace of EQ(Qint, R)) is invariant under
M_y-1, A € Qext. Consequently, there is a Hilbert space R, and a function ¢ €

H*> (ﬁint, L(R,, R)) satisfying the assumptions of Theorem A and such that
l ~
(UA,J H) =@ 'EQ(Qinth*)-

Therefore, Ua,y H = (- E2(Qne, R.)L) = H(6), where we have introduced the notation
§ =T € H®(Qni, L(R, R.)).

Now we show that on Qi \ 0(A) the values of the functions Ua jz, x € H, coincide
with the pseudoanalytic continuation of their values on Qeyt (see §2). By Proposition
1.2, U4 s intertwines A with the operator MX. In particular, o(A) = specd. Let z € H
and g = Ua y . Formulas (L5) and (6) imply that

g(/\) = j(/\—M;r)_lg = JUA,J_l UA7J(A—A)_1 UAJ_lg = J()\—A)_lx = (UA7J J))()\)

for A € p(A). Thus, the function Uy, ; x coincides with g also on Qi \ o(A).
2) Tt suffices to set J = jW and apply Proposition 2.3 and assertion 3) of Proposition
1.2. O

In the cases of contractions or dissipative operators with a special choice of the operator
J, the model of Theorem 3.1 becomes the original Sz.-Nagy—Foiag model (see §§5 and 6
below). Various presentations of this model can be found, e.g., in [20], [14], [32], [18],
[60], [19], [30]. Note also that Theorem 3.1 is related to the work of A. V. Shtraus (see
[22]) and to the paper [27] by Z. Arova.

In the case where iy is a half-plane, Theorem 3.1 has close relationship with [80]
Theorem 3.1]. The terminology and approach in [80] differs from ours.

Definitions. 1) Let an operator A be similar to MY in the space H(J) constructed for
the domain ;,¢. Then the function § is called a generalized characteristic function of A
in the domain Qint.

2) Let (A, J) be a 2-system and Ua_ s an isomorphism of H onto H(5). Then ¢ will be
called a generalized characteristic function of the system (A, J) in the domain Qing.

Under the conditions of Definition 2), a pair (4, J) will be called a Cp.-system in the
domain Q;,¢, and A will be called a Cy.-operator. If § is a two-sided admissible function,
then (A, J) is called a Cpo-system.

Our model allows us to define an H°(Qiy¢ )-calculus for any Cp.-operator in Q. It is
easily seen that this calculus is continuous in the sense of the weak topology in H > (Qipt)
and the weak operator topology in L(H). Hence, it does not depend on a specific choice of
the model. We mention, e.g., the paper of McIntosh [57], where the relationship between
the existence of an H°°-calculus and some special quadratic estimates for generators of
analytic semigroups was investigated.

Remarks. 1) If (A, J) is a Cyo-system, then sometimes the domain ;¢ can be varied so
that the generalized characteristic function ¢ will remain the same (see examples in §§6,
8). This property turns out to be important.

2) Consider the following conditions: (a) R is finite-dimensional and o(A) # clos Qint;
(b) 0(A) NT has zero length; (c) § admits a scalar multiple, which means that there
exists a function §; € H*™® (Qint, L(R., R)) and a scalar function ¢ € H*®(Qint), ¥ Z 0,
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such that 661 = ¥ and 6;9 = ¥I. In each of these cases the generalized characteristic
function § is automatically two-sided admissible.

3) Note that in our construction it is possible to replace the spaces L?(T, R) by similar
weighted spaces such that the assertions of Propositions 2.1 and 2.2 are fulfilled. Theorem
3.1 for the case of a half-plane is related to G. M. Gubreev’s work on quasiexponentials
(see [9]).

The nonuniqueness of the choice of a generalized characteristic function will be dis-
cussed in §11. The problem of calculation of the generalized characteristic function will
be considered in §9. It should be emphasized that, by Theorem 3.1, the inclusion of an
operator into any exact system (A, J) yields a model of A. In this connection, we observe
the following two obvious properties.

(1) Let J be an admissible operator for A. Suppose that K : R — L is a bounded
operator. Then K .J is admissible for A.

(2) If Ji : D(A) — Ry, k=1,2, and Jy, Jo are admissible for A, then J; & Js is also
admissible for A. If J, is admissible and J; is exact (with respect to A), then J; @ Js is
exact with respect to A.

§4. PROOF OF PROPOSITION 2.3. DUALITY OF MODEL SPACES

Let 6 € H*®(Qint, L(R, R.)) be a x-admissible function. Consider the quotient opera-
tor M, st of M, acting in the quotient space E?(Qiny, R)/6T E? (Qint, Ry):

D(M, sr) & {f € E*(Qung, R)/0TE?(Qine, Re) : 3f € f : 2f € E*(Qing, R},

(41) Mz,éTf = ;}'a f€ D(Mz,éT);

here f = f + ST E?(Qine, R+) is the coset of f. It is easily seen that (MZ,(;T - A)flf =
((z - )x)flf)': e.g., for all A € Qeys.

From Proposition 2.5 it follows that the Cauchy duality (2.3) determines a duality
between H(J) and the quotient space E?(Qne, R)/6T E?(Qine, Ry). By [2.1), we have

(4.2) (M.TH(6))" = M, 4r

with respect to this duality. We see that, in the case where €, has several con-
nected components Qf ..., Q2 | the principal model operator MI in the space H(5) =

H (8, Qint) is similar to the direct sum of the operators MY in the spaces H(4, Q{nt).
By ([42)), any Cy.-operator A in Qi satisfies the von Neumann inequality

I(A)l < Csupl
int

for any rational function r with poles off clos Q. As is well known, the question as to
whether the von Neumann inequality for Q;,¢ = D implies similarity to a contraction was
recently solved in the negative by Pisier [64]. In a recent paper [45], a negative answer
was obtained to a certain question of V. Peller about power-bounded operators. Positive
results about similarity to a contraction are contained in the book [20], in the papers of
Paulsen on completely bounded operators [62], etc. We mention also the papers [18], [4],
[6], [8], [9], [10], [I2], where various criteria were obtained for similarity to unitary and
selfadjoint operators.

Proof of Proposition 2.3. To check 2), it suffices to show that spec 6T C o(M, sr). The
inclusion specdT N Qe C o(M 275T) N Qine can be verified directly. Now we prove that
specdT NT C o(M, st)NT. Let Ag € T and Ag ¢ o(M, 7). Let W be a neighborhood
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of the point \g such that closW N o(M, sr) = @. We choose an arbitrary function
y € E?(Qing, R). Then the equation

(4.3) (z—Nzy =y +6Ts)

has an analytic family of solutions {z)x} C E?(Qin, R), {sx} C E?(Qint, R) defined for
A € W. Tt is easily seen that ||sx]| < C||y||. We denote by a the norm of the functional
© — p(N), ¢ € E?(Qing). Substituting z = X in ([@3)), we obtain s)(A) = —6T1(A)y(N),
A € W N Qi (observe that the function 67 is invertible in W N Q). Now we set
Yy = Yrp in @3), where y, , satisfies the relations y,.,(A) = r, ||7]] = au|lyrull; let
{@r 2}, {Sr,u1} be the corresponding families of solutions of (43). Taking A\ = p, we
obtain

1677l = sran O < aallsrnall < Carllgnall = Clirll, - A €W 01T,

which means that ||[§T=1(\)|| < C for A € W N Qine. In particular, A\g ¢ specdT. Thus,
we have checked statement 2). Statement 1) is a consequence of it. Statement 3) follows
from the fact that the eigenvectors of the operator MY [H(J) are exactly the vectors of
the form (2 — )~ c, where A € Qipng, §(A)e = 0. O

We consider the case of a two-sided admissible function §. Let
V : H(8) — E*(Qing, Ri)/SE? (Qing, R)
be the linear operator acting by the formula
Vg = 09Il + 6E*(Quns, R), g € H(9).

Proposition 4.1. If the function ¢ is two-sided admissible, then
1) the map V' is an isomorphism;
2) V intertwines the operator MX[H(S) with M, s.

Proof. Let y € E2(Qint, R). The equation Va = y + 6E2(Qne, R) for z € H(6) has a
unique solution @ = Puy (67 1y|T"), whence 1) follows directly.

By Proposition 2.3, H(d) is an admissible space of functions on C \ specd. Hence,
(MT — X\)~1g can be calculated by formula (T4). This implies 2) immediately. O

Proposition 4.2. If the function § is two-sided admissible, then the spaces H(d) and
H(6T) are dual to each other with respect to the duality pairing

1
<fa g>6 = 2_7” <5(Z)fe(z)age(z)> dZ, f € H((s)a g€ H(éT)
r
Proof. By (20]), with respect to the Cauchy duality we have the identification
(E2(Qint7 R*)/(SE2 (Qint7 R))* = (5E2(Qinta }%))L = H((ST)
If f € H(6) and g € H(6T), then

1 = _
F)s = V1,9) = 5 [ (oo
™ Jr
where fis any representative of the coset V f. The assertion follows from Proposition
2.5, 2). 0

If § is a two-sided admissible function, then dim R = dim R,, and in many cases it is
convenient to assume that R = R,.

In general, it is impossible to find a two-sided inner function d§; such that H(d) = H(d1)
and H(6T) = H(ST). So, the analysis of the model spaces H(§) and H(6T) cannot be
reduced to the case of two-sided inner functions.
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Observe that the map f + 5E2(Qint,R) — Pk f is an isomorphism of the quotient
space EQ(Qint,R*)/(SEQ(th,R) onto the standard model space K = E\Q(Qim,R*) o
5@2(Qint, R) (here Pk is the orthogonal projection onto K). This isomorphism trans-
forms the quotient operator M, s into the restricted shift operator ¢ — Pg(z¢) in the
space K (for an unbounded domain Qi, it is easier to talk about the resolvents of these
operators). This gives a simple relationship between our model for the case of a two-sided
admissible § and a restricted shift operator. For a disk or a half-plane, the restricted
shift operator is a special case of the model operator of Sz.-Nagy—Foias. There are many
papers devoted to restricted shift operators. We mention, in particular, [14], [I8], [30],
[31], [47], [48], [60]. The book [13] by Nikolskii is especially devoted to the spectral prop-
erties of these operators and applications. The restricted shift operators for multiply
connected domains and other similar situations have also been studied intensively. We
mention [15], [27], [68], and also the theory of operator vessels (see [25] and the book
[55)).

§5. RELATIONSHIP WITH THE SZOKEFALVI-NAGY—FOIAS MODEL

Here we discuss the general case of a x-admissible function 4.

Definitions [20, §V.2]. Suppose that all components of iy, are simply connected. The
function 9 is said to be

1) inner if the operators §(\) are isometric for almost all A € T';

2) #-inner if the operators §*(\) are isometric for almost all A € T

3) two-sided inner if the operators §(\) are unitary for almost all A € T.

Clearly, any inner function is admissible, any *-inner function is *-admissible, and any
two-sided inner function is two-sided admissible. Moreover, a function § in the space
H(Qint, L(R, R.)) is x-admissible if and only if it has a factorization of the form

6(2) = 69(2)69(2), =z € e,

where §) € H>®(Qine, L(R, R,)) is *-inner and §(¢),§(¢) =1 € H>(Qu, L(R,)). (This
follows from the results of [20, §V.4]. The above factorization is a special case of a -
canonical one and is unique up to the substitution §(¢) — §y=1 §0 5 u§® where
w is a unitary constant.) Similar statements are true for factorizations of the inner and
the two-sided inner functions.

Also, we recall that a contractive function § € H*®(Qint, L(R, R,)) is said to be pure if
[16(0)r|| < ||| for all * € R, r # 0. Any contractive function 6 € H*(Qing, L(R, Rx)) can
uniquely be decomposed in a direct sum § = 69 @ w (with respect to some orthogonal
decompositions of the spaces R and R.), where ¢ () is a pure contractive function and w
is a unitary constant; then the function 6(%) is called the pure part of §; see [20, §V.2].

Proposition 5.1. 1) Let 6; € H*(Qing, L(R, R;)) be *-admissible functions, j = 1,2.
Then H(01) = H(d2) if and only if 62 = 1 - 61, where the function ¢ belongs to the space
H (Qine, L(R1, R2)) and satisfies ||~ 1(2)|| < C, 2 € Qing.

2) Suppose that, moreover, all components of Qint are simply connected. Let 61 =
5§e)(5§i), 0y = 5&6)59 be the %-canonical factorizations of the functions 61 and d3. Then
H(01) = H(d2) if and only if 5§i) (z) = uéy) (2), z € Qint, where u is a unitary constant.
Proof. Statement 1) easily follows from Proposition 2.5, and 2) follows from 1) and the
uniqueness of a #-canonical factorization. g

Suppose that the components of the domain ;¢ are simply connected and are Smirnov
domains [36], [I6]. Let 6 € H(Qint, L(R, R«)) be an arbitrary x-admissible function.
We show how an analog of the operator V' can be defined.
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We assume (without loss of generality) that ¢ is a x-inner function, and set A =
(I —0*6)Y/? = I —6*5; then A is a projection-valued function on T of class L>®(T", £L(R)).
Let

Hsnr (9, Qnt) = Hsnr(Qing) = (321%(§I;))) /(2) E*(Qunt, R)

be a Sz.-Nagy-Foiag model space. The coset of the function (_{;) € EQ(Qint,R*) &

AL*(T, R) will be denoted by (g)A. The Smirnov class N'(Qiy) is defined as the set of

functions that are analytic in i, and have the form f/g, where f,g € H*®(Qiy) and g
is outer.

If ¢ € N(Qint), then we define the quotient multiplication operator My, [Hsnr(Qint)
and its domain by formulas similar to (1), so that

Mo ((4)) = () wmere (4).(5) & (S205))

This operator is densely defined.
Now, we introduce an operator

‘7 : H(&) — HSNF(Qint)

by the formula

Vi () AT+ () E* Qs B), [ € H(8) C E*(Qexs, R).

It is easy to check that V is an isomorphism, and for V! we have the relation
‘771 ((g) + (g) E\2(Qint7 R)): Pext(é*g + U)

The operator V intertwines the operator MT on H(J) with the quotient operator M,
on Hsnr(Qint)-

The construction of the Sz.-Nagy—Foiag model space in the domain €;,; can easily be
generalized to the case of a multiply connected domain. Then the *-inner function § be-
comes multivalued and character-automorphic. Generalizations like this were considered
in the papers of Ball [29], McCullough [58], Pavlov [15], Fedorov [2], etc. It is easy to
define the isomorphism V in this case.

It is easily seen that the quotient operator M, on Hsnr(Qint) is densely defined.
Therefore, under the assumptions of Theorem 3.1, the operators A and MTX[H(5) are
densely defined.

We remind the reader that an operator T on a Hilbert space H is called a contraction
it |T|| <1, and a Cy.-contraction if, moreover, lim,, ||T™z|| = 0 for all z € H.

The relationship between the model of §§2, 3 and the Sz.-Nagy—Foiag model is de-
scribed in the following.

Proposition 5.2. An operator A is a Co.-operator in the disk D = {|z| < 1} in the sense
of 83 if and only if it is similar to a Cy.-contraction.

Proposition 5.3. Suppose that a domain Qi is connected and simply connected.

1) Let ¢ : D — Qing be a conformal mapping. An operator A is a Cy.-operator in the
domain Qint if and only if it is similar to the operator o(T) for some Cy.-contraction T
(the operator ¢(T) (possibly, unbounded) is defined in the theory of Sz.-Nagy—Foias).

2) Let A be a Co.-operator in Qing, let 6 € H®(Qint, L(R, Ry)) be its generalized
characteristic function, and 579 the pure part of its x-inner factor. Then the contraction
T can be chosen so that 59 o o will be the characteristic function of T in the sense of
Sz.-Nagy—Foias.
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Proof of Propositions 5.2 and 5.3. If Qine = D, the quotient operator M, on Hgeyr(D)
basically coincides with the model operator of Sz.-Nagy—Foiag. Since by assumption the
function ¢ is #-inner, M,[Hsnyr(D) is a Cop.-contraction, and its characteristic function
is the pure part of 0 (see [20, Chapter VI]).

Now let Q¢ be an arbitrary simply connected domain. Let § be a x-admissible
function in Qine and 6 its s-inner factor. Then the operator

we)y=((5) )

is an isomorphism of Hgn (5, Qine) onto Henr (6 o o, D). Set
T=M, [HSNF((S@) o sp,]]])).

Then T is a Cp.-contraction, and W intertwines M, (HSNF((S("),Qint) with the operator
©(T'). This implies Proposition 5.3. O

It is easy to formulate an assertion similar to Proposition 5.3 for the case where Qi
consists of several simply connected components.

Now the relationship between Theorem 3.1 and the dilation theory of Sz-Nagy—Foiag
is clear: under the assumptions of the theorem the operator A admits a normal dilation
up to similarity; the spectrum of this dilation is included in T'.

Similarity to a Sz.-Nagy—Foiag model operator established in Theorem 3.1 allows us to
obtain an overwhelming majority of the known consequences of the model: a description
of the commutant, invariant and hyperinvariant subspaces, and criteria of similarity to
a normal operator. In connection with this, we note that positive, as well as negative,
results on the similarity of a Cyg-operator in a domain to a normal operator immediately
follow from the results of Benamara—Nikolski [31], Vasyunin—Kupin [3], Kupin [47], and
Kupin-Treil [4§].

If an operator A has a two-sided admissible generalized characteristic function in Q;yt,
then every generalized characteristic function of it is two-sided admissible. In the simply
connected case this follows from Proposition 5.3, and in the general case, a few additional
arguments will be necessary.

§6. EXAMPLES

6.1. Contractions. Let T be a Cy.-contraction in a Hilbert space H. The defect
operator of T is the operator Dy = (I — T*T)Y/2 > 0. Set Qe = D = {\ : |\ < 1},

J=Dr, R=Dr 4f Clos DpH. The following proposition is well known.

Proposition 6.1. The system (T, J) is exact for the disk D; moreover, ||Ur, x| = |||
for any x € H.

The proof can be found, for instance, in the introductory lecture to the book [13]
(theorem on the model). For the choice of Qi and J as above, the model obtained
from Theorem 3.1 with the help of the isomorphism V coincides with the Sz.-Nagy—Foiag
model.

The next proposition is an easy consequence of Theorem 3.1 and Proposition 5.2.

Proposition 6.2. 1) A 2-system (A, J) is a Cy.-system for the disk D if and only if it
is similar to a system (T, Dr) for some Cy.-contraction T

2) Let (A,J) be a Cy.-system in the disk D, § a generalized characteristic function
of it, and 60y the pure part of the x-inner part of the function 6. Then the 2-system
(A, J) is similar to a 2-system (T, Dr), where T is a Cy.-contraction with characteristic
function &0y (in the sense of Sz.-Nagy-Foias).
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6.2. Dissipative operators. Let A be a maximal dissipative operator. In accordance
with [20], with A we can associate the Cayley transform T'= (A —4I)(A +4I)~!, which
is a contraction, and the cq-semigroup {7T'(s)}s>o of contractions the generator of which
is the operator iA. We assume that T € Cj.; this condition is equivalent to the fact
that s-lim;_,oo T'(t) = 0 (see |20}, §3, Proposition 9.1]). For simplicity we assume that
A = A,+iA;, where the operators A, and 4; are selfadjoint, A; > 0, and D(A,) C D(4;).
We put J = (2Im A)Y/2 = (24;)*/?, R = closRange J, and Qi = C = {\ : Im \ > 0}.

Proposition 6.3. The system (A, J) is exact for the half-plane C1; moreover, || Ua, j x|
= ||z|| for all z € H.

Proof. Applying the results of [20, Chapter 1, §10] and the fact that the Laplace trans-
form of the semigroup {T'(¢)} is the resolvent (A —iA)~!, Re A > 0, we see that

[e.e]
Jall? = [ 19Tl de+ |70
0

o0
:/O [T (t)z]|* dt = [|J(- = iA) " @l52((rers0y.m) = | Uas 2l B2 e, gy

for all z € D(A) (observe that E?(Cy,R) = H?*(C4+,R)). So, Ua,; extends up to an
isometry from H to H?(C,, R) that acts by the same formula. O

Apparently, there is a relationship between our results applied to continuous linear
systems (see the commentary at the beginning of §3, and also §§8, 9 and Subsection 10.2)
and the results of [67].

6.3. Differentiation on an interval with nondissipative boundary conditions.

Let H = L? ([O7 w] — (C”) def 12, Suppose that p is a complex matrix of size n X n and 3

is an (n x n)-matrix-valued complex measure on [0, w] such that 5({0}) = f({w}) = 0.
Consider the operator

(6.1) Ap=—¢/,
(6:2) D(A) = {p € W3 ([0,u] - C") : Ly =0},
where

Lo = (0) - / 4B(x)p(z) — p- pl(w).

We show that Theorem 3.1 allows us to construct a Cyp-model of the operator A*. This
means also (see §9) that a Cpo-model of the operator A exists; in §10 it will be computed
explicitly.

In the scalar case (n = 1), consider an operator in L2([0,1]) of the form By = o)’ ++1p,
where a and 7 are continuous, o < 0, with the boundary condition as in (@2). The
isomorphism of L2([0,1]) onto L?([0,w]) defined by v +— f - (¢ o 7), where f and 7 are
appropriate functions, allows us to reduce the study of the operator B to that of A.

We put B(z) = B([0,«]); then the function B is continuous at the points 0 and w,
and B(0) = 0. The operator A* is given by the relations

D(A*) = {¢ € L? : e € C" : ¢(z) + BT (z)c € W5 ([0,w],C"),

(A") () € (¢(2) + BT (2)(0)) .
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Set A(\)c = Le=**¢, ¢ € C". Then
(6.3) A =T / e d3(z) — M),
(0,w]
Consider the operator

_ ! A(t—z) Y A(t—w) 2
(Fr)(A) /[o,w] db’(x)/o e r(t) dt + p/o e r(t)dt, re L
Then o(A) = {\: det A(\) =0}, and

(6.4) (AN =A)7tr)(2) = e AN HEr) () + /Ox A0ty dt, M ¢ o(A).

From this formula we obtain

(A=A "") (1)

t
+ (/w eNE—y) dﬁ*(y)dy-i-e)\(tw)p*)AT()\)l /w 67)‘1’1/)(%) d.
t 0
We set
(6.6) Jp =9(0), o eD(A"),

and consider the function

(6.7) SO\ = AUA(N) = M T — / A=) 4g(z) —p, A€ C.
By (6:3) and (6.5]), the operator Uy~ s, has a simple form:

(6.8) Ua- 7. 0(\) = 6T\ 7! /Ow A=)y (s) ds.

We take an arbitrary number a such that det A(z) # 0 and [|A(z)7!|| < C for Rez > a.
Next, we put

Qint = Qint = {Rez < a}, Qext = Qext = {Rez > a}.

It is easily seen that the matrix-valued functions § and 6T are (two-sided) admissible
for the domain ;,;. This leads to the following statement.

Proposition 6.4. (A*, J*) is a Coo-system in the domain Qint.
Proof. From the Parseval identity, it follows that HiZHEz(Qean) = |92, where $(A) =

fow e~ *(s)ds. Since Ua~ j,1h(N) = AT()\)_HZ(/\) and the functions AT, AT~! belong
to H (Qext, C"™™), we get

1Ua=, 5.0 B2( Qe 0m) = (19| 2

O

Since A* has discrete spectrum, Theorem 3.1 implies that Ua~ ;. is an isomorphism
of L? onto the space H(8;) for some function §; € H> (Qint, C**™). In §10 we shall show
that we can take §; = 6T.
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6.4. Generators of systems with delay. For h > 0, we put
H=C"® L*([~h,0] — C")

and assume that the operators M : C([-h,0],C*) — C", L : W4([—h,0],C") — C"
can be represented as follows:

h h h
Mo [ du@)p(-0); Lo= [ cO(-0)d8+ [ n(@)(-6)ds
0 0 0
Consider the unbounded operator A on H defined by
D(A) = {(c,p) € H : p € Wy ([=h,0,C"), c = Mo}, Alc,¢) = (Lo, ).

We assume that ¢,n € L?([0,h] — C"*"), and that du is an (n x n)-matrix-valued
measure with p({0}) = I. In this case, A is the generator of a cy-semigroup associated
with a neutral linear system with delay,

L a)t) = (Cx)(0) + (= 2)(),
(pxx)(0)=c, z(8) =¢(0), —h<6<O0.

In [56] a function model of the operator A and the corresponding semigroup of oper-
ators were constructed. Now we show that the result of [56] can easily be deduced from
the construction of the present paper.

As is well known, the function

A(z) = zMe* — Le*

d:efz< /Oh e dp() — /O he—zen(e) d@) - /O h e=*¢(0) d

plays the principal role in the spectral analysis of the operator A. In particular, o(A) =
{z:det A(z) = 0}. There exists a number a € R such that [|A(z) 7| < C(1+ |z|)~* for
Re z > a. We fix this ¢ and an arbitrary number b with Reb > a. Let Qi = {Rez < a},
Qext = {Rez > a}. The function

8(z) = (z = b) L A(2)
is admissible for Q;,;. Consider the operator
Jo: H—C", Jo(d,op)=d

and put R
Viy(z) = Jo(z = A") "'y, ye H.
It is easily seen that
0
(69) i) = AT e+ [ el as.
—h
where

h
m(z)z/o e % du(h)

(see [56]). Since AT(2)™1 — 0as z — oo, 2 € Oy, the relation ||‘71y||E2(Qext’Cn) = |yl e
is impossible. We define
Jo = Jo(A* —b), J.: D(A*) — C"™;
then
(6.10) Uar1.y(z) = (2 — b)Vay(z) — Joy.
Proposition 6.5. The system (A*,J,) is ezxact.
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Proof. Let y = (d,¢) € H. Suppose that Ua~ s, y(z) = 0 for all z € p(A*). Putting

z = b in (GI0), we obtain d = Joy = 0. By (69) and (6I0), the Laplace transform of

the function 1 is identically equal to zero, whence ¢ = 0, y = 0. Thus, KerUx~ 5, = 0.
From (69) and (GI0) it follows that

0
Uae (0, 0)(:) = 37 | (mT() - 6@+ [ 0y ds
—h
(cf. formula (1.15) in [56]). Now it is clear that Ua- j, : H — E?(Qexi, C") is a
bounded operator. Obviously, ||Ua= s, (0,v)| g2(0...,c) X [|[¢]|. Since the vectors of the
form (0, %) constitute a subspace of finite codimension in H, we conclude that the system
(A*, J,) is exact. O

In §10 we shall show that 6T is a generalized characteristic function of the system

(A%, J.).

§7. RELATIONSHIP WITH CONTROL SYSTEMS AND THE EXACT CONTROLLABILITY

The relationship of function models with control theory is well known; see [28], [30],
[39], [61]. In this section we briefly elucidate the relationship between Cy.-operators and
the exact controllability. For more details about the exact controllability, we refer the
reader to the papers [59], [78], the books [28], [34], [46], [54], [61], etc. In the books [54],
[46], [78], in particular, a method of proving the exact controllability was presented for
specific systems given by partial differential equations (the so-called HUM, the method
of Lions). In [59) 61] the Sz.-Nagy—Foiag function model was applied systematically to
the study of the possible “size” of control operators under the conditions of exact con-
trollability, zero-controllability, etc. Note that an apparent contradiction of some results
of [34], [59], [61] to Theorem 7.1 is related to the fact that in those books only bounded
control and observation operators were considered (see, e.g., [61], Vol. 2, Theorem 3.8.2]).

Let (4, J) be a 2-system with a densely defined operator A. We fix a point Ag € p(A)
and set Ag = A — A\oI. We formally introduce the vectors Ajh for n € Z and h € H and
the vector spaces AjH = {Ajh : h € H}. Suppose that Ajhy # Afhs if hy # ho; then
AP H is a Hilbert space with the range norm, and it is isomorphic to H. For n < m we
assume that Ajhy = A hg if Aj”™hy1 = he. Under this assumption, we get a scale of
spaces

CAPPHCAJ'HCHCAHCAXH C -+
clearly, Ang = D(Af), k > 0. The operators Ay, A, and Agl are well defined on the
linear set |J,, o, AG H, so that Ag and Ay 1 are mutually inverse. In a similar way, we can

define the scale of spaces A§"H, n € Z.

We shall use the following realization of the dual space: (A H)* = A5~ "H, where we

set (AGhi, A5 "ha)n def (h1,h2), n € Z. These definitions are compatible: (hi, hs), =

(h1, ha)m if both quantities make sense. We shall write (hq, ho) instead of (hy, ha)y,.
Suppose that 0(A) C {Rez <} for some v € R and that

J(A= 2D < C(Rez— 7)), Rez >~
(we do not assume a priori that A is the generator of a semigroup). Set
(7.1) = {Rez:'y}, Qint = {Rez<’y}, Qext = {Rez>’y}.
With the system (A, J) we associate the (dual) linear system
(7.2) (t) = A%x(t) + J*u(t), t<O0.
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Here x(t) is the state vector, u is the control, u(t) € R, J* : R — D(A)* = AjH.
Equality in (Z2)) should be understood as equality in the Hilbert space A§H. We look
for a solution z(¢) that tends to zero at —oo (in some sense).

Consider the Hilbert space

LZR_,R) = {¢:ot) =e"p(t), v € L*(R_,R)}.

Observe that the Fourier-Laplace transformation Lu(p) = [ e Pu(t) dt is a unitary
isomorphism of L2(R_, R) onto L*(T, R, |g—;‘) We define a map

W :ue L2(R_,R) — Wu % 2(0)
as follows. First, suppose that u € C3(R_,R) and u has compact support contained
in R_, i.e., u = 0 on (—o0,—S5) and on (—e¢,0), with €¢,S > 0. Applying the Laplace
transformation on [—S, +00), we see that (7.2]) has a solution

1 a+100
(7.3) o) =5 [ o= A A, <0,

270 J q—ioo

where @(p) = Lu, and o > ~ is arbitrary. It is easily seen that (p - (v + 1))312 €
H?(Qine, R) and e_Sp(p —(y - 1))311 € H?*(Qext, R), which implies that the element
e P(p— (v - 1))3(p — A*)71J*@ lies in H?({Rez > a}, R) for any o > 7. Therefore,
z(t) = 0 for t < —S. Obviously, z € C*(R_, R). Taking the Laplace transform on
(—00,0), it is easy to show that ([3) is a unique compactly supported solution of ([CZ)

on R_. For functions u € C3(R_, R) of the above form, we set Wu def x(0), where z is
the solution of (T.2)) defined by formula (Z.3)).

Definition. A system (Z.2) is said to be ezactly vy-controllable if the operator W can be
extended continuously to the entire space u € L% (R_, R), and the range of this extension
coincides with all of the space H.

In other words, a system (2) is exactly vy-controllable if, with the help of a control
u € L2(R_, R), any state 2(0) can be reached.

Theorem 7.1. A system ([L2) is exactly y-controllable if and only if the system (A, J)
is exact for the choice (L)) of the domains.

Proof. Note that Qi = Qin& Qext = Qext. We choose numbers 7g, 1 so that v < v9 <
1, and define the operator W : ——E2({Rez < v}, R) — H by

Z—=71

1 Yo+i0o

(7.4) Wo = (p— A" "L T*w(p)dp, v e

278 J oy —ioo zZ—m

E*({Rez <y}, R).

By (Z3), WLu = Wu for functions u in C3(R_, R) with compact support. Since
L is a unitary isomorphism of L% (R_, R) onto E?(Qne, R), the system (Z2)) is exactly
~-controllable if and only if W can be extended by continuity to E? (Qint, R) and the
range of this extension coincides with H. From (74) and (23) it is easily seen that
(Ua,jz,v) = (x, Wov) f(irvv € ﬁEQ({Rez <%0, R}) C E?*(Qint, R) and x € H. Hence,
if one of the operators W : E?(Qint, R) — H and Ua y : H — E*(Qint, R) is bounded,
then the other is also bounded and they are mutually adjoint. In this case, by the
Banach theorem, the relation WEQ(QM7 R) = H for the extension W is equivalent to
the condition Je > 0 : [|Ug, jz|| > €llz|], x € H. O
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From Theorem 3.1 it follows that, under the assumptions of Theorem 7.1, A is the
generator of a cp-semigroup.

A system (T2) is said to be ezactly controllable on [—7,0] if any state x(0) can be
reached by application of a control u € L2<[—’T, O],R) (we then assume that v = 0
on (—oo,—7); as before, we understand the solutions of the system (Z.2)) in the sense
of extending W by continuity). Clearly, exact controllability on [—7,0] implies exact
~v-controllability for any v such that the operator W : L%(R_, R) — H is continuous.

§8. MODELING OF GENERATORS OF GROUPS

Let T = {T'(t)}+er be a co-group of linear operators. Then the limits

o ln||T( )|| _ g W T@)) )H
&0 (T) o tl}gloo ﬂO(T) B tl}inoo t
exist and ag(T) < Go(T).
The next theorem shows that for modeling a generator of a group we can take J = I.
Theorem 8.1. 1) Let A be the generator of a co-group T = {T(t)}, 5 > Bo(T). Then

(8.1) | Uarxl|g2((Re =58y, m) < 2], 2 € H.

Similarly, if o < ao(T), then || Ua1 x| g2((Re z<a},m) < ||2]].
In particular, A is a Cyg-operator in any strip of the form a < Rez < 3, where

a < ao(T) < ﬂo(T) < 5
2) Conversely, let A be a closed operator with o(A) C {a < Rez < g}. If

H UA,Ix||E2({Rez<a,H}) + ” UAJJ"||E2({Rez>B,H}) = ||J)H, xr € H,
then A is the generator of a co-group.

Proof. 1) As is well known,
o0
—(A—zD)"t = / e #'T(t)dt, Rez>f.
0

Therefore, by the Paley—Wiener theorem we have

1 B’ +ico

(8.2) (A — 2D) | |dz| = / 2T () dt
0

2T B’ —ioco

for 0" > . Let | T(t)z|| > €l|z|| for t € [0,1]. From (82) it follows that

oo o0
IO, 12 122 (e 5.109) :/O e T (b dt < </O eQﬁtIIT(t)Ith>IIx||2

for © € H, where the last integral converges because 8 > o(T). On the other hand,

1 1
10123 e oty > / 2T (t)al? dt > ( / e%tdt)nxﬁ

The second statement in 1) can be proved in a similar way.

2) We put Qint = {a < Rez < 6}, Qoxt = {a < Rez} U{Rez < ﬂ} By Theorem
3.1, A is similar to the operator M;r on the space H(9, Qint) for some *-inner function
§ on Qipe. Using the Sz.-Nagy—Foiag representation of a model operator (see §5), we
can conclude that A is the generator of a co-group {Mezt [HsnF (0, Qint) of linear
operators.

Vier
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In particular, Theorem 8.1 implies the existence of an H°°-calculus for the generators
of groups in strips of the form {a < Rez < B}, where a < ao(T) < Bo(T) < B.
The Mclntosh techniques of constructing an H*°-calculus with the help of quadratic
estimates [57] together with the techniques of completely bounded operators [62] were
applied systematically by Le Merdy in the papers [49]-[53] in connection with modeling
semigroups of linear operators, commuting families of semigroups, and operators with
spectrum in the unit disk. The example presented in [52] shows that there exists a
compact co-semigroup such that its generator is not a Cpyg-operator in any half-plane
Qint = {Rez < a}.

We note that Theorem 1.1 in [53] is very close to our Theorem 8.1, but was proved by
totally different (and less explicit) method.

It would be of interest to elaborate a function model for the generators of groups in a
strip ao(T) < Rez < Bo(T).

From the theorem of Datko [35] it follows that the relation ||Ua rz| g2 ({Re=>p,H}) >
C||z||, x € H, implies the strict inequality 5 > Bo(T).

£9. REPRODUCING KERNELS. CALCULATION OF THE GENERALIZED
CHARACTERISTIC FUNCTION VIA DUALITY

Let Qint, Qoxt, 'y, R, Ry be given and have the same meaning as in §2. Consider the
space

E?(Qint, L(R., R)) € L(R., E*(Qint, R))
= {f € Hol(Qing, L(Rs, R)) : f(-)r € E*(Quns, R), for r € R, }.
This is a Banach space with the norm [|f|| = sup,cg, =1 Hf(')rHEQ(thR). In a sim-
ilar way, we introduce E? (Qext,ﬁ(R*,R)) and L? (I‘,LI(R*,R)). If f is a function in

E? (Qint, L(R+, R)) (or in E? (Qext, L(R., R))), then the map r — fr|T" is continuous

from R, to L*(T', R), which means that it is an element of the space L*(T', L(R,, R)) def

E(R*, L2(T, R)) The images of this map will be called the boundary values of the func-
tion f.

The classes introduced above are direct analogs of the classes of strong H2-functions
in terms of the book [13]. Note that the boundary values of strong H?2-functions cannot
be regarded in the sense of nontangential strong operator convergence.

The definition of the projections P, Pext can easily be transferred to the £L(R)-valued
functions; in this sense, these projections are also bounded.

Definition. Let 6 be a two-sided admissible function of class H>(Qint, L(R, R.)). We
shall say that an L£(R., R)-valued function ¢(z) holomorphic in Qe corresponds to the
function §(z) if for some (and then for all) Aint € Qint, Aext € Qext and for some function
TE (2 — /\ext)EQ (Qint,E(R*, R)) we have

(9.1) ®|Qest € (2 = Aint) B> (e, L(Re, R));
. b, =(""4+7); ae onT
(the latter means that (®r). = d~1r + (7); a.e. on I for all 7 € R,).

Proposition 9.1. Conditions (@1) determine ® up to the replacement ® — @ + Dy with
Oy = const € L(Rx, R). One of the functions ® can be calculated by the rule

92) 8(2) = (== o) (P ) 2
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and then
571
(93) T(Z) = _(Z - )\ext) <]Dint7> (Z); S Qint-
Z = Aext
Here Aoyt is an arbitrary fized point in Qexy.
Proof. Suppose that @1, @, satisfy (O.1I), Po(z) = P1(z) — P2(2), and
Do (2) = (2 = Aext) " (Po(2) — Po(Aext))-
Then (@00)1‘ = ((I)oo)e a.e. on F, @00|Qint S E\2 (Qinta E(R*, R)), and (I)OO|Qext S
E? (Qext,ﬁ(R*,R)). Consequently, ®gp = 0 and &g = const. The possibility of cal-
culation of ® and 7 by formulas ([@.2)), (9-3) is obvious. O

If @ corresponds to d, then we agree to extend ® to Qi \ specd by the formula
(9.4) N =61 +7(N), A€ Qunt \ specd;
clearly, . = ®; a.e. on I'\ specd. By this definition, & becomes a holomorphic function
on C\ specd. Soon, we shall see that this extension is natural.
With § as above we also associate the following family of functions:
P(z)— & ~ dT(2) — 0T (v
OET NI SN UOET L0

(95) Gum(2) = _ﬁmv -

l;

here p € C\ specd, v € C\ specéT, m € R,, and | € R. These functions are uniquely
determined by 0.

Proposition 9.2. The functions G, m lie in H(5). The functions h,, lie in H(6T). The
following reproducing formulas are true:

(96) <907 hD,l>6 = <<p(l/)a Z>a (RS H((s)a
(9.7) (W, Gpm(2))sr = (Y(v),m), & eHO).
Proof. From (@) it easily follows that g, ., € E? (Qext, R), 6G,.m € E? (Qint, Ry ), whence

we conclude that §,.,|T € H(5). Similarly, h,; € H(6T). Let ¢ € H(5), and let
veC\ (specdUT). Then

s = [ (30000, T2 ) 55 = [ (820000, T2 ) 52

) A

Using the Cauchy theorem for Qint, Qext, the conditions § - ¢ |T" € EQ(Qim, R.), ve €
E?(Qext, R), and formulas (@.4)), (2-10), we obtain

- [ (A )

_{Q5%m+T@»amme>ﬁyenm\wm@
0 if v € Qoxy;

12—/<1+75¢6,1>d_?—/< Pe ,z>d_z_+/<75%,l>d—z,
r\z—v 27 r\z—v 211 r\z—vVv 27
. <T(l/)5(l/)<p(l/),l> ifVE Qint\speC(57
B _<¢(V)’ l> ifve Qext~

Thus, formula (@6) is valid for v ¢ I'. For v € T\ specd, formula (@6) follows by
continuity. Formula (@7) can be proved in a similar way. O
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We call the functions BW reproducing kernels of the space H(J), and the functions
G,m reproducing kernels of the space H(ST). The reproducing formulas imply that the
functions BW are complete in H(4T), and the functions gz ., are complete in H(5).

It is obvious that, for instance, the functions iz;,l depend not only on the space H(J)
but also on the specific choice of the function 6. Let j : D(MT[H(§)) — R be an
operator defined by formula ([2), and j. : D(MTX[H(6T)) — R. a similar operator
corresponding to the space H = H(6T). Clearly,

(9.8) hoi = (v = METHET) 757l Gum = (p — ME[H(S)) ™ jim

(here j* : R — (MT — Nyt )H(0T), 52+ R — (M — Next)H(5), where Aext € Qeyxt; see
§7). Indeed, for any function ¢ in H(d), by Proposition 1.1, we have

-1 ., o -1 _
<§07 (V - M.’zr [H((sT)) J l> = <] (V - M;r ’VH((S)) 2 l> = <90(V)7 l>7
whence the first formula follows. The second formula can be proved similarly.

We shall use the notion of a 3-system that appeared in the Introduction. Observe that
if (4, J, J,) is a 3-system, then the operator A* is densely defined.

Definition. Suppose (A4, J, J.) is a 3-system. Then the operators J : D(A) — R and
J« : D(A*) — R, are bounded in the graph norm. Hence, J} : R. — AgH is a bounded
operator. By the Hilbert identity, relation (@2) determines a well-defined L(R., R)-
valued analytic function ® on p(A), which is called the transfer function of the system

(A, J, J,).

The only nonuniqueness in the choice of ® is related to the replacement & — ® + P,
®y = const. In the case of a bounded operator A, we can get rid of this indeterminacy
by the requirement ®(co) = 0, in other words, by putting ®(\) = J(A — \)~1J.

We set

hoy =Wl = A T gum = (0l — A~ Trm,
where [ € R, m € R,, and pu, 7 € p(A4). Since J* : R — A{H and J; : R, — AgH are
bounded operators, we have h, 1, gum € H for all [, m, u, v. Clearly,

<(UA7Jx) (A)v l> = <£L‘, hX,l)a A€ p(A)v

(99) <(UA*7J*‘CC) (A)vm> = <x795\,m>7 NS P(A*),
forallz € H,l € R, m € R,. The Hilbert formula implies the identities
(9-10) UA,J Gu,m = gu,m; UA*,J* hu,l = ﬁv,l-

Now suppose that o(A) C clos Qing, where Qine and Qexy satisfy the conditions of §2.
We shall use the notion of duality of 2-systems (A,.J) and (A*, J.) with respect to a
two-sided admissible function, as defined in the Introduction (see (01l)). Note that if the
systems (4, J) and (A*, J.) are dual with respect to a function ¢, then ¢ is a generalized
characteristic function of the system (A, J), and 6T is a generalized characteristic function
of the system (A*, J..).

Proposition 9.3. Let (A,J) be a Cyo-system in a domain uns. Fiz its generalized
characteristic function §. Then the operators A and A* are demsely defined, and there
exists a unique operator J, : D(A*) — R such that the system (A*,J.) is dual to (A, J)
with respect to 4.

Proof. Since (A4, J) is a Cy.-system, D(A) is dense in H. Therefore, A* is well defined
and D(A*) is dense in H. By assumption, Uy ; is an isomorphism of H onto H(J).
Consider the isomorphism W = (UA7J*)_1 : H — H(§T). Tt intertwines A* with the
operator MT on H(8T). It is easily seen that the system (A*,J,) is dual to (4, J) with
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respect to the function § if and only if Ua« s, = W. Now the existence and uniqueness
of J, follow from Theorem 3.1. O

Theorem 9.4. Let (A, J, J.) be a 3-system and ® its transfer function. Let Qine be an
admissible domain, and let o(A) C clos Qing, 6 € H*® (Qing, L(R)). If the systems (A, J)
and (A*, J.) are dual with respect to the function 0, then ®|Qext corresponds to §, and
D|Qint is an extension of ®|Qext by formula ().

Proof. Starting with §, we construct a function d holomorphic in Q.y and extend it to
Qint \ specd by the rule (@4)). By (@) and (@6), we have the relation

@umw ﬁv71>6 = <g/um(y)al> - _<wm’l>'

From the definition of the transfer function it follows that

(Gum> o) = —<%§(mm, l>.

Since the systems (A, J) and (A*, J,) are dual with respect to J, we have

<gu,m; hv,l> = <UA,J Gu,m; UA*,J* hu,l>6 = <§p,m7 hu,l>6
for all u,v € p(A) \ specd, m € Ry, l € R. We conclude that ® — ® = const. O

Theorem 9.5. Let (4, J,J.) be a 3-system, and O ils transfer function. Suppose that
Qint is an admissible domain and o(A) C closQin. Let § be a two-sided admissible
function in H*®(Qing, L(R)). The systems (A,J) and (A*,J.) are dual with respect to
the function ¢ if and only if the following conditions are fulfilled:

1) Uas,y:H— EQ(Qext, R) and Uap~ g, - H — EQ(ﬁext, R) are bounded operators;

2) the operators Uga,; and Ua~ g, are injective;

3) ® corresponds to 4.

Proof. If the systems (A, J) and (A*, J.) are dual with respect to J, then, by definition,
conditions 1) and 2) are fulfilled. The relation Ua, s gu,m = Gu,m (see (210)) implies that
® corresponds to 4.

Conversely, suppose that conditions 1)-3) are fulfilled. Since the operator Ua, s is
injective, by (@9) the vectors h,; are dense in H. By 3), identities (3.10) are fulfilled.
Since H(67T) is a closed subspace of E?(Qexs, R) and the vectors U~ Jghu = ?L,,J generate
H(T), we have Ua« j, H C H(6T) by 1). Similarly, Ua ; H C H(5). The same arguments
show that Uga« s, H is dense in H(6T) and Ua j H is dense in H(5). We agree that Uga s
acts from H to H(5), and Uy~ 4, acts from H to H(8T). Since

(9.11) Uz, Unx g ha)s = (Uag @, hug)s = (Ua,g ) (@), 1) = (2, huy)

for any v € p(A*), l € R, and z € H, we obtain Uj}. ; U = I. Since the range of the
operator Uy j is dense in H(J), the operator U}« j. 1s inverse to Uy, s. Consequently,
the system (A*, J,) is dual to (A, J) with respect to 4. O

In particular, under the assumptions of the theorem, the operator A is similar to MT
on H(4).

The following version of Theorem 9.5 is useful.

Theorem 9.6. Let (A4, J,J.) be a 3-system, and O ils transfer function. Suppose that
Qint s an admissible domain and o(A) C closQint. Let § be an admissible function in
H> (Qint,E(R)). Suppose also that the following conditions are fulfilled:

1) Ua,s is a bounded operator from H to H(0), and Ua~_ g, is a bounded operator from
H to Ez(ﬁeme*);
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2') the operator Uga,; is injective,
3') @ corresponds to 6.
Then the systems (A, J) and (A*, J,) are dual with respect to 6.

Proof. From 2') and (9.9) we deduce that the vectors h,; are dense in H. By (3),
condition ([@.I0) is fulfilled. In the same way as in the proof of Theorem 9.5, we see
that Ug« j, H C H(6T) and Uy« . H is dense in H(JT). The computations (.11 yield
Ua,;*Uy» ., = I, and now the density of the range Ua- y, implies that the system
(A*, J,) is dual to (A, J) with respect to d. O

It would be of interest to combine our approach with constructions from the theory of
optimal control by infinite-dimensional systems (see [24], [, [65], [34], [66], [37], etc.).
§10. CALCULATION OF GENERALIZED CHARACTERISTIC FUNCTIONS IN EXAMPLES

We consider the examples of §6, and also the generators of cy-groups.

10.1. Suppose that T is a Cpg-contraction on H, ie., [|[T]| < 1, and lim, T"z =
lim,, T*"z = 0 for all z € H. Set Dp« = (I — TT*)I/Q, Dr+ = closDp-H. As ear-
lier, we put J = Dy, R = Dy and J, = Dp«, R, = Dp«. Then the transfer function of
the 3-system (A4, J, J.) has the form

®(\) = Dr(A—T) D

Dr- : R. — R, Xep(T).

Proposition 10.1. Let T be a Coo-contraction. Then the systems (T, Dr) and (T*, Dp~)
are dual with respect to the Sz.-Nagy—Foias characteristic function

§(A\) = =T + ADp«(I = XT*)"'Dy|Dr, X€D.

Proof. By [20], the condition T € Cyp implies that 6 € H>® (]D), L(R, R*)) and the values
of § are unitary operators a.e. on T. We set 7(A) = T*|R,; it is easily seen that 7 €
E?(D, L(R., R)). We have

S(A)* +T*R. = (A7), MeD.

Thus, @ € H°°(((A: \ closD, L(R., R)) and, in particular, & € sz(@ \ closD, L(R., R));
we also obtain 5;1 + T*|R, = ®. a.e. on JD. Therefore, ®|Qeyt corresponds to §. The
duality of the systems (T, Dr) and (T*, Dr+) with respect to ¢ follows from Theorem
9.5. (|

10.2. Similarly, let A be a maximal dissipative operator satisfying the conditions of Sub-
section 6.2. Suppose that, moreover, A € Cpg. Put Qi = {Rez > 0}, J = (2Im A)"/2,
Jx = —iJ, and R = R, = closRange J. The values of the Sz.-Nagy—Foiag characteristic
function

Sa(z) =1 — J(A* —2I)"'J*|R
(initially defined on the set {r € R : Jr € R}) are unitary operators a.e. on R. In the
same way as in Subsection 10.1, from the relation

() =T+JEI—-A) I =1+d(2), Rez>0,

we deduce that the transfer function ®(z) = J(zI — A)~1J} is well defined on Qext and
that the function ®|Qext corresponds to 4. Proposition 6.3 and Theorem 9.5 permit us to
conclude that the systems (4, J) and (A*, J,) are dual with respect to the characteristic
function 4.

The techniques of the papers [19], [17], [26] make it possible to get rid of the assumption
D(A) = D(A*).
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10.3. Let A be the operator as in Example 6.3, and let § and J, be determined by
formulas (6.71), (6.6). We shall show that the generalized characteristic function of the
operator A coincides with . We must prove that Ua~ ;. H = H(6T) and find an operator
J : D(A) — C" such that the system (A, J) is dual to the system (A*, J.) with respect
to 6.

Observe that 7 1(\) = e M ATY(\) € H*(Qext, C™*™); this implies that the function
® constructed via § coincides with 6! (see ([@.1)). We want to find an operator J such
that the transfer function of the system (A, J,.J,) coincides with 6~ 1.

Each ¢ € C™ gives rise to a J-function ¢ defined by the relation (p, ¥,¢) = {p(w), ¢).
Assuming that ¢ € D(A), we obtain ¢,,c € D(A)* = A*H. Identity (6.7) formally yields

(10.1) T\ = A e =T (N le=dT(\)le, A€ p(A).

Note that the elements ((A— A*)~'ty,c) () are continuous at « = 0 but do not belong
to D(A*). Formulas (I0.]) and (@) lead to the conjecture that the required operator J
can be found by the formula J*c = ¥,¢, ¢ € C™, which is equivalent to the relation

(10.2) Jo=p(w), ¢eDA).

Proposition 10.2. Let A be the operator determined by formulas (6.1) and 6.2), and let
J, J*, and § be defined by ([10.2), (6.6), and (6). Then the systems (A, J) and (A*, J.)
are dual with respect to the function §, and the function 6~ is the transfer function of
the 3-system (A, J, J).

Proof. Let ®; denote the transfer function of the system (A4,J,J.). Then ®T is the
transfer function of the system (A*, J,, J). From (I0.) it follows that
L[ = A7 = (u— AN = 8T) T — 6T ()

Therefore, ®T (A\) = §T(A\)~! = ®T(\). We apply Theorem 9.6 to the system (A*, J,, J).
From (6.4) we obtain

Uagz(\) =861 { / dp(x) /0 ’ A2y (t) dt + p /0 ’ () dt]

w
—|—/ A=)y (4) dt.
0

Now we see that U4 is a bounded operator from H to EQ(Qext, R). Formula (6.8]) and
Proposition 6.4 imply that Ua- . is a bounded and injective operator from H to H(5T).
Thus, the assumptions of Theorem 9.6 are fulfilled, and we obtain all the statements of
the proposition. |

10.4. Let A be the generator of a neutral semigroup with delay as in Example 6.4. We
put
(10.3) J(c,p) = p(=h), (c,p) € D(A).

Proposition 10.3. In the notation of Subsection 6.4 and ([I3)), the systems (A,J)
and (A*, J,) are dual with respect to the function §, and the function 5~ is the transfer
function of the system (A, J, J.).

Proof. Consider the following operator D_ on L?([—h,0] — C"):
D(D_) = {p € Wi([~h,0] — C") : p(—=h) =0}, D_p=¢.
Then the operator (z — D_)~! is bounded for all z € C, and

x

((z = D) tp)(x) = —/ @D (t) dt.

—h
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It is easily seen that
Uaj(c,p)(z) = J(z — A) e, ) = e_hZA(z)_l(c — (M —-L)(z - D,)_lgo).
Hence,
Jz—=A) 7 =eA(2) 7 = (2 = b)d(2) L.
Observe that
J[O= A = (= AT = J [ = A7 = (= A) (A by
=J[A =)A= = (A =b)(u—A)]Js
=071\ = H(w).

Thus, the transfer function ® of the system (A4, J, J.) coincides with §—1.
Direct inspection shows that all the assumptions of Theorem 9.6 are fulfilled, and the
proposition follows. O

Note that in [44] a general “algebraic” definition of the characteristic function was
presented. It can also be applied to operators like those considered in Examples 6.3 and
6.4. It would be of interest to elucidate the relationship between the construction of [44]
and that of ours in a maximally general setting.

10.5. Let A be the generator of a ¢o-group, and let o < ag(A) < Fo(A) < 5 (see §8).
We put J = I, Il = {& < Rez < }. By Theorem 3.1 and Remark 2 to it, Uy s
is an isomorphism of H onto the space H(d) for some two-sided admissible function
d € H*(II, L(H)). The following statement gives a formula for 6 among other things.

Proposition 10.4. Let A be the generator of a co-group. Let s be a complex number
with |Res| > B —a, and let R=R, = H, J. =51, and §(2) = (z — A)(z + s — A)~L.
Then 6 € H>®(II,L(H)), ¢ is a two-sided admissible function in the strip II, and the
systems (A, J) and (A*, J.) are dual with respect to the function §.

Proof. Clearly, § is a two-sided admissible function in II. Putting 7(z) = I, we see that
the function ®(z) = s(z — A)~! corresponds to §; also we can see that ® is the transfer
function of the system (A4, J, J.). Thus, conditions 1)-3) of Theorem 9.5 are fulfilled. O

Note that the condition §(z) — I € S, for z € II is equivalent to (z — A)~! € S, for
z € p(A); here S, stands for the Schatten-von Neumann class. We also note that for
Res > 3 — a the same function d is a generalized characteristic function of a 3-system
in the half-plane a@ < Rez, and if Res < —(8 — «), then this is true for the half-plane
Rez < .

§11. NONUNIQUENESS OF THE GENERALIZED CHARACTERISTIC FUNCTION

In Examples 3, 4, and 5 of the preceding section, explicit formulas were given for gen-
eralized characteristic functions, while, most likely, the inner factors of these functions
cannot be calculated explicitly. The nature of nonuniqueness of a generalized charac-
teristic function depends on whether we deal with an operator A, a 2-system (A4, J), or
a 3-system (A, J, J.). In this section we always assume that A is a Cyg-operator in a
domain Qi,t. To simplify the notation, we also assume (without loss of generality) that
R = R..

Theorem 11.1. Suppose that all components of a domain iy are simply connected.
Let § € H* (Qint,E(R)) be a generalized two-sided admissible characteristic function
of an operator A in the domain Qin, let L be a Hilbert space, and let { be a two-
sided admissible function in H (Qint,E(L)). Then ( s also a generalized character-
istic function of A if and only if there exist functions X1, Yo € H®> (Qint,ﬁ(R, L)),
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Uy, Uy € H® (Qint,E(L,R)), IIe H*® (Qint,E(R)), and A € H*® (Qint,E(L)) such that
$10 = (o, W1¢ = 6Wo, U5, = I + 011, $,0; = I + CA.

Proof. We note that ¢ is a generalized characteristic function of A if and only if there
exists an isomorphism

@ EQ(Qint;R)/5E2(Qint;R) - EQ(QintvL)/CEQ(QintaL)

such that ¢ M, = M,¢ (here M, means a quotient operator). By the commutant lifting
theorem (see [38, Theorem VII.1.2]), there exists a function ¥y € H (Qint, L(R, L)) such
that ¢(f + SE2 (s, R)) =1 f +(E*(Qne, L), f € E2(Qint, R). Since ¢ is well defined,
we arrive at the necessity of the identity X1 - 6 = (- ¥5. Applying the same arguments
to the isomorphism ¢ = ¢! and using the identities p1) = I and ¢ = I, we conclude
that all four relations are necessary. Their sufficiency follows by direct inspection. O

In the case where the space R is finite-dimensional, the commutant lifting theorem
can be generalized to the multiply connected case because of the results of [29]; partial
generalizations for infinite-dimensional R and multiply connected domains Qj,; can be
found in [58].

The following fact is a consequence of Proposition 5.1.

Proposition 11.2. Let (A, J) be a 2-system, and let 6 € H> (Qint,E(R)) be its gen-
eralized two-sided admissible characteristic function. If & € H*(Qine, L(R)), then the
following statements are equivalent:

1) 01 is also a generalized characteristic function of the system (A, J);

2) H(3) = H(61);

3) there exists a function 1 such that 1,~t € H® (Qint — E(R)) and 61 = 4.

Proposition 11.3. Let (A, J, J.) be a 3-system such that (A*, J.) is dual to the system
(A, J) with respect to a function §. If 61 € H™® (Qint,E(R)) is a two-sided admissible
function, then the following statements are equivalent:

1) the system (A*,J,) is dual to the system (A, J) with respect to the function d1;

2) H(6) = H(61), H(6T) = H(6T), and the forms (-,-)s and (-,-)s, coincide;

3) there exists a function T € H™® (Qint,E(R)) such that 6~ — (51_1 =T

4) there exists a function T such that T,(I — é7)~! € H® (Qint,E(R)) and 61 =
(I —67)716;

5) there exists a function p such that p,(I 4+ dp)~' € H*(Qint, L(R)) and 6y =
(I +dp)d.

Proof. The equivalence of 1) and 2) is obvious. We check the equivalence of 3), 4), and
5). If 3) is fulfilled, then § = (I — 7)1 and 6; = (I + 617)d, whence 4) follows. Putting
p=7( —61)"! so that (I +6p)~t =1 — &7, we see that 4) implies 5). Finally, taking
7= p(I +6p)~ !, we see that 5) = 3).

Now we check that 2) = 3). If 2) is fulfilled, then the reproducing kernels of the
spaces H () and H(d1) coincide, which implies that the functions ® corresponding to
d and 07 coincide. Thus, there exist 79,71 € (2 — )\ext)Ez (Qint,E(R*,R)) such that
O =147 = 51_1—1—71. Taking 7T =7 —79 = 5‘1—51_1, we see that 7 € HOO(Q — E(R)).

It remains to check that 5) = 2). Suppose 5) is fulfilled. Then H(d§) = H(d1). Next,
the function n = I + pd is also invertible in H>°, and (I 4+ pd)~! = I —p(I+6p)~15. Since
51 = dn, 6F = nT6T, we have H(6T) = H(ST). The forms (-, )5 and (-,-)s, coincide by
their definitions and by 5). O
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